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ON THE PICARD VARIETIES ATTACHED TO ALGEBRAIC 
| VARIETIES.* 


t 


By Joun-tont lausa. 


In spite of the numerous classical investigations the theory of Picard 
varieties is not so complete as the special case of Jacobian varieties. In order 
to illustrate this circumstance, we should like to mention the problem of the 
relation between the abelian variety attached to the period matrix of the 
Picard integrals of the first kind on the given algebraic variety and its Picard 
variety. We could not find any treatment of such a fundamental problem 
in the lterature.? 

Now in modern algebraic geometry we have the powerful tool of “ har- 
monic integrals,” which has been invented by de Rham and Hodge and fully 
investigated by Kodaira and de Rham recently, together with the rigorous 
foundation of algebraic geometry due to van der Waerden, Chow, Zariski and 
Weil. On the base of these achievements we shall develop a theory of Picard 
varieties which includes the complete solution of the above problem. 

In § I, we shall prove (for the sake of completeness), that continuous 
equivalence in the sense of Severi implies homological equivalence over integers. 
In § II, we shall define the Albanese variety A attached to a given variety V 
and also a skew-symmetric integral matrix Æ. In $11, we shall define a 
continuous family of divisors on V, which is “parametrized” by A, after 
Poincaré’s' method. The Picard variety P attached to V is then defined by 
a certain “involution ” of A, which can be described by the above matrix Æ. 
Our results include Weil’s duality between abelian varieties. This paper 
contains two Appendices; in the second we shall sketch a correspondence 
theory between algebraic varieties. 

While the outline of this paper was made in Tokyo in August 1949, 
I have received in writing it down at Kyoto constant encouragement and 
kind advice from Prof. Akizuki and valuable suggestions from Prof. Weil, 
to whom I wish to express my deepest appreciation. 


* Received July 12, 1950; revised Jus 13, 1951. 

+ Indeed these two abelian varieties have been confused by some authors perhaps 
from the fact that they coincide if the given variety is a curve. On the other hand 
I heard from Weil by his kind letter of October 19, 1949 that he had also remarked 
the distinction between the abelian variety and its Picard variety; see $ UI, 10 of 
this paper. 
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&I. Continuous Families and Continuous Equivalences on a. 
Projective Model V. 


1. Let L* be a projective space in the algebraic geometry with the 
universal domain K of all complex numbers? Let H** be a linear variety 
in L”, defined by a set of equations 


. 
2 a ae (1Æi=r),: 
= 


“where (u) == (to, Wir," `, Un) is a set of r(n + 1) independent variables 
over a field k. Such a linear variety was systematically used for the first 
time by van der Waerden; we shall call it a generic linear vartety over k... 

Now let Vē be any compact complex analytic variety of (complex) 
dimension d in. L*; by a recent result of Chow,’ V is then an algebraic 
variety. We shall assume that V has no multiple point. Although we shall 
consider the case d = 2, our results hold trivially in the case d—1. In the 
following we shall assume that every field contains the smallest field of 
definition of V. 

We shall start from the following lemma, which is i: Sligh different 
from a similar lemma of Zariski.f 


Lemma. Let L be a regular extension of a field K, and let £, » be two 
independent variables in L over K: If u is a variable over L, then L(u) is 
regular over the field K (u) (E + uy). 


_ Proof. As is readily seen, it is sufficient to consider the case where L 
is an algebraic extension over K(é,y). Let u (1<i<N) be a set of 
N independent variables over L, and let K, be the algebraic closure of 
K (ti, © +, Uw) (€+ um) in L(w,:::,"ux). Then, since 


Cu ,un): E (unt + +, uw) (G0) ] = [LK (E0)], 


if we take N sufficiently large, there must exist at least one pair (1,7) (457) 
such that K,(é-+ um) == K (£ -+ um). On the other hand since K; is regular 
over Kw, ' +, Uw), Ky(€-+ um) is regular over K (th, ate ag tty ) (E + um). 


* We shall use the results and terminology of Weil’s book: Foundations of algebraic 
geometry, American Mathematical Society Colloquium Publication no. 20 (1946). We 
shall cite this book as (TF). 

SW. L. Chow, “On compact complex analytic areta” this JOURNAL, Vol. 71 
(1949); theorem 5. We shall cite this paper as (C). 

40. Zariski, “Pencils on an algebraic variety and a new proof of a theorem of 
Bertini,” Transactions of the American Mathematical Society, vol. 50 (1941); lemma 6. 
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Therefore K, == K(m,° ` ni) (£ a) and L(t, +, uy) is regular 
over K(u,-- +, uy) (Ë + um); hence L(w) is regular over K (u) (£ + um). 


Let (x) == (£o, %1," * *,%) be a representative of a generic point of V 
over a field k,.and say £= 1; let (t,,---,t,) be a set of independent 


f n n 
variables over k(x), and put to = — X, uz; Then the equation >) wX; = 0 
1 : . j= 


defines a generic linear variety H*? in L* over k. Concerning the section 
of V by such an H, we have the following basic result. 


Proposirion: 1. The intersection-product V-H ts an (absolutely irre- | 
ductble) variety without multiple point. 


Proof. Let x, be a variable among the x, (1 5S1 n) over k, and put 
= 2 y ` = th; 
to 


then é » are independent variables over lu, oS Me h O 0 
hence by the above lemma, k(u.,: - `, Un, T) is regular over k (tlo, Un * `, Un). 
Therefore the point of V with the representative (x) has a locus W over 
k (tho, th,’ * *, Un) such thatV -H = 4i(V H, W)W. On the other hand, H is 
transversal to V along W, hence by the criterion of multiplicity 1, we have 
i(V-H,W) = 1. Moreover by the “theorem of Bertini” on the variable 
singular points, W has no. multiple point. 

By repeated use of this proposition we conclude that the intersection- 
product Wér (0<1r< d) of VE and a generic linear variety H™ over a 
field-& is a subvariety of V without multiple points; we shall call it a generic 
(d-—r)-section of VE over k. | 


2. Now let Y be a positive rcycle (0 Sr d) on V. and let M be the 
coefficients of the “ associated form ” of Y. With Chow we shall consider M 
as a set of homogeneous coordinates of a point in a projective space; we shall 
call it the Chow point of Y. We shall also identify M with the point itself. 
By an elementary property of the Chow point, if W is a specialization of 
M over a field k, there exists a rational r-cycle Y’ with the Chow point M’ 
over k(M’). It is natural to call Y’ a specialization of Y over k. Further- 
more let Y be an r-cycle on V and let Y = Yı — Y, be the reduced expression 
of Y as a difference of positive cycles Yı and Y, then if Y’, and Y’, are the 
specializations of Y, and Y, over k, we say that Y’ == Y’, — Y’, is a specializa- 


we 


5 For a systematic treatment of the Chow point see v. d. Waerden’s book: Bin- 
führung in die algebraische Geometrie, Berlin (1939), 88 36-38. — 
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tion of Y over k. On the other hand let K be an extension of k over which 
both Y and Y’ are rational, and let H* be a generic linear variety over K. 
~ Tt can be readily seen that Y’ is a specialization of Y over k if and only if 
the 0-cycle Y”: H is a specialization of the 0-cycle Y -H over k(u), where (u) 
denotes the set of coefficients of the equations for H. Since oùr specialization 
of cycles is based on the point specialization, the basic properties of the usual 
specializations are valid for this general specialization; we shall show 


PROPOSITION 2. Let U be an abstract variety defined over a field -k; 
let M be a generic point of U over k and let W be a simple point of U. 
Let X be a rational (U X V)-cycle over k such that the V-cycle 


X(M’) = pry (X: (W X V)) 


is defined. Then the similar cycle X(M) has a uniquely determined spectaliza- 
tion X(W) over M —> W with reference to k. 


Proof. Let Y" be a specialization of X(M) over M —> W with reference 
to k, and let K be an extension of &(M,M’) over which Y is rational; let 
H** be generic linear variety over K. Then Y-H is a specialization of 
X(M)-H over M — W with reference to k(u). On the other hand let W 
be the generic (d —r)-section of V by H over k, then we have 


X(M) H = prw (Xo (W X W) uxw)» 
X (M) +H — prw ( (X0: (M X W) uxw)» 


where Xo == X- (U X W). Therefore by Th. 13 of (F), Chap. VII, $ 6, the 
W-eycle X(M) - H has the uniquely determined specialization X(M’) - H over 
M —> W with reference to k(u), hence we must have Y-H = X(M’):H. How- 
ever since Y and X(M’) are rational over K, and since H is a generic linear 
variety over K, this implies Y == X(M’), which completes our proof. 


- Now let U, X, k and M be the same as in Proposition 2. but U be in the 
following a complete variety; then the specialization of X(M) over k con- 
stitute what we call the continuous family determined by X on V, or shortly 
the continuous family X. It can be readily verified that this definition does 
not depend on the choice of k and M, when X is given. Moreover we can 
and shall assume that every component of X has the projection U on U. We 
say that two r-cycles Y and Y’ on V are continuously equivalent, if there 
exists a series of r-cycles Y = Y,, Ys,: © ©, Ywa == Y’, a series of complete 
non-singular curves fa, Fatte, fw and a series of (F, X V)-cycles X, 
such that 


Yı pry (Xi: (MiX V)), Yin = pry (X- (MIX V)), 
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where M, and M, are the points of T; for 1 S&S i S&N. The continuous equi- 
valence is thus an equivalence relation in the set of all r-cycles on V. 
Moreover since the points M; and M, are homologous on F, the products 
M, X V and M’, X V are homologous on F; X V. Therefore the intersection 
products X; : (M; X V) and X; (MW, X V) are homologous on F; XV, and their 


algebraic projections Y; and Yı on V are homologous on V. It follows, 
finally that 


N 
Y—Y = 2 (Vs Yin) 


is homologous to 0 on V. Here the homologies are taken over Z;° and all 
these follow from the topological intersection-theory.” 


I 


3. Now we shall connect our two notions by the following assertion. 


THEOREM 1. Any two cycles in the same continuous family on V are 
continwously equivalent. 


Proof. We shall use the same notations as before. Let Y be any 
specialization of X(M) over k; we have only to show that they are con- 
tinuously equivalent. Since U is a complete variety, there exists a point M’ 
on U such that Y is a specialization of X(M) over M— W with reference 
to k. We shall first assume that U is a curve and let F be derived from U 
by normalization with reference to k; then F is a complete non-singular curve, 
which corresponds to U by a birational correspondence T over k. Let M X M* 
be the generic point of T over k with the projection M on U; and let M*’ be 
a specialization of M* over the specialization X(M)—>Y, M M with 
reference to k. If we interchange the second and the third factors of the 
product UXT X VY XV, its subvariety T X A corresponds biregularly to a 
birational correspondence Z between U X V and F X V. Since Z is biregular 
along every component of X, the intersection-product Z- (X XF X V) is 
defined; we put X* == prryv(Z: (X XFX V)). Then it can be readily 
verified that we have 


X*(M*) = pry (XX (MY Xx V)) =X(M). 


Moreover since every component of X* has the projection F on T, the 
intersection-product X*: (M* X V) is defined. Therefore by the previous 


° As in Bourbaki we shall denote by 4 the ring of rational integers and by Q its 
field of quotients.’ 


TCf. S. Lefschetz, Topology, American Mathematical Society Colloquium Publica- 
tion no. 12 (1980). 
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_ proposition, its algebraic projection X*(M*’) on V is the uniquely deter- 
mined specialization of X(M) over M* —> M with reference to k. Since 
Y is also the specialization of X(M) over the same specialization, we must 
have Y = X*(M%). Hence Y and X(M) are continuously equivalent. 

Now we shall prove-that X(M) and X(M’) are continuously equivalent, 
whenever M and MW are generic points of U* over k. Since this is true for 
s == 1, we can use induction on s assuming s > 2. By taking another generic 
point of U over (M, M), if necessary, we may assume that M and M are 
‘already independent over k. Let U, (x) and (2’) be a set of representatives 
of U, M and M’ ‘in the same ambient space 8”; let (w™) == (a: > +, tn”) 
(a == 0,1) be two sets of 2m independent variables over k(x, 2’) and put 


T}. m 
, 
r u == — DS) UPT, DL m — Y UTi 
ii 4=1 


Then the equations D 48%, + v* = 0 define two linear varieties H,™* in 8™ 
4-1 


such that the intersection-products Wa = U : Ha are (absolutely irreducible) 
varieties. Moreover the intersection-product W == U-H,: H, is, at least, a 
prime rational U-cycle over k(u°, v°, u, vt); and a generic point N of W 
over this field is a generic point of Wa over &(u%,v*) for a==0,1. Now 
let W,2 and N be the subvarieties of U*, which have the representatives Wa 
and N in U; since the components of X N (Wa X V}, which have the pro- 
jection Wa on U, are all proper, we can form a (Wa X V)-cyele Xa by such 
components. Then we have 


Xo(M) = pry ( (Xo: (M X V)) wey) = X(M), 
X(N) = X(N) = X(N), X (M) = X(M/) ; 


therefore by the induction assumption, X(M) and X(M’) are continuously 
equivalent. 

Finally, even if M’ is not a generic point of U over k, we may assume 
that Y is the uniquely determined specialization of X(M) over M > W 
with reference to k. Otherwise let M* and M*® be the Chow points of X(M) 
and Y; since M* is rational over &(M), it has a locus U* over k. Moreover, 
since X(M) is rational over &(M*), there exists a rational (U* x V)-cycle 
X* over k, every component of which has the-projection U* on U*, such that 


X*(M*) = pry (X*: (ME X V)) = X(M). 


Then we have only to replace U, X and W by U*, X* and M#. Now by 
Prop. 7 of (F), Appendix II, there exists a generic specialization N of M 
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over-k and an extension K of k such that N has a locus U, of dimension 1 
over K containing M”. As before let X, be the (Uo X V)-cycle composed 
of those components of X N (U. X V), which have the projection on U; 
we then have 


X(N) = pry (Xe: (N X V)) uxv) = X(N). 


By assumption, Y is also the specialization of X(N) over N >W with 
reference to K. Therefore since U, is a curve, Y and X(N), and so, by our 
second step, Y and X(M) are continuously equivalent. 


§ II. Continuous Family of Curves in V. 


4. Let W! be a generic 1-section of V over a field k and let M be the 
Chow point of Wt. Since W+ is defined over a purely transcendental 
extension of k, k(M) is regular over k and M has a locus U over k. 
Moreover there exists a rational (U X V)-cycle C over k, every component 
of which has the projection U on U, such that 


C(M) = pry (C: (MX V)) = Wi. 


Since W! is a variety, C must also be.a variety; we shall study the properties 
of this continuous family in V with a “generic curve” C(M) over &. 

A differential form or a differential on V, which can be expressed in 
the form ® == SF, .4,(z)da, À: >: À du,, where the coefficients Fy. 4,(2) 
and the “uniformizing parameters” 2,,- - -,2q¢ are (algebraic) functions on 
V4, will be called an algebraic differential of degree s on V. Here A denotes 
Grassmann multiplication. An algebraic differential of degree 1 on V will be 
called a Picard differential on V. It can be proved easily by the last corollary 
in (C) that in the above definition we have only to assume that the coefficients 
Fa... (2) are meromorphic in 2,- * ', Za for every choice of 4,---,2 If 
Fy,..4,(2) are always regular analytic in z,, - +, 2g, ® is said to be of the first 
. kind. It is then a complex harmonic form in the sense of Hodge on the 
compact manifold V with a “natural” Kählerian metric.® 


Tarorgis 2. The set of linearly independent Picard differentials of the 
first kind on V remains linearly. independent on each generic curve C(M) 
over k. 


° CE. W. V. D. Hodge, The theory and applications of harmonio integrals, Cambridge 
University Press (1941); Chap. IV: We shall cite this book as (H). The theorem 
which is stated above is implicite in (H), but can be proved as follows. By the special 
nature of the Kählerian metric, the “dual form” of every algebraic differential of the 
first kind is exact. Therefore if ® is such a form, d% and its dual form are both exact. : 
This shows precisely that d® is harmonic. Since it is at the same time a derived form, 
we have dB — 0. | 
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We shall give the “analytic” proof of Theorem 2 at the end of this 
section, and at present, we shall derive some of its consequences. Let p be the 
genus of C(M) ; since the generic curves are the transforms of one another 
in the sense of (F), Chap. VII, § 2, p does not depend on M. Moreover by 
Theorem 2, we can find a base of the Picard differentials of the first kind 
on V 

| (8) = (PoPa Ba) | (P=920); 


the number q is called the irregularity of V. 


We shall denote by "(V,Z) or &'(V, Q) the r-dimensional homology 
group of V modulo Z or Q, and by Rr(V) the rank of (V, Q). Hodge? 
gave an elegant proof of the classical theorem that R1(V) = 2q. Now let 
Yu" °°, Yaq 0" ` +, à be a base of (V, Z), where (y) = (Yo Ya » Y2q) 
is a base of the 1-dimensional Betti group B(V) of V modulo Z and where 
81, 02 © * , & are torsion cycles. Although the torsion cycles are absent if V 
is a curve, they actually appear in the general case. It is clear that the 
period matrix w== (fy) of the “Picard integrals” f(b, (lSaSq) 
along the 1-cycles y (11 2q), is determined by V up to an “ isomor- 
phism” w—> Awl, where A is a non-singular K-matrix of degree g, and L 
a unimodular Z-matrix of degree 2q. 

On the other hand, let (a) = (a, @,- © -, Zap) be a base of 1(C(M), Z). 
Then there exists a uniquely determined Z-matrix A of type (2q,2p) such 
that (a) ~ (y)A (mod. Q). In this paper the skew-symmetric Z-matrix 
Hy = AIA plays an important réle,*° where 7, means the unimodular 
‘Z-matrix of Kronecker indices I (a, a;;C(M)) on C(M). It can be readily 
verified that #, does not depend on the choice of the base (a), if the base 
(y) and the generic curve C(M) over k are given. We shall see later 
that Hy does not depend on M. 


5. Applying the celebrated theorem of Poincaré in the theory of 
“reducible integrals” ™ to the above circumstances, we can find a base (8) 
of §'(C(M), Q), which is composed of “invariant cycles” B— y; (mod. Q) 


° Cf. (H), $ 49. See also his original proof: “ Harmonic integrals associated with 
algebraic varieties,” Proceedinge of the London Mathematioal Society, vol. 39 (1935). 

1° Let M be a matrix with any coefficients, then ‘M means the transposed matrix 
of M. Moreover if M is a K-matrix, we shall denote by M the image of M by the 
involutive automorphism of K over the real field. 

11 Cf. O. Zariski, Algebraio surfaces, Ergebnisse der Mathematik (1935), Chap. 
VO, $6. 
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(4S 2q), and of “ vanishing cycles ” 6, ~0 (in V mod. Q) (i> 2q), such 
that if we define a square Q-matrix B of degree 2p by 


(a) — (B)B (on C(M) mod. Q), 


Moreover we can find a “complementary set” of Abelian integrals fu, 
> ++, fp on C(M) such that the period matrix Qg of fa (1 Sep) 
along the 1-cycles £, (1224 2p) splits in the following form: 


o 0 
(+) 
It follows that ‘Ey —-—-H#., is a “principal matrix” of the “Riemann 
matrix” o. | 
Now the 2q columns of œ generate a discrete subgroup [w] of rank 2q 
in the complex vector space 8%, and therefore the factor group S*/[w] is a 
complex toroid of (complex) dimension g. Moreover, since w is shown to be 
a Riemann matrix, we see that this complex toroid is mapped in a one-to-one 
way to a non-singular variety A? in a suitable projective space by means of 
theta functions @(v) == ®(v,: ` : , 1), belonging to [w].%* It then follows 
from (C) that A? is an abelian variety in the sense of Weil ?*; following him 
we shall call A the Albanese variety attached to V. Since the period matrix w 
is determined up to an isomorphism, A is determined up to an isomorphism 
in the sense of (V) by our projective model V. We shall see later that A 
is attached to V in a birationally invariant way. 








6. Now we shall prove our Theorem 2. There exists, by (H), Chap. IV, 
a harmonic ?-form y in L such that f v == 1, where D is any projective 
s 


1-space in L". v induces a similar form on V, which we shall denote by the 
same letter; and we shall show that v, and the generic (d—~1)-section 
W =V -H of Vë are homologous in the sense of de Rham. 


Limma. Let Z be any topological 2-cycle in V. Then Í y = I(Z,W; V). 
Z 


3 Cf. S. Lefschetz, “On certain numerical invariants of algebraic varieties with 
applications to abelian verieties,” Transacttons of the American Mathematical Sootety, 
vol. 22 (1921). | | | 

4 À. Weil, “ Variétés abeliennes et courbes algébriques,” Actualité Sotentifiques et 
- Industrielles, no. 1064 (1948). We cite this book as (V). 
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‘Proof. Since we have Í, v= I (Z, H), it is sufficient to show that the 


equality Z: H = (Z: (V-H))y. Thereby we may assume that Z is at least 
“ differentiable ” in the neighborhoods of the points in ZOH and that Z is 
transversal to H at these points. Then our formula surely holds locally, | 
hence in the large.** 


Now we can prove the following remarkable fact, which was discovered 
by Lefschetz.*® | 


PROPOSITION 8. Let Z, >, Zr (R = R**(V)) be a base of $%*7(V, Q) 
(0=r< d). Then the r-cycles 


I = (ZW), | (1SisR) 

on the generic r-section W of V4 are independent as cycles in V modulo Q. 

Proof. By Hodge’s existence theorem ** there exists.a set of harmonic 
r-forms du °°, dr in V such that f gia I(Zy PV) (14S 8B) for 
every topological r-cycle I. Consider the harmonic 2(d—vr)-form vz, 
=y A: Av ((d—r)-factors). Then by Theorem IIT and by Lemma C, 
$42 in (H), we conclude that the harmonic (2r—r)-forms œ; A var 
(1155) are linearly independent. By de Rham’s theorem, however, 
| f A var = I (To Z5 V) (1 SiS R) for every topological (2d —r)-cycle 
Z; our proposition follows from this fact. | 

COROLLARY. Every topological r-cycle in V4 (0S r < d) is homologous 
to some cycle on the generic s-section W* of V (sr) modulo Q. 

Theorem 2 is now a simple consequence of this corollary in the case of 


r=mg==1. However a purely algebraic proof for this theorem is greatly to 
be desired. 


g III. Poincaré Family and Picard Variety Attached to V. 
7. We shall start from the following g “Abelian sums ” 


Pe 
oe re Sasa), 
1 


14 See loc. cit. 7. 

158, Lefshetz, L’analysis sttus et la géométrie algébrique, Paris (1924), Chap. V. 

16 Cf, K. Kodaira, “Harmonic fields in Riemannian manifolds,” Annals of Mathe- 
matics, vol. 50 (1949). 
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where P,,--:-,P4 are q points in V. If we restrict these points to the 
generic curve C(M) over k, we get an analytic mapping from the product 
C(M) = C(M) X- - -X C(M) (g-factors) into the complex toroid S%/[w], 
which we shall denote by ©, in a natural way. 


PROPOSITION 4. The image & of C(M) covers the whole of ©, and 
covers in general exactly q!ley -times ; where en denotes the i Pfafian” 
of Ey 

Proof. Let P,,:::,P, be a set of q distinct points on C(M) ; we shall 
show that the Jacobian of our mapping does not vanish there identically. 
In fact let 2,,- © -, £q be the uniformizing parameters of C(M) at Pa,- +-+, Pa 
respectively; then in the contrary case we have det | },(rg)| — 0, identically 
in 2,°'°*,@g. This, however, would contradict the linear independence of 
®,,---,@, on C(M). Therefore if we regard & as a compact connected 
“covering variety ” of œ, its projection on © contains an open set of ©. 
Since the projection F of the points of ®© on ©, at which the Jacobian 
vanishes, forms an analytic bunch of (q— 1) (complex) dimensions (at 
most) in œ, its complement «— F is connected. Our proposition follows 
from this fact except for the exact value of the covering; and this crucial 
result can be proved by Wirtinger’s method * as follows. 


Let m(@) and m(&) be the “ volumes 7 o © and & respectively; 
and put 


P 
J Se gros + iyaa (£a 9). 


Then it can be readily seen that 


staare 


where ¢ means the “boundary integral ” on the Riemann surface of C(M). 


Therefore we have 
m(8) —m(@) E sgn (Ta) bak à: eue 


where ey (14,7 2q) are the coefficients of Hy ; hence m(&):m(@) 
== q l(det | E y 5, which completes the proof. 


17W. Wirtinger, “ Zur Theorie der on-tach periodischen Funktionen,” alae 
für Mathematik, Bd. 7 (1896). 
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Now if we introduce a function on V by writing 


o(P) = 0( flo... fa), 


the function 6 on V—=VX-:-XV (g-factors) 


P4 q Pi 
TONERI POS fe, Ef a), 
izi -ia 
can be written in the form 
q 
P(P1,° - +, Pa) = 2. (P); 


where the right side refers to the group variety A. The fact that ® and 
hence also & are (algebraic) functions follows from (C) Theorem 7. If M 
is a generic point of U over a common field of definition K of C, $, A and 
of the composition function in A, the functions 6 and & induce the function 
b and $ on C(M) and C(M) respectively, such that their graphs are related 
as follows: 


Fa: (C(M)X A) =P¢, re. (C(M)X A) = TG. 


Hence, using Proposition 4, we can obtain the following result, which is well 
known if V is a curve. 


THEOREM 3. There exists a function ® on V with values in the Albanese 
variety A1 attached to V. Moreover on each generic curve C(M) over K, ® 


induces a function p such that tf Pa, - ~, Pa are q independent generic points 
q 

of C(M) over K(M), then the point z= $ (Ps), is a generic point of A 
$=1 

over K(M) and satisfies : 


[i (M) (Pa: > + Pade: KM) (2)] = em 5 


where K(M)(P1,° > +, Pa), ts the invariant subfield of K(M) (P:,: > +, Po) 
by q! permutations of P;,,: - -, Po 


We conclude from this theorem that «,, ‘does not depend on the choice 
of C(M); hence we may write it as e. 

Now the point z X P;, say, in the product AX V is rational over 
K(M, Pae - +, Pe); hence K(z, P:) is regular over K and z X P, has a locus X 
over K. Moreover the V-cycle X(z) = pry (X: (z X V)) is prime rational 
over K(z) and has a non-empty intersection with the generic curve C(M) 
over K(z). Since P, is algebraic over K(M,z), X(z) is a prime rational 
V-divisor over K(z); and the intersection-product X(z)-C(M) is a prime 
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rational C(M)-divisor over K(M,z). On the other hand, the C(M)- 
divisor Prom (P7 (2)) consists of ge conjugate points of P, over K(M,z), 
each being repeated (q — 1) l-times; therefore we have 


X (2) : C(M) —1/(¢—1)! Ploy (P* (4) D+ 


For historical reasons we shall attach the name of Poincaré family to this 
continuous family X. If Y is a member of the Poincaré family and if 2’ is 
the specialization of z over the specialization X(z) —> Y with reference to K, 
we shall write Y= X{7). Since such X(z’) are continuously equivalent in 
the sense of 8 1,2, they are homologous to each other modulo Z. 


8. Ifa V-divisor Y is homologous to 0 modulo Q, there exists a Picard 
differential of the “third kind” % on V with the “residue” Y. This is 
known as Lefschetz’s theorem ** and proved elegantly by Weil? We may 
assume that the real part of the integral of Y is one-valued on V, for. other- 
wise we have only to add a suitable linear combination of a (1SaSq) 
to Y. Now let 8 be any torsion 1-cycle in V such that mê ~ 0 (mod. Z); 
let C be a 2-chain over Z with the boundary mô. Then it can be readily 
seen from Stokes theorem that 


J, Y = wi /mI (0, Y ; V) = 2niL(, Y ; V), 
where L(8, Y; V) denotes the linking coefficient of 8 and Y on V. Therefore 


P 
if we put F (P) = exp( f Y), F is meromorphic on V; and if we continue 


F analytically along a continuous closed path Tr in V, F is multiplied by a 
constant factor yy(T) of absolute value 1, which depends on the homology 
class of T modulo Z only. Now by the preparation theorem of Weierstrass,” 
we can define the V-divisor (F') for such a “multiplicative function” F 
on V, and we have (F) == Y. Since the Picard integral of the first kind 
with pure imaginary periods must be a constant (as follows from the fact 
that w is a Riemann matrix), F is uniquely determined up to a constant 
factor by Y. Therefore each Y determines uniquely a character xyy(T) of 
the discrete group §'(V,Z). For a torsion cycle 8, we have 
xy (8) = exp (riL (3, Y;V)); 


+ 


LS 


18 Cf, loc. cit. 16, note I. 

19 A, Weil, “Sur la théorie des formes différentielles attaché à une variété analy- 
tique complexe,” Oomment. Math. Helv., vol. 20 (1947). 

39 Cf. 8. Bochner and W. T. Martin, Several complex variables, Princeton University 
Press (1948), Chap. IX. 


‘14 | | | JUN-IOHI IGUSA. 


7 hence: xy (8), = Ly whenever Y is homologous to 0 modulo: Z. : Such a Y 

thus: induces. a character of the Betti group (V); and the difference 

` Y = X(2) —X(z) is surely such a V-divisor. In this case we shall obtain 
“an explicit ‘formula of the character | | 


Ord) = (xy (y1) > xv (yea) ) 


` 2: We may first assume, by taking a suitable extension of K if necesary; 
; that Xe ) is rational over K. Let L be an extension of K over which X (æ) 
is rational and let M and w be independent generic points of U and A over L. 
Then the intérsection-products X(z) : C(M) and X(w)-C(M) are defined, 
and by definition the former is a specialization of the latter over w 2 with 


| Se “reference to L(M). On the other hand we have 


X():C(M)—È EQ 
with S #(Qu) =u (lstSe) by ‘Theorem 3. Hence we may write 
| X(2)- 'C(M) in the form | 
_X():C(M = È Py 
f=1 j=l 


where (-- -,Pi,- + -) is the specialization of (---,Qy,: °°) over w—>z 
with reference to L(M). Since the (algebraic) function w = $ (Qu, : ++, Qu) 

“defined” at (Pun, © >, Pia), the “value” of & at this point is the 
aaa determined specialization of w over (Qu ` "+, Qu) (Pin: - +, Pag) 
with reference to L(M). We therefore have 


st * Pas a o g 
2 (Pan Pa) CE JE f D asiaa. 
Similarly X(#) -C(M) can be written in as form 


X (7) : C(M) -$ $ Pu, 


and we have 
` Pij Pij 
dei f Deen > D) A<i<o). 
Therefore if z— 2’ has the “ ne ” (v), then | 


¢ ¢ Pes 
PPA MORAO) 


where (D) == (D, - +, @g). 
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Now he à ranltipliaalive function F o on V induces a ‘similar F function ; on 

C(M) such, that © ; wa | 
(f= (FY: C(M) = X(z) -C(M) —X(#). CM. 


But since (y * *, Yeg 0," ©", 0) ~ (8) ~ (a) “B+ (mod: 0), i it A 
that if e is a natural number which makes 6B into a Z-matrix, and if 


(p(x)) == ($(a1),$(G2),°° -,$(@p)) is a base of the harmonic. 1-forms. a 
on C(M), which is homologous to («) in the sense “of de Etam, then 


we have + 
l m g Pass 

Or O = iE S E 

On the other hand there exists a Kate X of type (p, 2p) adh that , 

($(a)) = (88) a) where (®) has p columns.. By Du this : | 


equation, we get Le (100 #04) (3); if we put z Sos (D) = o), 
we have 


(xv () 2) = exp (rio (4 4) (aay), 


Now there exists a real vector (m) with 2p columns such that (v*) == (m’)'Og; 
and we have 


(xy (7) *L) = exp (2ate(m’) (Ble tB) 


| Ey >] 0 
— exp(taie(m’)( 7 | De 
Therefore if we denote by (m) a real vector with 2q columns such that 
(v) = (m)*o, we have 


(xy (7) °) = exp (2artee(m) Eu). 


Now we may take as z every generic point of A over K(M) ; such points 
are everywher dense in A. However since (xyy(y)) and exp(2rte(m)*#y*) 
both depend continuously on z,2* and they approach (1), if z approaches 7’, 
we have 


(xy (y)) = exp (2aie(m)*#*). 


#1 Cf. H. Weyl, Die Idee der Riemannsohen Flache, Berlin (1913), Kap. IT, $$ 16-17. 
See also J. Igusa, “ Zur klassischen Theorie der algebraischen Funktionen,” Journal of 
the Mathematical Society of Japan, vol. 1 (1948). 

** That the first character depend continuously upon # can be proved rigorously by 
Kodaira’s generalization of Weyl’s formula: Green’s formula and meromorphic functions 
on compact analytic varieties, to appear in the Canadian Journal of Mathematios. 


—— 
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Thereby we write E instead of Hy , since it does not depend on the choice 
of C(M). In fact this follows from the above formula, if we remember that 
(xy(y)), e and (m) are independent of C(M). 


10. On the other hand if we replace the period matrix w by ô we HE, 
[o] is a subgroup of index 2? in the similar group [8]. Moreover since à 
is also a Riemann matrix, there exists an abelian variety P in a suitable 
projective space, which is isomorphic with. S?/[4] as complex toroids, and a 
homomorphism À from A to P such that A@(v) — 0 if and only if (v) is 
contained in [8]. If we define a real vector (r) with 2q columns by 
(v) == (r)*, we have (xy(y)) = exp(?ri(r)). Therefore if we denote by 
G,(V) the group of V-divisors, which are linearly equivalent to 0 in V, then 
X (21) =X (21) (mod. G(V)) if and only if A(z:) A(z). This abe" Ji 
variety P is the same as the Picard variety attached to V in the sense BE the 
Italian geometers. 

It follows from the above results that if a V-divisor Y is E 
to 0 modulo Z, we can find a V-divisor X(z)—-X(z), which induces the 
same character on B(V) as Y. Then, by the definition of the character, 
Y is linearly equivalent to X(z) — X(z’). Since linear equivalence implies 
continuous equivalence in the sense of § I, 2, and since X(z) is continuously 
equivalent to X(z’), by Theorem 1, we see readily that Y is continuously 
equivalent to 0. As we have remarked in $ I, 2, however, continuous equi- 
valence implies the homological equivalence modulo Z; thus we can state 


THROREM 4. In the case of divisors on the projective model, the con- 
tinuous equivalence and the homological equivalence modulo Z are the same.”* 


This theorem was first proved by Lefschetz ** essentially along the game 
line as above. We shall denote by @©,(V) the group of V-divisors, which is 


2 If G (Ve) and @,,(Va) correspond to the complete variety Va without multiple 
point (r < dim (Va) ) by the “ strictest equivalence theories ” satisfying (A), (B), (C’), 
(D), (E), (8) and (A), (D), (E), (S) of (F), Chap. IX, §7 respectively, we “have 

GV) = GeV) = &.(V). 
In fact if @",(Ve) corresponds to Va by the homological equivalence theory over Z, 
it is an equivalence theory satisfying (A), (B), (C’), (D), (E) and (S); hence 

G w (Va) CG (Ve) C OAV) | 
for every Va. Moreover by the same arguments as in $ I, 2, we have 

G.(V) C G**,.(V); 
and (V) = G.V) by Theorem 4. 
#6 Cf. loc. cit. 15, Chap. IV. 
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defined by the continuous equivalence on V, and we shall resume our main 
results, which include the classical “ inversion theorem ” of Jacobi, as follows. 


THROREM 56. We can attach two abelian varieties, the Albanese variety 
‘A and the Picard variety P, to every non-singular projective model V. P 4s 
obtained by a homomorphism from A, which corresponds to the division of 
the period matrix of the Picard integrals of the first kind on V by one of 
tts principal matrices. Moreover, P is tsomorphic with the factor group 
®.(V)/Gi(V), and this ts dually paired with the Betti group B(V) by the 
multiplication rule | 

V)a Y 
my a Ys y= xy(y): 


Ink*ddition every element of ©3(V)/@i(V) has a representative of the form 
X(2)5-X(7) with deg. X(z) == deg. X(7) = ge. 

On the other hand if we introduce a square real matrix J of degree 
2q by w—«J, then an isomorphism æ->Awl, induces an isomorphism 
J—> L JL. Conversely œ is determined up to a special isomorphism 
w—>Aw by J. This matrix J is explicitly introduced in the theory of | 
éomplex toroids by Weil **; hence it may be called the Wetl matris attached 
tow. A real matrix J is a Weil matrix if and only if J? = —1 and if there 
exists a skew-symmetric Q-matrix Æ such that HJ is symmetric and definite. 
On the other hand a Q-matrix S satisfies the relation wSfw — 0 if and only if 


(=n) commutes with (2) 8 (toto); 
hence if and only if S satisfies the equation JSJ — S. In particular we 
have JET = E. It follows therefore that 


18 = toe = oJ E = we BI = GJ}, 
Thus we get the following result. 


COROLLARY. If J ts the Weil matrix attached to w, then +J! is the Weil 
matrix attached to â. | 


Now we shall consider the Picard variety of an abelian variety. First 
of all, if V4 is an abelian variety, the Albanese variety À attached to V is 
isomorphic with V. In fact there exists a K-matrix w of type (d, 2d) such 
that the kernel of the homomorphism À from the universal covering group 84 


a5 A. Weil,  Théorèmes fondamentaux de la théorie des fonctions théta,” Seminaire 
Bourbaki (Mai, 1949). 


2 
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of V? onto V coincides with [e]. Then if we denote by (v: - <, va) the. 
complex coordinates in 84, their differentials dv, = dv,(h*(P)) (SaS d) 
are linearly independent Picard differentials of the first kind on V, which 
form a base of such differentials since R*(V) —2d. Moreover, since they 
have the period matrix w (along a set of suitable 1-cycles in V), A is | 
isomorphic with S4/[w], hence with V. It follows from this fact and from 
the above corollary that the Picard variety P attached to the given variety V 
is also attached to the Albanese variety A of V as its Picard variety. Since 
the operation J — *J~ in the same corollary is involutive, we get the following 
duality of Weil: The Picard variety of an abelian variety V is not V, but 
another abelian variety V’; the Picard variety of V’ is then V, and there is 
a kind of duality between them. 

The following figure shows the relations of various varieties, which appear 
in our theory. 


ai (its own Albanese variety) 


‘Albanese varie T 
Picard variety 


Picard” variety 
P (ita own Albanese variety) 


11. Until now we have fixed our projective model Y; we shall discuss - 
therefore in what manner our theory depends on the choice of it. Let V’ be 
another non-singular projective model, which is equivalent to V by a birational 
correspondence T. Then there exists a bunch B of (d—1) (complex) 
dimension (at most) on V4 such that T is biregular at every point of V — 8. 
Moreover there exist a bunch F of (complex) dimension at most (d — 2) 
on V such that the projection from T to V is regular at every point of V — F. 
Therefore T induces an isomorphism of the Poincaré group of V onto that 
of V’. This fact was remarked ys for the first time by Ehresmann on 
the last page of his thesis. 

On the other hand let ®’(P’) be any algebraic differental of the first 
kind on V’. Then the differential 6(P) —®(T(P)) on V is also of the 
first kind. This was proved (explicitly) by Kahler *#; and the main idea 
is as follows. If @ is not of the first kind, it has at least one “pole” Y 
on V; but since T(P) is regular along Y, ®’(T(P)) is finite along Y, a 
contradiction. 


30H. Kahler, “ Forme differentiali e funzioni algebriche,” Mem. Acoad. Ital. Mat., 


vol. 3 (1932). Cf. also S. Koizumi, “ On the differential forms of the first kind on 
algebraic varieties,” Journal of the Mathematioal Sootety of Japan, vol. I (1949). 
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Therefore if w is the period matrix of the Picard amas of the first 
kind on V, it is also a similar matrix for V’. We have thus arrived at the 
following result. ' 


Turorem 6. If A and A’ are the Albanese varieties attached to V and 
V” respectively, then they are isomorphic. 


A simple consequence of this theorem and corollary to Theorem 6 is 


THrorem 7. If P and P are the Picard varieties attached to V and V’ 
respectively, then they are isomorphic. 


_ We add two Appendices in which, it is hoped, a fairly complete theory 
of divisors on a non-singular projective model will be established. 


Apendix I. Numerical Equivalence and the Lefschetz Number. 


We shall first obtain a duality theorem including the torsion cycles. 
By a duality of Poincaré, the 1-dimensional torsion group of V4 is isomorphic 
with the (2d— 2)-dimensional torsion group of V. This duality is based 
on the fact that we can select the “dual bases” 6,,: - -,8 and Yi, + +, Yi 
of the torsion groups of 1'and (2d — 2)-dimensions respectively such that 


L(&, Y; V) = G/m; (134,977), 


where m; means the ‘common order of 6; and Y, for 17%. Moreover by 
the Liefschetz-Hodge theorem in (H), § 51.2, we may assume that Y, are all 
(algebraic) V-divisors. Since Y; is homologous to 0 modulo Q, there exists 
a multiplicative function F, on V such that bi. = Y; for 11st; and ~ 
we have 


Xv. (8) == exp (?riô1;/m3) SLI = 7). 


Therefore if we denote by G,(V) the group of V-divisors, which are homo- 
logous to 0 modulo Q, we have the following duality theorem. 

The factor group G,(V)/Gi(V) is dually paired with the homology 
group $'(V,Z) by the multiplication rule 


G,(V) 3Y1, 
SUV. par YF me. 


It follows that the group G,(V)/@:(V) does not depend on the choice 
of the projective model V. 
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Now we shall show that the group @,(V) coincides with the set of V- 
divisors, which are numerically equivalent to 0. A V-divisor Y is defined 
to be numerically equivalent to 0; if it satisfies T(Y,T;V) =") for every 
algebraic 1-cycle F in V. Since the Kronecker index is always defined, the 
numerical equivalence defines a group of V-divisors. We note also that the 
homological equivalence modulo Q is broader than the continuous equivalence 
and is stricter than the numerical equivalence. 


Let G(V) be the group of all V-divisors, then the factor group 
G(V)/@,(V) has a finite number p(V) of independent generators Z:,: © `, Zp 
such that p(V) = R*4"(V) == R2(V). Moreover by Proposition 8, if W? is 
a generic 2-section of V over a common field of definition of Za © <, Zp 
then F; = Z,- W? (1 1S p) are independent algebraic 1-cycles in V modulo 
. Q. It can be readily seen by Lefschetz’s theorem and by Hodge’s extension 
of Poincaré’s theorem in (H), 8 50 that we can find a set of algebraic 1-cycles 
F’, on the surface W, which are homologous to 0 in V modulo Q, such that 
` Fr and F; form a base of algebraic 1-cycles on W modulo Q and such that 
I(r; W) =0. Then it follows from Severi’s theorem that the inter- 
section matrix | 


(CZ Fi; V)) = (Te Fis W)) 


is non-singular. On the other hand any V-divisor Y can be written uniquely 
in the form 


Y~ aZ (in V mod. Q) 
: = 


with Z-coefficients a; (1&1 & p). If Y is numerically equivalent to 0, 
80 is Ş a,Z,, hence by what we have just proved, this must be 0; which proves 
4=1 


the assertion. 


The integer p(V) is called the Picard number of V4; we shall call the 
difference r(V) = R*4-4(V) —p(V) the Lefschetz number of V, and we 
shall prove its absolute invariance. Let Z,,2,,:°-:,4, be a base of the 
“transcendental ” (2d —.2)-cycles in V, then Ty == Z: W? (1<SiSr) form 
a base of the transcendental 2-cycles in V. Therefore by a similar argument 
as in (H), § 51.2, we have, for every algebraic differential of degree 2 of 
the first kind ® in V, | 


ie $= 0, 


> aly 
j=1 
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with a in Z, if and only if m==0 (1<i<7r). On the other hand let T 
be a birational correspondence between V and V’. Then we may speak of 
the image I, of I, by T for 1<iÆ 7; and we have 


fe v=o 
> als 
4=1 


for every algebraic differential of degree 2 of the first kind ®’ in V’, if and 
only if a==0 (117). Therefore I“, : > - , LI”, are independent trans- 
cendental 2-cycles in V’. Accordingly we must have r(V) Ær(V’), and 
similarly r(V’) Æ r(V), which completes the proof. 


Appendix II. Algebraic Correspondence and Poincaré Family. 


Let V,% and V2 be two non-singular projective models with irregularities 
qı and 9, respectively, and consider the module of (Vi X Vz)-divisors over Z; 
its member may be called a correspondence between V, and Va. It can be 
readily seen that a correspondence: X satisfies X(z,) =X (za) (mod. @(V:)), 
` for every. pair of points z, and z on V;, if and only if X is of the form 


Kee Vi X Ye + Yi XV: (mod. Gi(Vi X Va)), 


with some V,-divisors Ya (a = 1,2). We shall call such an X a correspon- 
dence with valence 0. Since the correspondences with valence 0 form a sub- 
module of the module of all correspondences, we can consider the factor 
module @(V;,V:). On the other hand since V, are orientable manifolds, 
$’da-1(\/,,Z) are free abelian groups with 2q, generators Tw (1 SiS Ua); 
and if we put Da’: We = ya (11 2ga), where W, are generic l- 
sections of Va then the ya (112 2qa) form a base of $*(Va,@Q) for 
g = 1,2. Moreover every 2(d,-+ de — 1)-ceycle X of V, X V: over Z can 
be written uniquely in the form 


X ~ Vi xX T; ~H T; x Va + 2 Sy (Tu x< Ty) (mod. Z), 


where I, are Z-cycles of 2(d,—1) dimension in Va (« = 1,2) and where 
S == (sy) is a Z-matrix of type (2q1, 2q2). Let wa be the period matrices of 
the Picard integrals of the first kind on V, along the 1-cycles ya (1 4S Rda) 
and let A, be the abelian varieties attached to these Riemann matrices for 
a = 1,2. It can be readily calculated without difficulties by the Lefschetz- 
Hodge theorem that X is algebraic if and only if Ty are algebraic and 8 
satisfies the relation wN wg = 0. + ia if we denote by À (Vs, Va) the 


xe 


22 JUN-IOHI IGUSA. 


rank of the Z-module of such matrices 9, we have the following formula, 
which is well known if V, and V4 are curves: 


p(Vi X V2) = p(Vi) + p(V2) +A(Vi, Va). 


Now the module 9% (A,,A;) of all homomorphisms of A, into À, can be 
represented faithfully as the module of “complex multiplications” of w, to 
we; and if we extend this module over Q, it is isomorphics with the module 
of all Q-matrices satisfying w, St; =: 0. Moreover if a correspondence X is 
homologous to 0 modulo Z, we can conclude from Theorem 6 that X is of 
valence 0. Therefore the Z-modules 8 (V., V) and ¥ (A, A2) have the same 
rank; since they are both free, however, we get the isomorphism 


&B (Va; Va) —- Y (A;; Ag) : 


As a free abelian group, %(A,, A.) depends only on the categories of A, 
and Ag. 

If we apply the above result to the case where V, — A is the Albanese 
variety attached to a given variety Va — V. we see that 8 (A, V) is generated 
by the Poincaré family in the “general case” H(A, A) ==Z; and then, 
up to a scalar factor, the Z-matrix Æ in our theory is an absolute invariant 
of V. In this connection it is also to be remarked that there exists a Riemann 
matrix with any preassigned principal matrix; thus the Albanese variety and 
the Picard variety attached to the same variety are not isomorphic in general. 
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CONTOUR EQUIVALENT PSEUDOHARMONIC FUNCTIONS 
AND PSEUDOCONJUGATES.* 


By James A. JENKINS and MARSTON MORSE. 


1. Introduction. The present paper deals with the structure of the 
level curves of pseudoharmonic functions defined in the closure of Jordan 
domains D and satisfying certain boundary conditions. We are in particular 
interested in formulating necessary and sufficient conditions that two such 
functions U and V be contour equivalent (written C. E.) that is, that there 
exist a sense-preserving homeomorphism (written §.P. homeomorphism) 
¢@ of the domain of U onto that of V under which the connected level arcs of 
U are mapped onto the connected level arcs of V. By defining and con- 
structing a pseudoconjugate v of an admissible u an interior transformation 
u + iv of D is obtained. It is proved that for a given admissible U a S. P. 
homeomorphism ¢ of D onto itself exists such that the composite function 
Ud is harmonic. The theorems on contour equivalence are new even when 
U and F are both harmonic. ` | 

The set of level curves of a pseudoharmonic function U which emanate 
from the multiple points of U is termed the net of U. We show that each 
admissible U is C. E. to a model U, with a net composed of hyperbolic lines 
(regarding the dise | z | = 1 as a hyperbolic plane). 

Reference will frequently be made to the book: Marston Morse, “ Top- 
ological Methods in the Theory of Functions of a Complex Variable,” 
Princeton University Press, which we denote by M. 

When a pseudoharmonic function U is defined over a general simply 
connected open domain a pseudoconjugate of U still exists although radically 
different methods of proof are required. It is even possible to start with 
families of curves which have the topological properties of level arcs but 
which are not given as level arcs of a function U. Contact is thus made with 
some of the results of W. Kaplan‘ although the methods used are quite dis- 
tinct. Results in this open case will be presented later. 

In the bibliography, reference is made to two additional papers, of interest 
in connection with this paper. 


* Received February 12, 1951. 
1 W. Kaplan, “ Topology of level curves of harmonic functions,” Transactions of the 
American Mathematical Society, vol. 63 (1948), pp. 514-522. 
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Part I. Contour Equivalence. 


2. Fundamental definitions. A function U with real values U(z), 
z == % -+ ty, is said to be pseudoharmonic at the point z of the z-plane if 
U (z) is defined in a neighborhood N of z, and if there exists a S. P. homeo- 
morphism ¢ from a neighborhood N, of z to N, leaving z, fixed, such that 
the composite function U¢ is harmonic and non-constant on N,. A critical 
point of U is termed a critical point of U. A function U is said to be 
pseudoharmonic on a domain D (open) if it is pseudoharmonic at each point 
of D. A subset of D on which U(z) is contant will be called a U-set. .A 
U-arc is thus well-defined. We understand that a U-set but not a U-arc 
may reduce to a point. We shall introduce canonical neighborhoods N of a 
point ze N and canonical representations of U over N as follows. 


Case I. Let U be pseudoharmonic in a neighborhood of #. There then 
exists a neighborhood N of Zo free from critical points of U except at most 2, © 
with W the homeomorph of a plane circular disc such that z, corresponds to 
the center of the disc and the locus on which U(z) = U (z) in N corresponds 
to a set of 2n rays (n > 0) leading from this center and making successive 
sectors of central angle r/n. As a variable point z crosses any one of these 
U-ares (except at z,) the difference U (z) — U (z) changes sign. (See M., 
Th. 2.1.) If n= 1, a single U-arc passes through z, and z is termed 
ordinary. If n > 1 2 is termed a multiple point of U of index 2n—2. A 
neighborhood of x, such as N will be termed canonical. ` 


Let D be a Jordan domain bounded ? by a Jordan curve 8D. 


CONDITIONS? [D]. A real valued function U defined over D will be said 
to be in [D] if U is pseudoharmonic on D, continuous on D, and if U | BD 
assumes its relative extreme values in at most a finite set of points in BD. 


We recall a number of properties of a Ue [D]. Every point 4e BD 
has a canonical neighborhood coming under Case II or Case III. 


Case IT. zeBD; 2 not a point of relative extremum of U. Here zo 
has a canonical vicinity N relative to D, free from critical points (cf. M) of +U 
in D, with N the homeomorph of a semi-dise H, such that z corresponds to 
the center O of H, N N BD corresponds to the diameter of H, while the U-set 
in N at the level c— U (zo) is represented by n rays (n > 0) emanating 


* As a general notation, 8D shall mean the boundary of D. 
* Conditions [D] include conditions called Boundary Conditions A in Morse, loc. cit. 
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from ©, and dividing N into m—n 4+ 1 sectors (open) on which U —ce 
alternates in sign. If m > 2, 2) is termed a boundary multiple point of U 
of index m — 1. 


Case ILI. zoe BD; & a point of relative extremum of U. In this case 
there exists a canonical neighborhood N of z relative to D free from critical 
points of + U with N the homeomorph of a semi-dise such that z, corresponds 
to the center of the semi-disc, Ñ N BD corresponds to the diameter of the 
semi-disc, the boundary of N in D is at a level c, 4c such that for ze N 
and z= 2%, U(z) is between c, and c. (M. Th. 7.2.) The point z is 
termed ordinary in this case. 


U-continuation. As shown in M. „$7,8 UE D has only a finite number 

of multiple points in D. By a U-continuation of a simple U-arc g will be 
meant a simple U-are containing g which continues through a multiple point 
40 of U in D with the U-are which issues from Zo opposite to g in the canonical 
representation of U neighboring 2». 


Contour EQUIVALENCE. Let A be a second Jordan domain. Two func- 
tions U and V continuous over D and A respectively, are said to be C. E. 
under $, tf there exists a S. P. homeomorphism œ of D onto A such that each 
maximal connected U-set.( V-set) corresponds to a like V-set (U-set) ; p ts 

said to define a strict contour equivalence tf U = Vo. | 


Examples show that not every contour equivalence of pseudoharmonic 
‘functions is strict. However, we shall prove in 87% that a contour equi- 
valence of a Ue[D] with a Ve [D] implies a strict contour equivalence, 1f 
one admits a preliminary transformation U’ == — Ọ (if necessary) and a 
preliminary continuous deformation of U through functions in [D] with 
fixed level arcs. One sees that contour equivalence, as well as strict contour 
equivalence, is symmetric, reflexive, and transitive. 


Type of multiple point. In 84 we shall enlarge the class [D] to the 
class [D]’. Understanding the term multiple point P and canonical neighbor- 
hood N(P) in the enlarged sense of § 4 as well as in the sense of § 2, let P 
and Q be multiple points of U with canonical neighborhoods N (P) and N(Q). 
We term P and Q multiple points of the same type if for some choice of 
N(P) and N(Q), N(P) admits a homeomorphism onto N(Q) which maps 
U-arcs onto V-arcs. 

It is readily seen that multiple points of the same type have equal 


indices and both come under the same one of the Cases I, II (or V, VII in 
the enlarged sense). 
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Interior transformations f. A function f with complex values f(z) in 
the w — u + iv-plane will be said to be inferior at z if f'is defined in a 
neighborhood N of 2, and if there exists a S. P. homeomorphism ¢ of a 
neighborhood N, of zo onto N leaving zo fixed and such that the composite 
function fọ is meromorphic and non-constant on N,. We term f interior 
over D if f is interior at each point zoe D. If f is interior over D the real 
“and imaginary parts of f are pseudoharmonic over D apart from poles of f. 


The following two lemmas will be useful in § 11, § 12. 


Lama 2.1. Let x be a point in D. If f is interior in D — z; and 
continuous in D, then f ts intertor at 2p. | 


Set f(z) = wo. For e > 0 sufficiently small, the set Fe: | z — zo| Se 
is in D and for some such e the image curve g = f(BE.) does not intersect wo. 
Let e be so chosen. Let m be the order of g with respect to wo. It is seen 
that each point w 4 w, in a sufficiently small neighborhood of w, is covered 
m times by f |(E,— 2), so that f is open and light. The lemma follows. 


Lemma 2.2. If f is interior in D, continuous in D and if f(BD) =g 
ts locally simple, then f admits an interior extension over some neighborhood 
of any given point z, of BD. 


As seen in M., p. 85 the points & e BD neighboring which f fails to be 
topological are isolated in BD. Lemma 2.2 is immediate except at a point Zo 
-neighboring which f fails to be topological. Suppose then that z, is such « 
point. 

As seen in M., § 23 one can suppose without loss of generality that 2, = 0 
and that there is an open arc h of BD of the form [y=0,—e<a< e] 
with an image f(h) covering an arc [v—=0,a<u< b] in a 1-1 manner. 
We continue f over A by requiring that f(z) — f(z) for points ze D near 
g—0. It is seen that the extended f satisfies the conditions of Lemma 2. 1 
in a sufficiently small neighborhood of 2, == 0 and so is interior at Zo. 


8. Conditions necessary for contour equivalence. Contour equivalence 
of Ue[D] with Ve[A] under ¢ implies a 1-1 mapping T of the set of 
multiple points of-U onto the set of multiple points of V, sending a multiple 
point of U into a multiple point of V of the same type, and boundary multiple 
points into boundary multiple points in the same cyclic order. If a finite 
1-1 correspondence T of this type is given without giving ¢ but satisfying 
certain other finite conditions to be enumerated, there then exists (§ 6) an 


t 
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extension ġ of T over D such that ¢ defines a contour equivalence of U 
with V. New terms are needed. 


The star S(P,U). Let P be a multiple point of U in D or BD. Let 
each U-arce g with end point at P be “continued” (§2) on D (open) 
from P until a point of BD is reached. So continued and sensed g will be 
termed a ray of the star S(P,U) of P. The rays of S(P, U) will be simple 
and non-intersecting except at P. They will divide D into open connected 
sectors | 


(3.1) S,(P, 0), ++, Sn(P, U) (m > 2) 


where m is even when Pe D. We suppose that these sectors are indexed in 
the order in which their boundary arcs on SD follow each other in counter- 
clockwise’ sense, starting with the first such arc of 8D following P in case 
PeBD. For Pe BD, 8,(P, U) will then be uniquely determined. For Pe J, 
8, (P, U) can be taken as any one of the sectors of S(P, U). The boundary 
of §,(P, U) will include an arc of BD and one or two rays of S(P,U). We 
term P the center of the star S(P,U). Two stars will be said to be of the 
same type if their centers are of the same type. 


Frames M(U) and mappings T. We shall obtain homeomorphisms ¢ 
defining contour equivalence of pseudoharmonic fuñctions U and V as exten- 
sions over D of mappings T of special subsets ($4) M(U)CD. To be 
admissible a frame M(U) shall include all the multiple points of U. A 
mapping T of M(U)C D onto M(V) CA to be admissible must be a homeo- | 
morphism which preserves the type of each multiple point and which maps 
M(U)| BD onto M(V)| BA with preservation of sense in case M(U)| BD 
contains at least three points. With this understood we define similarity of 
M(U) with M(V) under T relative to two stars S(P,U) and §8(Q, V) for 
which Q = TP. 


RELATIVE SIMILARITY UNDER T. Let T be an admissible mapping of 
M(U) onto M(V) with a multiple point P of U going into a multiple 
point Q of V of the same type. We say that [M(U), S(P, U0) ] +s similar to . 
[AL(V),8(Q, V)] under T if for some admissible indexing of S(P,U) and 
S(Q, V) and for each point se M(U) and image we M(V) under T the 
incidence relations 


(3. 2) zeSi(P,U), wek(Q,V) (= 1," ":,n) 
both hold or both fail to hold for each +. 


28 JAMES A. JENKINS AND MARSTON MORSE. 


SIMILARITY UNDER T. Admissible sets M(U)CD and M(V)CA, 
homeomorphic under an admissible mapping T, are termed similar under - 
T if for any two multiple points P and Q which are images under T, 
[M(U), S(P,U)] is similar to [M(V), 8(Q, V)] under T. 


Sracrcasrry. Admissible sets M (U)CD and M(V)CA are termed 
similar (written M(U)— M(V)) tf M(U) and M(V) are similar under 
some admissible T. | | 

It is clear that the relation of similarity between admissible frames 
M(U) and M(V) is reflexive, symmetric, and transitive. It is thereby not 
excluded that U=—V and that M(U)— M(U) under some T other than 
the ‘identity. | | 

The basic conditions for contour equivalence are given in Th. 3.1. 
That these conditions are sufficient will be proved in § 6. 


THEOREM 3.1. In order that Ue [D] and Ve [A] be C.E. under © 
it is necessary and sufficient that the set p(U) of multiple points of U and 
the set p(V) of multiple points of V be similar under some admissible 
mapping T. 

- The condition is necessary, since the existence of the mapping ¢ implies 
the existence of the mapping T =— ¢ | (U) of (U) onto u(V). Moreover, 
T is admissible in that T, like the mapping ¢, preserves the type of the 
multiple point, carries boundary multiple points into boundary multiple 
points and preserves cyclic order of these boundary points. 

In satisfying the condition of similarity of »(U) with p(V) an indexing 
(3.1) of the sectors of S(P,U) must be made and coordinated with an 
indexing of the sectors of 9(Q, V) where T(P) = @ so that the incidence 
conditions (3.2) both hold or fail to hold. When P and Q are boundary 
points only one indexing is possible. If P and Q are in D and happen to be 
the only multiple points of U and V respectively, Th. 3.1 is vacuous except 
for the condition that P and Q have the same multiplicity; in this case the 
sectors Si(P,U) and S,(Q, V) can be chosen arbitrarily from among the 
sectors of S(P,U) and S(Q,V) respectively. ` | 

. If Ọ possesses a multiple point P” different from P, and if V is C. E. 
with U, then V possesses the multiple point T(P) =Q’-Q. Given an 
indexing (3.1) of the sectors of S(P,U), an indexing of the sectors of 
S(Q,V) is then uniquely determined by the condition that the sector (or 
two adjacent sectors) of S(P, U) with whose closure (closures) P” is incident, 
bear the same index (indices) as the sector (or two adjacent sectors) of 
S(Q, V) with whose closure (closures) Q’ is incident. 
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.4, Conditions [D]. To establish the sufficient conditions for contour 
equivalence of U and V as given in Th. 3.1 it is convenient to establish a 
similar theôrem in which the preceding class [D] is enlarged. In $ 12 we 
shall show that a Ue[D] admits a pseudoharmonic continuation over an 
open domain DYDD. Ifa U were constant on some arc of BD but otherwise 
satisfied the conditions [D] this pseudoharmonic continuation over BD might 
prove impossible, as examples * would show. This fact motivates the following 
definition. © | 

CONDITIONS [D’]. A function U defined and continuous at each point 
of D will be said to be in [D], tf U is pseudoharmonic over D, if there are 
at most a finite set of maximal connected U-arcs in BD, if U | BD assumes 
tts relative extrema in at most a finite set of such U-arcs or points in BD, 
and if U admits a pseudoharmonic continuation over BD. 


Suppose Ue[D]’. If zo is in a maximal connected U-are g in BD, a 
canonical neighborhood N of z, and local representation of U over N will 
not come under Cases I, TI, TITI of §2. The local representations described 
below are a ready consequence of the assumption that 7 admits a pseudo- 
harmonic continuation over BD. There are four new cases. 


IV. Zo interior to g, and a point of relative extremum * of U. 
V. Zo interior to g and not a point of relative extremum of U. 
VI. zan end point of g, and a point of relative extremum of U. 


VII. zan end point of g, and not a point of relative extremum of U. 


In a canonical neighborhood N (relative to D) of a point 2 a sector 
of N shall be understood as any maximal connected subset of N on which 


U (2) 4 U (zo). 


Case IV. A canonical N exists with Ÿ the homeomorph of a semi-disc 
H such that z corresponds to the center O of H, BN N BDI corresponds to the 
diameter d of H, and maximal U-arcs in N correspond to chords in H 
parallel to d. Cf. Case III, § 2. 


Case V. -An N exists essentially as in Case II except that all arcs 


“One could construct an example in which a U-arc in D had every point of a U-are 
in 8D as limit point. 

6That is, in some neighborhood of # relative to D U(s) = U (%), or else 
U(#) SU (2). | | 


L 
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bounding the sectors of N and emanating from žo are U-ares (i-e e., including 
the two arcs of 8D emanating for Zo). 


Case VI. An N exists homeomorphic with a semi-disc H, such that "A 


corresponds to the center O of H, and BN N BD corresponds to the diameter d 
`of H. Of the two rays pı, pz of d separated by O, U has its extreme value c 
‘at each point of one, say p:, and is strictly monotone on the other. -An 
arbitrary maximal U-arc in N not at the level c corresponds to a quarter 


circle which starts at a point of pz, has O as its center, and is continued by a — 


straight arc in H parallel to d until 8H is reached. 


Case VII. An N exists similar to the N under Type V, except that 
one of the sectors of N (the initial or final sector) has one boundary arc in 
BD, not a U-arc. . 


Proofs of these statements can be made with complete rigor, using the 


representations in Cases I, II, and III of the pseudoharmonic extension of : 


U over BD. 
Theorem 4. 1 depends for its meaning on the definition of an admissible 


mapping T of § 3, and this in turn depends upon the meaning attached to | 


two multiple points being of the same type. The necessary definitions will 
now be given. 

= A canonical neighborhood N of a point z,e BD contains just one sector 
in Cases ITT, IV, and VI, and in each of these cases is termed ordinary. 
Let m be the number of sectors in a canonical neighborhood of z. In 
Cases V or VII, m>1 and z, is termed a boundary multiple point of 
index m— 1. It is seen that a point z of intersection of a U-arc in BD 
with any U-arc not in BD (except for zo) always comes under Case V or VIT, 
and so is always a multiple point of positive index. 

Given Ve [D] and Ve [A let P and Q be multiple points of U and 
V respectively. For P and Q to be multiple points of the same type (as 
defined in $ 3) it is necessary and sufficient that P and Q come under the 
same one of the Cases I, II, V, or VII and have equal positive indices. 

As in $ 8 an admissible frame M(U) must contain each multiple point 
of U. Stars S(P,U) are formally defined as in § 3 admitting the new types 
of multiple points P. As previously two stars S(P,U) and 8(Q,V) are 
termed of the same type if P and Q are of the same type. Recall that an 
admissible mapping 7 of a frame M(U) onto a frame M(V) is a homeo- 
morphism mapping the set of multiple points of U onto the set of multiple 
points of V, preserving the type of a multiple point and mapping M(U)| BD 
onto M(V)| BA with preservation of sense on the respective boundaries. 


\ 
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The conditions necessary and sufficient for contour equivalence of U and 
V include those of Th. 8.1 and are given as follows. 


THEOREM 4.1. Given Ue [DY and Ve[A]’ let M(U)[M(V)] be the 
union of the multiple points of ULV] wth U-arcs | V-arcs] in BD, [BA]. 
In order that U and V be C. E. under a 8. P. homeomorphism ¢ tt ts necessary — 
and suficient that M(U) be similar to M(V) under an admissible mapping T 
of M(U) onto M(V). Gwen T, œ can be taken as an extension of T over D. 
Given ¢, T can be taken as $ | M(U). ` 


That the conditions of the theorem are necessary is an immediate 
consequence of the definitions. ‘That the conditions are sufficient will be 
established in the next sections. In the next section certain intuitive notions 
needed in the proofs are made precise. 


5. Local right sets, and sensing of U-arcs. Let g be a sensed Jordan 
arc and z==@ an inner point of g. We shall make the intuitive notion of 
the right of g near a more precise. To that ‘end let N be a Jordan region 
containing a whose intersection with g is a subare g’ of g forming a cross 
cut of N. There then exists a S. P. homeomorphism H of N onto the disc 
(|2| <1) such that g’ is mapped onto the positively sensed segment of the 
real axis in the disc. The inverse image in N of the set (|z| <1,y <0) 
[alternatively | z| <1,y > 0,1 will be called a local right [left] set of the 
element (a,g). It is readily shown that for a given element (ag) local 
right sets and local left seta of sufficiently small diameter have an empty 
intersection, while the intersection of any two right (left) sets includes a 
right (left) set. S.P. homeomorphisms which (by convention) preserve the 
sense of an arc g, carry right (left) sets of an element (a,g) into right 
(left) sets of the image element. 

Let z == a be an ordinary point of a pseudoharmonic function U. There 
exists a S. P. homeomorphism ¢ of a neighborhood of z == a into the w-plane 
(w = w -+ w) carrying 2 == @ into w == 0 and U-arcs into curves on which v 
is constant. If g is a properly sensed. U-arc through z =a, a right set 
(left set) of (a, g) of sufficiently small diameter thus consists of the points z _ 
in a neighborhood of a such that U(z) < U(a)(U(z) > U(a)). Such a 
sensing of g will be termed U-posttive, the opposite sensing U-negative. Such 
a U-positive sensing of a U-arc g near an ordinary point ¢—a in g is 
independent of the mappings and neighborhoods used to define their sensing. 
If U is pseudoharmonic in D it is possible to assign a positive sense to each 
U-arc composed of ordinary points of U such that this assignment agrees 
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with each local assignment of a U-positive’sense.to a U-arc. At multiple 
points of U, this sensing is ambiguous. 

A particular application of this is as follows. .Let a Ue[D]’ assume 
its absolute minimum on an arc p of BD. Then a U-positive sensing of p 
will be counter-clockwise on 8D. If however U assumes its absolute maximum 
on an are q of BD, a U-positive sensing of q will be clockwise. 


6. Sufficient conditions for contour equivalence. We shall prove that 
the conditions of Th. 4.1 are sufficient. Let »(U) be the sum of the indices 
of the multiple points of U, and let x(V) be similarly defined. We shall © 
make an induction depending upon the value of v(U) ==»( V) recalling that 
v(U) =y(V}) when the conditions of Th. 4.1 are satisfied. It is necessary 
to set (U) = 0 if U has no multiple points, similarly for »(V):" By con- 
Mot let each ordinary point have an index 0. | 


' Lemma 6.1. The truth of Th. 4.1 for v(U) mm y(V) <n, and n>0 
implies tts truth for v(U) == v(V) =n. 


Arcs p and q. It is given that the frames M(U) and M(V) io 

im Th. 4.1 are similar under a homeomorphism 7. Let P, and Qo be fixed 
multiple points of U and V respectively, corresponding under 7. The condi- 
tions for star similarity under T of [M(U), 8(Po, U)] and [M(V),S(Qo, V) ] 
as defined in § 3 are satisfied (by hypothesis) after a suitable indexing of the 
sectors of S (Po, U) and a corresponding indexing of the sectors of S (Qo V). 
By virtue of this indexing each ray of S(P,, U) corresponds to a definite ray 
Of S(Q@o, V). Let p be an arbitrary ray of S(Po,U) in case Pye BD, and 
in case P,e D let p be the U-continuation in both senses to BD of an arbitrary — 
ray of S(P,U) with p sensed as the ray. Let q be the corresponding ray of 
8(Qo, V), or its continuation in case Qe € A. 


By virtue of the assumed similarity of M(U) and M(V) under T, and 
the choice of p and g, the multiple points of U in p correspond in a 1-1 
manner under T to the multiple points of V in q with the order in which the 
multiple points on p appear on p as a sensed arc the same as the order in 
which their T-images appear on g as a sensed arc. One sees this on con- 
sidering incidences with the stars S(P,U) and 8(Q,V) where P is an 
arbitrary multiple point on p and T(P) =Qeq. 


A simplifying modification. Without any loss of generality we can 
suppose that À is the dise (|z| & 1); for under a 8. P..homeomorphism $ 
of this dise onto D, U is C. E. with U¢ (defined over the disc). 
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The proof can accordingly be simplified by supposing that À and A are 
each the disc (|z|: 1), that p and q are each the diameter d of this disc 
leading from zg==—1 to z= + 1, and that the multiple points z* of U 
in d are identical with those of V in d, with T'(2*) == 2*. The point z == 1, 
if in M(U), is a multiple point of U of Case II, V or VIT; likewise the 
point 2=— 1. Granting this a priori simplification, we assume as previously 
that M(U)— M(V) (under T). 

. Let D, be the open upper semi-disc of D:(|2| <1). Set u = Ọ | Di, 
y=: V|D,. Let M(u)[M(v)] be the union of the multiple points of w, [v] 
with the u-arcs [v-arcs] in BD). 


The mapping Tı. With u and ve[D,]’ an admissible mapping Tı 
(see § 3) of M(u) C D, onto M(v) C D, is obtained on setting T,(z) = T(z) 
for ze M(U) ND, and T,(z) ==z for zed. These two conditions on T(z) 
both apply to a point z of M(U)Md, and are consistent. This is true if 
zed is a multiple point of U, since T(z) = z, as arranged in the preceding 
paragraphs. It is true if z = + 1 is in M(U), since this can happen only 
if z == + 1 is a multiple point of U [Cf Cases V and VIT of §4.] Tha 
mapping. T, of the frame M(u) onto the frame M(v) is admissible in the 
sense Of $38 in that it maps the set of multiple points of u onto the set of 
multiple points of v, preserving type, and maps M (u)| BD, onto M(v)| BD, 
preserving sense on 8D.. 


The indexing of stars S(P,u) and 8(Q,v). If P and Q are multiple 
points of u and v respectively with T,(P) = Q then P and Q are multiple 
points of U and V with T(P)—@. The sectors of S(P,w) and S(Q, v) 
will be indexed in such a manner that a sector S;(P,u) has the index + in 
common with a sector S,(Q,v) if and only if the sectors in S(P,U) and 
S(Q,V) containing S,(P,u) and S;(Q,v) respectively as point sets, bear 
equal indices k. 


Finally M(u) ~ M(v) under Tı. The analysis follows. Each multiple 
point of u or v respectively is a multiple point of U or F. Among points 
in D,, the converse is true except at most for the points z== + 1. The 
stars of u [or v] are thus the intersections with D, of sters of U [or Y] 
with the same centers. Note that M(u) =[M(u)QNM(U)|]Ud. Hence 
M(u) == [M (u) QH (U)]U A, where A is the set of points z € d not multiple 
pointe of U. 


The incidence relations. It follows from the definition of T, and the 
indexing of the sectors of the stars S(P,u) and S(Q,v) that a point 


3 
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g*eM(w)NM(U) has the same incidence relations with closed sectors of 
S(P,u) as T(2*) with the corresponding closed sectors of S(Q,v). These 
points z* include the multiple points of u in d (in particular possibly 
Po =— Qo). These multiple points z* of u in d are also multiple points of 
U, V and v with T'(z*) = T,(2*) = 2". 


It remains to consider a point 4€ A. Since Zo is not a multiple point 
of U no ray of a star of U or V meets Z, other than a ray on d. The point 
Zo ig immediately preceded (or followed) on d by a multiple point z2* of U, V. 
If z* is on a sector S,(P,u) with P not in d, or on a left (or right) boundary 
ray of S,(P, u) then z is in Si(P,u). It follows that z* is in 8:(Q,v) or 
on the left (or right) boundary ray of :(Q,v). Hence z is in &(Q, v). 
Thus z has the same incidence relations with the closed sectors of S(P, u) 
as with the corresponding closed sectors of S(Q, v). If P— 0 is in d with 
z-coordinate a < 1 then the subarc of d on which a= 21 is a right 
boundary arc of the first sector both of S(P,w) and S(Q,v) so that any 
point z on this arc has the same incidence relations with the closed sectors 
of S(P,u) as with the closed sectors of S(Q, v). The arc —lSerSai 
similarly treated if a > — 1. Thus M(u) ~M(v) under T.. 


The induction. Suppose that v(U) =+1(V) =n>0. Let v(u) —y(v) 
=m. The inductive hypothesis of the lemma can be applied to u and v 
if m<n That m < n follows from the fact that each multiple point P 
of u and v is a multiple point of U and V of no less index, while each 
multiple point of U and V on d, in particular Po, has an index relative to u 
and v which is less than its index relative to U and V. Indeed P, may be 
ordinary relative to wand v. By virtue of the inductive hypothesis u is C. E. 
with v under a mapping ¢ which is an extension over D, of T, over M (u). 
Thus p(z) =z for zed, and ¢(z) =T(z) for zeM(U)ND,. Let D, be 
the semi-disc of D on which y < 0 and set w =U | Da v = Y | Ds. As 
just shown for u and v, uw’ and v are C. E. under a mapping # such that 
(z) =z for zed and ¢’(z) = T(z) for ze M(U)N D: Let a mapping ® 
of D onto itself be defined by combining the mappings b and ¢’. Then U 
and V are C. E. under ®, and is an extension of T. 


This completes the proof of the lemma. 
The inductive proof of Th. 4. 1 will be completed by proving the following. 
This is the case v(U) = y(V) — 0. 


Lemma 6.2. Suppose that Ue [D] and V in [A] have no multiple 
points and that T 1s a topological mapping of the maximal connected U-arcs 
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in BD onto the maximal connected V-arcs in BA preserving sense on the 
boundaries There then exists an extension of T over D under which U 
is C. E. to V. 


We begin by verifying the following. 


(x). The only maximal connected U-ares in BD are those on which U 
assumes a proper extremum. 


If h were a maximal U-arc in 8D on which U was not a proper relative 
extremum there would be some U-are in D which would have an end point 
Peh. Such a point P would be a multiple point of U coming under Cases V 
or VII of $ 4, contrary to the assumption that U has no multiple points. 


(B). The extreme values of U reduce to an absolute minimum and 
absolute maximum assumed respectively in just one maximal connected U-set 
p and one maximal connected U-set q, where p and q may be U-arcs or points. 


Suppose that there were at least two disjoint maximal connected U-sets 
affording relative minima. Then for a suitable choice of c the set Ue on 
which U(z) <c would not be connected. Since the set Ue is connected for 
c = max U(z) there exists a superior limit c, of the values of € for which 
U. is not connected. One proves easily as in M., § 10 that there must be a 
multiple point P at the U-level co The lemma follows. 


Reduced p-length [M., $27]. If a and b are constants with as£ 0, 
aU + bis C. E. with U under the identity. No generality is accordingly lost 
in proving the lemma if we assume that the range of values of U and V is 
the interval [0,1]. No maximal level set of U or V will then reduce to a 
point with the possible exception of sets at the level 0 or 1. Each U-are À 
will be referred to its reduced p-length p as parameter. This is the p-length 
of À measured in A’s U-positive sense from Xs initial point on BD, and 
divided by the total w-length of A. On each such A, p varies from 0 to 1 
inclusive. The V-arcs will be similarly referred to their reduced p-lengths 
o as parameter, 


To begin the proof proper consider first the case in which p and q are 
maximal connected U-ares on which U assumes its absolute minimum and 
maximum respectively, and let T (p) = p and 7(q) =g. The arcs p’ and g 
may be maximizing and minimizing respectively rather than minimizing and 
maximizing. No generality in the proof will be lost if we assume that p’ and g’ 


* One gives the boundaries a counter-clockwise sense as a basis of reference. 
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are respectively minimizing and maximizing since a change from V to the 
C. E. — V would bring this about in any case. | 

Suppose that the given mapping T of p onto p’ has the form o = (p), 
0Zp< 1, making the point on p with reduced u-length p correspond under 
T to the point on p’ with reduced p-length o. The senses of increasing 
p-length on p and p’ have been taken as the U-positive and V-positive senses 
on p and p’ and so are counter-clockwise on 8D and BA respectively. From 
this and the nature of T as given, it follows that y(p) is increasing. Similarly 
suppose that the given mapping T of q and q’ has the form o={(p), 
0 £ p 1 and verify the essential fact that £(p) is increasing. An admissible 
extension ¢ of T mapping D onto A is obtained by making each U-arc A, 
at the level c correspond to the V-arc 6, at this level c, and making the 
point p on A, correspond to the point o on 8, such that 


(6. 1) o == (1—e)£(p) + onlo) (0<p<1). 


Recalling that {(p) and #(b) are both increasing it follows from the properties 
of reduced u-length that $ extends T as a sense preserving homeomorphism 
and defines a contour equivalence of U with V. One first verifies that T is 
a homeomorphism. That T is sense preserving then follows from the fact 
that it is sense preserving in the neighborhood of one point, in particular 
in the neighborhood of a point on p. 

In case p reduces to a point but q does not, let T(q) =~ q’, and as before 
suppose V assumes its absolute maximum on g’. Then the maximal con- 
nected V-set in which V assumes its absolute minimum must reduce to a 
point which we denote by p’. Now define reduced u-lengths on the level arcs 
and as in the preceding paragraph let the given mapping T of g onto q’ have 
the form o—{(p). Then the mapping o—{({p) (0<¢1) yields the 
extension ¢ of T provided we require ġ (p) = p’. 

In case both the minimizing set p and maximizing set q for U reduce 
to points, the maximal connected V-sets p’ and g in which V assumes its 
absolute minimum and maximum also reduce to points. Defining reduced 
u-length as before, the mapping o == p for 0 < c < 1 together with ¢(p) = p’, 
h(q) = g provide a mapping ¢ which is a contour equivalence of U with F. 

This completes the proof of Th. 4.1. Th. 4.1 implies Th. 3.1 as a 
special case. 


7. A group of operators. Given Ue[D] let [U] be the class of 
functions in [D] C. E. with U. In this section we shall describe a multi- : 
plicative group of operations which generates [U] from U. Certain pre ` 
liminary remarks are needed. 
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The sum of two pseudoharmonic functions ù and v defined over D is 
not in general pseudoharmonic over D. For example, set z — x + ty and let 


u(z) =z, wv(2) = ht —7 (Le 1): 


The functions u and v have no critical point on the domain |z| < 1 and so 
are pseudoharmonic. However u + v has a minimum when z == 0 and 80 is 
not pseudoharmonic. The functions u and v in this example are easily seen 
to be C. E. under the identity. Thus the sum of two functions C. E. under 
the identity need not be pseudoharmonic. There is nevertheless a law in the 
background. 

Suppose that u and v are in [U] and C.E. under ¢. Let g be any 
simple sensed arc in D on which u is strictly increasing. Then for each 
choice of such a g, v will be strictly increasing on (g), or else strictly 
decreasing independently of the choice of such a g. This may be verified 
first for arcs g which intersect the set of multiple points of u in at most an 
end point. For any one such are g’ can be continuously deformed into any 
other such arc g” through admissible arcs g. Finally an admissible are g 
which intersects the set of multiple points is a sequence of a finite set of 
admissible arcs g, each one of which intersects the set of multiple points in 
at most an end point. 

If g is admissible in the above sense Tr v is strictly increasing on ¢ (g), 
u and v will be termed posttwely C. E. under ¢, otherwise negatwely C. E. 
under ¢. Whether w and v are positively or negatively C. E. under ¢ is thus 
determined by the behavior of v on ¢(g) for one arbitrarily chosen admissible 
are g. The following are readily verified: 


(a). If u and v in [U] are Č. E. under h, then either v or else —v ts 
postiwely C. E. to u under ¢. 


(8). The sum of ue [U] and ve [U], with u and v given as positively 
C. E. under the identity, is again in [U] and dou: C. E. to u and to v 
under the identity. 


To generate [U] from U we shall make use of a deformation A of 
elements ue [U]. The deformation of u is defined by a 1-parameter family 
of functions in [U] which for fixed ż, 0 = ¢ 1, and fixed ue [U] have values 
A(z, t, u) (ze D). For fixed u, A is supposed continuous over the cartesian 
product of the domains of z and t. One supposes that u is given “ initially ” 
in the form u(z) = A(z, 0,u). The “terminal” image Au of u under A 
has by definition the values (Au) (z) = A(z,1,u) (se D). For fixed te [0,1] 


38 JAMES A. JENKINS AND MARSTON MORSE. 


and us [U], A(z,t,u) shall define a function in [U], C. E. with w under 
the identity. 
With this understood we introduce three operations on elements in [U]. 
(i) A homotopy A, replacing ue [U] by sis terminal image Au under A. 
(ii) A reflection R, replacing u by Ru mm — u. | 
(11) À value-equivalence ®, replacing u by ud where b is a S. P. homeo- 
morphism mapping D onto D. 


Each of these operations on u yields an image C. E. with u. In'cases (i) 
and (ii), Au, and Au are C. E. with u under the identity. Each of these ` 
operations has an inverse. The inverse of R is À. The operation ® deter- 
mined by the mapping ¢ has an inverse $-1 determined by D. If A is 
defined by A(z, t, u) as above, the inverse of A is defined by A(z, 1 — t, u) 
for ue [U], ze D, and 0<t<1. The operations R, D, A generate a group 2. 

The principal theorem can now be stated. 


THEOREM 7.1. Fach element ue [U] has the form wU where w ts an 
element in the group Q. | 


Given ue [U], U is C. E. with u under some mapping ¢. Hence ud is 
C. E. with U under the identity. In accordance with («), RU is positively 
C. E. with up, where Ro == R, or the identity. We set up — pu and introduce — 
the deformation 


(7.1) A(z, t, RLU) = (1 — t) (RV) (2) + t(eu)(z) = (OS tS 1). 


For 0<¢< 1 the two terms in the right member define positively C. E, 
functions whose sum is in [U] by virtue of (8). As a consequence of (7.1) 


(7.2) ARU = u — PHAR, U =u 
This establishes the theorem. 
The first relation in (7.2) has the following meaning. 


COROLLARY. If ue [D] and U e[D] are C. E. under the identity there 
exists a continuous deformation of u through elements in [U], each C. E. 
with U under the identity, into one of the two elements + U. 


Part II. Pseudoconjugates. 


8. Definition. Let u be pseudoharmonic in D. A pseudoharmonic 
function v such that u + tv is interior. in D will be called pseudoconjugate 


CONTOUR EQUIVALENT PSEUDOHABMONIG FUNCTIONS. 39 


tou in D. If wu is continuous on D and pseudoharmonic in D, a function v 
continuous in D and pseudoconjugate to u in D will be termed pseudo- 
conjugate to win D. When v is pseudoconjugate to u in D a point 4e D 
is an ordinary or multiple point of w of index n, if and, only if it has the 
same character relative to v. We shall simplify the problem of constructing 
pseudoconjugates by noting the following: 


(8). If v is pseudoconjugate to we [D], and if $ ts any S. P. homeo- 
morphism of D onto itself, then vd is pseudoconjugate to we. 


This follows at once from the definition of a pseudoconjugate. 

As a consequence of (8) to construct a pseudoconjugate to Vel[D] 
one can use any domain Æ such that # is the topological image 4(D) of D 
under a 8. P. homeomorphism ¢, and replace U by we [Æ] where U = ug. 
If then v is constructed pseudoconjugate to u, vd is pseudoconjugate to U. 


(y). Let u and v be pseudoharmonic functions in D such that u + w = f 
maps D topologigcally into the complex w-sphere. Then f ts sense-preserving 
and v therefore pseudoconjugate to u rf there exists a continuous 1-parameter 
family of topological mappings f'(0 St & 1) of D onto the complex w-sphere 
such that F — f and F ts interior. 


This follows from the primitive definition of a S. P. topological mapping. 
In applying (y) one can take f* as analytic, or if convenient as the identity. 


9. Three special constructions of pseudoconjugates. By virtue of the 
remarks of § 8 the three special constructions of pseudoconjugates now to be 
given have wide application. We refer to the complex plane of z = g + ty. 


I. Let E, be the square 0Zz<1, Sya. On F let u be the 
pseudoharmonic function with the values az + b, a > 0. Let h(y),0 = y=1, 
be continuous and strictly increasing. Then a function v with values? 
v(z) == h(y) + x is pseudoconjugate to u. 


Since u + w clearly defines a topological mapping of the z-plane into 
another complex plane the only point of difficulty is in proving that u + sv 
is sense preserving. In accordance with (y) of $ 8 this is established by 
deforming h(y) through a continuous 1-parameter family of strictly increasing 
functions into the identity. When v(z)—y-+2,u-+w is clearly sense 
preserving and I follows. 


7 The æ is added to make the boundary values of v strictly monotone when y = Q, 
or l. 
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Il. Let E, be the semi-disc: 20, | 2 | <1 with diameter d on which 
geo, Let u be the pseudoharmonic function with values ax + b,a> 0. 
Let h(y) be continuous and strictly increasing. Then a function v wiih 
values v(z) —h(y) is a pseudoconjugate of u. 


ITI. On the disc H3:|2| <1 the function v with values y ts pseudo- 
conjugate to the function u with values az + b, where a > 0. 


The pseudoconjugates v defined in I, IT and LIT lead to more general 
constructions as follows: Let RCD be a Jordan domain such that Æ is 
mapped by a S. P. homeomorphism ¢ onto #,.i=1,2,3. Then the func- 
tions U ud and V =. v% are defined over À and V is a pseudoconjugate 
of U. More definitely we limit R to subregions R; of D as follows: 


Case I. À, shall be bounded in D by two disjoint arcs of BD and by 
two simple disjoint non-intersecting arcs p and q, intersecting BD in a finite 
number of points including the end points of p and q: 


Case IT. R, shall be bounded in D by an arc of BD and by a simple 
arc d, in D except for a finite number of points, including d’s end points. 


Case ILI. #, shall be identical with D. 


By virtue of the constructions I, II and III functions U pseudoharmonic 
on À, for which pseudoconjugates V exist can be characterized together with 
F as follows (brackets indicate alternative) : 7 


Class I. Suppose that a Ue[k,]’ (See 84) assumes its minimum 
(maximum) and its maximum (minimum) respectively at each point of the 
arcs p, g of BR, is strictly monotone on the two complementary arcs of BR, 
and has no multiple points at any point of R;. A pseudoconjugate V of 
such a U always exists with values which are presecribed on p and strictly 
decreasing € (increasing), which has no multiple points in À, and is strictly 
monotone on BR; except for a minimum (maximum) and maximum (mini- 
mum) at the final points of p and q respectively. 


Class IT. Let a Ue [ R,]” assume its absolute maximum (minimum) at 
each point of the arc de BK, assume its absolute minimum (maximum) at a 
point Pe BR, possess no other extreme boundary points and no multiple 
points. A pseudoconjugate V of U then exists without multiple points in Ra, 


* Sense of increase of functions on BR, are with respect to an independent variable 
moving on SH, in a counter-clockwise sense, The arcs p and g are to be sensed counter- 
clockwise on SR, for this purpose. 
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with prescribed strictly increasing (decreasing) values in d and strictly 
decreasing (increasing) values in BR; — d. 


Class III. Let U e [DT] have no multiple points and U | BD just two 
extreme points. Then there exists a pseudoconjugate V of U of the same 
character as U such that the extreme points of U and V appear in 8D in 
the circular order min U, min F, max U, max V. 


In establishing the existence of the pseudoconjugates V one begins by 
showing that the respective functions U in Classes I, IT, [II are strictly 
C. E. with = u in I, II, III, making use of »-lengths along the U-positive 
sensed level arcs (Cf. $$ 5,6) to obtain the appropriate mapping ¢. The 
existence of pseudoconjugates to functions U in Classes I, IT, IIT is all that 
we shall need to establish the existence of a pseudoconjugate to an arbitrary 
ue [D]. 


10. Secteurs and inner boundaries. À pseudoconjugate of an arbitrary 
U e [D] will eventually be constructed out of the special constructions of § 9. 
To that end D must be broken up into special regions Y coming under Cases I, 
TI, and III, with U | X in Classes I, II, III respectively. We shall need 
several definitions. 

If g is a sensed arc the corresponding unsensed arc will be denoted 
by | g|. We say that | g | carries g. = 


The net | N(U)|. Let z be an arbitrary multiple point of U. Let h 
be a U-are issuing from z, and continued in the ordinary sense until BD 
or another multiple point is reached. Let N(U) be the union of all such 
sensed U-arcs. -Let | N(U)]| be the union of the corresponding unsensed ares. 


Right or left continuations. An arc hae N (U) is termed the right (left) 
continuation of an arc h,e N(U) if h, terminates in the initial point P of ha 
and if | h,| and | he | are the right and left rays respectively (left and right 
rays) as seen from P, bounding a sector in S(P,U). A simple sensed arc 
h’(h”’) composed of a sequence of arcs of N(U) is termed the maximal right 
(left) continuation of each of its subarcs in N(U) if the second of any two 
successive arcs in V(U) and h’(h”) is the right (left) continuation of the 
first, and if k’ (h) is a proper subare of no arc with this property. These 
maximal right (left) continuations are obviously simple U-arcs with end 
points on BD. 


Inner boundaries. The preceding maximal right (left) continuations 
h’(h”’) if reversed in sense are maximal left (right) continuations. An 


w 
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“unsensed arc k identical with | h’ | or | A” | will separate D into two or more 
regions the closure of one and only one of which (termed a secteur K) will 
contain k and no elements of | N(U)| incident with k other than elements 
of |N(U)| Mk. Observe that D— É is not a secteur. The secteur K is 
= bounded by k and a unique arc of BD. We term k an inner boundary. It is 
clear that K determines and is determined by its inner boundary k. Two 
inner boundaries either do not intersect or intersect in a point or arc of 
| N(U)|. If K is a second inner boundary and if kN K 0, k is in D—K. 
Of the regions into which h separates D, the secteur K determined by 
k is distinguished from the other components of D— k by the following 
property: if À and p are two elementary arcs of k N | N(U)| with a multiple 
point P as common end point, the sector of a canonical neighborhood of P 
bounded by À and » belongs to K. Every element | À, | in | N (U)| belongs 
to just two inner boundaries, carrying the maximal right and left contin- 
uations of hy. 


Let z be a point not in | N(U)|. Of the connected regions into which 
| N(U)| divides D let X be the region containing z. If 8X includes an are 
| hı | e| N(U)|, it is clear that it must include the carrier p of either the 
right or left continuation of h.. The U-arc p is the inner boundary of some 
secteur K. Then either XC K or else XOK —0. The case XC K prevails 
for the following reasons. If P is a multiple point of U in p then X inter- 
sects S(P,U) near P in just one sector S’ of S(P,U) and p contains both 
arcs of | N(U)| on the boundary of 8’ issuing from P. It is characteristic 
of À that, containing both of these arcs of | N(U)|, it contains the sector 9’ 
in a neighborhood of p. Thus XC K. 


Lemma 10.1. The net | N(U)| (assumed non-empty) divides D into a 
finite set of connected open regions X containing no multiple points of U. 
Hach region X is erther, 

(1) the intersection R of two secteurs K and G possessing non-inter- 
secting inner boundaries p and q, with R bounded by p, q and two disjoint 
arcs of BD; or 


(ii) a secteur K. 
In Case (i), U | À is in Class I of §9. In Case (ii), U | É is in Class II. 


If X is bounded by p and an arc of 8D, then X is a secteur K and 
Case (ii) alone occurs. In this case it is clear that U | Æ is in Class II of $ 9. 
If Case (ii) does not arise, BX contains a second inner boundary q, 
the inner boundary of some secteur G. As before GDX. Moreover p N q = 0; 


CONTOUR EQUIVALENT PSHUDOHARMONIO FUNCTIONS. 43 


otherwise q would include arcs of | N(U)| in the complement of K, which is 
impossible since XC‘K. We see that BX includes at most a finite set of 
disjoint maximal connected U-arecs. But U |X has no multiple points, so 
that it follows as in 86 (a) and (8) that 8X contains just two disjoint 
inner boundaries p and q, and U | XY is in Class I of § 9. 


11. The general construction of pseudoconjugates. If U e [D] has no 
multiple points at all, U is in Class III of § 9 (Cf. (8) of $ 6), and a pseudo- 
conjugate V of U is imemdiate. We assume therefore that U has at least 
one multiple point. 

It will be convenient to term the region A arising in Case (i) of 
Lemma 10.1 a secteur band. By means of the net | N(U)|, D has been 
decomposed into a finite number of secteur bands and secteurs on which U 
is in Class I and Class II respectively. To construct pseudoconjugates of 7 
over the closure of any one of these regions X so as to yield a resultant 
continuous pseudoconjugate V of U one must progressively assign boundary 
values of V (termed V-values) along preferred U-ares of BX as in the 
constructions of § 9. 


V-values. If z, is an ordinary point of U on a U-are g and if g is 
sensed U-positively [U-negatively] (see § 5) then a pseudoconjugate V of U 
must decrease [increase] along g near z, in order that U + 1V may be sense 
preserving. 


To construct a function V pseudoconjugate to U we prefer an arbitrary 
one of the secteurs K or secteur bands R into which D is separated by | N(U)|. 


Case a. In the case of K, continuous strictly monotone values (termed 
V-values) will be arbitrarily assigned along the inner boundary k of K 80 
that these values increase or decrease in the unique sense possible for a pseudo- 
conjugate of U. Recall that U | À is in Class II of §9. (Lemma 10.1.) 
Hence U possesses a pseudoconjugate V over K extending the V-values just 
assigned along k. The resulting V | Æ is strictly monotone over BD N BK. 


Case b. If the preferred region is a secteur band À we choose one of 
the inner boundaries k in BR and assign V-values along k as in Case a. 
In accordance with Lemma 10.1, U | À is in Class I of § 9. There accordingly 
exists a pseudoconjugate V of U over R extending the V-values assigned 
along k. Along the second inner boundary k’ in BR, V, as constructed over À, 
gives strictly monotone values, increasing or decreasing in the unique Manner 
possible for a pseudoconjugate of U | R. 
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Let X be any secteur or secteur band in the decomposition of D by 
| N(U)| such that BX intersects BK, Case a, or BR, Case b, in an arc. 
This intersection must be along a single connected arc g, since no l-arc can 
be closed in D. Let 3 denote K or R according as Case a or Case b arose 
in the first construction. Let k Dg be the inner boundary of X which 
intersects 8%. Note that g5<k. Recall that. V-values have already been 
constructed on g. V-values will now be assigned continuously on the residual 
arc of k so that the V-values are strictly monotone over all of.k. -A function 
V pseudoharmonic over X can then be constructed as in Case a or Case b 
extending the values given on k. 

In general let Z% be the closure of the union of the secteurs and secteur 
bands on which F has already been constructed. As in the second stage of 
the process let X represent any secteur or secteur band in the decomposition 
. of D such that BY N BY is an are g. Let k Dg be the inner boundary of X 
which intersects 8%. In the general case it is possible that k == g. In case 
k =g, V-values have already been constructed along k. In case kg, 
V-values are assigned along k as in the second stage. A function V is then 
constructed over X as in the second stage. ‘This process is continued until 
V is constructed over all of D. 


It may be remarked that the construction of V is such that V | BD ts 
strictly monotone over each of the arcs of BD into vie BD 18 separated 
by | N(U)|. 


It remains to, prove that f == U +4V is interior over D. 


It is interior by construction at each point 4 € D not in the net | N(U)|. 
Let zo then be in | N(U)|MD but not a multiple point of U. Without loss 
of generality we can suppose that in a sufficiently small neighborhood of Zo, 
U(z) =z -+ c, for this would be true of a composite function Ug where ¢- 
was a suitable 8S. P. homeomorphism of a neighborhood of z. As explicitly 
constructed V is continuous and strictly decreasing along each U-are (with 
U-positive sense) sufficiently near 2, so that it is clear that f is sense 
preserving and topological in a sufficiently small neighborhood of 24. 

Suppose finally that zoe D is a multiple point of U. If e>0 is 
sufficiently small and N, is the neighborhood (| 2— 2 | < e) of zo f| Ne 
satisfies the conditions of Lemma 2.1 and is accordingly interior at &. The 
following theorem is accordingly proved. 


THEOREM 11.1. Corresponding to an arbitrary U e [D] there exists a 
pseudoconjugate V e [D] of U pseudoharmome over D and continuous over D. 
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12. The continuation of interior transformations. To complete our 
results the following theorem is needed: 


THEOREM 12.1. An interior mapping f of a Jordan domain D into 
the w-plane, continuous on D, which send BD into a locally simple curve y 
[M., p. 62] can be extended to an interior transformation over a Jordan 
domain AD D. 


To establish this theorem a Riemann ribbon ¥ spread over the w-plane 
and bearing a curve g’ which is simple on % and projects into g will be 
constructed. The more precise statement is as follows: 


Lemma 12.1. Given a locally simple sensed curve g in the w-plane 
there exists an interior mapping Z of the form w == Z (2) of a domain 


(18.1) ax<|lel<a (0<a<1) (aa’ = 1) 


of the 2-plane into the w-plane which sends the unit circle ({z| =1) tn 
counter-clockwise sense into g, and. which is such that for some constant 
e > 0 and for each subdomain of (12.1) for which 6 — e Sarg z S bot e 
the mapping Z is topological. 


The Riemann surface of Z> is the Riemann ribbon to which reference 
was made. 

To prove this lemma let: - - W2, W_1, Wo, Wis W2,' * * be a cyclic sequence 
of points on g with w; = wy, for some n > 3 and all +, so chosen that not 
only the subares gı == [w W] but also the subarcs 


(12. 2) La, Wis1, Wire, Wire | 


of g are simple. Let k; (t= 0, + 1, + 2, ++) be a simple Jordan are in 
the w-plane such that k; intersects the subare [w::, wi, Wu] of g in w; alone, 
where w; is an interior point of k, and where k; = kun for all & Because of 
the simplicity of the arc (12.2) we may assume that k; intersects neither ky. 
nor kı There exists a sense-preserving topological mapping T, of the 
#-plane into the w-plane which sends the ares [y == 0,0 2 1] into gr 
and the arcs [z —0,—1S y S1] and [7 = 1, —1 Sy S1] into k, and 
kr respectively. The mapping T, parametrizes k, and k,,. in terms of y. 
We can suppose To, Ta, Tag,’ * + successively chosen so that T, and Trn 
give the same parameterization to k,,., and so that Ti = Tun for all i In 
particular 7',, can be chosen so as to give the same parameterization to k = En 
as does Te, since the w-plane is orientable. The condition of simplicity for 
the ares (12.2) has the following consequence. If 6>0 is sufficiently 
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small, then for 2 and z” in the rectangle H:0 srs, —b Sy = pb, 
T (2) =T (2) if and only if 2 — z” = 1 and if z” is pure imaginary 
or null. That is for 7 and z” in H, the mappings Tp and Tpu coincide 
only in their mapping of —o< Sy =) onto kni 

Let T now map the strip [—co < à <o0,—b Sy Sd] into the ee 
with T defined by setting 


(12. 3) T(¢ +r) = T,(7) (r= 0, + 1, +2,- -) (7e H). 


Under T the map of the +-axis is an unending locally simple sensed curve 
whieh reduces to g by virtue of the relation T(z -4 n) = T(x). Ife isa 
sufficiently small positive constant and if c is an arbitrary value of 2’ the 
mapping T taken over the rectangle 


. (12. 4) C—@ Se Se+6,—)85 7/5), 


is sense-preserving and topological. For z in the domain of definition of 
T set 2=—=exp(2riz'/n) and subject to this relation set Z(z) == T(z’). The 
resulting mapping Z has the properties affirmed in the lemma. 


Proof of Th. 12.1. It follows from Lemma 2.2 that f can be extended 
as an interior transformation over the neighborhood of each point z, of BD 
neighboring which in D, f fails to be topological. Since there is at most a 
finite set of such points on BD [M., p. 85] one can suppose D replaced by 
a Jordan domain ADD, over whose closure A, f can be extended 80 as to 
be interior in A, continuous in A and topological in some neighborhood 
(relative to A) of each point of BA. Without loss of generality we can finally 
suppose that f is interior over a unit dise D: (| z| < 1), continuous on D and 
locally topological in some neighborhood (relative to D) of each point of BD. 

Such an f maps some neighborhood N (relative to D) of each point zo 
of BD in a topological manner onto a subset of a neighborhood of the point 
f(%) of g. The points in f(N) are either in g or locally on one side of g. 
Turning to Lemma 12.1 let ž, be the Riemann surface of Z-T over the w-plane, 
understanding that Z(z) is defined only over (12.1). Under Z, BD goes 
into a curve g’ on Ža where g’ is simple on %, and projects onto g. If the 
constant b > 0 is sufficiently small f maps the domain Fy: [1 —b < |z| S1] 
in a topological manner into the closure of one of the two sets, say Go, into 
which %, is separated by g’. We suppose b so restricted. 

Understanding that f(z) is a point in G, and not merely a point in the 
w-plane it is clear that Zf (z) == (z) is uniquely defined for ze E» and 
that $ maps E, topologically into the z-plane, thereby mapping the circle 
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(|2|==1) onto itself topologically. We extend © over the reflection H’, of 
E, in the unit circle by setting ®(z) == (@(z’))’ where the primes denote 
reflection in the unit circle. Noting that Z@(z) — f(z) for ze Hy, we extend 
f over E’ by requiring this relation to hold over W's». Since Z is locally 
topological over Æ» f 18 likewise locally topological over Æ’, and hence 
interior over Ep U E». The proof of Theorem 12.1 is complete. 


13. Existence of a harmonic function contour equivalent to a given 
u£[D]. The present section is devoted to the proof of the following result. 


THEOREM 13.1. If D ts a Jordan domain and u a pseudoharmomac 
function in [D] there exists a harmonic function U in [D] such that U 
is strictly C. E. to u. 


In order to apply the results of § 12 we introduce the following lemma. 


Lemma 13.1. If D is a Jordan domain and we [D] there exists a 
Jordan domain ADD and an extension u* of u with u*e [A] such that u* 
has no multiple points in BA. 


Let ae BD be a multiple point of u to which, as a limiting point, 
m u-arcs tend. Without essential loss of generality suppose that u(a) == 0. 
In the w-plane consider the harmonie function H with values H (w) = Rw”. 
(æ denotes real part.) Let W be the neighborhood of w= 0 in which 
|w|<e. Let W be divided into the semi-dise W’: | w | < e, 0 < argw <r 
and the complement of the latter relative to W. Let D be the semi-disc 
defined by [w | <r, 0 < argw <r (r>e). The function H | W’ has m 
level arcs tending to w — 0 in W’. Moreover H | W’ is strictly C. E. to + u 
over a canonical neighborhood of z =a in D. This contour equivalence can 
be extended as a S. P. homeomorphism # of the w-plane onto the z-plane, 
mapping w = 0 onto z ==a, D onto D and, BD onto BD and such that 


w(y(w)) =oH (w) (we W',o == 1), 


provided e is sufficiently small. 


We extend u as a pseudoharmonic function across BD near z= & by 
setting u(y(w)) ==sH(w) (we W). Now consider a Jordan domain D’ 
obtained from D by a modification of BD on a short arc containing z =a in 
its interior. This modification corresponds under y to a change conveniently 
made in the w-plane, recalling that the segment g of the real w-axis from 
w == — e to w= e is sent by y into an arc of BD containing z= <a. Let 
the are of g from w == —e/2 to w = e/2 be replaced by a circular arc y on 
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| w | = e/2, lying in the lower half w-plane apart from its end points. If g 
is the open are thereby replacing g, H | g has m—1 extreme points, on y, 
not multiple points of H | W. Through every other point of g’ just one 
level arc of H enters the domain bounded by g’ and the are |w| = e, 
0S argwS-7. On the arc corresponding to g’ under y in the z-plane there 
is thus no multiple point of u. Making corresponding extensions of u and 
modifications of the boundary in a neighborhood of every other multiple 
point of u in BD, we obtain the desired domain A. The extension w* of u 
to A is clearly in [A] and has no multiple point in BA. 

Now let us suppose that u in Th. 13.1 has been extended to the Jordan 
domain A so as to have these properties. Let v be a pseudoconjugate of u in 
A constructed according to the prescriptions of §§ 9, 11. Then u| BA and 
v| BA have no common extreme point. Indeed, if | N(u)| now denotes the 
net of u as extended to A, the extrema of v| BA occur at most at points of 
| N(w)| in BA, while the extrema of u | BA occur at most on the open arcs 
into which BA is divided by the points of | N(u)|M BA. Thus f == 4 + iw 
is interior at the points of A and maps BA on a locally simple curve. 

By Th. 12.1 f can be extended to a domain $ containing A (and so D) 
in its interior. The Riemann surface which is the image of 3 under f can 
be mapped conformally, say by a function #’, into the finite z-plane. Corre- 
sponding to D under Ff we obtain a Jordan region #. Next E can be mapped 
conformally, say by a function G, onto D, and by a well-known result the 
mapping can be extended to a homeomorphism between # and D. The com- 
pound mapping GF is thus a S. P. homeomorphism œ of D onto itself such 
that f> is a regular function on D. Thus the function U == ud is har- 
monic on D, continuous on D and clearly strictly C. E. to u. 

It should be remarked that the proof in the last paragraph could also 
be carried out by first extending f to a domain containing A as in the first 
paragraph of the proof of Th. 12.1 so as to eliminate partial branch elements 
[M., pp. 83, 85], and then using the above conformal mapping theorem for 
closed Jordan domains in a neighborhood of each boundary point relative to 
the closed domain. In this way one would not require the full force of 
Th. 12.1. 


14. Model functions U and nets |N(U)]. Suppose that D is the 
domain (|z| <1). Recall that the net | N(U)| of U is defined in § 10. 
We seek a topological model for the net of U under S. P. homeomorphisms 
T(D) of D onto D. Recall that the domain D may be regarded as a hyper- 


CONTOUR EQUIVALENT PSEUDOHARMONIC FUNCTIONS. 49 


bolic plane with circles orthogonal to (| z|==1) as its straight lines. The 
closure in D of any such are will be called an H-line. 


THEOREM 14.1. There exists a topological model in D for the net 
| N(U)| of Ve LD] which ts the union of æ finite set of H-lines in D. 


Let g be the continuation in D in the sense of §2 of any one of the 
elements he N(U). We term | g| a complete arc in | N(U)|. Two points 
of D will be said to be cofinite if both are in D or both in BD. 

Set No = | N(U)|. By a verter of N, is meant a multiple point of U 
or a point of N, in BD. By an element of Ny is meant any arc of N, whose 
end points are vertices of N, but which carries no other vertices of No. 
Given two vertices P,, P, of Ny let No(P,, Pa) = if P,, P, are not connected 
on Ny. If P, and P, are connected on No let N.(P,, Pa) be the minimum 
number of elements of M, which is necessary to traverse to pass from P, to Ps. 
It is clear that No(P,, Ps) — No (Pao Pr). We term No(P,, Ps) the N-dis- 
tance from P, to Ps.. 

We suppose that the vertices of No 


(14. 0) Pikas gia 


have been ordered as follows. Choose P, arbitrarily among vertices of No. 
Choose next the vertices P,(1 > 1) for which Ny(P;, P4) is finite taking these 
vertices in the order of magnitude of N,(P;,P;), and arbitrarily when the 
N.-distances from P, are equal. Suppose that Pa, Pat + >, Pr have been so 
ordered and that this set includes every vertex connected on N, to any 
member of the set. Choose Pm arbitrarily among the remaining vertices of 
No (if there are any). Follow P, by the vertices P,(j > r +1) which are 
connected to P,., on No taking these vertices in the order of magnitude of 
the numbers No(Pr Pi) or arbitrarily if the N -distances from Pr are 
equal. This process will suffice to order the vertices of No. 

There exists a S. P. homeomorphism T, of D onto D with T,(P,) =P, 
under which each complete arc in N, meeting P, has an image which is an 
_H-line. This is readily established on using the Jordan separation and 
Schoenflies mapping theorems. 

Proceeding inductively suppose that for 0 < r < n there exists a S. P. 
homeomorphism T of D onto D such that the image net T(N) =N and 
the image vertices T(P) = Q, 1=1,°::,n, have the property that each 
complete arc h of N meeting the set 


(14. 1) Qu", 


4 
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is an H-line. This has been established for r— 1. Two cases are to be 
distinguished. 
_ Case I. Qm: is connected to Q, on N. 
Case II. Not Case I. 


Case I. In this case some point Qj, j =r, and Qra determine an H-line 
bof N. There exists a point Q on b cofinite with Qm with Qj, Oru, @ in the 
order written on b, and with Q so near BD that there are H-lines meeting Q 
which do not meet the H-lines h of N except b. (If Q-a is in BD we take 
Q = Oru.) There will then exist a homeomorphism 7? of D onto D for which 
T*(Q1) = Qu °°, T (Qr) = Q, and under which the H-lines of N meeting 
the set (14.1) are arc-wise invariant, while the image under T1 of each com- 
plete arc of N meeting Qm: is an H-line meeting Q. The above inductive 
hypothesis made on the sets (14.0), (14.1) and T, is now seen to be satisfied 
by the sets P,,:--,P,, Qut -,0,, Q, and TT; in particular TT (Pra) ` 
— T (Qr) =. 


Case IT. Let N* be the subset of complete arcs of N meeting the set 
(14.1). The point Qm: lies in a secteur or secteur band R of N>. One 
replaces each complete arc of N meeting Qr by an H-line through Qru. 
Then the inductive hypothesis holds for suitable T and r replaced by r + 1. 


The theorem follows by induction. 

We turn to an inverse problem: What are the characteristics of a set 
of H-lines in D that it may serve as the net of some U e [D]? The answer 
is in terms of the following definition. ) 


DEFINITION. We admit any finite set N* of H-lines in D each of which 
intersects at least one other H-line and which does not include the entire 
boundary of any domain in D. 


According to Theorem 14.1 there exists a topological model of the net 
IN(U)| of a Ue [LD] which is a set N* of H-lines as admitted above. 
Conversely we have the theorem ` 


THEOREM 14.2. Corresponding to any admissible set N* of H-lines 
there exists a U e [D] for which N* =| N(U)|. - 


It is clear that V* separates D into a finite number of secteurs or secteur 
bands R. The proof of the existence of a Ue [DT for which N* == |N(U)| 
is similar to the proof of the existence of a pseudoconjugate V e [D] as given 
in § 11. One adds the regions À successively so as to always keep a simply 
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connected domain. After the first step, U is given by the previous construc- 
tion of U as constant on a single arc of BRM N*. In the case of a secteur 
kR, U is first extended as a constant c over all of BRM N* and then extended 
over & with U < c or > c according as U >c or <c on the secteurs or 
secteur bands with which SR has arcs in common. No inconsistency can 
appear as a consequence of this demand at a vertex of N* in BD nor at any 
interior vertex P, since there is always an even number of arcs of N* incident 
with P. In the case of the adjoining of a secteur band À the value c on one 
boundary arc of R in N* is determined by the previous construction of JU. 
The value c’ on the other boundary arc of R in N* is arbitrary subject: to 
one of the conditions c’ < c, or c’ > uniquely determined by the previous 
construction. 

The theorem follows. 

The preceding suggests a weaker form of Th. 4. 1. 


THEOREM 14.3. A necessary and sufficient condition that u, and us in 
[D] with nets N, and N, respectively be contour equivalent under some $. P. 
homeomorphism œ of D onto D is thaf there exist a S. P. homeomorphism t 
of D onto D under which t(Ni) = N». If @ exists one can take t —@. If 
t exists one can take p as an extension of t | Ny. 


If ¢ exists then t = ¢ satisfies the condition of the theorem. If t exists 
it is clear that in Th. 4.1, M (w) is similar to M (u) under ¢| N, and in 
accordance with Th. 4.1 one can take ¢ as an extension of ¢ | Ni. 
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THE ORTHOGONAL GROUP IN HILBERT SPACE.* 


By Carvin R. Putnam and AUREL WINTNER. 


1. Let R denote the real Hilbert space (in its realization in terms of 
vectors «== {z} the components of which are real numbers #4 satisfying 
| 2 | = (32)? <0). If A is a real, bounded matrix or, equivalently, a 
linear (distributive and continuous) operator transforming every point, 2, 
of R into a point, Az, of R, let | À | denote the least upper bound of the 
vector length | Az | when x varies over the unit sphere, | x | = 1, of ff. 

If an infinite matrix is real and unitary (hence bounded), it will be 
called an orthogonal matrix, O. Let Q denote the metric space in which 
the points are the orthogonal matrices, O, and on which the distance is 
defined to be | O, — Oe | (with the above meaning of | A! for the difference, 
A, of two orthogonal matrices). Since |O |==1 holds for every O, no 
distance | O, — 0, | in © can exceed 2. 

In particular, if J denotes the unit matrix, then 


(1) |O—I|=2 


holds for every orthogonal matrix. Let a point, O, of © be said to lie on the 
“boundary,” [©], or in the “ interior,” Q — [Q], of Q according as the sign 
of equality does or does not take place in (1); 80 that 


(2) [OQ]: |0—I|=2; ie, OQ—[Q]: |O—I| <2. 


2. Let Q, denote the set of those matrices which are representable in 
the form e$ (=I + 8 +46? +.: -), where S is some bounded, real, skew- 
symmetric matrix. It is easily verified that, for every such S, the matrix e8 
is orthogonal, but the converse is not true (cf. (I) below); so that Qo is a 
proper subset of Q. A point, O, of Q will be called a rotation or a reflection 
according as it is in Q, or in its complement, Q — Qo. This nomenclature is 
suggested by the circumstance that a fimte real, orthogonal matrix is well- 
known to be of positive or of negative determinant (= + 1) according as it 
is or is not representable as the exponential of a real, skew-symmetric matrix. 

= While no determinants are available for the matrices of Q, it is clear 
from the: above definition of Q, that, if O is any orthogonal matrix, 


(3) ORO" is a rotation if R is, 
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and that 
(4) R- is a rotation if R is. 


On the other hand, it will be seen in §11 and § 18 that, in contrast to what 
holds for finite matrices, 


(5) RR can be a reflection if Kı, Ra are rotations, 
and that | 
(6) RR, can be'a reflection if R,, R are reflections. 


It should be noted that (6) is not implied by (5), nor (5) by (6). On the 
other hand, since the orthogonal matrices form a group, (8) is equivalent 
to the statement that 


(7) ORO is a reflection if R is, 
and (4) to the statement that 
(8) | R- is a reflection if R is. 


It follows that either all or none of the k! products of k orthogonal 
matrices #,,- - -, A, are rotations. Clearly, it is sufficient to prove this for 
k = 2, i. e., to show that if #,A, is a rotation, then &,Æ, is. But this follows 
by applying (3) to R= RR, O = Ry. 

The following fact may also be mentioned: 


(*) Neither Q, nor O -—— N% is an open set (hence neither of them is a 
closed set) on Q. 


It is understood that these and all the subsequent topological notions 
refer to the topology determined by the | O, — 0; |-metric on Q. 


8. In the case of finite matrices, the set of all orthogonal matrices 
breaks into two closed manifolds (those of determinant +- 1 and — 1, respec- 
tively), which have no point in common. In contrast, it will follow from (I) 
and (II) below that Q, and Q — Q, contain points which are in the closures 
of the respective complementary sets, Q — Q, and Oo. Actually (I) and (II) 
together will supply a characterization of all these points O of “ confluence ” 
(of either kind). | 


4. The preceding assertions concerning the “confluence” of Q, and 
Q — Qs neither contain nor are contained in the following fact, proved in [2]: 


(9) Q is arewise connected. 
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_ In the case of finite orthogonal matrices, the rotations are known to form 
a connected manifold, and the same is true of the reflections. For the case eo 
infinite matrices, it was shown-in [2] that 


(10) Q, is arcwise connected, 
and it will be proved in § 29 that 
(11) Q — Q, is arcwise connected. 


If ¢ is areal number, then {$ is a real, bounded, skew-symmetric matrix 
whenever 8 is. Hence (10) is obvious; cf. [2]. In fact, if R is a rotation, 
gay R == 68, then R(t) — et, where 0 < t £ 1, represents a continuous path 

contained in Qo. But this path begins (t 0) at J and ends (t= 1) at the 
given À. 


5. Results corresponding to (9)-(11) will be proved for the “ boundary ” 
and for the “interior ” of Q, as defined by (2): 


(12) - [Q] is arewise connected 
and ` 
(13) | Q— [Q] is arewise connected. 


It will also be shown that, from the point of view of the arcwise connectivity 
of the boundary, [Q], with the “center,” J, of Q, there are on [Q] two types 
of points: 
(A) There exist on [Q] points O corresponding to which it is possible 
to find continuous paths Q(t), 0S t= 1, connecting O == Q (1) to T= Q(0) 
-in-such a way that the given O is the only point of the path which is not 
mo— fo]. . 
(B) There exist on a] points O which cannot be connected to I in 
-the way specified under (A). 
It should be noted that (A) is not implied by (13). 


6. It will bé easy to show that the “interior” of Q contains none of 
the reflections and not all of the rotations, i. e., that : 
(14) __ [Q]20—-0 Æ [2]. 


The set of the rotations on the “boundary,” i.e., the intersection, [Q]Q,, of 
[Q] and 2a, has quite an involved structure on [Q]. In fact, it turns out 
` that, while | 

(15) [910 is arcwise connected, 


it is not dense on [Q] (or on Qo), and it is neither open nor closed on [Q]. 
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In case of a finite dimension number, all rotations form an invariant 
subgroup (of index 2) of all orthogonal transformations, and so any fixed 
co-set supplies a topological mapping of the space of all rotations on that of 
all reflections. In view of (5) or (6), this argument cannot be applied in 
the present case. But it will remain undecided whether Qe, nevertheless, is 
topologically equivalent to Q—Q,. If it should be, then the “dual” results 
are mere corollaries; for instance, (11) then is equivalent to (10) and, 
therefore, trivial. It would, of course, be sufficient (but not necessary) to 
assure the existence of some reflection, say Fo, having the property that Æ0 
is a reflection or a rotation according as O is a rotation or a reflection. 


The Spectral Characterization of Rotations and Reflections. 


7. The proofs will depend on the spectral resolution of unitary matrices 
[3], pp. 268-277, applied in [1] to the real subgroup of the unitary group. 

The purpose of this chapter is a spectral characterization of the rotations 
(hence, of the reflections as well). In view of (3) (or of (7%)), it will always 
be allowed to assume that the orthogonal matrix to be considered is given in 
any of its normal forms which can be attained by orthogonal transformations. 

In particular, it can be assumed that the contribution of the continuous 
spectrum (if any) has been split off by an orthogonal transformation. After 
such a transformation, every orthogonal matrix appears in exactly one of 
the forms. 


(16) O0, O=P,; O=P,+6, 1<n<o, 


where C and Pe denote infinite orthogonal matrices having no point spectra 
and no continuous spectra, respectively, while if n <œ, then Pa denotes a 
finite, n-rowed orthogonal matrix. It is understood that, whether n <œ or 
n ==% in the third of the cases (16), the symbol + means this: z = 0 is the 
only common point of those two linear subspaces of the x-space Jt on which 
C and P, operate. 

If p is any, (real) angle, let B == B(¢) denote the binary matrix repre- 
senting rotation by ¢ in a plane. Thus B(0) is the two-rowed unit matrix, 
and B(x) the negative of it. Hence, if the multiplicity with which — 1 
occurs in the spectrum of P, is either finite and even (possibly 0) or infinite, 
then P, is orthogonally equivalent to a matrix which, when denoted simply 
by Pr, 18 of the form 


(17) Ppa = Qa or Pp = 1+ Qn, where Qn = B(¢1) + B(de) Ja C., 


(n Soo), 
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and (17) must be replaced by 


(18) 2, =F, or P,=1-4- By, where R,—— 1 4 B(¢:) + B(d:)-+- sy 
(n S00), 


if — 1 occurs in the spectrum of P, with a multiplicity which is finite and 
odd (the angles à need not be distinct). It is understood that 1 and — 1 
in (17)-(18) represent the one-rowed unit matrix and its negative; that, 
whether n <œ or n ==%, the number of the B-terms is $n or $(n—1) in 
(17) according as n is even or odd, and is $(n— 1) or $(n—2) in (18) 
according as n is odd or even; finally, that the alternative cases are needed 
in (17) as well as in (18) in order to take care of matrices Pa, where n =, 
in which the multiplicity with which + 1 occurs in the spectrum is not or is 
finite and odd. 


8. It follows from (IV) in § 28 below that, if R is an orthogonal 
matrix not containing — 1 in its point spectrum, and if H(A), where 
0 =A 2r, denotes the spectral matrix of — R, then the matrix 

2m 
(19) ne f OAR (x), where 0 << 1, 

. 
is orthogonal and satisfies the functional equation Ru, == Fu. Since (19) 
also implies that Ry == — Ret mm R, it follows that RR; == R. Accordingly, 
if —1 does not occur in the point spectrum of an orthogonal matrix, R, 
then R is the square of some orthogonal matrix, R. 


9. This fact will be combined with the following 


Lemma. À matric is a rotation if and only if it is the square of some 
orthogonal matrix. 


Since eS is the square of e#, only the first of the two assertions of this 
Lemma needs a proof. But M. H. Martin has proved ([1], p. 590) that 
every orthogonal matrix, O, can be factored (not in a unique way) as follows: 


(20) O = Tes, where TS — ST and T? =I. 


Here J is the unit matrix, and T, S are two real, bounded matrices the first 
of which is symmetric while the second is skew-symmetric. Since (20) 
implies that O? == e*5, and since 2,9 is skew-symmetric, it follows that every 
O? is a rotation. 
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10. It will now be easy to prove the main theorem on rotations: 


(I) An orthogonal matrix is a rotation if and only tf the multiplicity 
with which — 1 occurs in its point spectrum is ether finite and even (possibly 
0) or œ. 


First, let O be a rotation and suppose, if possible, that — 1 occurs in 
its point spectrum with a finite, odd multiplicity. After an orthogonal 
transformation, it can be assumed that O is given in the form 


— Pi 0 
o= R) 
where [?** is the (2h + 1)-rowed unit matrix and R does not contain — 1 
in its point spectrum. Since O is a rotation, there exists a real, bounded 
skew-symmetric matrix § such that 
l A B 
D Js (_ = a 


where the prime denotes the operation of transposition and À is a (2h + 1)- 
rowed square matrix. It follows from SeS = e5S that RB’ == — B’. Hence 


B’ == 0, and so 
e4 0 
(o a 


The last three formula lines imply that e4 == 721, But this contains a 
contradiction, since det e4 > 0 but det—7?*# < 0. This proves the second 
assertion of (I). 

In view of (16) and of the above Lemma, the proof of (I) will be 
complete if it is shown that every matrix C is the square of some orthogonal 
matrix, and that the same is true of every matrix (17). But every binary 
rotation, B(¢), is the square of such a rotation, B(4), while the one-rowed 
rotation matrix 1 is its own square. Consequently, it is sufficient to show 
that every C is the square of an orthogonal matrix. But C denotes an 
orthogonal matrix having a continuous spectrum only, hence — 1 is surely 
not in the point spectrum of ©, i.e. Æ == Q is of the type considered in § 8 
before the Lemma and is therefore the square of the corresponding A. 


11. It was shown in [2] that every reflection is the product of three 
rotations, and the question was raised whether two rotations would not always 
suffice. It will now be shown that (I) implies that the answer to this question 
is affirmative, and can even be refined as follows: 
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(+) Every reflection can be represented as the product of two rotations; 
in addition, the latter can be chosen so as to be commutable. 


The assertion of this corollary, (t), of (I) is invariant under an arbitrary 
orthogonal transformation of a given reflection. It can therefore be assumed 
that if the latter is denoted by O and if k, where 0 k S00, denotes the 
multiplicity with which 1 occurs in the point spectrum of O, then O == I* + R, 
where J* denotes the k-rowed unit matrix, 1 is not in the point spectrum of R, 
and either of the terms I", R may be absent. In the proof of (1), two cases 
have to be distinguished, according as k <œ or ko. 

If &<o, then R is infinite, and so the assertion of (+) follows by 
writing O=—J*-- R as the product of the two matrices I* -+ (— R), 
J" de (— I®). In fact, (I) shows that both of these matrices are rotations, 
since, by assumption, — 1 occurs with the multiplicity 0 in the point spectrum 
of I" -+ (—R), and with the multiplicity œ in the point spectrum of 
yet (—_I”). In the remaining case, where k = œ, it is sufficient to write 
O as the product of — O and — 1°, since — 1 occurs in the point spectra of 
the latter two matrices with the multiplicity œ. This proves (f). 

Clearly, ({) and (10) imply (9). It is also clear that (5) follows from 
(t), and therefore from (I). 

In contrast, (6) will depend on (II) below. It will remain undecided 
whether, corresponding to the refinement (+) of (5), it is possible to refine 
(6) to the statement that every reflection is the product of two reflections. 


The Closures of the Rotations and of the Reflections. 


12. For the sake of brevity, let an orthogonal matrix, O, be said to 
have a pure vicintty (in Q) if there exists a positive 8 == 8(O) having the 
following property : Either every orthogonal matrix, Q, satisfying |Q — 0| <£ 
is a rotation or every such Q is a reflection (according as O itself is a rotation 
or a reflection, | Q — O | < B being satisfied by Q — O). Every orthogonal 
matrix is of one of two possible types, in accordance with the following 
theorem : 


(II) An orthogonal matrix, O, has a pure moinity (in Q) or ts a 
cluster point both of rotations and reflections according as — 1 is not or 
is in the essential spectrum of O. 


COROLLARY. An orthogonal matrix, O, has a pure vicimty (in Q) tf 
and only if — 1 ts not in the essential spectrum of O. 
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Here and in the sequel, the essential spectrum of an orthogonal matrix,’ 
O, is meant to be the set of those À-values which are either cluster points of 
the spectrum of O or are in the point spectrum of O with an infinite multi- 
plicity (or both). For instance, À — 1 is in the essential spectrum of I. 
Since the continuous spectrum of every O is a perfect set (unless it is 
vacuous), a A-value can belong to the essential spectrum for any one, for 
any two, or for all three, of the following reasons: À is in the continuous 
spectrum; A is a cluster point of the point spectrum; A is an eigenvalue of 
infinite multiplicity. Since O is an infinite matrix, its essential spectrum 
always contains at least one point. Needless to say, the essential spectrum 
is a subset of the spectrum (in fact, the latter is a closed set). The notions 
of the point spectrum, the continuous spectrum, etc. are meant, of course, 
in terms of the spectral theory of unitary matrices ([3], pp. 268-277). 


13. Theorem (II), the proof of which will be lengthy, supplies a short 
proof of (6). To this end, let D denote a diagonal matrix which differs 
from the infinite unit matrix J only in that a single diagonal element of I 
is changed to — 1. Thus — D is a rotation containing — 1 in its essential 
spectrum. It follows therefore from (II) that there exists a sequence of 
reflections L4, La,’ + - such that Lm —>— D as m— (the convergence refers 
to the metric of Q). Similarly, since the negative, — J, of the unit matrix is, 
by (I), a rotation, and since — 1 is in its essential spectrum, it follows from 
(II) that there exists a sequence of reflections K,, Ka ©- such that K,— — I. 
Consequently L,,K,, tends to — D times —7,1.e., LmKm—> D. But (I) and 
the definition of D show that D is a reflection not containing — 1 in its 
essential spectrum. It follows therefore from (II) that L,K,, — D is possible 
only if LmKm is a reflection from a certain m onward, say for every m = 7. 
Hence, a pair of orthogonal matrices satisfying (6) follows by choosing 
Rs = Lp Ry = Kj. 

As another application of (I) and (II), the assertions of (*) at the end 
of § 2 will now be proved. First, it is clear from (I) that there exist both 
rotations and reflections for which —1 is in the essential spectrum. It 
follows therefore from (II) that neither the set of all rotations nor that of 
all reflections is an open or a closed set. 


7 In the Hermitian case, the idea and certain fundamental applications of essential 
spectrum are due to H. Weyl, Rend. Palermo, vol, 27 (1909), pp. 373-392, and Mathe- 
matische Annalen, vol. 68 (1910), p. 251. 
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14. There will now be collected the tools needed from spectral theory. 


If H is any bounded, Hermitian matrix, then e+” is unitary. Conversely, 
it was shown in [3], pp. 268-277, that every unitary matrix is representable 
in the form e”, even if the spectrum of H is restricted to the interval 
0 =A 2r, and even if A == 2r is restricted to be not in the point spectrum 
of H; furthermore, there belongs to every unitary matrix essentially one H 
subject to these restrictions. Thus if #(A) denotes the spectral matrix of H, 
then 


(21a) | B(A—0) = BA), —c < À <9, 
and 
(21b) EB(A) = | 0 | ifA & 0, and H(A) = I if A Z 2r. 


In his thesis, M. H. Martin has specified those H(A)’s which satisfy 
(21a)-(21b) and have the property that, if H is the Hermitian matrix having 
the spectral matrix E(A), then the unitary matrix eff is real, i. e., orthogonal. 
The result of his reality discussion ([1], pp. 598-600) is as follows: etH is 
orthogonal if and only if | 


(22a) E(+ 0) = E(+ 0), (E(0) =1 0), 
and there exists a real constant a having the property that 
(22b) B(A) + E (2r — À) == al for 0 <A < ee 


holds at those interior points À at which #(A) + E (2r — Aà) is continuous. 
The bars in (22a)-(22b) denote complex conjugation, i. e., ordinary trans- 
position, of the Hermitian matrix Æ. 


15. This machinery will not be needed in the proof of the first assertion 
of (II), which proceeds as follows: 


Suppose that O is an orthogonal matrix not containing — 1 in its essen- 
tial spectrum, and let k, where Ok <œ, be the multiplicity with which 
— 1 is in the point spectrum (k == œ is impossible, since — 1 is not in the 
essential spectrum). It will be shown that if Q is any orthogonal matrix 
for which | Q— O | is smaller than a certain positive number 8 = (0), 
and if l = i(Q) denotes the multiplicity with which -— 1 occurs in the point 
spectrum of Q, then 1<o and l== k (mod 2). In view of (I), this will 
prove the first assertion of (II) (and even more, since ? is claimed to be finite). 

Let 21,°-° *,2, denote a set of linearly independent eigenvectors of O 
belonging to — 1, so that Or, == — T, (this z,-set is vacuous if k == 0). 
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Since — 1 is not in the essential spectrum of O, it is clear that |(O + D)e | 
has a positive lower bound when x varies over those unit vectors which are 
orthogonal to the space spanned by these eigenvectors. Let such a positive 
lower bound be denoted by 28. It will be shown that the B— 8(0) thus 
defined has the desired property. 

In order to see this, let Q be any orthogonal matrix satisfying 
|Q—0O|<. Then — 1 is not in the essential spectrum of Q and at most 
k eigenvalues? of Q are in the A-circle |A-+1|<8. For suppose the 
contrary. Then there exists a unit vector, x, which satisfies the inequality 
[(Q + Dz|Æ<8 and is orthogonal to the space spanned by the k eigen- 
vectors, T1,' '',Zr of O considered above. But |(O—Q)z|< 8, since 
| z| = 1 and | O0—Q | <8. It follows therefore from |(Q + I)e | = 8 that 
I(O+T)z] <28. This contradicts, however, the definition of 28 as a lower 
bound. 

If the rôles of O, Q are interchanged in the preceding proof, what follows 
is that Q has at least k eigenvalues in the A-circle | À + 1|< 8. Consequently, 
Q has exactly k eigenvalues (and no essential spectrum) in this circle. But 
if À is a complex eigenvalue of Q, then, since Q is orthogonal (hence real), 
the complex conjugate of À is an eigenvalue of the same multiplicity as A. 
Since the circle |A+ 1] 8 is bisected by the real axis and since the 
spectrum of Q is on the circle | À | —1, it follows that À == — 1 occurs in the © 
point spectrum of Q with a multiplicity, say 1(= 0), for which the difference 
k — l must become even. As explained above, this proves the first of the two 
assertions of (IT). | 


16. In order to prove the remaining assertion of (ID), suppose that — 1 
is in the essential spectrum of an orthogonal matrix O. The assertion to be 
proved is that both rotations and reflections must then cluster at the point 
O of Q. 

Since this assertion remains unaltered if O is replaced by a matrix 
orthogonally equivalent to O, it can be assumed that O is in one of its three 
normal forms (16), with (17)-(18). But — 1 then is in the essential 
spectrum of O either because it is in the spectrum of € or because — 1 is 
elther a cluster point or a point of infinite multiplicity in the point spectrum 
of P (the latter P can belong either to the second or to the third of the 
three cases in (16)). 


*By eigenvalues are meant points in the point spectrum and, when estimating 
their number, they are meant to be enumerated so as to take into account their 
multiplicities. 
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An orthogonal matrix will be said to be of type (*) if — 1 occurs in its 
point spectrum with a finite (possibly zero) multiplicity. Let O, and O, 
be of type (*); then so also is 0, + Oz, and (I) implies the following fact: 
Jf O, ig a rotation (reflection), then the orthogonal matrix Os + O, is & 
rotation (reflection) if and only if O, is a rotation. Hence it is easy to see 
from (16) and (17)-(18) that it is sufficient to show that O is a cluster 
point both of rotations and of reflections, of type (*), in the following three 
particular cases: 


(i) © has no point spectrum and — 1 is in the (continuous) spectrum. 

(1) O has no continuous spectrum and — 1 is a cluster point of the 
(point) spectrum but is not in the point spectrum. 
(iii) O=—(14+1+--),ie, 0 =— I. 


(Moreover, it is seen that a portion of the assertion of (II) can be improved 
as follows: If — 1 is in the essential spectrum of an orthogonal matrix 0, 
then O is a cluster point both of rotations and reflections of type (*).) 


Case (iii) is straightforward. In fact, if 0 < e < v, and if B($) denotes 
again the binary rotation by the angle ¢, then it is seen from (I) that 


Pe— B(r—</1) + B(w—¢/2) + B(w—</3) + 


is a rotation, and that — 1 + P, is a reflection. On the other hand, since 
1/1? + 1/22-4-- ++ <0, and since — B(r) is the binary unit matrix, it is 
clear that both the rotation P, and the reflection — 1 + Pe are of type (*) 
and tend, as e — 0, to — F, which is the O of case (iii). 

Case (ii) can be disposed of similarly. First, it is seen from (17) that 
a normal form of O in the case (ii) is 


(24) O= Bi) + B(d2) +--+ or O=14+B(di) +B) +>, 


where the angles ¢1, ¢2,- - > satisfy the following pair of conditions: | dm | <7 
holds for every m, and lim inf | r — du, | = 0 as m—>œ. In view of the first 
of these conditions, (I) and (24) show that O is a rotation, and that it 
remains a rotation (and of type (*)) if one term of (24), say the first, is 
changed from B(¢:) to Bi + e), provided that 0 < e < r — | ¢ı |. But if 
O. denotes the matrix which thus results from (24), then O,— O as «0, 
and so O is a cluster point of rotations of type (*). Im order to prove that 
O is a cluster point of reflections of type (*) as well, use must be made of 
the second of the conditions, which is lim inf | r — dy | = 0 as m —>o. 
Since the latter condition implies that dy holds for a suitable 
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infinite subsequence $1, ¢’2,---, of ¢1,¢2,:° *, it is clear that, with 
reference to every e > 0; it is possible to write (24) in the form 
(25) 0—0.+ (—I+A4)), 


where the plus sign occurring in — I + A, refers to ordinary matrix addition, 
—I is B(x) + B(r) +--+ -, and the infinite matrix À. represents a correc- 
tion term, with | Ae| <€ It follows from (I), and from the fact that 0 
is In case (ii), that Oe is a rotation not containing —-1 in its point spectrum. 
It follows therefore from the remarks preceding the statements of cases (1)- 
(iii) that O will be proved to be a cluster point of reflections of type (*) if it 
is ascertained that, for every «e > 0, the inequality | (— I + A.) — R | < 2e can 
be satisfied by a certain reflection RæR(e). But since | Ae| <e the 
existence of such an R = R(c) follows if | — I — Rm | > 0, as m —>œ, holds 
for some sequence of reflections Ri, Ra - - of type (*). Since the existence 
of such reflections Em was proved in the treatment of case (ili), the treatment 
of case (ii) is now complete. 


17. The treatment of the remaining case, (i), will now be reduced to 
the following 


Lemma. If —1 13 in the spectrum, but not in the point spectrum, of 
an orthogonal matrix O, then there exists a sequence of orthogonal matrices 
O1, On, + + satisfying | O— On | — 0, as m >œ, and having the property 
that — 1 is a cluster point of the point spectrum, but is not in the point 
spectrum, of Om, where m = 1,8," +, 


Needless to say, the matrices O and O,, O2,: > + are rotations by necessity: 
Of. (T): | 

It is clear that if an O is in case (i), then it satisfies the assumptions 
of the Lemma (but the converse is not true). If a matrix Om of the above 
sequence does not possess any continuous spectrum, then it is in case (ii), 
so that both rotations and reflections (of type (*)), say Rx, must cluster at 
Om. The last assertion remains true even if Om does possess a continuous 
spectrum. In fact, if Om = C + P, (in accordance with (16) ; note that — 1 
is a cluster point of the point spectrum), then Pe is in case (ii), so that both 
rotations and reflections A; of type (*) cluster at Pa; hence both rotations 
and reflections C at Ey of this same type cluster at Om; cf. the remarks pre- 
ceding the statements of (i)-(iii) in §16. It follows therefore from the 
Lemma that every O of the case (i) must be a cluster point (on ©) of rotations 
and reflections of type (*). Accordingly, the proof of (IT) will be complete 
if the Lemma is proved. 
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18. To this end, let O be a matrix satisfying the assumptions of the 
Lemma. Then 1 is in the essential spectrum, but not in the point spectrum, 
of the orthogonal matrix — O. Hence, if H(A) denotes the spectral matrix, © 
satisfying (21a)-(22b), of O, then H(A) is not constant on any interval 
0<A< and is continuous at Am0. In view of the parenthetical remark 
in (22a), the latter property means that 


(26) E(+0) —E(0) =| 0]. 


On the other hand, the non-constancy of F (A) on any interval O<A< 7 
means that, with reference to every positive e which is less than ~, it is possible 
to choose a sequence of values XA\=A,—=A,(e) satisfying 


(27) el >>" > À, —0, where n-o, 
and 
(28) E (An) 5 E (hu), Where n=0,1,2,- °° 


Disregarding an enumerable set of A-values, one may assume that À, Ar, Àa, * * - 
are continuity points of F(A) + H(2r—A). 

With reference to the sequence (27), where An—=As(e), de for 
—00< À <cœo a matrix function F(A) — F,(A) as follows: 


(29) P(A) = E (àn) if Ann < AS An and F (2r — À) = E (2r — M) 

if Ana SA < À 
and | | 
(30) F(A) = F(A) if e< AS r—e (eh), 


finally F(A) == | 0|| if ASSO and F(A) =Z if AZ 2r. Then it is seen 
from (26) and (21a)-(22b), where H(A) is the spectral matrix of a Hermitian 
matrix, that 


(81)  F(H0)=F(0)=J0], F(@r—0) = F(2n) =I 
and that F(A) is the spectral matrix of the Hermitian matrix 
(32) H= | MF) = f MdF (A), 


and therefore that of the unitary matrix et. 

Clearly, #(A) is a step-function on the outside of the interval 
e <L À < Êr—e, with jumps possible, for Ac, only at the À-values (27), 
and which, in view of (28), take place at each of the values (27), clustering 
at 0. Hence etH has no continuous spectrum near the value ef — 1, and its 
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point spectrum clusters at the value et? == 1, which value is not in the point 
spectrum of etX, 

In addition, since conditions (21a)-(22b) are satisfied by the given 
H(A), it is seen from (29), (30) and (31) and the properties of the sequence 
ào Ar, àz  ” that these conditions are satisfied if # is replaced by F. But 
the satisfaction of (22a)-(22b) by E == F means that the unitary matrix 
having the spectral matrix F(A) is real, 1. e., orthogonal. 

Accordingly, e*” is an orthogonal matrix which has no continuous 
spectrum near the value 1, and which contains 1 is in its essential spectrum 
but not in its point spectrum. 


19. By construction, H is here a function, He of e, where 0 < e< r. 
It will now be shown that 


(33) | eH 4- 0 | —> 0 as e—>0 in H =H. 


First, since H(A) and F (à) are spectral matrices, 


(34) | f AE (à) — f MRO] Sete. 


In virtue of (26), (31) and (21a) (the last being valid for Æ itself and 
for E = F), 


exp f dE (a) =I — E (e) + f od H(A) 


holds for Æ itself and for E = F. It is seen from (27). (29) and (34) 
that, as «— 0, 

fear (x = f edP (A) = 0(1). 

0 0 
Disregarding an enumerable set of «-values, choose e so that À = € is à con- 
tinuity point of H(A) and of H(2r—A) (and hence of F(A) and of 
F (2x — 2); cf. (29) and (80)). Then, by the last formula line and (22b), 
valid for E == J? as well as for Ẹ itself, the relation 


ir 2r 
f ed H (À) -f e®dE (à) = 0(1), e—> 0, 
La 27 —€ 


holds; ef. (22b), valid for # itself and for E — F, and note that the present 


ð 
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E(aA) and F(A) are continuous at À—0 as well as at À—9%r. Finally, 
from (30), ` | 


Rr-e-0 REV 
J dB (a) — | eadra) —0. 
e+0 é+0 


Addition of the last three formula lines shows that 
2x ir ‘ 
(35) f et\dE (À) -Í edF (A) = 0(1) 
0 0 

as e—>0, where F(A) =F, (A). But the difference on the left of (35) is 
identical with — O — etH, since H(A) and F(A) have been defined as the 
spectral matrices of —-O and et¥, respectively. Consequently, (35) proves 
(33). 


20. If m—1,2,: -, lst Om denote the matrix —et# which results 
if e in H =H, is chosen to be &(> 0), where e, — 0 as m—œ. Then 
| On—0}—0, by (33). On the other hand, the last sentence of $ 18 
shows that every Om has all the properties claimed in the Lemma of § 17. 
Thus the proof of the Lemma (and hence that of (II)) is complete. 


The ‘‘ Boundary ’” [SB] of the 42-Space. 


21. If H(A), where 0A 2r, is the spectral matrix of an orthogonal 
matrix ©, define the number y =y(0), where OS y& vr, as follows: 
According as À = is not or is a point of constancy of H(A) (i. e., according 
as — 1 is or is not in the spectrum of O), let y denote 0 or the largest number 
(S x) having the property that H(A) = E (r) whenever | À—7r| < y. Then 


(36) | 1—O | —2sin $ (r — y) 


holds in either case. In fact, since 
l 
1—O— | (1 —e®)dE(A), 
g 


it is readily seen from the definition of y ==y(0) that | 1— et | is the 
least tipper bound of the length of the vector (I— O)s when x varies over 
all vectors of unit length. But this evaluation of 1. u. b. | (Z — O)s |/| æ | is 
equivalent to (36). | 
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It is seen from the definition, (2), of the “boundary,” [Q], of Q that 
the particular case y == 0 of (36) can be formulated as follows: 


(i) An orthogonal matrix, O, represents a point on the “ boundary,” 
[Q], if and only if — 1 is in the spectrum of O. 


This criterion, (1), leads to the following corollary: 


(ii) The “boundary,” [Q], contains all reflections and some rotations. 


In fact, (1). implies that — 1 is in the spectrum of O if, but not only if, 
O is a reflection. Hence (ii) follows from (i). Clearly, (14) is just a 
restatement of (11). 


22. Let F denote the diagonal matrix — 1-4 D, where D is the 
orthogonal matrix defined at the beginning of $13. Then the essential 
spectrum of either of the matrices D, F, being the single value 1, does not 
contain the value — 1. Furthermore, (I) implies that F is a rotation and 
that D is a reflection. It follows therefore from (II) that the rotation F is 
not in the closure of all reflections of Q and that the reflection D is not in 
the closure of all rotations of Q. But (i) and the definitions of D and F 
show that both D and F are in [Q]. Since [Q] is a subset of Q, it follows 
that [Q] contains a reflection (=D) which is not in the closure of the 
rotations contained in [Q]. It is also seen that [Q] contains a rotation 
(= F) which is not in the closure of the reflections contained in [Q], since, 
according to (ii), all reflections are in [Q]. Accordingly, the situation is as 
follows: 


(in) Nether the set of all reflections nor the set of all rotations con- 
tained in [Q] ts dense'on [Q]. 

It was also seen that [Q] contains a point (— D) which fails to be in 
the closure of all rotations of Q. Since Q — [Q] is a subset of Q, it follows 
that the names “boundary of Q” and “interior of Q ” for the two sets (2) 
are not justifiable in terms of the topology of Q: 

(iv) The “boundary,” [Q], of Q ts not a subset of the closure of the 
“ interior,” Q— [Q], of Q (4.6, Q is not the closure of Q— [Q]). 

What is true (but trivial) is the following fact: 

(v) The“ boundary,” [Q], îs a closed set (1. e., the “ interior,” Q — [9], 
ts an open set) on Q. 

For, if O is any point of Q for which | 7— O | is less than 2, say 2—e, 
then, since Q is a metric space, | I—Q | < 2—de(< 2) holds whenever 
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|Q—O]| < de. In view of (2), this means that Q — [0] is an ope get. 
Hence (v) follows by complementation. 


23. By a dualization of the content of (iii), the following facts will 
now be proved: 

(vi) Neither the set of the reflections nor the set of the rotations con- 
tained in [Q] ts an open set (hence, neither of these sets is a closed set) on Q. 


In view of (ii), those assertions of (vi) which concern the reflections 
are contained in the corresponding assertions of (*), 82, proved in § 18. 
Hence, in order to prove (vi), it is sufficient to show that the product [Q]Q,, 
representing that portion of the set, Qo, of all rotations which is on the 
“boundary ” of Q, is neither an open set nor a closed set (on ©). In other 
words, it is sufficient to show that the set [0]Q) contains a point, say Q, 
and that the set Q—-Q, (which is identical with the product of [Q] and 
O — N.) contains another point, say À, such that Q is in the closure of Q — N, 
and R is in the closure of [Q]Q). The existence of Q is assured by (II) if 
Q is chosen to be any rotation with — 1 in its essential spectrum. 

In order to guarantee the existence of R one can proceed as follows: 
Let A denote a rotation for which — 1 is in the essential spectrum but is not 
the point spectrum. Then À, =—1- A is a reflection by (I), while (II) 
shows there exists a sequence of reflections, Ba, such that B,— A, hence 
—1-+B,—2 4A, Another application of (1) shows that the matrices 
—~1-+B, are rotations (which clearly belong to [Q]). The point R may 
now be chosen to be A, and the proof of (vi) 1s complete. 


24. In view of the parenthetical restatement in (iv), there arises the 
question concerning a characterization of those orthogonal matrices which 
are in the closure of Q — [Q]. The situation will be described by 


(III) À point, O, of Q ts not in the closure of Q—-[Q] if and only 
if O is in the interior of Q— Ro. 


In contrast to (iv), the definition of an interior point is now based on 
the topology of Q, as determined by the “strong” | 0, — O, |-metric of $ 1. 
In this terminology, the Corollary of (II) can of course be restated as follows: 


(Il bis) Whether a point, O, of Q be in Q or in N—0,, tt is an 
interior point of Qo or of Q— Q, tf and only if — 1 ts not in the essential 
spectrum of the orthogonal matrix represented by the point O. 


This formulation, (II bis), of (II) is adjusted to the following proof 
of (IIT). 


THE ORTHOGONAL GROUP IN HILBERT SPACE. 69 


25. Consider first that assertion of (III) in which a given O is supposed 
to be a point in the interior of O —Q,. Thus, in a sufficiently small vicinity 
of O (with reference to the “strong” | O,— 0; |-metric), there exist no 

rotations. Since the set Q — [9] consists only of rotations, the proof of the 
first assertion of (IIL) is complete. 

The remaining assertion of (III) is that if a point, O, of Q is not in 
the interior of Q — Qo, then 


(37) O is in the closure of Q — [9]. 


But an O is not in the interior of Q—Q, either because (a) the point O 
is in Q, or because (b) the point © is in 2—Q, and in the closure of Qo. 
It is however clear that if (37) is granted to be true in case (a), then (37) 
must be true in case (b) also. Hence it is sufficient to prove (37) in case (a), 
i.e., under the assumption that O is a rotation. Then (I) shows that, if O 
ig assumed to be given in its appropriate normal form (16)-(18), the P, 
occurring in the last of the three possibilities (16) cannot be of type (18) 
and must therefore be of type (17). On the other hand, it is readily seen 
that (37) will be proved for the third of the three cases (16) if it is proved 
for the second and for the first.® Consequently, if the trivial term 1 men- 
tioned in (17) is omitted, it is sufficient to prove (37) under the assumption 
that the rotation O is either of the form 


(38) O == B(¢:) + Bhp) +: +, where | bn —r| £ 7, 


or of the form O = C, where B(¢) is a binary rotation and C has no point 
spectrum. 

Consider first the case O5<C. Then it is clear from (38) that, corre- 
sponding to every positive e which is less than ~, it is possible to choose a 
sequence of ¢-values if, pet, > + satisfying the following two conditions: 
eZ | pmt— 7 | Sr holds for every m and | O—0O*|->0 holds as e— 0, 
‘where Of denotes the orthogonal matrix B(¢,‘) + B(.°) 4..++, Because 
of the second of these conditions, (37) will follow if it is ascertained that 
the point Of of Q is in Q — [9], i.e., that Of is not in [9]. But the first 
of the two conditions shows that every value occurring in the spectrum of O° 
differs from — 1 = e*" by not less than e (in angular distance). Hence, 
— 1 is not in the spectrum of O°. It follows therefore from (i), § 21, that 
Of is not in [Q]. This proves (37) for the case (38). 


* This is clear when n is © in the third case of (16); on the other hand, if # is 
finite (and hence, by (I), even), the proof will be clear from the consideration below, 
the treatment for P, being essentially similar to that for P,. 
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26. Similarly, (37) will be proved for the remaining case, where O == C, 
if it is shown that there belongs to every e > 0 an orthogonal matrix, say Oe, 
having the following properties: The value — 1 is not in the spectrum of O. 
and |@—O,|-»0 holds as e—>0. But the construction of such an Oe 
hardly differs from the construction of Of in the case of (38). 

First, if H(A), where 0 SASS ?r, denotes the spectral matrix of — C, 
then, since C has no point spectrum, H(A) is continuous throughout. If 
0<e<a, define F(A) by F(A) — | 0 |, H(A) or I according as OS AS ¢, 
eL ASS re or 2r—e< À SZ 2m. Thus the conditions (21a)-(22b), 
which are satisfied by the given E, become satisfied by F. It is seen that 
(34) is also valid and the procedure is now similar to that of § 19. It is 
clear that — e## does not have — 1 in its spectrum and that | O + e## | 0 
es «> 0. Thus Oe can be defined to be —et# and the proof of (III) is 
complete. 


Arcwise Connections. 


27. If A is a subset of Q and if P, Q is a pair of points in A, let the 
symbol P(A)Q denote that either P == Q or, if P 4 0, there exists in Q a 
continuous path O == O (t) a S tsb (Z a), having the following properties: 
O(t) is a point of A (for every t) and O(a) «= P, O(b) ==Q. Thus Q(A)P 
implies that P(A)Q and that Q(A)R whenever P(A)A. | 

If P(A)Q holds for every pair of points P, Q contained in A, then A is 
called arcwise connected. This is the meaning of the six assertions (9)-(13), 
(15) of the introduction, which have not been used thus far. The purpose 
of this chapter is to prove the last four of those six assertions. The first 
two of them have already been proved (cf. § 4). 

The proofs will involve the circumstance that if A is any of the four sets 
in question, then A is an invariant subset of Q (simply because the same is 
true of both A = Q, and A == [Q]). In other words, all the subsets A of Q 
which are to be considered have the property | 


(39) RAR- = A, 


where À is any orthogonal matrix (so that À need not be in A). It is clear 
from (9) that R(Q)L. hence O(A) ROKR, so that, in order to prove that an 
O-set A satisfying (39) is arcwise connected, it is sufficient to exhibit in A 
a single point O, having the property that ROR“*(A)O, holds for every point 
O of A and some point A of Q (where À, in contrast to the fixed Oo, is a 
function of 0). In particular, it is allowed to assume that O is given in an 
orthogonal normal form, (16)-(18), even though such a form of a given 
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matrix of A cannot in general be attained k using orthogonal transformations 
contained in A. 


28. The proofs will be deduced from the following theorem: 


(IV) Let R be an orthogonal matrix, F(A) the spectral matrix of — B, 
finally t a parameter on the range OS tl. Then 


(a) if —1 is not in the point spectrum of R, the matriz defined by 
(40) R= f sO-NGB(A); OSt<1, (R= Ra =), 
0 | 


is orthogonal, and — 1 is not in tts point spectrum (for any t); 
(8) if —11s not in the spectrum of R, tt is not in the spectrum of Bs; 


(y) under the assumption made in (a), 
(41) RR, ES Rue. 


Since the assumption in (a) means (and therefore the assumption in 
(8) implies) that 1 is not in the point spectrum of — R, both A= 0 and 
À = 2r are continuity points of the spectral matrix, H(A), of — R, and so 


CS fer 


in (40). (Actually, à == 27 is always a continuity point for any spectral 
matrix Æ(À) under the normalization (21a).) It is readily verified from 
(21a)-(22b) that the matrix (40), where 0 = t = 1, is real. But (40) surely 
is a unitary matrix (in fact, E(X) is a spectral matrix for 0 = À <= 2r). 
Consequently, (40) is an orthogonal matrix, as claimed by the first part of (a). 

In order to prove the second claim of (a), suppose, if possible, that — 1 
is in the point spectrum of Æ; (for some t). This means that (for that t) 
there exists a unit vector æ satisfying (I + R;)r—0. But it is seen from 
(40). and (42) that 

£r 0 
(43) (14 Bat f 114o jd] BAe] 
+0 | 

holds for every unit vector x, not only for those satisfying the assumption 


(I+ R;)r— 0. Hence, the latter implies the vanishing of the integral (43). 
But 
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(44) J iloz f aloe] 


is an identity in z. On the other hand, it is seen from the assumption 
071 that the function integrated in (43) is positive at every point A 
of the (open) interval of integration. Consequently, the vanishing of the 
integral (43) implies that æ—0. Since this contradicts the assumption 
| x | = 1, the proof of (a) is complete. 

In order to prove (8), suppose that —-1 is not in the spectrum of R. 
This means that À = 0 and A== 27 are points of constancy (rather than, as ~ 
in the more general case of (a), just points of continuity) of H(A), i. e., that 
(42) can be improved to | | 


~ 


3r 2x-pi 


(45) f- f where EAEE 
0 ñ 

But 0 <u< 7 and 0& iS 1 imply that the function integrated in (43) 
has a positive minimum on the interval u = ASS 2r — p. It follows therefore 
from (43), (44) and (45) that | (I + R:)z |? = const. | z |*, where the const. 
is positive and independent of s. In other words, the quadratic form 
| (I + Riz |? is positive definite. But a classical criterion of Toeplitz (cf. 
e.g., [4], p. 188) implies that if A is a real, bounded, normal matrix, then 
A exists (as a unique, bounded reciprocal) if and only if the quadratic form 
| 4x |? is positive definite. Consequently, J+ R: has a bounded reciprocal 
matrix. This proves part (8) of (IV). 

Finally, in order to prove (y), it is sufficient to observe that, since H(A) 
is a spectral matrix on 0 ASS 2, the (unitary) matrix 


zy ay ' 
Wy = f etdE(A) satisfies Wa =e f EME (À) = Wu Wo, 
0 19] 


and that R; == 64**W,, by (40). 


29. Proof of (11). Let 121, where h = 1, 2,- + -, denote the (2h — 1)- 
rowed unit matrix. Then (I) shows that an orthogonal matrix is a reflection 
if and only if it is orthogonally equivalent to a matrix of the form — J?*1 + R, 
where Æ denotes a rotation not containing —-1 in its point spectrum. Since 
—1L]——['+1 is a reflection, it follows from the remarks made at the 
end of § 27 that (11) is equivalent to the following statement: 


(46) (—I™: 4+ R)(A)(— I LT), where A = Q — 0. 
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Here R denotes any rotation not containing — 1 in its point spectrum, 
But part (a) of (IV) shows that any such R can be connected to I by a 
continuous path in such a way that — 1 is not contained in the point spectrum 
of any matrix, Rs representing a point of the path. Since this means that 
every point of the path R; is a rotation, every point of the path — I= +. Ri 
is a reflection, i. e., a point of Q— Qo. But the end points, t= 0 and {= 1, 
of the latter path are — J?*-1 -L I and —I™ -4 R. Consequently, 


(~P } R)(a—a,)(—™ H I). 
Hence, in order to prove (46), it is sufficient to ascertain the truth of the 
following relation: 
(47) (— I 4.7) (A) (— I: LI), where A—Q—Q). 
In order to prove (47), consider the matrix 
(48) —P4 Bet) ++ Bet) 41, 


in which the number of B-terms is chosen to be À—1 (<œ, possibly 0). 
Since B(#) denotes the binary matrix representing a rotation by the angle œ, 
it is clear that (48) is a reflection (i. e., a point of ®—Q,) for every #, and 
that (48) becomes — I + I at t = 0 and — 71 + I at ¿= 1. This proves 
(47). Hence the proof of (11) is now complete. 


30. Proof of (12). Let (15), to be proved below, be granted. Then 
it is clear from (11) and (14) that, in order to prove (12), it is suficient 
to exhibit on [Q] one rotation and one reflection, say O, and Oz, which can 
be joined by a continuous path contained in [QG]. But (i) in § 21 shows that 
both, matrices —1-+ (+ 1) are in [Q] and, according to (I), only one of 
them is a reflection. Consequently, (12) will follow if it is ascertained that 


(49) 0-([A1)0*, where O+ == —1 -+ (+1). 


But it is seen from (i) in § 21 that the truth of (49) is equivalent to the 
truth of 

(50) —I(9)I. 

Finally, (50) is an obvious consequence of (9). In fact, since both matrices 
+ I are rotations, (10) implies that | 
(50 bis) —1(0)1, 

which is more than (50). - 
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31. Proof of (13). Criterion (1) of § 21 shows that a point O of Q 
is in Q — [Q] if and only if — 1 is not in the spectrum of O. This implies 
that J is in Q— [Q] and that (13) will be proved if it is shown that 


(51) 0(a— [a] 


holds whenever O is an orthogonal matrix not containing — 1 in its spectrum. 

In order to prove (51) for every such O, apply part (8) of (IV) to 
R—O. This supplies the existence of a continuous path R,(0=<t<1) 
which begins at the point J, ends at the point R == O, and is such that no 
matrix R, representing an arbitrary point of the path, will have — 1 in its 
spectrum. In view of (i), $21, this means that every point of the path will 
be in 2—[Q]. Since the path connects J to O, the truth of (51) follows. 


82. Proof of (15). According to (i), $21, and (I), an O is in the 
intersection of [Q] and Q, if and only if — 1 is in the spectrum of O and 
occurs in the point spectrum of O with a multiplicity which is either œ or 
even (= 0). Clearly, O is in [Q]Q, if and only if it is orthogonally equi- 
valent to a matrix of the form 


(52) OR or OmJi+R, 


where JJ is the j-rowed unit matrix (17:0) and R is a rotation which 
has — 1 in its spectrum and does not have +1 in its point spectrum. (In 
the first case of (52), R is, of course, infinite; in the second case, R may be 
either finite or infinite.) It is sufficient to show that O can be connected by 
a path in [Q]Q, to a fixed matrix of this space, say to — J. 
Let 
29-0 
fies f thd (A) 
+0 | 


denote the spectral resolution of À, and define Ra for 0S t= 1, by 


2-0 
Rp=— È oOmaD(a). 
oe 
Then the matrices Æ; are orthogonal for all ¢ and join Ry = — I® to R, = È; | 
cf. (IV). It is easy to see that — 1 is, for 0 < #1, in the spectrum of R, 
and that the multiplicity of — 1 in the point spectrum of R; is identical 
with that of — 1 in the point spectrum of R. (In fact, if n—>œ, then 
(R-+I)t,—>0 holds for a sequence of unit vectors s, if and only if 
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(R: + T)z, — 0 holds for every fixed ¢ on 0 < t & 1; while (R + I} = 0 
holds for a vector s s£ 0 if and only if (R: + I)e == 0 holds for every fixed t 
on 0 < t1; cf. the proof of (IV) in §28.) Consequently, it is clear from 
(52) that O([QIQ)N, where N = — I or N — M, with 


M =I + (--F*), where 1S jo and iXkSo. 
Since the proof of (15) is complete if N —— I, it remains only to show that 
(53) M ([a]2.) (— 1). 


‘If j = œ, then Ji == I, hence (53) follows, since J can be connected to 
—Iin %. Ifj<o, thn Mali (—DNL(—D. But I + (—DN is 
a rotation and can therefore be joined to — I in Qe, so that (53) follows as 
before. This completes the proof of (18). 


38. Assertions (A) and (B) of 85 will now be proved. In order to 
prove (A), it is sufficient to note that Q(t) = B(#t) LI, where OStS1 
and where B(@) is the binary rotation defined in § 7, is a continuous path 
satisfying the following conditions: Q (1) is in [Q], Q(t) is in Q— [9] when 
Ot < 1, finally J—-Q(0). Assertion (B) is a consequence of (II); one 
need only choose the O of (B) to be a reflection which does not have —1 
in its essential spectrum. 


APPENDIX. On Bounded Matrices. 


34. The following considerations concern themselves with facts which 
correspond to those of §21-§26 and (9)-(15) if Q, the space of all (real) 
orthogonal matrices, is replaced by the larger space, say @, of all bounded 
real matrices, A. It turns out that a formal analogy results if what corre- 
sponds to the “ boundary,” [QG], of Q is taken to be the set, say [@], of those 
matrices A which fail to have a (unique) bounded reciprocal matrix, A}. 
Thus © — [©] and [8] consist of all non-singular and of all singular matrices 
which represent a linear mapping of the real Hilbert space, R, on the whole 
of R or on a proper subset of Wt, respectively. It is understood that © is 
meant to be the metric space on which the distance, | 4; — 4, |, is defined 
as at the beginning of § 1. 


35. What corresponds to (v) in § 22 is the following fact (which is 
true for finite matrices also) : 
(a) The set [®] ts closed, i.e., the set © — [©] is open (on @). 
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In order to prove this assertion, (a), it is sufficient to note that © is a 
complete space and that, if A has a unique, bounded reciprocal A~ (i. e., if A 
is in ®©— [®]), then the partial sums of both series 


w o ` 
x Av (— ATX) n x (—X A) # A. 
#=0 n=0 


the formal Liouville series for (A +X)“, form convergent sequences on © 
whenever | X | is small enough (smaller than 1/| 41 |). 
Clearly, (a) implies the first of the following two assertions: 


(8) Netther [©] nor ©—[®] tis dense on ©. 


The second assertion of (8) is false for finite matrices and represents 
the analogue of (iv), §22. It will be proved. by showing that there exist 
on © points A which are not in the closure of ©—-[@]. In fact, it will be 
proved that an A satisfies this condition if the spectra of AA’ and A’A are 
not identical, 


(54) sp(AA’)  sp(4’4), 


where the prime denotes the operation of transposition. 


36. Condition (54) cannot of course be fulfilled by a finite matrix. 
That it can be satisfied by a point A of ®, is shown by Toeplitz’s example of 
the matrix, A, which belongs to the infinite bilinear form 2,42 + Lays + Toÿa 
+++. In fact, (54) holds for this A, since A'A == I but AA’ ma 0 + T. 

Accordingly, it is sufficient to prove the following theorem: 


(V) A point A of ® cannot be in the closure of @—[@] if it 
satisfies (54). 


First, if H and H,, where n == 1, 2,- + - are bounded Hermitian matrices, 
then, as n> 00, 


(55) | H,— H | —>0 implies that lim sp(H,) —sp(H), 


where “ lim sp(H,) == sp( H)” is meant to symbolize the following situation: + 
A number, say À, is in sp(H) if and only if it is possible to find in every 
sp(H,) some number, say Aq, in such a way that À,— À as n—>o, 


‘The truth of the implication (55), which may be well-known, follows readily in 
terms of spectral resolutions from the following obvious fact: Lf a, a,-.. denotes 
a sequence of unit vectors and if x is any real number, then the limit relation 
| (H — pI) a, | 70, as nœ, holds if and only if | (H,— uI ) œn | > 0. 

In this connection, cf. P. Hartman and A. Wintner, vol. 71 (1049), pp. 865-878 of 
this Journal. 
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Next, if A is in © — [@], and if B denotes the point A+ of @ — [8], 
then B transforms 4A’ into BAA’B", which is A’A. Since the spectrum of a 
bounded matrix remains invariant under transformation by a bounded matrix 
which has a unique bounded reciprocal matrix, it follows that 


(56) sp(AA’) = sp(A’A) 
if A is in @— [0]. 


37. In order to prove (V), § 36, suppose that it is false. Then there 
exists on © a point A satisfying (54) and having the property that 
| An — 4A ]—0, as n—>00, holds for a sequence of points Aj, Aa, - © con- 
tained in @— [@]. Hence, by the end of § 36, 


sp(AyA’,) = sp(A’nAn) 


holds for every n. On the other hand, | A, — A | —> 0 implies that | 4’, — A’! 
—> 0 and that both product relations | 4,4’,— AA’ | —> 0, | 4,4, — A'A | = 0 
are true. ,Hence, if (55) is applied to both product sequences, it follows that 


lim sp(And’n) =sp(44’), lim ap(4’ndn) —8p(4’A). 


But the last two formula lines imply (56) for the given A. The latter was, 
however, supposed to satisfy (54). This contradiction proves (V), 8 86. 


38. The result can be expressed as follows: Condition (56) is necessary ë 
in order that a point A of © be in the closure of © — [0]. 

It is known that, if A is any finite matrix, then AA’ and A’A are 
orthogonally equivalent, which is more than. (56). One might therefore 
expect that, for a point A of @— [©], the necessary condition (56) can be 
improved to the orthogonal equivalence of AA’ and A’A.” But this refine- 
ment of (56) proves to be false. A counter-example is supplied by the matrix, 
A, of the bilinear form «2,42 + estes + CTY + °° +, If e, éz °° is any 
sequence of non-vanishing numbers satisfying «,—>0 as no. 

In fact, the latter condition implies that A is completely continuous. 
This in turn implies (cf. below) that A is in the closure of ®— [@]. 
Nevertheless, AA’ and A’A are not orthogonally equivalent, since they are 
two diagonal matrices one of which does, while the other does not, contain 0 
in the diagonal, since «,* 4 0. 


E That condition (56) is not sufficient as well is shown by the simple example, 
pointed out to us by Professor Hartman, which resulta if the example of Toeplitz, 
referred to in $ 36, is bordered by a row of zeros and a column of zeros. 
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A class substantially more general than that of all real completely con- 
tinuous matrices is defined by the following requirement for a point A of @: 
There does not exist any positive a = a(A) having the property that (A — A)-1 
fails to exist (as a unique, bounded reciprocal) for every À satisfying | À | < a. 
Then A,J — A is in © — [@] for certain À, —> 0 as n—>œ. Since this implies 
that A, = À — À,I satisfies | 4, — A | -> 0 on 6, it follows that A is in the 
closure of © — [@] (hence, in particular, (56) is satisfied). Cf. [3], p. 241. 

Another sufficient condition in order that a point A of ® be in the 
closure of ®—[®] consists in AA’ == A'A. In fact, À is then normal, 
hence such as to have a spectral matrix, from which the existence of a 
sequence Ax, As * contained in ®©—[@] and satisfying | 4, 4 | —>0 
can readily be concluded. | 


39. Let T be the metric space of all (real or complex) bounded matrices 
A, the distance between two points, A, and A, of T being defined as the 
least upper bound of the length of the vector (4: — 4,)y when y varies over 
all unit vectors of the complex Hilbert space, and let [T] denote the subset 
of T consisting of those matrices A for which there does not exist a (unique) 
bounded reciprocal, A. Then it is clear from the above proofs that theorems 

(a), (B) of 835 and (V) of $ 36 remain true if ©, [©] and (54) are 
replaced by T, [T] and sp(AA*) Asp(A*A), respectively, 
where A* denote the complex conjugate of A’. 
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ON PERTURBATIONS OF THE CONTINUOUS SPECTRUM OF THE 
HARMONIC OSCILLATOR* 


By PHILIP HARTMAN and AUREL WINTNEE. 


1. Let f(t) be a real-valued continuous function on the half-line 
Ost<o. Consider on the latter the differential equation 


(1) a” + (A+ f)z — 0 


with a homogeneous, linear boundary condition at ¢=-0, such as z(0) —0 
or, more generally, 
(2) (0) cos a + 2’(0) sina = 0, 


where 0Z<a<7r. If (1) is of Grenzpunkt type, that is, if (1) and (2) 
determine a self-adjoint problem on the L*(0,0)-space (for some and/or 
every a), let Sa denote the spectrum of this problem. Finally, let Ca denote 
that subset of Sa which represents the continuous spectrum. 

The latter will be meant in Hilbert’s sense, that is, in terms of the 
A-set of non-constancy of the sum of the two continuous components (if any) 
of the spectral resolution analyzed: into its three Lebesgue components, which 
are absolutely continuous, continuous but purely singular and purely discon- 
tinuous, respectively. No example of a self-adjoint problem (1)-(2) seems 
to be known in which the second of these three components is present. 

In the case of the harmonic oscillator 


(3) a” + At == 0, 

that is, in the case f(t) = 0 of (1), the explicit form of the general solution 
shows that 

(4) (1) is of Grenzpunkt type 

and that every non-negative À is in Cg, while no negative À is in the closure 
of Sa; 80 that, in particular, 

(5) Sa’ == [0, 0) 

where S,’ is the closure of Sz. In what follows, there will be delimited for 
an arbitrary “perturbation,” f(t), of (3) that “degree of smallness” (for 


* Received November 16, 1949; revised October 4, 1961. 
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large t) under which (4) and at least the following weakened form of (5) 
prove to be true: 
(6) l Ne 210,00) in (1): 


It should be mentioned that the closure, Sa, of Sa, the so-called essential 
spectrum of (1), is always independent of a (whenever (1) holds); cf. [7], 
p. 251 and, for direct characterizations of this a-invariant A-set, [3], [3 bis]. 


2. A sufficient “degree of smallness” turns out to be the following 
specification of a “small” f: 


T 
(2) REOLER 
or, more generally, i 
: T 
(8) mint f | f(t)| dt=o. 


In other words, (8) implies both (4) and (6). This criterion proves to be 
of a final nature, in the sense that (8) cannot be relaxed to 


T 

(9) lim int T È |F] dtc <a, 
: T ~p 00 
0 
nor even to 
T 
(10) lim sup ra f | f(t) ldt <a, 
Tp 0 
0 


since (10) is insufficient for (6); cf. the end of Section 7. On the other 
hand, it can be concluded from [4] that (10), and even (9), is sufficient 
for (4) alone. 


8. It is natural to ask why to consider (6), instead of the sharper 
statement (5). The answer is that (5) can fail to be true if (8), or for that 
matter (7), is satisfied. In fact, it will be shown in Section 6 that not only 
the negation of (5) but even the possibility of 


(11) | Sa == (0,0) 

can be realized tf only (Y) ts assumed. Thus, while (6) can, 
(12) | Sa C[0,w) 

cannot, be concluded from (8) or (7). 


# 
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The situation is changed Jic if (7) is iaa by the more drastic 
assumption 


(18) KO —o(1), 


where t->00. In fact, it was shown in [2] that (13) implies (5). But tho 
proofs of the implication (18) — (5) in [2] and [5] are quite involved. 
A simple proof follows from the general result in [3]. It will be shown 
under (1) in Section 7 below that (13) — (5) can also be proved very simply 
by an appeal to standard theorems in the theory of operators in Hilbert space. 


4, As mentioned above, both (8) —> (4) and (8)-> (6) are true but 
in the second of these conclusions, the hypothesis (8) cannot be relaxed 
to (10). But it turns out that (8) — (6) can be improved in a direction 
which relaxes the hypothesis (8) to (9), with a fied c= 0 and in such a way 
that the conclusion (6) becomes replaced by one depending on the numerical 
value of c and leading to (6) when c—0. 

In order to formulate this refinement of (8) > (6), it will be con- 
venient to use the following definition: With reference to a fixed positive 
number c, a differential equation (1) has the property (e) if (4) is satisfied 
and if every interval of the form | 


G4) [A À + 4e + 4e2/a], where À > 0, 


contains at least one point of Sg. ‘Then the generalization in question can 
be formulated as follows: For any gwen c= 0, property (c) holds whenever 
(9) ts satisfied. This will be seen at the end of Section 5. 

Except for the upper end point of the interval in (14), which is sharper 
in [5], the last italicized statement is a generalization of a result, proved in 
[b], which claims the corresponding property (c) under the assumption that 


(15) FO Se, 
rather than just (9), is satisfied. 


5. The proofs will be based on the following fact: If f(t) is real- 
valued and continuous, and if N(T,à) denotes the number of zeros of a 
(real-valued) solution z(t) =e 0 of (1) on the interval OS 7ST, 
then the inequality 


(16) aN (T,a) — MT | £ 2r 4d f | F(t) | di 


holds for every À > 0 and for every T > 0. 
6 


| “ 
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In order to see this, use will be made of the fact that, since s(t) and 
g’ (i) cannot vanish simultaneously, the relation 


(17) O(t) = arc tan {Adr (t)/x' (t) } 


and the choice of an initial determination (modr) at ¿==0 (such as 
0 < 6(0) <r) define a unique continuous function 8 == 0(#), and that the 
latter has a derivative # (t), given by : 


(18) 6” == da flat / Qui + g). 


This follows from (17) by virtue of (1). 
If à > 0, it follows from (18) that 


(19) | (t) — | Sat] 70H). 


On the other hand, it is seen from (17) that 6(¢) becomes an integral multiple 
of ~ at exactly those t-values which are zeros of z(t), while (18) shows that 
&(t) > 0 whenever z(t) ==0. Hence it is seen from the definition of 
N(T, À) that | 

(20) | =N (T, À) —8(T) + 6(0)] S 2r. 


In order to obtain (16), it is sufficient to combine (20) with the 
inequality which results if (19) is integrated between ? — 0 and t=. T., 


Proof of (8) — (4). It follows from (8) and (16) that 
(21) ~~ lim inf V(T,A)/T 
T— © 
has the value Aë/r. In particular, (21) is distinct from œ. According to 
criterion (**) of [4], p. 207, this is sufficient for (4). 
Proof of (8) —> (6). Let O0<A< yu. Then, by (16), 
T 
(22) | a[N(L,n) —N(T,a)]— (ui MT | Sty fant f | f(t) | dt. 
9 
It follows therefore from (8) that 
. (23) lim sup [N(T, pm) —N(T,A)] =~. 


But Sturm’s separation theorem implies that the inequality 
N (t, p) —N(t,r) 2 N(T, x) — N(T, à) == 1 
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holds for every t > T. Hence it is clear that the “lim sup” in (23) can be 
replaced by a “lim,” i.e., that 


(24) Ve NE Nsom Se: 


Finally, it was shown in [8], p. 915, that the latter condition, (24), is 
sufficient in order that at least one point of Sq’ be contained in the interval 
[à p]. Since (24) holds whenever 0 < À < y, the proof of (6) is complete. 


Proof of (9) —> (c). This implication (i.e., the italicized assertion of 
Section 4) follows from (22) in the same way as (8) — (6) did. In fact, 
(9) implies (23) if p — A = 2c/r3, that is, if a > À + 4c + 4c7/d. 


6. The italicized statement of Section 3 concerning (11) will be proved 
by an example.* To this end, let f(t) be a function which is continuous 
for 0=t <%, satisfies (7) and has the constant value m on the interval 


(25) m*=t=m't+tm, 


where m==1,2,---. Such functions exist, since the contribution of the 
intervals (25) to the integral occurring in (7).is o(T), simply because 


M mim ” 
EN] | FCE) | dt =Z m? — o (W°). 


Let À be any point of the line —œ < A <œ. Since f(t) =m on the 
interval (25), a solution of (1) on (25) is s(t) — cos (m + A)4¢ whenever 
m is so large that m-+-X> 0. Consider only such values of m. Then, by 
Sturm’s comparison theorem, the contribution of the interval (25) to the 
number N(T,A) is between the bounds | 


{Cm -+ X)im—27}/x and {(m + A)? + 2x}/r 
whenever T = m* -+ m. Hence, if p > A, the contribution of such an interval 
(25) to the difference in (24) is 
= {[(m + e)? — (m + d)8]m — 4r}/7. 


Since the last { } is ~$(p—A)mi as m—œ, it follows that (24) is 
satisfied. Hence, if (I) in [3], p. 915, is applied in the same way as at the 
end of the Proof of (8) —> (6) one 5), then, since [A, x] is now any 
interval, (11) follows. | 


*In a similar context, a corresponding example was communicated to us by 
Dr. C. R. Putnam. 
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7. The following remarks, (i) and Vo do not contain new results, 
but simple proofs of known theorems. 


(i) Suppose that f(t) -satisfies (13). Then the difference of the two 
self-adjoint operators on Z*(0,) which are defined by a common boundary 
condition (2) and by the differential operators corresponding to (1) and (8), 
respectively, is completely continuous. In fact, the difference of these two 
self-adjoint operators is represented by the operator f(t)z(t) which, in view 
of ‘(13) (and of the continuity of f), is completely continuous on the z-space 
E*(0,0). But (5) is true in the case (3). It follows therefore from a 
classical theorem ([6], p. 884; cf. [1], p. 120) that (5) holds in the case 
(18) of (1) also. 

(ii) Besides (1), consider another differential equation of the form 
(1), say 
(26) z” + (A+ g) —0, 


where f(t) and g(t) are real-valued and continuous for OSt<o. It is 
well-known that, if 


(27) | g(t) — f (t) | < const., (0St<o), 


then (1) must be of Grenzpunkt type whenever (26) is. In fact, this can be 
refined to an explicit asymptotic connection (as t—>co) between the general 
solution of (26) and that of (1), without assuming more than (27) and the 
negation of (4); see [8]. If this refinement is not required, a simple proof 
can be obtained along the lines of the argument applied under (i) above. In 
fact, what corresponds to the deviation f(t)z(¢) in (i) is now the difference 


(28) (f(t) — g(t) e(t); 


ef. (1) and (26). But (27) assures that (28) is a bounded operator on the 
z-space L*(0,00). Hence it is sufficient to apply a classical theorem ([1], 
p. 78), according to which the sum of a self-adjoint and of a bounded operator 
is always self-adjoint. 

The proof in (i) was based on a general criterion concerning the pertur- 
bation of a self-adjoint operator by a completely continuous one. It may be 
mentioned that this criterion can be generalized to a theorem on the pertur- 
bation of the spectrum of a self-adjoint operator by the addition of an 
arbitrary bounded self-adjoint operator (having a norm not exceeding a given 
value, c > 0). The general theorem in question implies, as a special case, 
the result of [5] concerning the spectra of differential operators associated 
with (1) and (26), subject to the condition (27). 
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If (ii) is applied to g = 0, then, since (1), (26) reduce to (1), (3), 
respectively, it follows that (15) is sufficient for (4). On the other hand, 
(6) does not follow from (15), or even from (15) and 


(29) lim int | f(#)| — 0 


together. This is seen by choosing f(t) = a cos t, where a is any non-vanishing 
constant. In fact, (1) then becomes Mathieu’s equation, for which the positive 
A-values not contained in S« are known to form a sequence of intervals 
(“instability regions”) which cluster at À = œ. 
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ON THE GENUS OF THE FUNDAMENTAL REGION OF SOME 
SUBGROUPS OF THE MODULAR GROUP.* 


By Emi, Grosswatp. 


1. The purpose of this paper is to use uniformly a general method, in 
order to establish the genus of the fundamental region for congruence sub- 
groups (modulo primes) of the modular group. The results for the subgroups 
T(p) and T° (p) are known (see [2], p. 249, and [4], p. 832, respectively) ; 
those for To{p) are believed to be new. Let @ be a group of transformations, 
R a simply connected fundamental region for an automorphic function 
admitting the group G. Let 2Q be the number of sides of R, C the eee 
of cycles of its corners and P the genus of R. Then 


(1) P=43(Q—C+1). 


(see [1], p. 239, also [8,1], p. 262, (2)). Let m be the total number of 
independent generators and p the number of parabolic generators of G; let » 
be the number of independent defining relations satisfied by the generators 
of G. Furthermore, let n be the number of cycles of À, corresponding to. 
fixed points, » the number of remaining cycles (corresponding to “ accidental ”” 
corners). Then n == y + p and the following relations hold (see [3, I], p. 170: 
and p. 262): 

(2) Q= M; (3) C =n + u =r +p +m 


2. Let T be the group of nonhomogeneous modular transformations. 
Its elements are the matrices ( A where the integers a,b,c,d satisfy 


ad — bc == 1 and where we consider e 4 and i = as identical 
elements. T admits the system of generators S == ( :) and T =e = : 5) - 


3. For every prime number p we define the subgroups Ty{p) of r by 
the additional condition c==0 (mod p). These subgroups have been studied. 
by H. Rademacher [5], who showed that, if the square brackets stand for 


* Received June 14, 1960; in revised form May 23, 1951. 
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the greatest integer function and ie round brackets are E ea | 
then, for p >3, 


1) Top) is generated by m—2[p/12] + 3 independent pias: 
satisfying v me 2 4- (—1/p) + (—3/p) defining relations; 
ii) one of the generators of I,(p) is S*, the others are of the form 


he IN 
Tam (ad > with 


(4) kke + 1==0 (mod p), 1< k, kg <p—l. 
From (4) follows immediately the following 

Lemma. For every p, Uo(p) has exactly one parabolice generator. 
= Proof, 8? is parabolic for every p. For p-=2 and p == 3, we verify 
directly that V, == (~ i =) y, cm e = respectively, are not 
parabolic. If p > 3 and V; is parabolic, it follows (see [1], p. 21) successively, 
by (4), that k—k, == +2, or ki'— kke — + 2h, so that (k +1)? ==0 
(mod p), contrary to (4), proving the lemma. 

With the indicated values of m and v, it follows from (2), (3) and 
the lemma, that Q == 2[p/12] + 3 and n = {2 + (—1/p) + (—3/p)} +1. 
In the case of groups of modular transformations, u =— 1 (see [3, I], p. 262 
and 319) so that (1) becomes P == [p/12] —4{(—1/p) + (—3/p)}. 
Observing that the large bracket is a periodic function (mod 12) of p, we 


can write the last relation also as P==[p/12] + r(r?— 25) /24, where 
r=p (mod 12), |r| S65. 


4. The subgroups l,°(p) are defined, by adding to the previous condition 
c==0 (mod p), the new condition b = 0 (mod p). For p > 3, the values of 
m, v and p are respectively (see [4]), m = 2[ (p + 2) (p—1)/12] +3, 
v = 2 -+ (—1/p) + (—3/p) and p= 3. Substituting these values in (2) 
and (3) we obtain from (1), P == [(p + 2)(p —1)/12] — 1 + r(r? — 25)/24, 
where r is defined as before. 


5. The principal subgroups I'(p) are defined, by adding to the definition 
of T° (p) the further conditions a == d = 1 {mod p). Their structure has 
been studied by H. Frasch [2] and J. Nielsen [6]. H. Frasch showed that, 
for p > 3, T'(p) is generated as a free group by m—p(p?—1)/12+1 
independent generators; one of them is S?, the others depend on three 
parameters. The fundamental region KR’, to which Frasch’s generators 
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correspond, is not simply connected; therefore, we cannot apply (1), (2) 
and (3) directly, but have first to transform Æ’ into a simply connected 
fundamental region Æ. In this transformation, the number of sides does 
not change, so that Q = m == p(p? — 1)/12 +1. Furthermore, T(p) being 
a free group, it contains no elements of finite order. Consequently, the only 
cycles of R are those corresponding to transforms of §. As the index of 
T(p) in T is j==$p(p?—1) and S*eT(p) if, and only if p | h, it follows 
(see [2], p. 248) that C = j/p—4(p?—1). From (1) follows now the 
(well known) value 


P == 4{p(p?—1)/12 + 1— 4(p?—1) + 1} = (p? 1) (p —6)/24+ 1. 

6. So far we have considered only the cases p > 3. If p—28, or 3, 

a direct examination yields the well-known result, that the genera of D, (p), 
- T° (p) and T (p) are all zero. 
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CYCLOTOMY AND JACOBSTHAL SUMS.* 


By ALBERT Leon WHITEMAN. 


1. Introduction. Let p be an odd prime and e be a divisor of p—1. 
The Jacobsthal sum ¢,(n) is defined by 


(1.1) | poln) -3(2\=+*), 


à=1 \ P P 

where the symbol (h/p) denotes the quadratic character of h with respect 
to p. In [5] Jacobsthal studied ¢2(n) and deduced an interesting application 
in connection with the representation of a prime p of the form 4m + 1 as the 
sum of two squares. Later writers [2], [6], [7], [9] obtained analogous 
results for other values of e. These results exhibit a connection between the 
Jacobsthal sum and a partition of p into quadratic summands. This connec- 
tion is made precise in Theorem 1 of the present paper (§ 4). The first part 
of the paper ($§ 2-4) contains an account of the arithmetic properties of the 
sum pe(n) and the related sum y(n) defined in § 3. There is given in §5 
a result which expresses the Jacobsthal sum in terms of a certain cyclotomic 
function. Finally the remainder of the paper ($$ 6-9) contains numerous 
applications. 


2. The Jacobsthal sum. Let g be a fixed primitive root of p and write 
p—1—ef. Assume first that n in (1.1) is divisible by p. Then we see 
that e(n) == 0 or p—1 according as e is even or odd. Next let n be prime 
to p, so that n is congruent to a power g”, m—0,1,: +, p—2, of the 
primitive root g. From the definition it is clear that the value of ¢.(g™)- 
depends upon the primitive root g employed except when m==0. We now 
show that ¢7,(g") = ¢7.(g™’) if mem (mode). This result is included 
in the formula 


(2.1) Pager) == (— hao”), 


where OS t=f—1, OShSe—1. To prove (2.1) let h denote any 
solution of the congruence Ah ==1 (mod p). Then we have 


ECVE) (Ey Res 
- ore (NEE) 


* Received July 18, 1950. 
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` 


A formula closely related to (2.1) is 


(2.2) pelna) = (2/p)%pe(n) (pf z). 


This may be directly established. 

Suppose now that f is odd. Then 8 must be even. Since e is a divisor 
of p — 1, we may select x in (2. 2) so that x belongs to the exponent e (mod p). 
Then employing Euler’s criterion, we get (z/p) ==a¢9-Y/? (get (— 1)! 


==—-1(modp). Hence in this case ¢,(n) =—¢,(n). We have therefore 

proved 

(2.3) pe(n) = 0 - (f odd). 
-We next prove that 

(2.4) p(n) = 0 (mod e) (f even). 


The congruence h° = 1 (mod p) has e incongruent roots since e is a divisor 
of p—1. Let r belong to the exponent e (mod p). Then for a fixed value 
of æ not divisible by p, the e roots of the congruence h° = z° (mod p) are 
given by hı== rtz (mod p), i= 0,1,- -+,8—1. Now for f even we have 
(r/p) = r0 ma (7°) = 1 (mod p). Hence (h/p) = (z/p). We may 
now deduce (2.4) at once from (1. 1). 

Finally we establish the congruence 


[(e-1)/2] 


(2.5) gen) =— À (Goyon) e (mod p) (f even). 


Since f is even, p — 1 is divisible by 2e. Using (1.1) and Euler’s criterion 
we expand (A*  nh)@-1/2? by the binomial theorem and interchange signs 
of summation; the result is 


be(n) = 5 ( A E) a0 ii S R@-D/+00 (mod p). 
o-60 =i 
In order to complete the proof we make use of the formula 


LES mr (s= 0 (mod p—1)), 
hel 0 (mod p) (s5£0 (mod p—1)), 
and note that (p—1)/2 + ev is divisible by p— 1 if and only if ev is an 
odd multiple of (p—1)/2. í | 


8. Thesum,¥,(n). Related to the Jacobsthal sum ¢,(n) is the sum 
ye(n) defined as follows: : 


(3.1) y(n) _ş (=) 


E 
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Jf n is divisible by p we have immediately y(n) = p — 1 or 0 aia as 
e is even or odd. 
For ¢==2 we have the following formula 


(3. 2) y(n) =p —1— (n/p) — (n/p)°p, 


where the symbol (n/p) is defined as 0 when n is divisible by p. Formula 
(3.2) is well-known and may be proved without much diffculty. Note that 
We(n) is equal to p— 1 when n is divisible by p and is equal to — 1 — (n/p) 
otherwise. 

In the sequel we shall encounter the sum 


(3.8) f(a, 0,0) = 3 (Stet) (pt), 


for which we have the relation 
(3.4) f(a, b,c) ==— (c/p) + (—aD/p) + (4/p)y2(— D) 
(D = b — 4ac). 


The following two formulas are analogous to (2.1) and (2.2) and are 
proved in much the same way. 


(3.5)  pe(g 4) = (—1)*e(g") (OStSf—10SkSe-—!). 
(3.6) Yo(na*) = (2/p)*Ye(n) | (pts). 
We may also establish the following formulas: 


(—1)"4, (g) ( even), 
ant CE) — À ge) © (e odd), 
(3. 8) ol g*) = (— 1ye 9") (e even), 


for 0& k S e—1. For example, (3.7) follows from 


SCENE En 
h=1 \ P p P /\? n=i \ P p 
A formula of a different +. is | | 
(3.9) poln) + pen) = Yesh") | (f even). 


This may be proved by summing in (1.1) and (8.1) first with respect to 
the quadratic residues of p and then with respect to the quadratic non-residues. 
Note that since f is even, p — 1 is divisible by 2e. 

Finally we shall prove the following congruences for 0=k<e—1I. 
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__ § e(mod 2e) (f even, k= 0 or f odd, k£ e/2), 
(3.10) Ye(9") =| tou 2e) (evan, Le d'or Pod. Fee) 


To establish (3.10) we write ¥.(g*) in the form eA — eB, where eA is the 
number of times that the symbol ((A®-+ g*)/p) takes on the value 1 and eB 
is the number of times that it takes on the value — 1. On the other hand 
eå + eB is equal to p—1—e or p—1 according as the congruence 
he + gte0 (mod p), 1<h<p—1, does or does not have solutions. 
Since gN = g@-0)/? =— 1 (mod p); we may write this congruence in the 
form h? sz g09/%% mod p). For f even the last congruence has solutions if 
and only if k = 0; for f odd it has solutions if and only if k = e/2. Elimi- 
nating B by addition we get for OS k Se—t1 


_f—p+1+e+ReA (f even, k=0 or f odd, k= 6/2), 
ioral): Te -| —p+1-+ 206A (f even, k0 or f odd, ke/2), 


from which (3.10) may easily be derived. 


4. The main results. We first prove 


` 


6-1 


(4. 1) 2 pe(g*) =— e (e odd). 
k=0 
To prove this we make use of (2.1) with e odd. Thus we get 


p— 1 
e 





e-1 f-1 a-l p-2 
Z pe(g) =È 2h) = È pe(g") 
&-0 t=0 k=O m=0 
pri 
= (pl) Bele) (p 1. 
a=0 
Equation (4.1) follows immediately. 


We now state our principal result. 


THEOREM 1. Let s be a fixed integer such that OZs<e—1. Ifeis 
odd then 


(4.2) CL Cie PES (0) 
If e ts even and f is even then 
(4. 8) Epl) — OP er 


To prove this theorem let S denote the left member of (4.2) or (4.3). ° 


CYOLOTOMY AND JACOBSTHAL SUMS. 93 


It should be noted that when f is odd each term of § is equal to zero in 
view of (2.3). We get by (1.1) and (2.1) 


| i oS | t+k t+k+ 
PB =X E Go(g*)po(g*) 
t=0 k= 


= Samar) 


5 (DE (Er ne sen 


=> 2)(2) f(g, sg + y, °°), 
| oes \?/\p | 
where f(a, b,c) is defined in (3.3). Making use of (3.2) and (8.4) this 
becomes | 


a ny on (£)o8 (2) 5 (2 ne) 
8 PAT op)? 2\p) Bp p | 
N | 
If s540 the right member of the last equation reduces to aS (cy/p)e, 
| =l ' 


which is equal to 0 if e is even and is equal to — (p — 1)?’ if e is odd. If 
s — 0 we note that for a fixed value of z the value of the symbol ((y° — 2*)/p)? 
is equal to 0 if y*==2* (mod p) and is equal to 1 otherwise. In the proof 
of formula (2.4) we showed that when f is even the e roots of the congruence 
y°=zx° (mod p) are given by y= rttr (mod p), t = 0, 1,: - -,¢—1, where 
r belongs to the exponent 8 (mod p) and (r/p) —1. Hence 


EOST) EGE) 


a= 2) 3 F z) ——e(p—1) 


gai 





Combining our results we obtain Theorem 1. 


The method of this section may be used to derive corresponding results 
for the sum y(n). Thus we get for e even or odd 


oi 

(4. 4) 2 (— 1) Y.(9*) = — 6, 
k0 

which is analogous to (4.1). We may also prove 


THEOREM 2, Let 8 te a fazed integer such that 0<s<e—1. If e. 
ts even then 
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a e*p — 2e(p—1) (s=0), 
(4. 5) 2 Val 9") helg) 4 — 26(p— 1) (s even, s 0), 
| 0 (s odd). | 
If e is odd then oa 
= e*p —e(p—1) (8—0), 
(4. 6) ree + —e(p— 1) (s even, s 40), 
| e(p—1) > (s odd). 


5. dons The cyclotomic number (h, k) is the number of values 
of y, lly p— 2, for which | 


(5. 1) y = geh, 1+ y = gt | (mod p), 


where ie values of s and # are each selected from the integers 0,1,---,f—1. 
Noting that gt = (med p) we may easily infer that 


(5.2) (h, k) == (h + ae, k + be), | 
for any integers a and b. do it is nòt difficult to prove that 
. | (e—h,k—h) (f even or odd), 
(5.3) (bk) = (kh) (f even), 
| (+ 6/2, h + 6/2) (f odd), : 
and a 
= f—1 (k =0), 
(5. 4) ODER (1kSe—1). 


For a proof of (5.3) and (5.4) see, for example, Bachmann [1; Chapter 15]. 
We now consider the sum. 


N 


(5. 5) | B(v,n) = Z (h, on). 


This sum js ma to the number of values of y, 1S y = p — 1, for which 
y*(1 + y) is congruent to a number of the form æ°g"{(pŸæx) with respect to 
the modulus p. Hence the number of solutions of the congruence 


(5. 6) y + y” == eg? (mod p) (v fixed; OS2,ySp—1), 


is equal to 2-+ eB(v,n). For a fixed integer a let F,(a) denote the number 
of values of y, 1S y = p— 1, for which y***-+ y” =a (mod p). In terms 
of the functions F(a) the number of solutions of the congruence (5.6) is 


1 
equal to S Ff, (x°g’). Combining our results we conclude that 
a=0 
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(5.7) S F, (02g?) = 2 + eB(0,n). 


~ 


The case n= 1 is an important special case. We may easily show that 


: t 4. Pe 
(eg) =1+ (e), 
so that (5.7) becomes 


SEE), +2 + eB(v, 1). 
a=0 P 
The last equation leads at once to 
: p—1+ pe(4g°) (e odd), 
oe BD ILE) evn 


where ġe(n) and y(n) are defined by (2.1) and (3.1), respectively. 


6. Thecasee—2. As a first application let e =2 and f be even, 
so that p==1 (mod 4). In this case the second member of (4.3) reduces to 
the identity p == a? -+ b?, where 


(6. 1) | a = p:(1)/8, b = a(g) /2. 
Next using (3.2), (3.9) with e = 2 and (3.10) with e = 4 we get 
(6. 2) a==— 1 (mod 4). 


Formulas (6.1) and (6.2) constitute the theorem of Jacobsthal [5]. 
Applying (2.5) we obtain at once 


(6. 3) 2a=—( J.) | (mod p). 
Formula (6.3) is a theorem of Gauss [3]. 

Again using (3.2) and (3.9) with e—2 we get 
(6. 4) a = (yall) + 2) /2, b = Wag) /2. 
Formula (6.4) is a theorem of Chowla [2; Theorem 1]. It may be remarked 
that (6.4) may also be deduced directly from (3.8), (4.4) and (4.5). 


7. Thecasee=3. If p=3f-+1 the didphantine equation 4p = 2° 
+ 3y? has three solutions in positive integers z and y. By (4.1) and (4.2) 
we get the equations 
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(7.1) al) + slg) + $0(9?) = — 8, ps (1) + $3°(9) + $07(9?) — 6p + 8, 
which may readily be transformed into the three identities 
mD ap (+ pa) (LEDTE Go, 2) 


We now prove that the three solutions of 4p == z? + 3y? given by (7.2) are 
distinct. For this purpose it suffices to show that 


If 1+ (gt) == 1 + ¢s(g/) then equations (7.1) lead to the absurd con- 
clusion that (1 + ds(gt))? =p. If 1 + $3s(gt) == — (1 + ¢3(g/)) then the 


first equation in (7.1) implies that 1 + ¢3(9*) == 0 for k s61, k 54 7. Hence 
by (7.2) we deduce 3|4p, which is impossible. 

The diophantine equation 4p == c? + 3d? has a unique solution with 
c== 1] (mod 3) and d==0(mod3). This solution is given by 
(7. 3) c = 1 + ¢3(4), d == (ps (4g) — ps (49°) )/3. 


To prove (7.3) we note that the congruence c == 1 (mod 3) follows at once 
from (2.4). Next using (5.2), (5.3), (5.5) and (5.8) we get 


$s (4g) =—p+1+9(0,1), ¢3(49?) =—p-+1-+9(0,2), 


so that d==0 (mod 3). Formula (7.3) is the theorem of von Schrutka [7]. 
Applying (2.5) we obtain 


(7.4) cme — 20 (21) = — (77) (mod p). 


Formula (7.4) is due to Jacobi [4]. 
By (3.5), (3.7) and (8.9) with e = 3 we get 


2bs(1) = Yo(1), pa (g) — pa (9°) = ¥0(9)> 
80 that for i = 0, (7.2) reduces to the identity p == 8° -+ 81°, where 
(7. 5) s= (ye(1) +2)/4 t—yo(g)/6. 
and the sign of s is determined by means of the congruence 
(7.6) S=—1 (mod 3), 
because of (3.10) with e—6. We have also by (2. 5) 


(7.7) (977) (mod p). - 


Li 


‘atte 
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Formulas (7.5) and (7.6) comprise a theorem due to Chowla [2; Theorem 2]. 


We remark that (7.5) may also be deduced directly from (3.8), (4.4). 
and (4.5). 


8. The casee—4. In this section we consider the case 6 = 4 and 
f is even, so that p==1 (mod 8). By (3.7) and (8.8) we get | 
plg) = plg"), (97) — 05 pE) + pel) + ba (g?) + ha (9°) == 16p. 
Hence we have the identity p == z? + 2y*, where 
(8.1) | c=gs(1)/4, y pa(g)/4. 
For another proof of (8.1) see a recent paper [9; Theorem 2]. 
The sign of ¢ in (8.1) is determined by means of the congruence 


(8. 2) ges (—- 1) 1/24 (mod 4). 
To prove (8.2) we return to (3.11) and obtain the equation 


W4(1) = — p + 5 +-.84, 


where 44 denotes the number of times that the symbol ((ht + 1)/p), 
h = 1,2, + -,p— 1, takes on the value 1. We next prove that A is an 
odd integer. Put h=g* (mod p), k—0,1,: : :,p— 2. For k= f/2, 3f/2, 
5f/2, 1f/2 we get ((g*+1)/p)=—0. For k—0, f, 2f, 3f we get 
((g** + 1)/p) == (2/p) = 1. For k= 1,2, >, med [ee 
f— 1 group the k’s in pairs so that f/2 — 4, f/2 + j, J == 1,2, + <, f/2 —1 
form a pair. Since | 


(8.8) (1+ SUPP) (1 + gun) = OPN + ght)? (mod p), 


it follows that the two factors in the left member of (8.3) have the same 

quadratic character. Therefore the number of values of k, &—0,1,-::, 

f— 1, for which ((g*#* + 1)/p) is equal to 1 is 2q + 1 for some integer q. 

Furthermore g#4/2*1)= g4(t/2+4f*/) (mod p) fot any integer a. Hence A == 2q + 1. 

This, in turn, leads to the congruence #,(1) == (—1)f/#14 (mod 16). Using 

(3.9) with e==4 and (3.10) with e == 8 we may now deduce (8. 2). 
Applying (2.5) we get easily 


À 
(8.4) (51) | | (mod p). 
Formula (8.4) is a theorem of Stern [8]. 


7 
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= 9. ‘The case e = 5. For a prime p = 5f + 1, f is even. By (4. 1) 
and (4.2) we have the identities ` 


Š (g) =—8, Sg (g) —20p +5, 

ž=0 k=0 

(9. 1) | 

À $5 (gt) de (g) = À de (g) de (gi?) ——5(p —1). 
k=0 40 


After some manipulation we may transform the identities in (9.1) into the 
identities | 


16p = A + 5B,? + 1003? + 10D;? (k = 0,1, 2, 3, 4), 
(9.2) . 
where 
Ar = 1 + $5(9*), 5By = psg) — o5(g**?) — psg) + pE), 
(9.3) 


Cr = phg) — psg), DDr = os(9***) — psg). 
Another pair of identities is 


(9.4)  16p =T? + 50u? + 50v? + 125w?, cw = v? — dun — ui, 
where 

t= 1 + $5(4), 
(9. 5) ROU = ps (4g) + 2h5(49°) — 2ps (49°) — $5(49*), 


25v — 24s (49) — ps (49°) + a (49°) — 2h (494), 
2500 — ps (4g) — ps (49°) — ps (49°) + $5 (49%), 
and the sign of x is determined by means of the congruence z = 1 (mod 5) 
in view of (2. 4). | 

The formula for x is due to Emma Lehmer [6]. To prove (9.4) select 
k in (9.8) so that g*==4(modp). Making use of the formulas in § 5 we 
may express u, v and w defined in (9.5) in terms of the cyclotomic numbers 
(h, k). Dropping subscripts in (9.8) we arrive at the equations 
25u = 10C + 5D = 25[ (0, 2) — (0,3) ], 
25v —= — 50 + 10D — 26[ (0, 1) — (0, 4)], 
25w — 5B — 26[ (1, 3) — (1, 2)]. 


Hence A = x, B = 5w, C = 2u—v, D = u + 2 and (9.2) reduces to (9. 4). 
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INFINITELY NEAR POINTS ON ALGEBRAIC SURFACES.* 


By Gino Tureiw.? 


1. Infinitely near points on plane algebraic curves were introduced by 
Max Noether [1] in the process of reduction of singularities. Noether’s 
classical theorem is: a sequence of singular infinitely near points on a plane 
algebraic curve is necessarily finite. In the case of space curves and surfaces 
the first definitions and results were established by C. Segre [2] using 
quadratic transformations of the ambient space. Noether’s result, though 
it remains valid for space curves, is no longer true for surfaces because of 
the appearance of singular curves, 


As a general rule, and even in the simplest case of plane algebraic 
curves, the analysis of infinitely near points is intricate and all proofs have 
to be carried out by handling a great number of details? In the case of 
algebraic surfaces B. Levi [3] proved the following theorem: tf P, Pa, Payo -: 
1s an infinite sequence of infinitely near points on an algebraic surface and 
all of the same multiplicity v > 1, then for any given p there exists q >p 
such that the point P, lies on the transform of a v-fold curve passing through 
the point Py. immediately preceding Pa. It is the purpose of this note to 
give a purely algebraic proof of Levi’s theorem for arbitrary ground fields 
of characteristic zero. Our proof makes use of related results proved in the 
fundamental paper of Zariski [7] and it goes further by showing the existence 
of an index p such that for any q > p the point P, lies on a -fold curve. 


2. A trivial case of an infinite sequence of infinitely near points which 
all have the same multiplicity y > 1 is one in which there exists an index p 
such that the point Pp lies on a fold curve T, and all the points sucessive 
to Pp lie on the corresponding transforms of the curve Tp. A sequence of 
this sort will be called a trivial sequence. ` 

We shall need the following remark: Let P be a point of a surface F 


and let T be a quadratic transformation of center P which sends F into a 
surface F, and the fundamental point P into the curve A == TTP] of F. 


* Received October 5, 1950. 
+ Fellow of the Rockefeller Foundation. 
1 See for example [6] or [6], chap. 1. 
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If T, ts an irreducible curve of F, not contained as component in A and 
such that T: [) A 0, then T, ts the transform T[T] of an irreducible curve 
T of F passing through P and T, has for F, the same multipliciiy as T has 
for F. This is immediate: since P is the only fundamental point of the 
transformation T and since T, is not a component of A == TFP] it follows 
that T, is the transform T[T] of an irreducible curve I of the surface F. 
Since under the inverse transformation T-1 to any point of A corresponds 
the point P and since T, [] A=£ 0 we conclude that T contains the point P. 
Finally, the respective multiplicities of T and I, are the same since the 
quadratic transformation T is regular at a general point of the curve T. 


8. Our result is as follows: 


Tarorrm. Let P, Pa Pa- -> be an infinite sequence of infinttely near 
points all of the same multiplicity v > 1 on an irreducible algebrate surface F 
defined over an arbitrary ground field of characteristic zero. Then there 
exists an index p such that for any q > p the point P, lies on at least one 
irreducible curve T, which is v-fold for the surface F, containing Pa The 
curve Tg either a) coincides with the transform To:[Pya1] of the point Py; 
under the quadratic transformation Toi: Fia —> Py or b) ts the transform 
Tos[Ve-1] of some curve Ty. passing through Pq. and v-fold for the surface 
Fos Case b) must occur infinitely many. times. 


Proof. A given sequence P, Pı, Pat + + of points infinitely near to P 
on the surface F determines at least one valuation v of the field of algebraic 
functions of which the birationally equivalent surfaces F,F,,F2,--- are 
distinct projective models. If the given infinite sequence P,P,,P2,--- is a 
trivial sequence the Theorem is obviously true. Therefore we assume that 
the sequence P, Pi, Pat © + is not trial and all the points have the same 
multiplicity v > 1. Zariski [7] has proved that under these conditions the 
valuation v must bé 0-dimensional non-discrete of rank one and that more- 
over, after a finite number of quadratic transformations, the element w; which 
defines the surface F, in the quotient ring % of the point P; with respect to 
the 3-dimensional ambient. space of F; can be written in the following form: 
(we may assume that P; = P and F;— F are the initial point and surface 
respectively) 


w = EZ” + À ca? igm yno (1) 
J= s 


where the e, 0 7», are either zero or units of the quotient ring % (but 
« >< 0) and where z, x, y is a set of uniformizing parameters of the point P 
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‘at S. Since the point P — (0,0,0) is of multiplicity v for the surface F 
the exponents which appear in (1) must satisfy the inequalities moj + Moy = J; 
for all 75<0 such that «540. Furthermore, loc. cit. Lemma .11.4, the 
leading form of the element œ is the v-th power of a linear form. Taking 
into account this fact and the expression (1) we shall obtain the stronger 
inequalities oe 

mes + thoy > | (2) 


for all jz 0 such that e; 40. For let & == (az + af + at)? be the leading 
form of w where a;,@2, 4, are elements of the residue field $ of P, 2,9, Z are 
algebraically independent transcendentals over St, and where a, 540 since ~ 
é65=0. If, say, a, >< 0 then necessarily a, == 0 since otherwise the expression 
of 2 as a sum of monomials would contain (v+1)(v+2)/2 (>v+1) 
terms contradicting the expression (1) for œ. Thus we may assume a,, da 5 0 
and as = 0. Now the expression for & as a sum of monomials has exactly 
y + 1 terms. This implies in (1) that all e; are different from zero and also 
that the total degree in the uniformizing parameters of each monomial of w 
is exactly ». Since # does not occur in ©, the expression (1) for w takes 
the form w == e2” + «2 1y+---+te,y’. Let a, and a be elements of 3 
whose residues coincide with a, and a, respectively. Then the leading form 
of the element w = (ax + ay)” coincides with © and since the quotient 
ring X of the point P with respect to the ambient 3!dimensional space is a 
regular local ring we conclude that w = œ’. This contradicts the fact that 
F ig an irreducible surface. Hence necessarily also ag = 0, i. e, Q = (a,2)” 
which, by definition of the leading form, shows the validity of the inequalities 
-(2) for the expression (1). 

We point out that the expression (1) together with conditions (2) is 
permanent in the sense that all the elements w; which succeed œ when the 
successive quadratic transformations are performed have expressions similar 
to (1) in which the corresponding conditions analogous to (2) hold. In 
order to write the local equations of the quadratic transformation T which 
sends the surface F' defined in % by w into the surface F, defined in %, by wi, 
and thus to obtain for œ, the expression similar to (1) in terms of the 
uniformizing parameters 2, Yı Tı of the point P, we must distinguish three 
cases according to the ratio of the values assigned to y and æ by the fixed 
valuation v: 


Case 1. v(z) < v(y). The local equations of T are: 
| 2/2  tray/t, =; (4.1) 
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consequently 
oy = w/p” == ct” Ez > CFE uen Md © (1 
where = | 
Mij = Mog À Moy — J, Taj No (3.1) 
and where the conditions similar to (2) are 
| Maj + Mi > J. | (2.1) 


Case 2. v(x) —=v(y). Since the valuation v has center in all the 
quotient rings %, in particular in %,, the element y/x is a unit in %, and 
we have: 

Zı = 2/2, Yı = f (4/2), Ti = T (4. 2) 


where f(y/z) is a suitable polynomial in y/z with coefficients in 3. 
o = o/27 — e8 + X prin m (1.2) 
Ja | 
where q == e: (y/x)"s is clearly a unit in % (if +0) and where 


Maj == Moy À noj — J, - (My = 0) (3. 2) 
and 


Mas > J. | (2. 2) 


Case 3. v(x) > v(y). In this casé we have: 


A= 28/4, YY, T=t/y, (4. 3) 
LA 
w, = wY? = e” + Dey” Fay , (1.3) 
Jı 
Mij == Moj, naj = Noy + Mog — Jy | (3.3) 
and as usual 
Mas + My > 7. (2. 3) | 


It follows from (1), (2) and (4s) (s=1,2,3) that the curve 
A == T[P] which corresponds on the surface F, to the fundamental point 
P= (0,0,0) is irreducible and is given in the quotient ring % of P, by 
the ideal (zı, z1) in cases 1 and 2, and by the ideal (zı, y1) in case 3. We 
shall also make use of the fact that in case 8 the curve given in %, by the 


If the ground field is algebraically closed f(y/m) =y/w—c, where o is the v- 
residue of y/o. 
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ideal (2:,7:) is merely the transform of the curve which passes through the - 
point P = (0,0,0) and is given in 3 by the ideal (z, æ). 

With reference to the first part of the Theorem we observe first of all 
that given any index p there exists q > p such that the point Py 18 not 
wolated.* In fact, our hypothesis that P, P,, P2,- - - is a non-trivial sequence 
of points all of the same multiplicity y > 1 implies that the local uniformiza- 
tion of the 0-dimensional valuation v ([7] Theorem 5) cannot be performed 
by using quadratic transformations only. Since the process of uniformization 
of v is carried out by a finite number of quadratic and monoidal trans- 
formations and since monoidal transformations come into play only when 
some intermediate point P, is not isolated, our assertion follows. Therefore 
we may asume that in the surface F given by (1) there is a v-fold curve 
passing through the point P == (0,0,0). Moreover, we may assume that the 
v-fold curve is given in the quotient ring X of P by the ideal (2,2). For 
if no point after P is isolated the first part of the Theorem is already proved. 
Otherwise since we have just shown that in our given infinite sequence of . 
points there exists an infinite number of points which are not isolated, we 
may suppose for a moment that the point P is isolated and that P, is not 
isolated. -By the remark of $ 2 the y-fold curve through P, must coincide 
with the transform A == T[P] of the point P. Now, we have seen above that 
A is given in the quotient ring 3, of P, either by the ideal (zı, sı) (cases 1 
and 2) or by the ideal (#,4,) (case 3). Hence, by setting again P, = P 
and interchanging, if necessary, the notation for the two uniformizing para- 
meters æ and y, we prove the assertion. Therefore we assume that in the 
surface F given by (1) the curve defined in the quotient ring & by the ideal 
(z, £) is v-fold for F. This is equivalent to saying that in (1) the following 
additional conditions to (2) hold: 

Moy = 3 . (27) 
for all 740 such that «540. Once all the above assumptions are made 
the first part of the Theorem would be proved when it is shown that no 
matter which case (1, 2 or 8) occurs, then in the corresponding expression for 
w, we necessarily have mı; = 4 for all-7 40 such that g=<0. This is given 
by (2.2) in case 2 and is an obvious consequence of (2’) and the first part 
of (3.3) in case 3. To prove the assertion for case 1 we need the following 
general remark applicable to the expression (1): for no 7540 such that 
6,50 can tt happen that 


(A) my <j (B) ny <j 


t A r-fold point P is isolated if no curve of the surface passing through P is »-fold. 
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simultaneously. For whatever case 1, 2 or 3 occurs as the next step, it is 

clear from (A), (B) and (3.8) (s = 1, 2,8) that | 
Moj + Pos > My À thy 

and that again, using once more (A), (B) and (3.8), we have simul- 


taneously 
(Ai) ty <j (Bi) my <j. 


Thus we should get an infinite strictly decreasing sequence of inequalities 


Moy + noj > Mas F My > May + Nay > ee 

contradicting the generally valid inequalities similar to (2). Now, if in 
(3.1) we had, for some 7540 for which 6; £0, mı < j it would follow 
from (2’) and (3.1) also that m; < j. This we have seen to be impossible 
and hence also in case 1 we must necessarily have m = 7 for all 7 3€ 0 such 
that 0. This completes the proof of the first part of the Theorem. The 
second part of the Theorem is evident from the remark of §2 and together 
with the first part represents our improvement of Levi’s result in the sense 
that there exists a certain point in the sequence such that all its successors are 
non-isolated and the »-fold curves which appear through the points are of a 
certain well determined type. 

To prove the last part of the Theorem we shall now show that, given 
an index p there exists q > p such that the point Py les on the transform 
of a v-fold curve passing through Pq- Returning to the expression (1) and 
under the assumption (2’), i.e., the condition that the curve defined by the 
ideal (z,2) is v-fold for the surface F, we shall consider the order of con- 
secutive appearance of the three cases 1, 2 and 3.. We have just shown in 
the proof of the first part of the Theorem that, independently of the different 
cases, the curve of the surface F, given by the ideal (2,,2,) is v-fold. If 
case 3 occurs infinitely many times our. assertion is proved since the curve 
given by the ideal (zı, zı) is in that case the transform of the v-fold curve 
given by the ideal (z,2). Now, case 2 cannot take place infinitely many 
times consecutively since by (3.2) the exponents of the successive parameters 
x, decrease strictly. It is also clear from (1.2) that case 2 or case 3 are the 
only ones which can occur immediately after case 2. Therefore it remains 
only to show that case 1 cannot appear infinitely many times consecutively. 
This is seen as follows: if case 1 occurs + times consecutively (see (4.1)) the 
values of the parameters are related in the following form; 0 < (a) == v(z) 
and 0 < v(y;) —v(y) — w(x). Since v is of rank one v(x) and v(y) may 
be supposed to be real numbers. Hence t < v(y)/v(x). This completes the 
proof of the Theorem. 
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4. It is well known by construction of examples that there exist infinite 
sequences of infinitely near points on an algebraic surface all of the same 
multipilicty which are not trivial sequences; see [4] or [6], p. 15. Recently 
Derwidué* has made a new attempt at a purely geometric proof of the 
theorem of reduction of singularities of an algebraic surface by using 
Cremona transformations of the ambient 8-space. The proof makes use of a 
statement concerning the behaviour of the base points of the polar curves 
and it is asserted that from that statement the following result attributed 
to B. Levi follows as a simple corollary: an infinite sequence of infinitely 
near singular points on an algebraic surface is necessarily a trivial sequence. 
As we have just shown above this assertion is neither true nor does it represent 
B. Levi’s theorem. The procedure follows the classical approach of elimi- 
nating the isolated singularities and further reducing the multiple curves 
but fails to show the true fact that the alternate process of: a) reduction 
of singular curves, 6) elimination of the isolated singularities introduced by 
a), 4) reduction of the singular curves introduced by b), etc. is necessarily 
finite. | 
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SOME EXAMPLES IN THE THEORY OF SINGULAR BOUNDARY 
VALUE PROBLEMS.* 


By Purr Harracan.** 


1. The theorems. Let q(t), where OS t <œ, be a real-valued, con- 
tinuous function and A be a real parameter. Let N(T,A) denote the number 
of zeros on 0 < t < T of a solution z = g (t) = a(t, A) s£0 of the differential 
equation 


(1) z” + (g-+rA)e—0. 


Thus, up to an additive correction — 1, 0 or + 1 (depending on T), the 
number V(7',A) is independent of the particular solution z == g(t) of (1) 
determining it. For example, if g(t) «= 0, then, as T >o, 


(2) N(T, A) =0(1) ifaS0; 9 N(T,A) = MT/r + O(1) A > 0. 


The asymptotic behavior, as T —>œ, of N(T,A) can depend in a very com- 
plicated manner on À, even for simple functions g(t). To illustrate this, 
let g(t) be a periodic function, say g(t) — cos t; the solution of the problem 
of the asymptotic behavior of N(T, À) furnishes the solution of the problem 
of the determination of the A-values for which (1) has periodic or half-periodic 
solutions. Thus, in general, one cannot expect a solution as simple as (2). 
Nevertheless, it seems surprising that the situation can be as pathological as 
indicated by the following theorem: 


(*) Let Y=mwy(T) be a positive, continuous, non-decreasing function 
for0 <T <œ. Then there exist real-valued, continuous functions q == q(t) 
for Ot <æ realizing each of the following situations, as T >œ: 


(3) N(T,A=O(1) if vA<0; N(T, X) = d(T) + O(1) if à > 0, 
(4) N(T,A) = (T) + OC) for all a, 
(5) N(T,A)=y(T) + 00) ifva< 0; N(T, À) = 2y(T) + O(1) if A > 0. 


It is curious that y can tend slowly or rapidly to œ with T, while the 


* Received January 23, 1961. 
** John Simon Guggenheim Memorial Foundation Fellow, on leave of absence from 
The Johns Hopkins University. 
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right-hand sides of the asymptotic formulae in (3), (4), (5) are essentially 
independent of A. The contrast furnished by (2) is indeed great. 


Remark on À == 0. In the examples, constructed below for the cases (3) 
and (5) of (*), the number À == 0 satisfies the second relation in (3) and Qi 
respectively; that is, as T->00, 


(8 bis) N(T,0) =4(T) + 0(1), 

(5 bis) N(T, 0) = 2y(T) + O(1). 

But it turns out that any situation consistent with Sturm’s comparison 
theorem can be realized. Thus, if #(7') is any positive, continuous, non- 
decreasing function for 0 < T < œ satisfying p(T) — (T1) = Y(T 3) —W(T1) 


for 0 < Tı <T; < %, then examples q(t) realizing (3) or (5), respectively, 
can be chosen so that 


(30) N(T, 0) = $(L) + O(T) 
OT 
(5) N(T, 0) = $(T) + ¥(L) + 0(2). 


À modification of the proof of (*) yields: 


(**) Let 8 be a closed set on the A-aats. There exist real-valued, 
continuous functions q =q(t) on OSt<o such that, for every pair of 
numbers À, p, the difference N(T,u) — N(T,A) ts unbounded or bounded, 
as T >œ, according as the open interval (A, p) contains points of S or the 
closed interval TX, p] does not contain points of 8.. 


Remark. If S is unbounded from below, then N(T, A) >, as T >o, 
for every À. If g is bounded from below, then examples g(t), proving (**), 
can be chosen so that each of the following alternatives is realized: as T’—>0o, 
N(T,A) —o for every A or N(T,A) — O(1) if À is less than every number 
in 8. - 

The proofs of (*) and (**) will make it clear that the “pathology ” in 
the examples is not associated with the local smoothness of q(t). In fact, 
(*) and (**) remain true if the phrase “continuous functions q(t)” is 
replaced by “functions g(t) of class C.” | 

The theorem (*) furnishes the solution to the problem, suggested to me 
by Professor Wintner, of characterizing the monotone functions y¥(7') corre- 
sponding to which there exist differential equations (1) satisfying, as T >œ, 
N(T, A) =0(1) if A < 0 and N(T, à) —o(¥(T)) if A> 0; cf. (8). The 
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theorems (*) and (**) also make it possible to answer some questions, raised 
by him, concerning the possible structure of the spectra of differential operators 
(e. g., the question whether the tacit assumption, made by various writers, 
that the spectrum in the completely continuous case clusters only at oo, and 
not at — as well, is not a mistaken one). The answers to these questions 
are contained in some of the corollaries of the following section. 


2. Consequences for the spectral theory of (1). The differential equa- 
tion (1), for a fixed À, is said to be oscillatory or non-oscillatory according as 
every solution of (1) does or does not have an infinity of zeros. The differ- 
ential equation (1) is said to be of limat-circle or limit-point type according 
as (1) does or does not have two linearly independent solutions of class 
L?(0,00); the type of (1) is independent of A; [9], p. 238. In the limit- 
point case, (1) and a linear homogeneous boundary condition at t == 0, 


(6) z(0) cos « — z (0) sin & = 0, (0Z=a<7T), 


determine a self-adjoint boundary value problem in £7(0,0); [9]. Let Sq 
denote the spectrum of this problem and let 9’ denote the set of (finite) 
cluster points of Sg. The set 8’, “the essential spectrum,” is independent 
of «; [9], p. 251. The characterization [2] of Sa and S” in terms of N(T, A), 
together with (*), (**), gives some curious consequences for the theory of 
the spectra of differential operators. 

No examples are known for which (1) is of limit-point type and Sa 
contains a point spectrum which clusters at —-co. However, (*) implies the 
following: l 


COROLLARY 1. There exist real-valued, continuous functions q == q(t) 
on OS t <w such that (1) is of limit-point type and Sa (for every a) 
1s a pure point spectrum clustering at, and only at, both œ and -——o. 


The spectrum Şa has no finite cluster if and only if the Green kernel, 
_ belonging to Sa and a À (real or non-real) in the complement of Sg, is com- 
pletely continuous. The known examples of completely continuous Green 
kernels are the cases where (1) is non-oscillatory for every A; correspondingly 
Sa clusters only at œ. The Green kernels cannot have the property of 
complete continuity if (1) is oscillatory for some A and non-oscillatory for 
some A; [3]. But examples, proving Corollary 1, show that certain Green 
kernels can have this property when (1) is oscillatory for every À (and Sa 
clusters at both —oo and œ). 
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COROLLARY 2. There exist real-valued, continuous functions. q = q(t) 
on 0 St <æ such that (1) ts of limii-point type, is oscillatory for every À 
and possesses a non-trivial (£0) solution of class L?(0,0) for every x. 
Furthermore, the “ Green kernels” are completely Ce: 


It is known that Sa always cluster at co ; [5], p. 310. It is also known 
[11] that if Sa contains a (non-vacuous) continuous spectrum, then the latter 
is unbounded. However, it is not known whether or not the essential spectrum 
8” is necessarily unbounded when it is non-vacuous. Nor is it known whether 
or not S’ can contain an isolated point. The latter two questions are 
answered by 


COROLLARY 3. There exist real-valued, continuous functions q = q(t) 
on 0 St <æ such that (1) ie of limit-potnt type and Sa (for every a) ts a 
pure point spectrum clustering at, and only at, 0 and œ (or at, and only at, 
0 and both — and œ). 


If (1) is oscillatory for some À and non-oscillatory for some other A, 
then (1) is of limit-point type ([1]) and the least cluster point of Sq is the 
greatest lower bound, Ào, of those A for which (1) is oscillatory; [3]. The 
spectrum Sa clusters at À == À, from the left if and only if (1) is oscillatory 
for À == ào; [1], p. 698. In the known examples with —o< À, <œ, the 
spectrum Sa always clusters at À = À, from the right. But it can be shown 
that this need not be the case in general. 


COROLLARY 4. There exist real-valued, continuous functions q = q(t) 
on 05S t <æ such that (1) 18 of limit-point type, the essential spectrum S’ 
consists of the single point À == 0, but no interval (0, À), where A > 0, contains 
an infinite subset of Sa (for any fixed a). 

Another consequence of (*) is the negative assertion in 


COROLLARY 5. A necessary, but not sufficient, condition that (1) be of 
lymit-circle type ts that (1) be oscillatory and that 


(7) N(T, à) —N (T, M) =O(1), as T0, 
for every pair of A-values dx, Àe. 


In view of the last corollary and the Sennaa of essential spectra 
given in [2], the theorem (**) implies: 


COROLLARY 6. Let § be a closed set on the À-axis. There exist real- 
valued, continuous functions q==q(t) on OS t<% such that (1) ù of 
hmit-point type and the essential spectrum S’ of (1) is the given set 9. 
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For example, if S is a perfect, nowhere dense set on the interval 
0 S&A S 1, then there exist differential equations (1) of limit-point type for 
which the set of cluster points of Sa, for every fixed a, is S and the point œ 
or § and the points œ and —c. (Each of the alternatives can be realized 
by virtue of the Remark following (**).) 

In the case just mentioned, or whenever g is bounded, there cannot exist 
any continuous spectrum, that is, Sa is a pure point spectrum; [11]. Thus, 
if § is chosen to be the entire interval 0 =A S 1, one obtains 


COROLLARY 7. There exist real-valued, continuous functions q = q(t) 
on OZ t <æ such that (1) ts of limit-point type and, for every ficed a, the 
spectrum Ña ts a pure point-spectrum which ts dense on 0 = à & 1 and has œ 
(or œ and —œ ) as tts only cluster points not on the interval OS À = 1. 


It is curious to compare this with the result of [5], p. 660. : 


3. Proof of Corollaries 1 and 2. Choose y(7T) -=T in (*) and let 
q == q(t) be such that.(4) holds. Then it follows that N(T, A) ~T = O(7T"), 
as T —> œ, for any A. Hence, by [6], (1) is of limit-point type. It also follows 
from (4) that, if —o<A, <A, oo, then N(T,A,) — N(T, à) == O(1), as 
T->c. Consequently, the characterization of Sa given in [2] implies that Sa : 
has no finite cluster point, that is, that S’ is empty. Hence, Sa is a pure 
point spectrum. But Sq always cluster at œ ; [5], p. 310. Also, Sa clusters 
at —-co whenever (1) is oscillatory for every À; [5], pp. 313-314. This proves 
Corollary 1. : 

Corollary 2 is an immediate consequence of Corollary 1. For if A is not 
in 8’, then (1) possesses a non-trivial (£0) solution of class Z?(0, co); [4]. 
The complete continuity of the “Green kernels” follows from the remarks 
preceding the statement of Corollary 2. 


4. Proof of Corollary 3. Choose y(7) so that y(«) — œ, and q(t) 
so that (3) holds. Then (1) is of limit-point type by virtue of the first part 
of (8); [1]. That À— 0 is a cluster point (and the least cluster point 
= -—0) of Sa follows from [8]. Also N(T,A2) — N (T, `) is bounded or: 
unbounded, as T —>œ, according as À, À are or are not of the same sign. 
Consequently, À == 0 is the only finite cluster point of Sa, by [2]. Since Sa 
always clusters at oo, the proof of the first part of Corollary 3 is complete. 

In order to prove the last (parenthetical) part of the Corollary, let 
Y(T) =T and let g(t). be such that (5) holds. Then, as in the last section, 
(1) is of limit-point type and Sa clusters at +œ. As in the last paragraph, 
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À — 0 is the only finite cluster point of Sa. This completes the proof of 
Corollary 3. 


5. Proof of Corollary 4 This corollary is a consequence of the proof . 
of the first part of Corollary 8 and the Remark on A=0 in $1. Let (3 bis) 
hold, as well (3). Then it follows that N(T,A) —N(T,0) == O(1), as 
T—o,ifr>0. Thus, by [2], the interval (0, à) contains at most a finite 
number of points of 9, (for any fixed a). | 


6. Proof of Corollary 5. That a necessary condition that (1) may.be 
of limit-circle type is that (1) be oscillatory has been proved in [1], p. 698. 
When (1) is of limit-circle type, a boundary condition (3) at ¢—0 and a 
similar condition at t==œ determine a self-adjoint boundary value problem 
in £7(0,0) with a pure point spectrum, without a finite cluster point; [9]. 
The characterization in [2] of the spectra Sa for the case that (1) is of 
limit-point type clearly has an analogue for the spectra associated with the 
boundary value problems belonging to a differential equation (1) of limit- 
circle type. Hence, in the latter case, (7) must hold (otherwise the spectrum 
will have a finite cluster point À satisfying A, & A S àa). Thus the positive 
part of Corollary 5 follows. The negative part follows from the proof of 
Corollary 1. ’ 


7. Proof of the case (3) of (*). It can be supposed that y(o) == œ, 
otherwise (*) is trivial. For if y(«) <œ, it is sufficient to choose any g(t) 
satisfying g(t) —>— œ, as t—>œ. Then g(t) + À is negative for large t, 
and so a solution s == a(t) s£0 of (1) has no zeros for sufficiently large t. 
Thus, N(T,A) = O(1), as T oo, for every À. But this is equivalent to 
(3), (4) and/or (5) when w(o) <a. 

In order to prove the case (3) of (*), it will first be shown that there 
exists on 0 i <œ a step-function g*({) such that if N (7,2). refers to 


(8) y+ (gt +A)y=0, 


rather than to (1), then (3) holds. This method for obtaining counter- 
examples in the theory of the differential equation (1) was introduced in [8]. 
By a solution of (8) is meant a function y=m=y(t) which, on OSt<o, 
possesses a continuous first derivative and which, on any open interval where 
q* is continuous, posssesses a continuous second derivative satisfying (8). 

There is no loss of generality in supposing #(0) ==0 (for otherwise 
ÿ(T) can be suitably altered in a vicinity of T == 0, but the behavior of 
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y(T) near T —0 does not enter the hypothesis or assertion of (*)). Let 
0 == Go < tı <L: >- denote an (unbounded) sequence of T-values satisfying 
(9) | Y (an) =n T ER oe. | 
Define a sequence of numbers (1 <<) vo < vı <: ` >in such a way that r, co, 
as n—>%w, and 
(10) On < bn < dau, Where by = An + avy and n ma 0,1,- 
Introduce the abbreviation 
(11) Hn = vm? for n= 0,1. 
Tt will be supposed that vo, r:," ©- increases 80 aridi that 
(12) Vmi =™ O (Bn? (ama — bn) ), a8 NO. 
Define g* — q*(t) for OS i<% as follows: - 

q* (t) = vn on wE t< bn; © g*(t) = um on bn St < aw 

for n= 0,1,- -. Thus a solution of (8) has the form 
(18) y(t) — an cos[ (va + AJE (t — an) ] + Ba sin[ (ve + A)? (t — an) J, 
(14) y(t) = Ay expl (un —A)E (t — ba) ] + Bn exp[— (pn —A)i(E —ba)], 


on the respective intervals an < È < bm, bn < t < ann, for sufficiently large n. 
Such a solution is determined for large t-values by fixing, say, ax, Bx for a 
sufficiently large K and determining the a, 8, and the An, Ba, for n= K, 
by the conditions that | 


(15) y(t—0) = y(t+0) and y (t—0) =y (t+ 0) 


hold at the points t = bx, GK 41; Ors) Oxia, 


8. In the sequel, the following abbreviation will be used: If 6, ¢2,° * - 
and di, ds,” * - are two sequences, the symbol C, == O (d), as n—>œ, will 
signify, as usual, that there exist a constant M such that | ce, | S M | d, | for all 
sufficiently large n. But the symbol c, = Oxu (dẹ) will signify | c, |< M | dn | 
for the specified constant M and for the specified index n (rather than for 
some constant M and all sufficiently large n). 

Let A5£0 be fixed. It will be shown that there exists a positive integer 
K = K (à), 80 large that vx + A> O and that, for all n= K, 


(de) sn A) Sa ie (1/09), 
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(LT) Ga Au A) Tee (vnu) ACA + Opl (1/7) ) = Oa (t/r mn?) 
(18) (ua — A)? (vnn + A)? = vna? (1 + Op (L/vnn)), 
and that if 0 & h, j &2 + |A |, then for all n = K 


(19) (+O(/m))( + 0,(/n)) = 1 + Onga (1/78) = O2(1), 
and that if C is a fixed constant, say | 
(20) | © C—18/r [a |, 
then for all n Z K 
(21) (1+ Oo(1/»)) (1 + Oo(1/va) )* exp[— 2 (tun — A) (an1 — Bn) ] 
== O, (1/vaa). 
The definition of b, in (10) shows that 
(vn + A)B(On — an) = (va + A)Ër/ vnd = (1 + A/vn)è = (LE A/m + +); 


so that the left-hand side of (16) is —mÀ/2v, + (rA/8m)t/3! +7, as 
n—>œw. Clearly, K can be chosen so large that (16) holds for al n= K. 
The left-hand side of (17) is | 


(va/ Bn) (1 + A/vn)#(1 — A/ pa) 4 
= (vn/Ha) (1 + A/m +: + A Amo) 
In view of the definition (11) of xn, the last expression is 
(vn/pn)3(1 + Opl (1/rn)) 


if n is sufficiently large. Also, vn/pn = va/¥nsi® SS 1/rsn*. Hence (17) holds 
for all n= K if K is sufficiently large. 

' Similarly, it is seen that (18) holds for all n= K if K is sufficiently 
large. It is also clear that if K is sufficiently large, then (19) is valid for 
all n2 kK. | 

As to (21), the exponential factor, for large n, does not exceed exp 
[— ta? (ün — Bb) ] which, according to (12), is o(exp[—vaun]), a8 n>. 
This makes obvious the existence of a K for which (21) holds when n= K. 


9. It will be shown that if Bx is chosen to be 1, and ag is chosen to be 
Oz(Bx/K*), for example, ax == 0, then, in the corresponding solution (18), 
(14) of (8), for n= K, 


(225) An = — Pn (TA /4v») (1 + Oo(1/v») ); 
(23n) By = — B,(rA/4y) (1 + Ool(1/vn)) 
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and 
(24n) nga = An(1 + O1(1/rnsr) exp (ns — À) (ans — bn) J, 
(25n) Baer = MnerAn(1 + Ojapec(1/vni)) exp [ (unes — A) Gner — Ba) I. 
It can be remarked that if (24a), (25a) hold, then by (19), 
(26) Any = O3(Bnr1/Vns1°) : 


The proof of (22,)-(25,) for n = K will be by mathematical induction on n. 
Since the passage from n to n + 1 will depend on (15) and (26,), it is clear 
from the choice of ax, Bx that a direct verification of (22x)-(25K) need not 
be made. 

Let n(=2 K) be fixed and suppose‘that (22,)-(25,) hold; in particular, 
that (26,) holds. The relations (15), where t= bus, give, by virtue of 
(13), (14), 


Ansa + Bay == Ana COS + Brit sin, 
Ånn TT Dar + (Yas —- À) 5 (ner dE À) — Œn+1 sin -+ Bast cos}, 


where the argument of sin, cos is (vas -H A)? (Onur — Gnu). By (16), (17) 
and (26,), these equations take the form 


Ans + Bnn == O2(Brsr/vner?) + Bua (— TAr + O3 (A/vnu°)), 
Amı — Bass = Oa (1/vm2") (Os (Ber/vair®) + O1( Bust) }. 
Since 1/vma? S l/rm < 1, it follows that 
Ann = — Bnn (TA/dvnss) + Orear (Brsi/Vnn"). 


Hence, (22am) follows from the definition (20) of C. If the last two simul- 
taneous equations are solved for Ban, it is seen that (23a) holds. 


The relations (15), where t = @ns2, give 

dina Anes exp + °] + Bra exp(—[-  J), 

Bma = (unn — A)? (vma + A) HAm expl +] — Ban exp(—[ DE 
where 
(27) Ce Cure — A)? (ans — bnr). 


In view of (18), these equations can be written as 


(28) Oaks = A,i{1 -+ (Bhu1/ Anx ) EXP (— 2[ ` J} exp[: i d; 
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(29) Bria ans vna (1 + Of (L/int) ) Ame 
X {1 — (Bnsr/ Anis) exp(— 2E : -])} expl: - -]. 
Since (22m1), (23n) have just been verified, it follows that 


BA Or) Oo na). 


Thus (241) is a consequence of (28) and (21), while (25.4) follows from 
(29), (21), and (18). This completes the induction and so (22n)-(265n) 
hold for all n= K. 


10. Without affecting the preceding considerations, it can be supposed 
that K has been chosen so large that 


(30) 1+0;(1/r,) >$>0 for nZK if h=1, 6 or |A|+2. 
It follows from (22,), (23n) that 
(31) An ~ Ba, as R—>00, 


and that An, B, have the same sign at each n= K. Also, (2205) and (25n) 
show that 


(32) Ans = — (mA / fvr) An(1 T Oo(1/vnu))( T Ojal+1(1/vnu))expl- ` J 
where [- - +] is given by (27). 

Since A, and B,, at each n = K, have the same sign, it follows from 
(14) that y(t) has no zero on by, StS as If A> 0, then An and Anis 
are of opposite signs, by (30), (82). It follows, therefore, that y(t) has 
an odd number of zeros on Gay < t< day. But (13) and (10) show that 
y(t) has on this last interval at most 1 ++ (vma +A)8/vai.2 zeros. Since 
1- (ver + A) rnt > 2, as n 00, it follows that y(t) has, for large n, 
exactly one zero On Guy, < É < bma Thus the second part of (3) is a 
consequence of the definition, (9), of ay. 

If À < 0, then A, and Awn are of the same sign, and so y(t) has an 
even number of zeros on Gay < É < bma But, on this interval, y(t) has at 
most 1 + (va + A) /vnà zeros. Since 1 + Omi + Avant < 2 when À < 0, 
it follows that y(#) has no zero on dau < t < bau. Thus the first part of (3) 
is proved. 


11. This proves the case (3) of (*) if q(t) is allowed to be a step- 
function, g*(t). It will be shown that g*(t) can be modified so as to become 
a continuous function g(t), for which (3) remains valid. 


SINGULAR BOUNDARY VALUE PROBLEMS, 117 


Since every solution y = y(t) of (8) has an absolutely continuous first 
derivative, one has d(y*-+ y?) — 2y (y + 9’) dt —— 2yy(q* +A—1) di. 
Thus |d(y+y*)|S (yr t+y*)({a*|+ Al +1)dt; and so y?y” 

f 


= 0 (exp f (| g*(s)| 41A] +1)ds), as-t->00. In particular, 


(33) | y(t)| = O(A(2)), as 10, 


| t 
where Q(t) — exp $ Í (| g* (s)| +s)ds. The point in the inequality (33) 


0 
is that y(t), being a solution of (8), depends on A but the majorant Q(t) 
is independent of A. 
Starting with g*(¢) construct a continuous function g(t) on 0 Æ t <% 
by letting q(t) = g*{t) except on small intervals, say (bo, bo + eo), (ai — 4, 1), 
(bi, bı + €1), (dg — ea, o), ` +, where q(t) is linear. Let 


(34) ` e(t) = g(t) — g7 (t). 


It is clear that if the numbers éo, e° * - tend to 0 sufficiently rapidly, then 


(35) f | e(t) | O7(t) dt <o. 


Let y = y, (t) = y (t, A) and y = ya (t) = Y(t, à) be a pair of solutions 
of (8) satisfying the Wronskian condition 9/143 — Y1y a == 1. If (1) is written 
as z” + (g* +-A)e== (g*—g}z, it is seen that every solution z == g(t) 
== 2(t,A) of (1), and its derivative, can be written in the form 


(36) D mm Das — Dia and T = psy’; — Pya 


where, for 7 == 1, 2, 


pi pila) =y f (a*(s) —4(s))9(s)2(s)ds, 


~ 


and yı. ya are constants. The results of [10], pp. 261-268, show that (33) 
and (35) imply that c; = lim p;(é, À), as ¢->0, exist for f == 1,2; further- 
more, Cı = C == 0 only if c(t) 0. (In [10], q and q* are assumed to be 
continuous, but it is clear that the discontinuities of g* do not affect the 
arguments there.) | 
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Let z(t) = z(t, À) 50; so that at least one the numbers cı, C is not 
zero. For the sake of concreteness, let cı =£ 0. Then the Wronskian condition 
On Yı Ye and (36) imply zy’; — 2’y, == — Pı > — Cn as too. Consequently, 
for large t-values, x and y, do not vanish simultaneously and (arc tan 4,/z)’ 
does not change sign; and so, the zeros of y, and x separate each other; cf: 
also [7]. Thus (3) holds for (1), since it holds for (8). This completes 
the proof of the case (3) of (*). 


12. Proof of the case (4) of (*). This part of (*) is proved in a 
manner similar to that of case (3). The main differences will be indicated. 
In (10), let the numbers b, be defined by 


(37) bn = Og + 37/8 | for =O, Les > 
Then (16) can be replaced by 
(38) sin (va + A)5(b4 — an) = — | +. Oar (1/v57), 


where, say, M == Af(A) = 5A? (> (3rA1/4)7/21). By a suitable choice of the 
integer K and the constant D (depending on A), it can be shown that the 
corresponding equation (8) has a solution (13), (14), where, for n = K, 


An = — ( Ba/2) (1 + On(1/rn)); - Ba = —(Bn/2) (1 + On(1/rn)), 
while (24a), (25n) hold. 


In this case, A, and Áp, are of opposite sign for all A. Thus, for the 
differential equation (8), the relation (4) can be verified as in §10. The 
passage from (8) to (1) is the same as in $ 11. | 


13. Proof of the case (5) of (*). This can be proved by another choice 
of b,, namely, 


(39) Da = Oy + 2r /vni for n — 0,1,- Re” 
Then (16) becomes 
(40) sin (vy + AJI (bn iaz an) == TÀ/Vn a O:(1/vs°). 


By the procedure of $ 9, it can be shown that the corresponding equation 
(8) has a solution (13), (14), where, for n= K, 


An = Ba (TA/2vn) (1 + Oo(1/rn)), Ba = Bn (Tà/2vs) ( 1+ Oo(L/v»)), 
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while (24,), (252) hold. Clearly, the proof can be finished by the procedures 
of §§ 10-11., 
This completes the proof of (*). 


14. Proof of (3 bis) and (5 bis). Return to the proof of the case (3) 
in 89. It will be shown that if A=-0 and K is a suitably chosen integer, 
then (8) has a solution (18), (14) where, for n= K, 


An Terre, 484 (v? + Yma) (1 + Os(1/v;) )s 


(4x) 
By = — 48, (vn? — va?) (1 + Os(1/ra)), 
and 
anı == An (1 + Ox (1/90) )exp [oni (amn — be) ], 
(42n) | 


Ban == vn Ag (1 -+ 0; (1/vn1) }exp Can? (Gris ae bn) |. 


The proof of these formulae, by induction, will be similar to the proof of 
(22,)-(25n). The relations (42,) imply, if n is sufficiently large, 


(43,) ; Ona == (Bnit/Pni1?) (1 À. Os(1/vnu) ). 


Let K be a positive integer. to be fixed below. Let ax, Bx be chosen so that 
(43g) holds. 


Assume (41,) and (42a). The equations for Ans, Bais, in the formula 
lines following (26) become for À == 0 


Ann -+ Bari we ome ns Anu rants Bay =~ Yma Bnn: 
Thus, by (43a) ; 
Ån EEA Bu (Vea -} Va) + 0, Brai. a)i 


Brat = _ Brat (vms? ma Vma) + O; (Brii/Vas"), 
and so (4l:) holds. 


The equations for @442, Bn,2 become identical with those preceding (27), 
where à == 0. These can be written in the form 


Ama == Anal + (Bnu/Ana)exp(— 2[: : -])} exp[- : +], 
Buz = vme Ana {1 ce (Baii/Ansi) Xp (— Rf : ‘1)} exp K : aF 
where [- - -] is given by (27) when à = 0. By (41,41), which has just been 


ł 
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verified, Bas1/Anus == 01(1) (1 + Oe (1/vm1)) (1 + Os(1/vm1)) >. Clearly, if 
K is fixed sufficientiy large, then (42,,:) holds. 

The proof can now be completed as in $10. The case À == 0 of (5) is 
“similar. 


15. Proof of the Remark on (3,) and (55). Let an, bm v va, H» have the 
same significance as in (9), (10), (11), (12). Define &,8,,-- - by placing 
y = + 1/y,4, where the + is a function of n to be given poe Let g*(t) 
be defined, for 0 t <œ, as follows: 


q* (t) == vn + n OD Om LÉ LD QE) == — un +d, on bn St < Gays 


for n= 0,1,::-. Let (13’), (14) denote the equation which result if À 
is replaced by À + 6, in (13), (14). Then the solutions of (8), for large ¢, 
are given by (13), (14’). It is clear from §§ 8-9 that if A540, then (8) 
has a solution (18’), (14) where, for large n, the coefficients satisfy the 
equations which result if A + ês, À + ên are written in place of A in (22) - 
(28n), (24n)-(25n), respectively. Thus, by the arguments of § 10, the asymp- 
totic formulae (3) hold if N(T, À) refers to (8). 

It remains to consider (3,). It will be shown that (8), where A= 0, 
has a solution (13’). (14’) with coefficients satisfying 


Ay = — Bs (rèr/4vs) (1 + Oar(1/vr3) ), 


(44n) 
By = — Ba(nôn/4vn) (1 + On (L/rat) ) 
and 
Ansi = An (1 + Oa (1/vnn) )exP| (tim — Ses) (an — br) ], 
(45a) | 


Bret = Var An (1 + O; (1/vuu) Jexp[ (gas Suis Snt)? (Ones SE ba) | ’ 
for large n, where M = 18/z. 


The equations (45,) imply (26,), if n is sufficiently large. Let K be a 
positive integer, to be fixed below. Let ax, Bx be chosen so that (26x-,) holds 
and assume that, for a fixed n(= K), the relations (44,), (45a) hold. 

The equations for Aas, Bar: become those in the formula lines following 
(26,), where À must be replaced by sn. Since (16) and (17) hold for 
large n, with A == 8,, the equations Am1, Bası become identical with those in 
the second pair of formula lines following (26,), with the modification that 
À is ôm. Hence, the definition of 8, shows that (44) holds (if K is 
sufficiently large). 


SINGULAR BOUNDARY VALUB PROBLEMS. 121 
Since (18) can be improved, for À = 6, and large n, to 
(yn = 84) 8 (var + Sne) À meee uny (1 + 0, (L/vnx1) J 


the deduction of (24n), (25n) above shows that (45,41) is a consequence of 
(44,11) if n is sufficiently large. | 

Let K be so large that (8), where À 0, has a solution y y(t) for 
which (44), (45n) hold for n = K. The arguments of $ 10 show that, for 
large n, y(t) has one or no zero for a, $ < ann according as the + or — 
sign holds in the definition of 8,. It is clear that, for a given $(7'), the + 
signs (as function of n), can be chosen so that (3,) holds if N(T,0) refers 
to (8). Since the passage from (8) to (1) is the same as in $ 11, the case 
(3) is proved. | 

Clearly, the case (5,) is proved similarly with the choice by = dn + 27/8. 


186.. Proof of (**), It can be supposed that the given set § is not 
empty. Otherwise it is sufficient to choose g(t) so that q(t) > — œ, as to, 
Then N(T,u) —N(T,A) =0(1), as To, for — co Ac pom. 

Clearly, $ 11 implies that it is sufficient to prove the existence of a 
function g*(t), OS <œ, which is a step-function with discontinuities 
clustering only at {00 and for which the assertion (**) holds if (1) is 
replaced by (8). 

Let 7t, 7?,- > - be'a sequence of points of the A-set S (allowing repetitions ) 
with the property that every point of § is either a point or a cluster 
point of the sequerice. - Let +1,72, * - denote the sequence 1+; rt, 71, 77, r*; 
a, Ti, 7, 77, T’, 7, 7°, nr, - - ; 80 that, for a given k, there exist arbi- 
trarily large N and M such that ta == 7* for n= N,N +1,---, M. 

Let y(t) be a continuous, monotone function satisfying y(0) — 0 and 
w(oo) ==oo, and let (9), (10), (11) and (12) hold. In addition, it can be 
supposed that vo, 1," * * increases so rapidly that, as n—>0, 


on? == 0(m), Where op == n+ max([71|,°°°,| 78). 
Define g* == q* (t), for 0<t<~a, as follows: 
q*(t) =n — Tn for dy St < D, and g*(t) =— pn — Ta for ba St < dan, 


where n—0,1,-::+. Corresponding to (13), (14), a solution of (8) has, 
for large n, the form 


(46) y(t) — an COB[ (vn + À —ra)(É — a) ] + Ba sin [Com + À —)(t—ay)] 
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(47) y(t) = An exp[ (un — À + tH)A(E — Bp) ] 


+ By exp[— (ua — À + tnt — dy) ] 
for ay St < bn, bn St < Gan, respectively. 
Let e > 0 and A be fixed. A slight modification of the procedures in § 8 
shows that there exists a positive integer K == K(A,.c) so large that for n = K 
one has vn + À— 7, > 0 and 


(48) _ sin (vn + A—tn)§(b, — an) — — r (A — Ta) /2vn + O1(1/rn*), | 
(49) (Yn HA — tn) En —A H Ta) = (vn / pin) (LE O:(ois/vn)) — Oa(1/ van), 
(50) (tu — At a A— 72) t= sou (1 + Or(coes/rest))> 
(51) (1+ O:(1/»)) (1 Oi(on/vs)) = 1 + 0: ( (2 + on) /vn) = O2(1), ` 
(52) (1+ On(1/rn) (1 + O(l/m)) = (1 + Onster(1/rn)) 0 Sh, 7 SY, 
and, in addition, for 


(53) O = 18/ne, 
one has 


(64) (1+ Oo(1/»)) (1 + Oo(1/rm) )* exp (— RE + :}) = O1 (l/rm), 


where oe 

(55) Co} (un — À + tn) (an — Bn). 

These relations and the arguments of $ 9 show that if N = K(A,e) and 
(56) . (A — rr | 2e>0 for n=N,N+1,---,M, 


then (8) has a solution y == y(t) for ay StS bay, given by (46), (47), 
where ay == O2(8w/vy*) and, for n==N,N+1,---,M, 


(572) An = — (Bnr (À — Tu) /4va) (1 ai Oc(1/»)), 

(58) By = — (Bar (À — ta) /4vs) (1 + Oo(1/rn) ) 

and 

(59x) Gnas = An (1 + Oi (1/vna)) epi - ‘}, 

(602) Brat eo nr An (1 + 0; ( (2 le One) /Vner) ) exp{: i Je 


If K is so large that | 0.((2-+-on)/va)| <$, | Oo(1/»)| <$ and 
À + (ran + A— Taa) t/n SS 5/2 < 3 whenever n = K, then the methods of 
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§ 10 show that (57,)-(60,) imply that y — y(t) has exactly one or no zero 
on the intervals 6, = t S b,,, according as À © Ta Or À < Tn, where n = N, 
N+1---,M. 

Let À < x and suppose that there exists an « > 0 such that, for all 
sufficiently large n, 


(61) | A— mn Be>0 and | ~—7|2e> 0. 


Then N(T,u) — N(T,A) is unbounded or bounded according as there is or 
is not at least one value of n (hence infinitely many) for which A < r, < p. 
This proves the assertion (**), for (8), in the case in which § has no point 
on the closed interval [A u]. 

If the open interval (À u) contains points of 8, the structure of the 


sequence Tı, 72,’ * ‘ shows that there exist an e > 0 and a sequence of increasing 
integers N, < M, < Na < M, <- -> such that Mn — Nn —> œ, as n—>, and 
AFH e< Tr < p—elifn=N,, Ng +1,- -, Mp, where k = 1,2, . Thus, 


(56) holds for NN, and M = M,. Hence (8) has on the interval 
by StS by, where N == Ng and M — My, a solution with no zeros; while if 
À is replaced by x, the resulting differential equation (8) has a solution 
with exactly M -———N zeros. Thus the contribution of by sis by to 
N(T,u) —N(T,A), for T = by, is at least (Af —N)—2. Consequently, 
Ma — Nan, as n—->œ, implies that N(T,u) —N(T,A) >o, as T0. 
This completes the proof of (**). 


17. Proof of the Remark following (**). If S is bounded from below, 
the above proof of (**) gives an example in which (1) is non-oscillatory for A 
less than every number in S. In order to obtain an example in which (1) 
is oscillatory for every A, it is sufficient to repeat the above construction, with 
b, in (10) replaced by By == dy + 2r/vnè. 


APPENDIX.* 


In the paper “ Oscillatory and non-oscillatory differential equations” by 
Wintner and the author, this Journal, vol. 71 (1949), p. 646, the question 
is raised as to whether or not the condition 


(62) g(t) tends monotonously to œ, as to, 
implies that the essential spectrum of (1) is the entire A-axis, when (2) is 


of limit-point type. It was proved loc. cti. that the answer is in the affirmative 


* Recieved May 5, 1951. 
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when the growth of q is sufficiently smooth. The object of this Appendix 
is to adapt the procedures employed above to prove that,- in se the 
answer 18 in the negative. 


There exist on 0 = t <œ continuous functions q(t) having the — 
that (62) holds, that (1) is of limit-point type, and that the spectrum Sq ts a 
pure point spectrum clustering at, and only at, œ and —o. | 


This assertion can be considered as a refinement of Corollaries 1 and 2 
in §2. The considerations of $ 11 show that it is sufficient to construct a 
step-function g*(t) having all of the desired properties, except that of con- 
tinuity. It turns out that the example in the Appendix of [6], pp. 211-212, 
is of this type. In this particular example, the function q (or q*) satisfies 


f dt/qi <w. 


It will remain an open question whether or not this holds for every example. 
The function g*(¢) in the Appendix of [6] is defined on 0 St <o by 


(63) q* (t) = vn iÍ Gn St < änn 

and | 

(64) a, = O and am — ap = 2r/v,t for n= 1,2, -:, 
fnally | 

(65) Pn = n°; 


so that a —>œ, while q*(¢) satisfies (62). This function makes (8) of 
limit-point type, by [6], pp. 211-212. It will be shown that, for every A, 
(8) has a solution which vanishes exactly twice on a, = ¢ < amı for large n; 
in particular, N(T, A) —N(T,u) = 0(1),as T0, for —00 < À < p <o. 
This implies, by [2], the statement concerning Sa 

Every solution of (8) is for large ¢ of the form 


(66) y(t) = an C08 (va + A)A(t— ay) + Bq sin (on + A)E(E— an), 


where some pair of constants ax, 8x can be chosen arbitrarily and ax, Bru, 
ara ' * * are chosen so as to satisfy (15). The relations between @,, 8, and 


Ans Baur are given by 


Ana = An cost * -] + fy sin[- - -], 
(67) 
Baw = (vs + A)# (vns + À) 4{— an sin | : J + Bn cos: j Ah 
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where the argument [- - -] of sin and cos is, by (64), 2e (va + À) vs, which | 
is of the form 2r (1 + A/2vs +- `), if À fixed and n—>. Consequently, 
if n is sufficiently large, cos[- : :] — 1 + Oss(A?/vq") and sinf : +] = Ox(A/v#), 
where M==7*, and (va + A) (van + A)? S 1— 1/2y,3, by (65). Hence, 
(67) becomes 


Qn "= an (1 T Ou(X/v)) ax Ow (ABn/¥n) > 
(68) . | 
| Bait | SS (1 — 1/28) (Oar (Aan /rn) + | Bn |). 
If 4,540, put c,—,/a,. It will be shown, by induction, that if the 
integer K == K (A) is sufficiently large, ars40 and cx = Ox(A/ve-1), then 
an > 0, and the relation | 


(69n) de = O4 à 1/n) SC, where C= C(E, A) 
È=K-1 : 


is a constant (cf. (65)), holds for n == K°—1,K,- : -. Assume a = 0 and 
that (69,1) holds, where n(= K) is fixed. Then the first equation of (68) 
gives | 


(702) nar = An (1 + Oomg(À/vs)), where 1 + Osxo(A/vs) > 0, 


if K is sufficiently large. In particular, #40. The second equation of 
(68) shows that 


| ema | SS (1 — 1/20) (1 + Osso (A/vn)) (M | A |/rm + | cn |). 


Since the product of the first two factors on the right does not exceed 1 if K 
is sufficiently large, (69,) follows from (69,,). This completes the induction. 

Consequently, (70n) holds for n—K,K +1,:-:. Since y(a,) = an 
by (66), it follows that y(a,) and (a) are of the same sign, so that y(t) 
vanishes an even number of times on an < t< ans. That y(t), for large t, 
vanishes exactly twice on an S t < dw, follows by the arguments of § 10. 
This completes the proof of the italicized assertion. 
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By BJARNI JONNSON and ALFRED TARSEI. 


PART IT ** 


Section 4. 


Representation Theorems for Relation Algebras. 


Relation algebras are abstract algebraic systems characterized by means 
of a number of simple postulates which prove to be satisfied 1f we take the 
elements of the algebra to be binary relations, and the fundamental operations 
of this algebra to be set-theoretical operations of addition and multiplication 
together with relative multiplication and conversion. The relation algebra 
actually formed by binary relations and the operations just mentioned will be 
referred to as proper relation algebras. The natural representation problem for 
relation algebras is the problem whether every relation algebra is isomorphic 
to a proper relation algebra. It has recently been shown that in general the 
solution of this problem is negative.** On the other hand, we shall see in 
Theorem 4.22 that every relation algebra has at least a “weak” natural 
representation in which all the operations except the Boolean multiplication 
have their natural meaning. In some further theorems, e. g., 4.29 and 4. 32, 
we shall obtain a positive solution of the natural representation problem for 
certain classes of relation algebras which, however, are of a rather special 
nature. 

When studying abstract relation alegbras it is useful to bear in mind 
that various notions of the general theory of these algebras take on a familiar 
meaning and various results can easily be anticipated when applied to proper 
relation algebras. 


DEFINITION 4.1. An algebra 


M = <A, +, 0, *, 1, ;, be Le 


* Received March 13, 1950. 
** Part I appeared in vol. 73 (1951), pp. 891-939, of this Journal. 
1t Cf. Lyndon [1]. The numbers in bracketa refer to the bibliography at the 
beginning of Part I of this paper. 
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(where +, +, and ; are operations on A? to A, Y ts an operation on À to A, 
and 0, 1, and 1’ are elements of A) is called a relation algebra tf ie following 
. conditions are satisfied: 


(i) <A, +, 0, *,15 48 a Boolean algebra. 
(ii) (@sy)sz—as(y sz) for any z,y,2e À. 
(ili) Vsomcet sl for every ze À. 


(iv) The formulas (x ;y)°2—0, (x ;2) y 0, and (z; y4V/):c=0 are 
equivalent for any x, Y, Z€ À. 


The operation ; ts referred to as relative multiplication, the operation V 
as conversion, and the element 1’ as the identity element." 


In view of condition (ii) of this definition we shall in general, when 
; Speaking of relation algebras, omit parentheses in expressions like 

(x; y);2 and æ;(y;e). 
Condition 4.1(iv) plays a fundamental role in the theory of relation 
algebras. It is useful to notice in this connection the following 


THEOREM 4.2. In Definition 4.1 condition av) can ue replaced by the 
following one: 


(iv) Gwen any element ae A, the functions f and g defined by the formulas 
f(z) == a; x and g(x) =a“; x for every ce A | 
are conjugate, and so are the aretoa f and g' defined by the formulas 
f(x) 2; a and g(x) =g;aY for every ze À. 
Proof. By 1.11 and 4.1. 


We shall not develop here either the arithmetic of relation algebras or 
the proper algebraic theory of these algebras (the study of isomorphisms, 
homomorphisms, subalgebras, etc.)—-except insofar as it is relevant for the 
main purposes of our discussion. Some arithmetical consequences of 4.1 are 
stated in the next theorem. 


/ 
THEOREM 4.3. For any relation algebra 


Qf — <A, SR ae eee r, na 


14 The axiom system 4.1(i)-(iv) is equivalent to the one given in J6nsson-Tarski 
[2]. For the proof of the equivalence of the two systems see Chin-Tarski [1], Theorem 
2.2; for the relation of these systems to the axiom system in Tarski [2] see Chin-Tarski 
[1], footnote 10. 
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we have: 


(i) Ifred, Iwan arbitrary set, and the elements ye A with tel are 


(xii) 


such that 2e À, then 
te £ 
>, (T; 4) E À, > (yis T) € A, 
4el iel 
z(y) =) (z; y), and (Eyi); sm Dd (ys 52). 
tel sel tel tel 


If r, g, y, y eA, ev, and y Ey’, thenasysv sy. 

Ts 0—0 = 0 ; z for every ced. 

stZEgz,; l ands 1;zx for every ze À. 

(z +y)Y =Y ty, (ay) Y =Y yY, and (2: 4)" my sav 
for any tr, ye À. 

If x, ye À and z < y, then gv Sy. 

TYY == g and TT =g for every ced. 

(a ;y): zr; TY ;# for any T,y,2E À. 

tT; TY ;x for every ce À. 

eV’ s (x;y) 5y" for any z,ye À. 

OV == 0, 1V = 1, and (1) =P. 

If ze À ts an atom, then xY is an atom. 


Proof. The proof of parts (i)-(xi) of this theorem can be found 
elsewhere 1%; (xii) obviously follows from (vi), (vii), and (xi). 


THEOREM 4.4. Every relation algebra ts a normal Boolean algebra 
with operators. 


Proof. By 2.13, 4.1, and 4. 3(i) (iii) (v) (=). 


Some further arithmetical notions applying to relation algebras are 
introduced in the following. 


DEFINITION 4. 5. Let 


Wm <A, -+,0,°,1,5, L,Y 


be a relation algebra. 


(i) The element (1’)~ ts called the diversity element and ts denoted by O. 
An element x e A ts referred to as 


(ii) an equivalence element tf x ; x = x and YS 3%, 


14 See Chin-Tarski [1], 88 L and 2. 
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(iii) a functional element if tY ;z= 71, 
(iv) an ideal element tf == 1 52 51. 
The reasons why we have chosen the terms introduced in 4. 5(ii)(iti)(iv) 


will become clear in our further discussion (see Theorem 4. 24 and remarks 
preceding Definition 4. 8). 


THEOREM 4.6. Gtven a relation algebra 


Y == A,+,0,°,1,5,10,% 
we have 
(i) © (0Y m 0. 
(i) 0 ;:0 ;0° Y = 0’ ; 07. 
(ili) For every ze À the following three conditions are equivalent: x ts 
an equivalence element, x ; t == t = TY, and TY ; tm. 


(iv) If z,ye À, x is a functional element, ana ys T, then y ts a func- 
tional element. 


~ 


(v) If 2,y,2eA, and x is a functional element, then 
T; (Y > 2) = (£; y) + (cie) and (y+ 2) ;2¥ = (y ; 2Y): (252%). 
(vi) If ce A and x = 1, then x is both an equivalence element and a 

functional element. 
(vu) Îfz,ye À, x ts an atom, and y is a functional element, then z ; y = 0 
or 2; y is an atom. 


(viii) If x,ye À are ideal elements, then x + y, x°y, and x are ideal 
elements. 


(ix) If z,ye A are ideal elements, then x ;y—x:y and zY =p, 
(x) If z,y,ze À and x is an ideal element, then 


T (y 52) = (sy); (xs). 
(xi) 0 and 1 are ideal elements. 


(xii) 1 ;a2;1 is an ideal element for every ce À. 


(xiii) zeA is an ideal element sf, and only if, x and x are equivalence 
elements. 


Proof. The proof of all parts of this theorem, except (vii), can be 
found elsewhere." To prove (vil), suppose v is an atom and y is a func- 


17 See Chin-Tarski [1], 8 3. 
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tional element. Consider any element zs0 such that z= 2;y. Then 
(z ; y) + z0 and hence, by 4.1 (iv), (2;y/) £0. Since x is an atom, 
this implies that x= z ; yV. Hence, by 4. 1(i1) (iii), 4. 3 (ii), and 4. 5(i1), 


Bap Se YS SA eB” 7 
and therefore z = x;y. Since this is true for every z5£0 with z= ;y, 
we obtain the conclusion of (vii) at once. 


We shall now establish some facts belonging to the proper algebraic 
theory of relation algebras. 


THEOREM 4.7. (i) A homomorphic image of a relation algebra is 
again a relation algebra. 
(ii) À cardinal product of relation algebras ts again a relation algebra. 

Proof. The corresponding theorem for Boolean algebras is well known. 
Hence and from the form of conditions (ii), (ii), and (iv) of 4.1 we see 
directly that 4.7(i1) holds; to obtain 4.7(i) we notice in addition that, by 
1.15(i) (iii) and 4.2, condition 4. 1(iv) can be equivalently replaced by a 
system of equations. ; 


By an tdeal in the relation algebra 
| À = <A, T 0, E 1, ;, "o 

we understand any non-empty set J C A satisfying the conditions: 

(i) ife,yed, then e+ yed; 

(ii) if seJ and ye A, then a-yed, x ;yeJ, and y ;aeJ.® 

The connections between homomorphisms and ideals in relation algebras 
prove to be entirely analogous to those in Boolean algebras or arbitrary rings. 
Moreover, it turns out that the discussion of ideals in relation algebras reduces 
entirely to the discussion of ideals in Boolean algebras. For a one-to-one 


correspondence which preserves the inclusion relation can be established 
between ideals in the relation algebra Y and those in the Boolean algebra 


S = CL, +, 0, eel: 


where J is the set of all ideal elements ae A. (The system % is clearly a 
Boolean algebra by 4. 6(viii) (xi).) In particular, given any ae, the set 
of all elements xe A with «=a is a principal ideal in Y which corresponds 


18 See Chin-Tarski [1], §3 (remarks following Definition 8.23). 
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to the principal ideal in % consisting of all elements rel with Sa; if a 
is not in I, the set of all ze A with Sa is not an ideal in X. Without using 
the notion of an ideal explicitly, we give a few theorems, 4. 9-4. 14, which 
are suggested by the above remarks and by the knowledge of analogous results 
applying to Boolean algebras. 


DEFINITION 4.8. Let 
À = <A, +, 0, ane eee 1; “> 


be a relation algebra. Let a be any element in A, and B be the set of all 
elements ze A such that x <a, Then the system 


<B, +,0,°,4,5,4@°1,%> 
will be denoted by W(a). 
Turormm 4.9. If 
Wow A, +, 0, :,1, ;, 10, 


is a relation algebra and ae À is an ideal element, then U(a) ts a relation 
algebra and the function $ on A defined by the formula 


p(t) =a -x for every ze À 
maps A homomorphically onto W(a). 


Proof. It is well known that ¢ maps homomorphically the Boolean 
algebra <4, +, 0, ° 1> onto <B,-+,0,-,a@>. Moreover, by 4.6(x) we have 


br sy) = (z); (y) for any a, ye A, 
while, by 4.3(v) and 4. 6(ix), 
d(z’) = [h(z)]" for every te À. 


Since, in addition, ¢(1’) =a- 1’, we conclude by 4.8 that ¢ maps A homo- 
morphically onto (a). Hence, by 4.7(1), M(a) is a relation algebra. 


Notice that a necessary and sufficient condition for A (a) to be a relation 
algebra is that a be an equivalence element (and not necessarily an ideal 
element). 


THEOREM 4.10. Let 
À — <A, +; 0, “a 1, 13 T; “y 
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be a relation algebra in which 01. Then the following conditions are 
equivalent : 
(1) Wt simple. 
(ii) QW has no ideal elements different from 0 and 1. 
(ii) For every ze À, z 540 imples 1 se ;1— 1. 
(iv) For any z,yeA, x ; 1 ; y — 0 tmpltes that t =Q or y = 0. 
Proof. By 4.9, (i) implies (ii). By 4.3(iv) and 4.6(xi), (ii) 
implies (iii). Now assume that (iii) holds. Let ¢ be a homomorphism 
mapping Ÿ onto another algebra 
D =e <B, 5 0, E 1, 59 l, > 
and suppose B contains at least two different elements. By 4.7(1), 8 is also 
a relation algebra. If z,yeA and ¢(2) =¢(y), and if we put 
aa y Hyi, 
then (z2) = 0, and hence, by 4. 3 (ii), 6(1 ;2;1) —0. Hence (1 5251) 
l= (1), and therefore 1;2;1541. It follows by (iii) that z == 0 


whence z = y. Thus, ¢ is an isomorphism. Consequently, (iii) ee (i), 
and conditions (i)-(itl) are equivalent. 


\ 


Suppose now again that (iii) holds, sad oidd any elements s, ye A ` 
such that s; 1 ;y=0. By 4.3(iü) we obtain 1;s;1;y==0. Hence, by 
(iii), if ¢ 40, then 1 ; y = 0 and therefore, by 4. 3 (iv), y —0. Thus (iii) 
implies (iv). Finally, assume (iv) to hold. From 4.3(x), with z and y 
replaced by 1 ;x and 1, respectively we obtain (1 ;æz)° ; (1;:æ;1)-<0, 
and therefore, by 4. 3(v) (xi), a’ ; 1; (1;z;1)-=0. Hence, by applying 
(iv) and with the help of 4. 8(vii)(xi), we conclude that, if c5<0, then 
(l;c;1)~=0 and 1;z;1—1. Thus, (iv) implies (iii), and the proof 
18 complete. | 


THEOREM 4.11. Every relation algebra which 1s.a jh dd of a 
simple relation algebra is itself simple. 


Proof. By 4.10(i) (ii). 
THroREM 4.12. Let 
A= <A, +, 0, -,1, ;, 1”, VS 
be a relation algebra. Let I be an arbitrary set, and, for every se I, let 
B; = By -Hp de *o Ly 36 Lo YD 


1° This is a joint result of J. C. C. McKinsey and A. Tarski; see Jénsson-Tarski [2]. 


134 BJARNI JONSSON AND ALFRED TARSKI. 


be a relation algebra. In order that Y be isomorphic to the cardinal product 
of the algebras B, tt ts necessary and suficient that there exist elements u e A 
satisfying the following conditions: 


(i) > a; = 1. 


| tel 

Gi) Ifi jel and 154], then a: aje 0. 

(iti) E (4+ ai) eA for any elements re A correlated with tel, 
tel | 


(iv) a; ts an ideal element for every ve I. 
(v) Ala) = Bi for every iel. 


(Condition (iii) is automatically satisfied in case the set I is finite.) 


Proof. Let 7 
D == <B, Fa 0, `> 1, 29 + > 
be the cardinal product of all the algebras B, with +e 7. B is then the set 


of all functions ¢ on J such that (1) e B; for every te I. Givente J, let b be 
the unique function ¢e B such that 


pi) = 1, and ¢(7) = 0, for every jel, 7541. 


As is easily seen, using 4. 3(iii)(iv) and 4. 5(iv), the elements be B thus 
_ defined satisfy conditions (i)-(v) of our theorem (with ‘A’ and ‘a?’ 
changed to ‘B’ and ‘},’). Hence, if N is isomorphic to B, there are also 
elements ae À satisfying the same conditions. 

Assume now, conversely, that there are elements ae A satisfying con- 
‘ditions (i)-(v): For any given ze A let (x) be the only furiction ¢ on I 
such that | - 

p(t) =u x for every tel. 


Then, by (i)-(111), y maps the set A in one-to-one way onto the set of all 
functions ¢ on J such that (t) =a, for every te Z. Hence, with the help 
‘of (iv), 4.8, and 4.9, we conclude that y maps A isomorphically onto the 
direct product of the algebras N (a) with te. Consequently, by (v), X is 
isomorphic to the direct product B of the algebras B, with te 7. Thus, our 
theorem holds in both directions. 


THEOREM 4.18. Let. : 


À + <A, = 0, 3 1, 33 l, “> 


as well as B and © be relation. algebras: In`order ‘that A =B XE it ts 
necessary and sufficient that there be an ideal element ae A such-that - - 
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Ya) =B and UW(a-) = ©. 
Proof. By 4.6(viii) and 4.12. 


THEOREM 4.14. À relation algebra is simple if, and only if, it is 
indecomposable. 


Proof. By 4.8, 4.10, and 4.18 a relation algebra which is not simple 
cannot be indecomposable. The converse is known to hold for every algebra. 


THEOREM 4.15. For every relation algebra À there exist simple relation 
algebras B; correlated with elements i of a set I such that À is isomorphic 
to a subalgebra of the cardinal product of the algebras B, and that, for every 
tel, Bı is a homomorphic image of I. 


Proof. If we replace in 4.15 “relation algebras” by “algebras” and 
“simple” by “indecomposable,” we obtain a statement which holds for 
arbitrary algebras and is a direct consequence of a result known from the 
literature.2° Hence, by restricting ourselves to relation algebras and applying 
4. Y(i) and 4.14, we obtain 4.15 at once. 


It may be mentioned that relation algebras and specifically simple relation 
algebras are closely related to cylindric algebras discussed in the preceding 
section. In fact, if 

À — <A, 0 ds des ~~ 


is a relation algebra, and if we put 


Oo(z) =1;2 and Ci(x) = 2 ; 1 for every te A, 
then 
À” = <A, +, 0, *, 1, Co, C> 


proves to be a generalized cylindric algebra. Moreover, if Y is simple, then 
9’ is also simple, and hence W is a cylindric algebra in the sense of 3.15 
(compare remarks following 3.18). 

Besides simple algebras, a more special class of relation algebras—in 
fact, that of integral algebras defined below in 4. 16—will be involved in a 
part of our further discussion (see Theorems 5.10-5.12 in the following 
section). An even more important role will be played by still another class 
of relation algebras—in fact, by algebras in which every atom is a functional 
element; we do not introduce any special term to denote such algebras. Some 
general properties of these two classes of relation algebras will be established 
in the following theorems. 


70 See Birkhoff [2]. 
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DEFINITION 4,16. À relation algebra 
Y = <A, ry Oy pdt, vy 


ts said to be an integral relation algebra (or a relation algebra without 
gero divisors) tf O51 and tf, for any z, y e A, the formula x ; y == 0 implies 
that z =Q or y— 0. , 


 Texorem 4.17. For every relation algebra 
W == <A, +, 0, *, 1, 5, 1, “> 
in which 0=41 the following conditions are equivalent: 
(1) A is an integral relation algebra. 
(ii) For every ce À, 2540 implies 2 ;1— 1. 
(ii) Every functional element ce A such that «5&0 is an atom. . 
(iv) 1’ is an atom. 
| Proof. Assume (i) to hold. By 4.3(x) with y — 1 we have c¥ ;(2 ;1)— 
== 0 for every eA. Hence, by (i) and 4.16, sV =Q or æ ;le=1. If 
T60, then, by 4.3(vii) (xi), e454£0 and therefore x ;1—1. Thus, (i) 
implies (ii). 
Suppose that (ii) holds. By 4. 3(viii), with y—1 and z==1’, and 
4, 1 (i1), we obtain for every ye A: 
(1) If y0, then V=(y;1)-VSysysVoysyy. 
Let now z=£0 be a functional element and let y be any element such that 
y =r and y0. By 4.1(iii). 4. 3(ii) (vi), 4 5(iv), and (1) we have 
. gem e Sy; yY; Sy; rS y; r mmy. 
Hence y— zx. Thus, © is an atom, and (ii) implies (iii). - 
By 4.6(vi), 1’ is a functional element. Also, 1°-£ 0 since otherwise 
we should have, by 4. 1(iïi) and 4. 3(iii). 
| 1=1;1—1,;0=0, 
contrary to the hypothesis of the theorem. Hence, (iii) implies (iv). 
Now assume that (iv) holds, and consider any elements æ,ye À for 
which z ;y—0. By (iv), either (y ;1) -P =Y or (y;1)-V=0. In 
the first case we have 1’ = y ; 1, and hence, by 4. 1(ii) (iii) and 4. 3 (ii) (iii), 


comet sVSesy;l—0;1—0. 


In the second case we obtain, by 4. 1(iv), (y¥ 31’) -1—0, and hence, by 
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4,1(iii) and 4. 3(vii) (xi), y==0. Consequently, by 4.16, (iv) implies (i). 
Thus, conditions (i)-(iv) are equivalent. 

From 4. 38(v) (vii) (xi) it is easily seen that formula z ; 1— 1 in 4.17(11) 
can be replaced by 1 ;t== 1, 


THEOREM 4. 18. (i) Every relation algebra which is a subalgebra of 
an integral relation algebra ts 1tself integral. | 

(ii) Every integral relation algebra ts simple. 

Proof. (i) immediately follows from 4.16. To obtain (ii) we notice 
that, by 4.3(i1) (iv) and 4.16, condition 4.17(i) directly implies 4. 10 (iv). 
(Similarly, 4. 17 (i) directly implies 4. 10(ii1).) 


THEOREM 4.19. For every relation algebra 
À =m ét e 1,72 
the following conditions are equivalent: 
(i) Every atom xe À is a functional element. 
(ii) If z,ye À are atoms, then x ; y=0 or x;y is an atom. 
(ii) Jf ced ts an atom, then zY ; x ts an atom. 
Proof. Observe that, for every ze A, (x ; xs) F =— 0 implies g == 0 
by 4. 1 (11) (iv). Hence 
(1) l (z7 ;x) + P0 whenever z £0. 
By 4. 6 (vii), condition (i) implies (ii). Assume now (ii) to hold. Itxz=40 
is an atom, then zY is an atom by 4.3(xii), and therefore gt“; æ is an 
atom by (ii) and (1). Thus, (ii) implies (iii). From (1) and 4. 5({iii) 
we also see that (ili) implies (i), and the proof is complete. 


THEOREM 4.20. For every atomistic relation algebra 
À mm <A, +0 2) 1’, Le 
in which 0541 the following two conditions are equivalent: 
(i) N ts integral and every atom ce À is a functional element. 
(3) Jif c,yeA are atoms, then x ; y ts also an atom. 


Proof. By 4.16 and 4.19(i) (ii), condition (i) implies (ii) for every 
relation algebra % (whether atomistic or not). Again by 4.19(i) (ii), con- 
dition (ii) implies that every atom in Y is a functional element, and since W 
is atomistic, this condition also implies by 4.3(ii) and 4.16 that Y is 
integral. Thus conditions (i) and (ii) are equivalent. 
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We now turn to the main subject of this section—representation theorems 
for relation algebras. We begin with the extension theorem: 


THEOREM 4.21. For every relation algebra B there ts a complete and 
atomistic relation algebra À which is a perfect extension of $. If B ts 
simple, or integral, the same apples to M. 


_ Proof. By 2.15 and 4.4 there is a complete and atomistic Boolean 
algebra with operators Y% which is a perfect extension of B. From 2.11(i), 
2.18, and 4.1 it follows that M is a relation algebra. The second part of 
the theorem results from 2. 11(ii), 4.10(i) (ii), and 4.17(i) (ii). 


THEOREM 4,22. Every relation algebra 
Wee <A, +,0,°,1,50,Y 
is isomorphic to a relation algebra | 
N ae <A, U, A, ©, Y, LL 5 


where À is a family of binary relations RC V, V ts an equivalence relation, 
and I is the identity function on the field of V, while U, A, |, and + have 
their usual (set-theoretical) meaning. 


Proof. By 4.21 no loss of generality arises if we restrict ourselves to 
the case when M is atomistic. Let, in this case, U be the set of all atoms 
of A. We define a function F on A by means of the formula 


(1) F(z) =E Le beU and a=2;b] for every ze À. 
10 

Furthermore, we put 

(2) A = F*(A), V=F(1), and J == F(T). 


Assume that F(z) =F (y) for any given z,ye A. W being atomistic, this 
assumption implies by (1) that 


(3) T ; by ;b for every beU. 


By 4.1(iii) and 4.3(i), again in view of the atomistic character of M, 
we have 


(4) | Tant; l'mg;( 2-b)= $ (2;6), 
L=dbeU - exbeaU 
and similarly 


1'2beU 
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“Formulas (3)-(5) imply that z =y. Thus, by (2), 
(6) F maps A onto A in one-to-one way. 
By (1) and 4. 3(i) (iii) we have 


(T) à F(z + y) = F(z)Ù F(y) for any z,yeA 
and 
(8) F(0)== A. 


Consider any z,ye À. If <a, be F(x ; y), then, by (1), a = zx ;(y ;b) 
and a be U. Hence À being atomistic, we conclude by 4.3(1) that there 
is a ceU such thata = x ;cand c=#y;b. Therefore, by (1), <a, ce F(z), 
<c, b> e F(y), and consequently <a, bò e F(x)| F(y). In a similar way, using 
(1) and 4.3(11), we show that the latter formula implies <a, bẹ e F(a ; y). 
Thus, 

(9) F(z ;y) =F(2)| F(y) for any 2, ye À. 
Suppose ze A. If <a,bse[F(r)]7, Le, <b,aye F(x), then by (1), 
bS2;aanda,beU. Therefore (x ;a)-b=40 whence (2’;6) -a560 by 
4.1(iv). Consequently, a = zY; b and <a, bye F(z). Thus 

[F(x) 7 C F(Y) for every ze À. 


Hence the inclusion in the opposite direction can easily be derived with the 
help of 4. 3 (vii), so that finally 


(10) P(z°) = [F(2)]7 for every ze À. 
In view of (6), P has the inverse function F> which maps A onto 4. 

If we now define the binary operation © on elements of A by putting 
RQOS=—F(F° (Rf) - F*(8)) for R,S$ e À, 

we clearly have 

(11) F(z-y)=F(x)O Fy) for any 2, ye A. 

By (2) and (6)-(11), the functions F maps M isomorphically onto 

W = <A, UA OC; F, 51,7 % 


Hence W is a relation algebra. By 4. 3(iv) (xi) we have F | V = F = V>; 
thus, V is an equivalence relation. By (1), (2), and 4. 3(iv), the field of 
Vis U. Finally, from (1), (2), and 4.1(ii1) we see that T is the set of all 
‘couples <a,a> with ae U—or, in other words, the identity function on U 
to U. The proof has thus been completed. 
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It should be emphasized that, in general, the operation © in the 
algebra‘ W” of Theorem 4. 22 is not set-theoretical multiplication; i. e., R and 
J being two relations in A, R © S does not necessarily coincide with the 
intersection À N 8 of R and §. However, the meaning of ©) is unambigu- 
ously determined by the fact that, according to 4.1, <A, U, 4, ©, V> is a 
Boolean algebra; R © S is the largest relation in A included in both R 
and §. As was pointed out at the beginning of this section, the representation 
theorem 4.22 cannot be improved in the sense that the operation © in W 
cannot be assumed to coincide with set-theoretical multiplication N. In the 
remaining part of this section we shall be concerned with those algebras W 
in which (©) coincides with N, and we shall prove a few special representation 
theorems in which such algebras are involved. 


DEFINITION 4.23. À relation algebra 
ie <A, 5 OF T; > 
is called a proper relation algebra if A is a family of binary relations, 0 == A, 
and if R+S—_RUS, R°S—RNS, R;S=R|S, and RY = R for 


any R,Se A. ts called a proper relation algebra on a set U tf, in addition, 
U is a non-empty set, 1 == U*, and 1’ is the identity function on U. 


When referring to proper relation algebras, we shall use the symbol Y 
instead of 1, and the symbol J instead of 1’. 


THEOREM 4,24. Let 
A = <A, U, ASN, PL LS à 


be a proper relation algebra. 

(i) For a relation Re A to be an equivalence element in À it is necessary 
and sufficient that R be an equivalence relation. In particular, V and I are 
equivalence relations having the same field. 

(ii) If I is an identity function, then, for a relation Re À to be a func- 
tsonal element in À, it is necessary and suficient that R be a function (a 
many-to-one relation). 


Proof. The first part of (i) obviously follows from 4. (ii) and 4. 23. 
Hence, by 4. 6(vi) (xi) (xiii), V and J are equivalence relations. Since, by 
4, 1(i) (iii), JO V CI | V, we see that V and J have the same field. Finally, 
(ii) is an obvious consequence of 4. 5 (iii) and 4. 23. : 

In connection with 4,24 it may be noticed that the notion of an ideal 
element also assumes a rather simple meaning when applied to proper relation 
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algebras. In fact, A being a proper relation algebra with the universal 
relation V, let U be the field of V. Since, by 4.24(i), V is an equivalence - 
relation, there exists a partition of U under FV, i. e., a S K of nonempty 
mutually exclusive sets X such that 


U — U X and V= U P. 
Aek | XtK 


It is now easily seen that a relation R e À is an ideal element in the sense 
of 4. 5(iv) if, and only if, for some a LCK, 
| R= (j Ze. 


ZeL 
THEOREM 4.25. For 


X = <A, UA, N, V, j, g= 


to bea proper relation algebra, it ts necessary and sufficient that the following 
conditions be satisfied: ! 


(i). A is a set-field whose elements are binary relations and V is the 
universal set of A. 


(ii) R| SecA and Rte A for any R, SeA. 
(iti) IeA, and R| I — perle every Re A. 


Proof. Obvious, by 4. 1 and 4. 23. 


THroreM 4.26. Let À be the family of all binary relations R with 
RC V, and let | 


N= <A, ony ALL, 


(i) For X to be a proper relation algebra, it is necessary and sufficient 
that V be an equivalence relation: and I be the identity function on the 
field of V. . 

(ii) For Y to be a simple proper relation algebra it is necessary and 
sufficient that, for some non-empty set U, V — U? and I be the identity 
function on U (in other words, that X be a proper relation algebra on a 
set U). | 

Proof. If X is a proper relation algebra, then V is an equivalence 
relation by 4.24(1). J being the:identity function on the field of V, we 
clearly have J | I—=J and also, by 4. 25(ili), J | I =J, 80 that I =J. If, 
conversely, V is an equivalence relation and I is the identity function on the 
field of V, we easily see (e. g., by 4.25) that M is a proper relation algebra. 


Assume that Y is a simple proper relation algebra. By (i), V is an 


ee eee 


mean 
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equivalence relation and, U being the field of V, I is the identity function 
on U. Since V s£ A, the set U is not empty. For any given ae U we 
denote by V(a) the set of all couples <x, yò eV such that <a, se V and 
<a, ye V. We easily see that 


VI V(a)| V =F (a). 


Since V(a) 5A, we conclude by 4.10(1) (iii) that V(a) = V. Hence, 
if z, ye U, then <z, £> £ V(a), <y, y> e V(a), and therefore <z, y> € Via) = V7; 
consequently, V == U*. Thus, the conditions stated in (ii) are necessary for 
A to be simple. If, conversely, V == U? and J is the identity function on U, 
then, by (i), Ÿ is a proper relation algebra. Moreover, we easily check that 
V | R| V = F for every RC Y such that E&A. Hence, by 4 10(i) (iii), 
A is simple. The proof has thus been completed. 


It should be pointed out at this place that, in general the relation J 
in a proper relation algebra % is not always an identity function. Also, 
even in case Y is simple, the relation V is not necessarily of the form V — 0, 
and hence Y is not necessarily a proper relation algebra on a set U. In this 
connection the following two theorems deserve attention. | 


THEOREM 4.27. Every proper relation algebra 
À = ÇA, U, A, N, F, 1,57 
ts tsomorphic to a proper relation algebra 
Be OAS, PLIS 
where I’ is the identity function on the field of V’. 


Proof. For every z let c© = J*({z}) and for every Re A let F(R) be 
the set of all ordered pairs of the form <2, yy with <z, yẹ eR. Moreover 
let 

A’ = F*(A), V'=F(V) and F= P(I). 


It is easy to check that the function F maps A isomorphically onto the 
system 
Qf == <A’, U, A, N, V’, F Ty, 


whence it follows that X is a relation algebra. Finally, I’ is clearly an 
identity function on the field of VY”. 


THEOREM 4.28. For a proper relation algebra Y to be simple tt is 
necessary and sufficient that X be isomorphic to a proper relation algebra W 
on a set U. 
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Proof. U being an arbitrary set, we easily see that U? |R |U? = U? 
for every relation RC U? such that R54 A. Hence, by 4.10 and 4. 22, 
every proper relation algebra Wf’ on U is simple, and N = W is a sufficient 
condition for % to be simple. Assume now, conversely, that 


Yam <A, U, A N, VP, |, 1, 
is simple. By 4.24(1) we have 


(1) FY is a non-empty equivalence relation, © 
and in view of 4.27, we may assume that 


(2) J is the identity function on the field of F. 
Take a fixed element a in the field of V and put 
(3) _ U—V*({a}). 


Let B be the set of all relations RCV. It follows from (1), (2), and 
4,26(i) that | 
B= <B, U,A, N; V, d; > 


is a proper relation algebra. (1) and (3) imply that 
VIUS|V = U’ 


so that,.by 4. 5 (iv), U? is an ideal element in $. Hence, by 4.9 and 4. 28, 
the function F on B defined by the formula 


F(R) =U’ N E for any RCV 
maps B homomorphically onto the proper relation algebra 
BU?) = <B’, U, A, N, 0", |, 2, 
where B’ is the set of all relations À C U? while 
(4) Pm OF OL 


YM is clearly a subalgebra of B, and hence the same function F maps A 
homomorphically onto the subalgebra 


(5) W= <A’, U, A, N, U’, |], 7, = 


of B(U°), where A’ == F* (A). Moreover, by (1)-(4), the set U is not 
empty and J’ is the identity function on U. Hence, according to 4.28, 
W is a proper relation algebra on U. Finally, since Y is simple and since, 
by (5), A’ has at least two different elements (U?54A), F maps Y iso- 
morphically onto A”. Thus the theorem holds in both directions. 
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Taxorex 4,29. If 
Y = <A, el ere ee T; TS 


is an atomistic relation algebra in which every atom is a functional element, 
then À ts isomorphic to a proper relation algebra. 


Proof. We repeat the proof of 4.22 by defining U, F, A, V, and J, 
and deriving conditions (6), (7), (8), (11), and (12). Im view of 4. 25, 
our task reduces to showing that | 

F(xz'y)—F(z) N F(y) for any z,ye A. 
This condition is clearly equivalent to 
(1) (x-y); b= (z; b)» (y;:b) for any z,ye À and be U. - 

Now, if be U, then 6VeU by 4 8(xi). Hence, by hypothesis, bY is a 
functional element, and we obtain (1) by applying 4. 3(v) (vil) and 4. 6(v). 
THEoreM 4.30. For every algebra | 
Wee <A, +,0, :,1,;,1, > 

© the following two conditions are equivalent: 
(i) X is isomorphic to a proper relation algebra | 
w TE <A, U, A, N, F, P L3 
where A is the family of all relations RG T. 
(ii) X ts a complete, atomistic relation algebra in which every atom x 
satisfies the formula Y; l;t ST. 


Conditions (i) and (ii) remain equivalent if both the relation V in (i) 
is assumed to be of the form V = U? for some non-empty set U, and the 
algebra À in (it) ts assumed to be simple.™ l 


Proof. Assume (i) to hold. Clearly, W is a complete atomistic relation 
algebra. Every atom Re À obviously consists of a single ordered couple 
<z,y>eV; since, by 4.26(i), Z is the identity function on the field of F, 
we easily check that R*+|V|RCJI. Hence (ii) follows at once. 


A different characterization of algebraic systems which are isomorphic to proper 
relation algebras constituted by all subrelations of a relation F = U* is given in 
McKinsey [2]. Theorem 4. 30 implies that the algebraic systems discussed by McKinsey 
are relation algebras in the sense of 4.1, and in fact that they coincide with com- 
plete, atomistic, simple relation algebras in which every atom satisfies the formula 
æ“ ;l;øos. 
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` Assume now that (ii) holds. We want first to establish some prop- 
erties of atoms in A. Let U be the set of all atoms in A. From (ii) and 
4. 3(11) (iv) (vil) (xii) we easily obtain: 
(1) if weU, then uVeU, usu’, and wuy s. 
Hence, by 4. (ii) and 4. 19, 
(2) if we U, then uV;ueU and u; uve, 
and | | 
(3) if v,weU, then v;weU or v;w—0,. 
Consider any u,v e U such that u; u“ =v; vY and uv;u—y";1 We then 
clearly have | | 

VU; V=; VY; u =v; usu. 


Hence, by 4. 3 (iii) (ix), u“; v40 and v; u“ 0.: Thus (v su’) -140 
whence, by 4.1 (iv), (vY; 1) -uV 540. Therefore, by (1), 4. 3(ii) (iv), and 
(ii), uY € vY; 1 and uY; SoY; l;o SI. Since u“; v0, we obtain 
(w/;v)-V540. By applying 4.1 (iii) (iv) we conclude that (u ; 1’) -v50 
and u vs£0, so that finally u == v. Thus, 
(4) if u, ve U, u; uY =v; vY, and uY; u =Y; v, then u =v, 

Now consider any u,v, we U such that u= v; w. By 4.1(ii), 4.8(i) 
(v) (vi), and (1), we conclude that 

usu Sv; w; (v; w) Sv;w; w; Su; P; Som. 
Hence, by (2), u; uY =v; vY. Similarly we obtain u“; u == wV; w. Since 
u -4 0, we have 
V; w= (v; w) (v; w) £0. 
By applying 4. 1 (iv) twice we arrive at 
(ov ;v;w)->wsé0 and (w; wY) - (vY; v) -0. 
Hence. by (2), w; wV¥—vV;v. Thus, 
(5) ifu,v,weU and u Sv; w, then u; uY =v; vY, uY; u= wY; w, and 
VV; v= 0; wV. 

Finally consider- any v, we U such that v“; v= w; wY, and let u =v; v. 
Since (vV; v) + (w; wY) 0, we obtain, by 4.1(iv), (vw; wY) : v0. 
Hence, by 4. 3 (iii) and (38), u =v; w £0 and ue U. Thus, in view of (5), 


` 


10 
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(6) ifv,weU, vY; v =w; wy, and u =v; 4, iane U, u; uY =v; oY, 
and u“; u= wY; w. 
We now define a function F on A by putting for every ze A, 
(7) F(c) = E [for deme ueU, wet, a—œu;u", and b=uv 54). 
We also put eD 
- (8) F* (4) = À, F(A) = V, and (17) =m 1, 


If z,yeA and F(z) =F (y), we conclude from (4) and (7) that the 
formulas u = 2 and u & y are equivalent for every ue U. Hence, Y being 
‘atomistic, ` ian k E 

(9) F(z) == F(y) implies z = y for any z, y eA. 


Furthermore, we obtain from (7) with the help of (4), 
GO Pety) FEU) end Fe) PGO 


a a | | +. i for any z, y eA, 
(11) F(0) = A.. | 


Also, by 4. 8(v)(vi) (vii) and (2), we conclude from (7) that 
(12) F(z’) = [F(x)]- for every ze A. 


Let now z,yeA, and assume <a, bye F(z; y). By (Y) we have uz; y, 
a= u; uY, and b—uV;u for some ue U. Hence, by (ii) and with the 
help of 4.3(i1), u Sv; w for some v,weU such that v Sg and w Sy. By 
(5) we obtain a =v; vY, b =w; w, and vY; v =w; w. Let c=vY;v 
‘=w; wY, Then, by (7), <acdeF(zx), <c,b)eF(y), and consequently 
<a, b> e F(z) | F(y). If, conversely, <a, b> e F(x) | F(y), then by means of 
an analogous argument, but going in the opposite direction and using (6) 
instead of (5), we obtain <a, be F(x;:y). Hence 


(13) F(s; y) = F(x) | F(y) for any 2, ye A. 


From (8)-(13) we see that the function F maps isomorphically the relation 
algebra Y onto the algebra l 


W == <A; U, À, N, V, LE, => 


Hence, by 4.1 and 4. 23, W is a proper relation algebra. The elements of A 
are relations & CV. Consider any relation ACV. By (7) and (8), for 
every <a, b5 e R there is a ue U such that a == u ; uY and b == uV; u. Since, 
‘by (11), W is complete, the sum’ X of all ue U thus obtained exists, and we 
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easily see from (7) that F(t) — R; hence, Re A. Therefore A consists of 
all relations R CV, and Ÿ is an algebra of the kind described in ‘{1). 

Thus conditions (i) and (ii) are equivalent. By 4.26(1) (11), these 
conditions remain equivalent if they are modified in the way indicated in 
the last part of the theorem. 


THEOREM 4.31. For every relation algebra 8 the following conditions 
are equivalent: ' 


(i) B ts isomorphic to a proper relation algebra W. 
(ü) B ts a subalgebra of a complete atomistic relation algebra 


Y= <Á, + 0, re eee ie ~> 


in which every atom x satisfies the formula x°;1;x= 71. 


(ii) B ts a subalgebra of an atomistic relation algebra A in which every 
atom ts a functional element. 


Conditions (i)-(iii) remain equivalent tf both the algebra W in (i) 18 
assumed to be a proper relation algebra on a set U, and the algebra X in (ii) 
and (iii) is assumed to be simple. 


Proof. Assume (i) to hold, and put, according to 4. 23, 
B ae <B, U, A, 9, F, |, LS. 


By 4. 24(1), V is an equivalence relation. By 4.27, I may be assumed to 
be the identity function on the field of V. Let A be the family of all 
relations RCV. Then, by 4. 26, 


W = <A, U, AN, F LLS 


is a proper relation algebra, and W is clearly a subalgebra of W. Since 
B == P, we can construct, by applying the familiar “exchange method,” an 
algebra Ÿ = W such that B is a subalgebra of W. By 4.30, X is a complete 
atomistic relation algebra in which every atom @ satisfies the formula 
e/;l;e1'. Thus, condition (i) implies (i). By 4.8(11) (iv) and 
4,5(11), condition (ii) clearly implies (iii), while, by 4. 29, (iii) implies (i). 
Hence, conditions (i)-(ii1) are equivalent. By means of an analogous argu- 
ment we can show that these conditions remain equivalent if they are 
modified in the way indicated in the last part of the theorem; to derive 
then (i) from (iii), we apply 4. 11 and 4. 28, in addition to 4. 29. 


So far Theorem 4.15 has not been involved in our discussion of the 
representation problem. Nevertheless, some possibilities of applying this 
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theorem to the representation problem can easily be anticipated. In fact, 
as a consequence of 4.15, the representation problem for arbitrary relation 
algebras reduces to that for simple relation algebras. Speaking more 
specifically, consider any class K of relation algebras, and let L be the class 
of all simple relation algebras which are homomorphic images of algebras 
in K. It is easily seen that, if every relation algebra of a certain class has 
a natural representation, the same applies to all cardinal products and to 
all subalgebras of algebras of this class. Hence, if we succeed in showing 
that every algebra of the class L has a natural: representation, then, due to 
4.15, this result automatically extends to all algebras of the class K. 
We do not know, however, any interesting applications of Theorem 4.15 in 
the direction just indicated. On the other hand, it will be seen from our 
further discussion that in some cases by means of Theorem 4.15 we can 
obtain additional information regarding relation algebras of which we have 
been able to show (without the help of this theorem) that they: have a natural 
representation. 


THEOREM 4.32, Let . 
CA 0 seh 5 7D 
be a relation algebra in which the element 1 can be represented in the form 


i= D % 
kem 
where To, T1, ` `, Em1 are functional elements. Then: 


(i) A is tsomorphtc to a proper relation algebra. 

(ii) If N is simple, it ts isomorphic to a proper relation algebra W on a 
set U which contains at most m different elements. | 
(ii) In the general case, X is isomorphic to a subalgebra of a cardinal 
product of proper relation algebras A, on sets Uy, each of these. sets con- 
taining at most m different elements. 


Proof. By 4.21, there is a complete and atomistic relation algebra 
D = <B, +,9, +53; Ts => 
which is a perfect extension of W. % is of course a subalgebra of B (cf. 2. 14). 


The formula 


1 = > Ti 
icm 


stated in the hypothesis continues to hold in 8 (since the summation is finite) ; 
and, by 4. 5(iii), the elements z; which are functional in % are functional 
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in 8 as well. Therefore, for every atom ae B there is a functional element 
ae B such that a S z, Hence, by 4. 6(iv), every atom in 8 is a functional 
element. Consequently, by 4.31(i) (iii), the relation algebra Mf is isomorphic 
to a proper relation algebra, and conclusion (i) has thus been established. 

If, in addition, Ÿ is simple, we see, by (i) and 4.28, that Wf is iso- 
morphic to a proper relation algebra on a set U. From the hypothesis we 
conclude, by 4.23 and 4. 24(ii), that U? can be represented as the union of 
m many-to-one relations. Hence, for every veU, there are at most m 
different elements y such that <z,y>eU*. Consequently, U has at most 
m different elements, and conclusion (ii) is seen to hold. 

In the general case (i.e., without assuming that X is simple), we easily 
see by 4. 6(i11) that, not only the algebra Wf itself, but also every homomorphic 
image of Ÿ satisfies the hypothesis of our theorem. Hence, by applying 
4.15 and (ii), we obtain conclusion (iii). 


THEORRM 4.33. Let 
À = <A, -+,0,°,1,5, 0, 
be a relation algebra in which 0’; O ST. Then: 
(i) N ts tsomorphic to a proper relation algebra. 
(ii) Lf A ts simple, it is isomorphic to a proper relation algebra W on a 
set U which contains at most two different elements. 


(ii) In the general case, Y ts isomorphic to a subalgebra of a direct product 
of proper relation algebras W, on sets Uy, each of these sets containing at 
most two different elements. 


Proof.. By 4.5(i) we obviously have 1 ==? +0. By 4.6(vi), the 
element 1’ is functional; under the hypothesis of our theorem, in view of 
4. 5 (ili) and 4. 6(i), the element 0’ is also functional. Thus, 1 is a sum of 
two functional elements. By now applying 4. 32, we obtain all the conclusions 
at once. | 


To formulate conveniently the last two theorems of this section, we 
introduce the following notation: 


DEFINITION 4.34. À relation algebra 


M — A0 LE ss 
4s said to be 
(i) of class 1, if 0’; 0’ —=0, 
(ii) | - of class 2, tf 0’; 0’ = 1, 
(iit) of class 3, sf 0’; C =l. 
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. TxgorEm 4. 36. . Every simple relation algebra 
Y= <A, +, 0, À pa; “> 
satisfies one and only one of the following three conditions: 


(i) N is of class 1 and is 18somorphic to a proper relation algebra W on a 
set U which contains just one element; ' | 

(ji) N ts of class 2 and ts isomorphic to a proper relation algebra W on a 
set U which contains just two different elements ; 

(iii) A ds of class 3 and either is not isomorphic to any proper relation 
algebra or else is isomorphic to a proper relation algebra W on a set U which 
contains at ledst three different elements. 


Proof. From 4.5(i), 4.23 and 4 34(1) (ii) we easily conclude: 


(1) Every proper relation algebra YW’. on a set U containing just one 
element, or just two different elements, is of class 1, or of class 2, respectively. 


Hence, by 4.33 and 4. 34, if the given relation algebra Y satisfies the 
formula 0’; 0’ = 1’, then it satisfies one of the conditions (i) or (ii). 
If N does not satisfy the above formula, we have, by 4. 5(i), (0’; 0”) : 0° 0 
and therefore, by 4. 10, | 
1:((0°:0°)- 0);1=1, 
Hence we obtain, by 4. 1(iii), 4. 3(i) (ii), 4 5(i), and 4. 6(ü), 
1=—(0 +1);((0;:0)-0);(0 +1) 
<0;0;0;7040;040;040;0'=0';0. * 
Thus, by 4. 34(iii), À is in this case of class 3. Also, since the formula 
0’; 0’ = 1’ fails, it follows from (1) and 4. 84 that X cannot be isomorphic 
to any proper relation algebra on a set U containing at most two different 


elements. Hence, A being simple by hypothesis,.we conclude with the help 
of 4.28 that X satisfies condition (iii). This completes the proof. 


From Theorem 4.35 it is easily seen that, up to isomorphism, there is 
only one simple relation algebra of class 1 and there are only two simple 
relation algebras of class 2. One of these two simple algebras of class 2 has 
exactly four elements (e.g., the relations A, I, D, and U?, where U is a, 
set containing just two elements, Z is the identity function on U, and D is 
the complement of Z to U*); the other has exactly sixteen elements (e. g., 
all the relations R C U? where U is à set containing just two elements). 

As regards arbitrary relation algebras, it easily follows from 4. 34 that 


1 
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none of them can be both of class m and class n for lS m <n = 8 unless 
it is a one-element algebra. On the other hand, there are relation algebras 
which are not of class n for any n==1,2,3. By 4.15 and 4. 34, a relation 
algebra is of class n if, and only if, it is a subalgebra of a cardinal product 
of simple relation algebras of class n. In particular, relation algebras of 
class 1 are of a rather trivial nature. They can be characterized by the simple 
formula 1’—=1, or else by the condition that every element in such an 
algebra is an ideal element. It is seen from 4.1 that every Boolean algebra 
<B, +,0,°,1>5 can be completed to a relation algebra <B,-+,0,-,1,5,1, “> 
of class 1 by putting z ; y =v: y and zY =g for any t,yeA, as well as 
l == 1. For this reason relation algebras of class 1 are also referred to as 
Boolean relation algebras. 

Since a cardinal product of relation algebras of class n (n==1, 2, 3) 
is again a relation algebra of class n, we infer from 4.15 and 4. 35 that every 
relation algebra X can be represented as a subalgebra of the cardinal product 
of three algebras W, Ms, and M, of classes 1, 2, and 3, respectively. This 
result, however, will be essentially improved in the following 


THEOREM 4.36. very relation algebra 
Y = <A, + 0, > L 33 T; =S 


ts isomorphic to the cardinal product of relation algebras Ma, Ma, and Us of 
classes 1, 2, and 3 respectively. 


Proof. We put 
(1) as = 1 ;((0; 07): 0) ;1, a= (1;0;1) as, 
and a, == Ge" ag. 
Hence obviously 
(2) l =m + a+ as and 41 * y= 0, * Og = dy ` lg == 0, 
Furthermore, by (1) and 4. 6(viii) (xii), 


(3) G4, dz, and a, are ideal elements. 


By 4.9 and 4.12, conditions (2) and (8) imply that (a), W(a.), and 
(as) are relation algebras such that 
(4) A= (a) X We) X Ala). 


From 4.8 or 4.9 we see that 0, a, a; © 1”, and a;- 0’ are respectively the zero 
element, the unit element, the identity element, and the diversity element of 
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the algebras (mu), +==1,2,3. Hence, in view of (4) and 4.84, in order 
to complete the proof it suffices to show that . 


(5) | (a, * 0) ; (a, + 0°) —0, 

(6) (ae 0°) ; (a2: 0) ae P, 
and | | 

(1) (as + 0°) ; (as + 0°) = as 


These three formulas can be established directly by using the laws of the 
arithmetic of relation algebras stated in 4.1, 4.8, and 4.6. The following 
indirect proof is, however, somewhat simpler and shorter. ` 

-~ Assume first that Y is a simple relation algebra. Then, by 4.35, N is 
of class 1, 2, or 3. If À is of class 1, we have, by 4. 3(iii)} (ix) (xi), 4. 5(1), 
and 4, 34, | 
| 0 <0'; 050’ =0;0' = 0 


so that 0’—0. Hence, by (1), 4.3(iii), and 4.34, a,—0, da= 0, and 
Qy =]. If W is of class 2, then it follows from (1), 4. 3(iii), 4. 10 (1) (Gii), 
and 4.34 that as = 0, dg—1, and a,—0. Finally, in case W is of class 8, 
we infer from (1) and 4.10(i) (iii) that a, = 1, as == 0, and @, == 0. In 
each of these three cases it easily follows from 4. 3(iii) and 4.34 that (5)- 
(7) are satisfied. 

It is easily seen that whenever formulas (5)-(7) hold in given relation 
algebras, they also hold in cardinal products and subalgebras of these algebras. 
(No essential difficulty arises from the fact that, in view of (1) and 4. 5(i), 
these formulas implicitly involve the operation of complementation, which ia 
not included in the system of fundamental operations of relation algebras.) 
Consequently, since formula (5)- -(7) have been shown to hold in simple 
relation algebras, we conclude by means of 4.15 that they also ne in 
arbitrary relation algebras, and the proof is complete. 


To illustrate this theorem, consider the case when A is a proper relation 
algebra, 
We <A, U, AN, V, |, 0,7 


where V is an equivalence relation with the field U, and J is the identity 
function on U. Let K be the partition of U under V (see remarks following 
4.24). Let Ki, Ke, and Ks be respectively the families of all those sets X eK 
which have exactly one, exactly two, and at least three different elements. 
Finally, let 


Vi = (J X? for i= 1,2,8. 
A eKe 
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The relations V; prove to be elements of A; in fact, they can be identified. 
with the elements a, defined in the proof of 4.35. It is easily seen that they 
are ideal elements of W; they are obviously disjoint, and their union is V. 
Hence 

Wa A(V:) X A(V:) X HA(Vs). 


Finally, by means of a simple direct argument, we can show that the algebra 
H(Vi), for i == 1, 2, 3, is of the class + in the sense of 4. 34. 

From 4.86 we can derive some further consequences by means of 4. 15 
and 4.34. For instance, it is easily seen that the formula 0’ ; 0’ = 1’ charac- 
terizes those relation algebras & for which the algebra M, of 4.36 has just 
one element, and which therefore can be represented as cardinal products of 
an algebra A, of class 1 and an algebra M, of class 2; such algebras can also 
be characterized (up to isomorphism) as subalgebras of cardinal products of 
simple relation algebras of classes 1 and 2. Similarly, the formula 0’ = 0’ ; 0’ 
characterizes those relation algebras which are isomorphic to cardinal products 
of an algebra N, of class 1 and an algebra M, of class 8. Finally, the formula 
1’ = 0’; 0’ is characteristic for those relation algebras which are representable 
as cardinal products of an algebra M, of class 2 and an algebra M, of class 2. 


Section 6. 
Relation Algebras and Brandt Groupoids. 


In Section 3 we have established fundamental relations between Boolean 
algebras with operators and complex algebras of arbitrary algebraic systems 
(algebras in the wider sense). In Section 4 we have studied a special class 
of Boolean algebras with operators—in fact, the relation algebras. We now 
want to discuss connections between relation algebras and a special class of 
algebraic systems—in fact the (generalized) Brandt groupoids; this class 
includes in particular all the groups as its members. 

A Brandt groupoid is an algebraic system formed by a set U of elements, 
a binary operation -, a distinguished subset of U (the set of identity elements); 
and a unary operation +. Roughly speaking, the main difference between 
Brandt groupoids and groups consists in the fact that in a Brandt groupoid 
the set U is not assumed to be closed under multiplication; the domain of 
the operation : is not, in general, the whole set U?, but a subset of U*%. In 
consequence, a Brandt groupoid may contain many identity elements, i.e., 
many elements u such that œ'u—x—"u:zx whenever z, T'u, and u's are 
in U. A precise definition of a Brandt groupoid follows: 
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DEFINTTION 5.1. An algebraic system (algebra in a wider sense) . 
U = <U, Te => 


(where - is an operation on a subset of U? to U, I is a subset of U, and -1 
ts an operation on U to U) is called a generalized Brandt groupoid if the 
following conditions are satisfied: 


(i) For any elements x, y,ze U such that x : yeU andy'zeU we have 

(x-y)-zeU and (w%-y)-2=—a2-(y- 2). 

(ü) For any elements z, y,ze U such that 2-yeU and w-y=z-: 4 we 
have y = z. | 
(iii) For any elements, x, y,2e U such that + “ze eU and z: un À z we 
have z == y. 

(iv) z g=r for every cel, 

(v) sesel and x: r'el for every ze U. 

U is called a Brandt groupoid tf, in addition, the following condition 
holds: 

(vi) For any elements z,zeI there exists an element ye U such that 
e-yeU and y-2eU.” 


In the next three theorems we state without proof certain arithmetic 
properties of generalized Brandt groupoids which will be used later. These 
results can be obtained by methods that are essentially known from ine 
Hterature.?f | 


THEOREM 6.2. Let 
U= <U,-,I,% 
be-a generalized Brandi groupoid. For any elements z, 9» zeU we have: 
(i) If yel and e- ye, then zx: y=. i 
(ii) If eel and e-yeU, then z: yy. 
(ii) s: (a+) =r = (e+ ao): a, 
~ (iv) If «-yel, then ot my, 
(vy) (m=z. 
(vi) If w-yeU, then g*r =y y. 
(vii) If a: ye, then (2+ y) =y" art 
73 These algebraic systems were firat studied by H. Brandt. It is easily seen that 
axioms (i)-(vi) in Definition 6.1 are equivalent to. axioms I-IV of Brandt [1]; when 
deriving 6.1(i)-(vi) from Brandt’s axioms, we let I be the set of all elements we JU. 


such that m- = ao. 
28 Cf. Brandt [1]. 
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THEOREM 6.2. An algebraic system 
U — <U, E I; > 

(where + is a function on a subset of U* to U, IC U, and + is a function 
on U to U) is a generalized Brandt groupoid tf, and only +f, the following 
conditions are satisfied: 

(i) For every element xe U there ts an element ye U a that x- ye U. 
(ii) For any elements z, y,ze U, if x - y and (x+y): zarem U ory:2 
and x-(y+2) are in U, then all these elements are in U and (@-y)*2 
=g (y ` 2). 

(iii) For any element ze U we have cel tf, and only tf, Go Lm T. 

Gv) For any elements z,y,2eU the formulas 

T'Y =g, T- g—oy, and z-yt=f 

are equivalent. 


THEOREM 5.4. For every generalized Brandt groupoid 
U = <U, "2 I, a 
the following three conditions are equivalent: 


(i) Uis a Brandt groupoid: 
(i) For any elements x, ze U there ts an element ye U such that x - yeU 
and y'zeU. 


(iii) For any elements x,yeU there are elements u,veU such that 
u'yeU and z—u-y:v. | 


According to Definition 8. 8, mg complex algebra of a generalized Brandt 
groupoid 

u = -<U, “id; > 
is the algebra ' | 
| | YW — <A, U, A, N, U, ETTE 


where A is the family of all subsets of U. The operations -*, I*, and -’* are 
understood in the sense of Definition 3.2. Thus, -* is an operation on A? 
to A; for any sets X and Y in A, X -* ¥ is the set of all elements ze U 
such thab z= zy for some ze X and ye Y. Similarly, for any Xe À, 
X71* is the set of all ye U such that y == X for some ze X. Finally, since 
-I is a subset of U, i.e., a unary relation, Z* is an operation of rank 0 such 
that I*(A) =J. This operation J* will be replaced as usual by the set I 
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itself which will be treated as a distinguished element in A (see remarks in 
the introduction). Thus we shall speak of 
| À — A, U, A, N, U, LS 
as the complex algebra of U. 
THEOREM 5.5. Let 
| U = <U,-, I, 
be a generalized Brandt growpotd, and let 
N == <A, U, A, N, U, **, I, 2 
be the complex algebra of U. Then we have: 


(i) A s a relation algebra with at least two different elements (A 4 U)— 
in fact, a complete atomistic relation algebra in which every atom is a func- 
honal element. 


(ii) If Wis a Brandt groupoid, then À is simple. 

Proof. By 8.8, À is a complete atomistic Boolean algebra with operators. 
By 6.3(ii), for any sets X,Y,ZeA Ž (i.e. for any subsets X, Y, Z of U) 
we have : 

(X FF) -*Z—=X-* (¥ -*Z). 
From 5.1(v) and 5. 2(i)-(ili) we conclude that 
RP EPP om X -* 7, 
By 5.8(iv) the formulas 
(X-*V)AZ—mA, (ZX -#Z)NY =A, and (Z-*P*)A Xm A 


are equivalent. Hence, by 4.1, Ÿ is a relation algebra. Since U A, 
% has at least two different elements. 

Every atom X in W is clearly a set of the form X = {x} for some ve U, 
and therefore, by 5.1(v), it satisfies the formula X¥-** -* XC. I. Thus, by 
4.5 (ii), every atom in Y is a functional element. 

Tf, finally, U is a Brandt groupoid, we easily see from 5.4(i) (iii) that 
U -* X-* U «= U for every XeA such that X £A. Hence, by 4. 10(i) (iii), 
Y is simple. 


THEOREM 5.6. Let 
pi SER <A, +, 0, E 1, 33 ales = 


be an atomistic relation algebra, with Os41, in which every atom is a func- 
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tional element. Let U be the set of all atoms of A, let I be the. set of all 
those atoms u for which u = 1’, and let 


u = CU, 19 l; > 
We then have: 
(i) U ts a generalized Brandt groupoid, and Y ts isomorphic to a sub- 
algebra of the complex algebra of U. 
(ii) If À is complete, then À is isomorphic to the complex algebra of U. 
(ii) If N is simple, then U is a Brandt groupoid. 


Proof. We first want to show that the algebraic system U satisfies 
eondition 5. 3(i)-(iv), with * and -~ replaced by ; and Y, respectively. (The 
domain of the operation ; is understood to be restricted to the set of those 
couples <z, y> e U? for which x ;ye U. An analogous remark applies to the 
operation Y, and from 4. 3(xii) it is seen that the domain of the operation YV 
thus restricted is U.) 

By 4.3(vii) (xii) and 4.19(i) (311) we have cVeU and t;aeVeU 
for every re U. Hence 5.3(i)' holds. If, z,y,2, 2 ; y, and (x ;¥);2 are in 
U, we have (x ;y);z— 2 ;(y;2) by 4 1(ü). Hence, by 4. 3(iii), we con- 
clude that y ;z>40, and therefore y ;zeU by 4.19(i) (ii). Similarly, 
under the assumption that z,y,2, y;2, and z;(y;z2) are in U, we 
obtain (tæ;y);2==2t ;(y ;2) and g;yeU. Thus, 5.3(i1) holds. From 
4, 6 (iii) (vi) we see that z ; x == z for every se I. If, conversely, x ; z = z and 
reU, we have, by 4.1(in), 4. 6(v), and the hypothesis of the theorem, 
T= (z; x) (x; l) =z;(z: 1). Hence, by 4 8(ii), s- 40, there- 
fore z'l’=#x (x being an atom), and consequently sel. We have thue 
obtained 5. 3(iii). If, finally, x, y, 2e U and z ;y == z, then (x ; y) z5£0, 
hence, by 4. 1 (iv), (zV; z) -y 40, and therefore 2’ ;2540. Consequently, 
by 4. 3(xii) and 4.19, x; is an atom, and since y is also an atom, the 
formula (zM; z) - y s40 gives g“; g= y, Thus g ; y= z implies tY; z =y 
for any z, y,ze U. From this implication we easily derive 5. 3 (iv) by means 
of 4. 3 (v) (vii). 

We now know by 5.3 that U is a generalized Brandt groupoid. We define 
a function F on A by putting for every ze A 


(1) F(t) =E [ved and u Sz]. 

Since M is atomistic, this definition clearly implies for any x, ye À: 
(2) If F(x) =F (y), then z=-y (i.e, F is one-to-one). 
(3)  F(e-++-y) = F(2)U F(y) and F(z- y) —F(2)N F(y). 
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We also have 

(4) F(0) =A, F(1) =U, and F(1’) =I. 

By 4. 3(vi) (vii) (xii) we obtain for every re A 

(5) F(a’) = Ei [vel and, for some u, v= uY andueF(x)]. 


v 


Finally, we can show that for any t, ye À 


(6) F(z ;y) = KE [weU and, for some u and v, w==u; v, ueF(r), 
+0 | 7 
and veF(y)]. 


In fact, if we F(s ; y), then, by (1), we U and w x ;y. Hence, with the 
help of 4.3(1) and 4.19, w == u ; v for some u,veU such that u= x and 
v = y, and therefore, again by (1), w = u ;v for some ue F(s) and ve f(y). 
Tf, conversely, we U and w uw ;v for some ue F(s) and veF(y), then 
weF(x;y) by (1) and 4. 8(ü). 

In view of 3.2 and 3.8, conditions (1)-(6) show that F maps Y 
isomorphically onto a subalgebra W of the complex algebra of U. Tf W is 
complete, W clearly coincides with the complex algebra of U. If% is simple, 
we have, by 4.10, z=1;y;1 for any x,ye U, and hence, by 4. 3(i) (iii) 
and 4.19, c—=u;y;vandu;yeU for some u,veU. By 5.4 this implies 
that 11 is a Brandt groupoid. The proof has thus been completed. 


We now can establish a converse of 5. 5: 


THEOREM 5.7. Let 
U == <U, RI 8 


be an algebra in the wider sense in which RC UF, ICU, and SC U’. 
Assume that the complex algebra U of U is a relation algebra in which every 
atom is a functional element. Then we have: 


(i) U ts a generalized Brandi groupoid. 
(ii) If UW is simple, then U is a Brandt groupoid. 


Proof. By 8.8, 3.9 and the hypothesis, À is a complete atomistic relation 
algebra, with at least two different elements, in which every atom is a func- 
tional element. Hence, by 5.6, % is isomorphic to the complex algebra W 
of a system W which is a generalized Brandt groupoid; moreover, W is a 
Brandt groupoid in case Y is simple. From 8.2 and 3.8 we easily see that 
any two algebras in the wider sense are isomorphic whenever their complex 
algebras are isomorphic. Hence U is isomorphic to W; therefore U is a 
generalized Brandt groupoid and, in case Y is simple, it is a Brandt groupoid. 
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, As is seen from 4. 19, the assumption that every atom in % is functional 
-can be replaced in the hypothesis of 5.7% by the assumption that R is a binary 
operation (on a subset of U? to U), and not only a ternary relation. 


Taxorem 6.8. For every relation algebra 
= <A, 4,01 ;,1,vy 
in which 0541 the following two conditions are equivalent: 
(i) M is tsomer phic’ to a proper relation algebra, 
(ii) Wes isomorphic to a peoo of the a algebra of a generalized 
Brandt groupoid. 
Also the following two conditions are equivalent: 
(x) YW is isomorphic to a proper relation algebra on a set U, 
(ii) OW is isomorphic to a subalgebra of d complez algebra of a Brandt 
groupotd. 
Proof. Condition (i) implies (ii) by 4. 31(i) (iii) and 5.6(i). Con- 
versely, (ii) implies (i) by 4. 31 (i) (iii) and:5.5(i). In an analogous way 
we show that conditions (i’) and (ii) are equivalent ; we make use of the 


last part of 4.31 (concerning a modification of conditions 4, 81(i)- 6), 
as well as of 5. 5 (ii) and 5. 6(ii). 


The following informal remarks concern an interesting class of P 
Brandt groupoids which can be metre’ to as ne the untetty property. 
Generalized Brandt groupoids 


P U= <U, 1, >> 
of this class are characterized by the following condition : 


(i) For any x,ze U there is at most one element ye U such that z - ye U 
and y+ zeU. 


Another, equivalent bee of this pania i8 
(ü) For any z,yeU,ife-yeU and y: zeU, then y = xt, 


If V is a non-empty equivalence relation, I the set of all couples <z, £> e V, 
and if we define the operations + and ~ by putting, for any couples <z, y>, 


<y, 29 € V, 

<T, y> ` CY; 2» Fr <T, Z’, <T; yy m CY, x»; 
and by assuming that <z, y> - <y’,2> does not exist in case y s£ y, then, as 
is easily seen, the system 


u(r) ee <y, E I, > 
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is a generalized Brandt groupoid with the unicity property. Conversely, 
every generalized Brandt groupoid 11 with the unicity property is isomorphic 
to a groupoid 11(V) constructed in the way just described. To obtain a 
function f mapping U on a groupoid U{V), we put for every element z in U 


f (2) = <2 ° r7, a> o. 


By comparing these results with 5.6, we easily see that for every relation 
algebra Y the following two conditions are equivalent: 


(1) YW is isomorphic to the proper relation algebra constituted by all sub- 
relations of a non-empty equivalence relation V, and 


(ii) X is isomorphic to the complex algebra of a generalized Brandt ne 
_ U with the unicity property. 


As-a consequence, we obtain by 5.8 that the complex algebra of an arbitrary 
generalized Brandt groupoid is isomorphic to a subalgebra of the complex 
algebra of a generalized Brandt groupoid with the unicity property. Hither 
with the help of this result or in a more direct way we conclude that every 
generalized Brandt groupoid Ut is a homomorphic image of a generalized 
Brandt groupoid W with the unicity property. In fact, we can take for U’ 
the system 11(V) defined above where V is the set of all couples <a, y> such 
that.%, y, and z-y™* are elements in U. The function g defined for every 
couple <z, y> £ V by the formula 


g(t, Y) =o y" 
maps 1(V) homomorphically onto U. 
All these remarks remain valid if we replace in them arbitrary generalized 
Brandt groupoids by Brandt groupoids, and arbitrary: equivalence relations 
by relations of the form V = W? where W is an arbitrary set. 


To conclude this section, we want to give some applications of our 
results to groups. A group may be considered as a system constituted by a 
non-empty set U, a binary operation - on U? to U, a distinguished element u 
of U (the unit or identity element), and a unary operation ~! on U to U; 
the postulates which are to be satisfied by these notions are well known. 
We can, of course replace the element we U by a set I CU which is assumed 
to consist of just one element. Groups become then systems of the same 
type as Brandt groupoids, and we can state the following 


THEOREM 5.9. For 


U = <U, 3 I, => 
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to be a group tt is necessary and suffictent that U be a generalized Brandt 
groupoid in which + 18 an operation on U? to U. The condition remains 
necessary and sufficient if we omit in tt the word “ generalized.” 


Proof. The theorem easily follows from the definition of a group and 
that of a (generalized) Brandt groupoid. The only thing which is perhaps 
not quite obvious is that in a generalized Brandt groupoid in which - is an 
operation on U? (and not only on a subset of U?) to U the set I consists 
of just one element. To show this notice that I is non-empty by 5.1(v) 
and that, for any x,y eT, we have z: z= zrg: y by 5.2(i), and hence 
z—=y by 5.1(11). 


THEOREM 6.10. The complex algebra of a group ts a complete atomistic 
integral relation algebra in which every atom ts a functional element.?* 

Proof. By 4.16, 5.5(i), and 5.9, with the help of 3.2 and 3.8. 

THROREM 5.11. Let 

A = <4, +, 0, de U, => 

be an atomistic integral relation algebra in which every atom is a functional 
element. Let U be the set of all atoms of N, and let 
U = <U, ;, {1}, ©». 
We then have: 
(i) U is a group and À is isomorphic to a subalgebra of the comple 
algebra of U. 
(ii) Jf A is complete, it is isomorphic to the complex algebra of U. 

Proof. By 4.17(i) (iv), I’ is an atom. Hence {1’} coincides with the 
set of all atoms u <1’, and therefore the system U defined in the hypothesis 
coincides with the system U of 5.6. Consequently, by 5.6(i), U is a 
generalized Braandt groupoid. By 4. 20, the operation ; in U is an operation 
on U? to U. Hence, by 5.9, U is a group. The remaining conclusions 
follow directly from 5.6(i) (ii). - 

THEOREM 5.12. Let 

U= <U, R, I, 6 

be an algebra in the wider sense in which k C U!, IC U, and SC U’. If 


the complex algebra Æ of U is an integral relation algebra in which every 
atom ts œ functional element, then U ts a group. 


* This is a result of J. C. C. McKinsey; see Jónsson-Tarski [2]. 
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Proof. By 6.7, U is a generalized Brandt groupoid. From 4. 20, with 
the help of 3.2 and 3.8, we conclude that Ris a binary operation on U? 
to U. The conclusion follows by 6. 9. 


Instead of assuming, in the hypothesis of 5.12, that Y is M 
that every atom in % is a functional element, it suffices to assume that U is 
an algebra, and not only an algebra in the wider-sense. Even the (weaker) 
assumption that R is a binary operation on U? to U proves to be sufficient. 
Compare the analogous remark following 5. 7. 

The results stated in 5.10 and 5.11 can partly be extended to E T 
Boolean algebras with operators and to complex algebras of arbitrary algebras 
(not in the wider sense). A Boolean algebra with operators 


Wom <A, +, 0, Lol: ° orb.” ey 


in which 0541 is called integral if, for each of the functions fe with the 
rank me and for every sequence ze Ag the formula f¢(z) — 0 implies thet 
z; = 0 for some 7 < mẹ. (In case Y is a relation algebra with 0541, this 
condition is automatically satisfied both by 1’ treated as an operation with 
the rank 0 and by “, and has to be postulated only for ;.) The condition 
that Y is integral is clearly necessary for W to be isomorphic to the complex 
algebra of some algebra. This condition is, however, not sufficient. On the 
contrary, the following condition—when combined with completeness, atom- 
isticity, and the condition that 0 &é 1—1is necessary and sufficient for À to be 
isomorphic to the complex algebra of some algebra: for each of the functions 
fe with the rank mes and for every sequence se Us: where U is the set of all 
atoms in A we have fẹ(z)e U. It is seen from 4. 3(xii), 4.17(i) (iv), and 
4.20 that the latter condition, when applied to an atomistic relation algebra Y, 

-is equivalent to the one occurring in 5.10 and 5.11, i.e. to the condition 
that & is integral and that every atom in is a dual element. 

By 4.18(i) and 5.10, every relation algebra which is a subalgebra of 
the complex algebra of a group is integral. The question whether, conversely, 
every integral relation algebra is isomorphic to a subalgebra of the complex 
algebra of a group is still open. ‘The answer is not known even for those 

` integral algebras which are isomorphic to proper relation algebras. 


A REMARK ON BOOLEAN ALGEBRAS WITH OPERATORS.* 


By Huao RIBeIRo. 


Bjarni Jónsson and Alfred Tarski, in their paper Boolean algebras wtih 
operators (73, 891 arid 74, 127 of this JOURNAL), call a Boolean algebra B a 
regular subalgebra of a Boolean algebra A if A is complete and atomistic 
and B is a subalgebra of A for which: i) if J is an arbitrary set and if the 
elements ze B with ie I are such that À Lim l, uie there exists a finite 


subset J of I such that À a = 1, ii) if u a V are distinct atoms of A then 


there exists an element 5 € `B guch that u = b and v: b = 0 (Definition 1.19). 

The set C of all “closed” elements of A is then defined as the set of all 

elements ze A such that z = il y (Definition 1.20); and A™, B™, Cm 
' e=yeB 


designate the sets of all m-termed sequences, 7 == <o, * *, Zm1>, of elements 
of A, B, C respectively. Furthermore, a function f on B" to B is called 
monotonic if given two. sequences x = ye B” (that is x = yie B fop. any 
i= 0,: --,m—1) we always have f(z) f(y), additive if given any 
j < m and x, y e B” such that zp == yp whenever 74 p <m we always have 
f(c + y) = f(<)+ f(y) (Definition 1.1); f*/C™ designates the restriction 
of the function ft to C™ and by the composition f[9,° - -, 9m] of f, on 
B” to B, with go’ © °, gma, on B” to B, it is understood the function À on 
B” to B such that A(z) =f (9o(@),° °° Gm-1 (2)) whenever ge B*, Finally, 
to any function f on B™ to B an extension, ft, on À" to A is defined by 
fi(c)—= È RLO for any ze A™ (Definition 2.1), and it is shown 


ezyec™ 
(as an amet consequence of Theorem 2.10) that if an equation involving 
additive functions on B™ to B is identically satisfied, then the corresponding 
equation involving their extensions is also identically satisfied. Such a state- 
ment is also true (Theorem 2.11) of certain implications between two 
equations, and it yields several interesting results. 

The purpose of the present note is to give a direct proof of an extension 
of that Jénsson-Tarski’s Theorem 2.10. This extension (Theorem II) con- 
sists in getting the conclusion under a weaker hypothesis on the functions 
Jo.’ © `s Jm, namely the monotonicity instead of membership in the set ¢. 


* Received March 31, 1950. 
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Otherwise our statement (Theorem IT) is as Jénsson-Tarski’s Theorem 2. 10. 
(It must be pointed out that in that same paper it is also shown: Theorem 
2.10 does not hold with the hypothesis that f is monotonic even when 
Jo’ © '>9m1 are additive, and on the other hand, it holds whenever f is 
monotonic and 9o,°*°,9m 1 are “identity functions” (Theorem 2:9)). 
Throughout our proof we shall make free use of many of the terminology and 
notation in Jénsson-Tarski’s paper, and we shall continue to refer to its 
definitions and theorems by using the reference numbers therein.! 


Taror I. Let B==<Bo+,0,-,15 be a regular subalgebra of a 
Boolean algebra A == <Ao, +, 0,°,15 and let m and n be positive integers. 
Then, tf f is an additive function on B™ to B and go,: * * , Gm-1 are monotonic 
functions on B” to B we have 


(FL Go. "+5 Jma] )* = F got, - y Jma]. 


Proof. First we remark that 7+/C™ is on C™ to C and g;/Cr (j= 0, 
*+,m—1) are on C* to C. The inclusion 


4 


Ly. Fua nigar S fo" "> 9m1])* 18 easily checked: Using the 
definition of composition, 2.1 and 2.2, the hypothesis on f together with 
2. 4, and then the remark that s = y°,---,y™*eG" implies t ÈZ y +: 
+ y" e C” together with the monotonicity of ft and gë (j —0,- --,m-—1), 
we have for every ze A” 


PL go, + Jma] (©) = ft (g (1), * *; Jm1(T)) 
= FC Ie" Cs soya cmt (8) 
cn amy Pr DO > > Ima (¥"™)) 


S 2 ol (Go (y); "tt Ima" (y))- 


By 2.2 the last sum is > IT f(z) and it is included 
aye O” got(y)r-..gmat(y)>See BM 


in » IL f(go(2),: + *, 9m+1(2)), since every factor of each product 
_ weeyeC® See Ba 


of this sum is a factor of the corresponding product of the above sum: f is 


monotonic, and <9o*(¥),° © © .gm-a*(y)> 5 <ÿo(2);° °°, Jma (2)> € B™ when- 
ever y = 4 £ B” because of the monotonicity of g (7 = 0,---,m—1). Now 


1 The results of the present note were originated from and reported to Professor 
Tarski’s seminar on Topics in algebra and metamathematics at the University of 
California, Berkeley. 
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x IT f(go(2),° > +, Ima ()) 
eayeC* ySse Bn 
= EE, IL fle: + +s Geral (#) = (fige: = =s dma])*(2), 


by the definition of composition and then by 2. 1. 

From this proof of 1) it follows that, for every ze C* such an inclusion 
holds even if f is monotonic not additive. In this case the sequence of 
equalities and inclusions yielding 1) will, essentially, begin after the first 
inclusion above, and there the additivity of f does not play any role. 

Next, we prove for f monotonic (not necessarily additive). the inclusion 


2) (FJ: s gma) E FL y Jet]. 


From the definition of composition, 2.1 and 2.2 it is clear that it will be 
sufficient to show that for every ye C*™ we have 


(FL gos* * +5 Gmal)*(y) 5 F (go (y); + * > Iot (Y). 
By 2.2 and, again by the definition of composition, this inclusion will be | 
established, for any y e C”, if we prove that to each factor of 
(z) 


<90* (y) rete mit (y)>S2’ cB™ 


there is at least one factor of ERACI CON +5 m1(2’)) which is 
included in it. si | 

Since f is monotonic it is now sufficient to show that to each ze B™ 
for which <go*(y),'  *, 9m-a*(y)> = 7, there is some 2” ec B* having the 
properties I) y £2, IL) <go(2”)s- : +, gma(#”)> E. 

To do this let 2’ ==: <70’ + +, Zm € B” and let us remark that, by 2. 2, 
our hypothesis means = 


< je B 0e D): 
Ilp JE Gj m — 1) 
First, we have that for any 3 —0,: + -,m— 1 there ts 71e Br such that at 


same time y = 71 and g;(2"4) = 73 This is true since z’; being open and 
including a product of closed elements, it will iniclude (by 1.21, (iv)) some 


finite product i g;(2*) of such closed (and open) factors: 
&=0 
rs 
IL g) S 2; (k = 0,- © +5 14) 
k=0 


with y= že B”, Now, putting 771 = at z*, we will have not only y = 27 e B 
k=0 | 
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on 


but also g;(2"4) = 7,, since g(t) = I g;(2*) because of the monotonicity 


of g; As second and final step it is easily seen that "= ji” is an 
element of B” ene the properties I) and II) above: y = z” an y = zi 
for every j = 0, - -,m—1; and g,;(2”) = 2’; for every j == 0, > -,m—I, 
since g; being monotonic we have g,(2") = ghi) S 2}. 

The proof of 2) is now complete. From 1) and 2) the theorem follows. 


Remark. As a consequence of the preceding proof of 2) and of the 
comment at the end of the proof of 1) we have 


(Fo "5 Jma]) (y) = Figo, RE Jm-1"* | (y) 
whenever f, Jo,° * °, 9m- ate monotonic and ye Cr. 
Tazorem II. Let B= <B,, +,0,°,15 be a regular subalgebra of 


a Boolean algebra À == <Ao,+,0,-,15, let m and n be positive integers 
and let p be the smallest set having the two properties: 


i) to include all additwe functions on Bt to B for any t (integer positive). 
ii) to be closed tn respect to the operation of composition (of functions). 
Then, tf Jo.’ ` *59m-1 are monotonic functions on B* to B and fed ts 


a function on B™ to B, we have 


(FL go ° 7 s Imal) — Fg: taJmm |. 


_ Proof. Remark first that the operation of composition is associative 
and that for a function f on B™ to B to verify the hypothesis it is necessary 
(and sufficient) that non negative integers k and To= 0,71," : - ,r, exist 
such that 

f = ho [hoy > ta Ant] > Tho: + +, RE] 
for some additive functions a (j==0,:: :,r;) on B® to B and hs 
(t = 0,:; -,k—1;j=m0,. - -,17) on Bs to B. 


Put h == ho. If we have k = 0 in the equality above, then f is just the 
additive function h, and we have the desired conclusion from Theorem J. 
We prove by induction for k40. Putting 


Fi = hy [ho’, DO » re] oe [ho De hrt] (j = 9, n 11) 
we have 


(Palo © ‘> mal)" = fit (ot. * +> mi] (ge Oss yt): 
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as induction hypothesis. On the other hand, since f'y and also flgo tts Jma] 
(j==0,: < -,71) are monotonic and k is additive, we have 


Alf o's: i oa] == (AL fo. i Pat 
and also 
(ALP ol Go, : i imer i S algo ` Gua)" 
= ht [ (fol Jos : | `s Imal) >: 3 (nos ° ` Imal) h 


by Theorem I. Hence, 


(FEgo t > to Ima D = (Ao: Pnl) igot © o Imal)" 
= (Afla: +> Imah: "5 Palo mal] 
= ht (Folgoat * mail), +> algo - `, fm])*] 
= RP (ot, ©, E * “oPrt[got ©‘; Gut) 
4 Cuba Sie Tel) LT ist “Ona | 
= (hE fo: Pnl)' Ego: +> gmat] = PL got" + > mt]. 


Thus Theorem II is proved. 


UNIVERSITY OF CALIFORNIA, 
BERKELEY, CALIFORNIA. 


CRITERES DE COMPACITE DANS LES ESPACES FONCTIONNELS 
GENERAUX.* 


By À. GROTHENDIEOK. 


1. Introduction! Outre la notion usuelle de compacité (cf. N. Bour- 
baki [1]), qui est apparue come étant la seule qui soit vraiment fonda- 
mentale, on rencontre néanmoins au moins deux autres notions étroitement 
apparentées, mais de “caractère dénombrable,” et qui se sont révélées 
indispensables dans plusieurs questions qui à priori n’impliquent aucune 
considération de dénombrabilité. 

Nous dirons qu’une partie À d’un espace topologique est relativement 
semt-compacte (resp. semt-compacte) si toute suite extraite de À admet une 
valeur d’adhérence (resp. qui appartienne à A). A sera dite strictement 
relativement semt-compacte (resp. strictement semi-compacte) si de toute 
suite extraite de A on peut extraire une suite converge (resp. qui converge 
vers un élément de À). 

Dans le présent travail, nous étudions des cas étendus où la gemi-COM- 
pacité relative entraine déjà la compacité relative ou la stricte semi-compacité 
relative. Nous nous y plaçons surtout dans des espaces du type Ce(Æ, F), - 
espace des applications continues d’un espace topologique E dans un espace 
uniforme séparé F, muni de la topologie de la convergence uniforme sur un 
ensemble © de parties de Æ recouvrant Æ (pour ces notions fondamentales 
d’Analyse Fonctionnelle, cf. N. Bourbaki [3]). Les résultats obtenus valent 
manifestement pour les sous-espaces fermés de tels espaces, ce qui permet de 
les appliquer à des espaces vectoriels localement convexes généraux. 

Dans 2, nous donnons quelques généralités sur les diverses notions de 
compacité envisagées, destinées surtout à prémunir le lecteur contre certaines 


* Received December 27, 1960. 

t Outre le théorème 6 et la proposition 7 a présent travail, citons notamment 
encore deux propositions s'appuyant de façon essentielle sur le théorème d’Eberlein 
(cf. proposition 2 ci-dessous): 1) l’enveloppe convexe fermée d’une partie faiblement 
relativement compacte d’un espace de Banach (par exemple) est faiblement compacte; 
2) Le produit de deux fonctions faiblement presque-périodiques sur un semi-groupe est 
faiblement presque-périodique (cf. [6]) ; plus généralement, si Æ est une algèbre normée 
complète s’identifiant à l’espace des fonctions complexes continues sur un espace compact, 
le produit de deux parties faiblement compactes A et B de W (ensemble des ay avec 
œe À et ye Beat faiblement relativement compact. : 
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erreurs assez naturelles, plutôt que de repéter les développements bien connus 
et triviaux sur le sujet (tels que: l’image continue d’un espace semi-compact 
est semi-compact, etc.). Dans 3. nous étudions -des cas où la semi-compacité 
relative entraine la compacité relative, le resultat le plus important est le 
théorème 2 (et le théorème 1 qui est un corollaire) ; nous y donnons en même 
temps un critère de compacité relative qui semble à priori encore bien plus 
faible que la semi-compacité relative. En outre, M. J. Dieudonné a bien 
voulu me communiquer un autre cas non trivial et très simple où la semi- 
compacité relative entraine la compacité relative (théorème 3), critère qui ne 
sera pas essentiel par la suite mais a son intérêt propre dans l’ordre d’idées 
de ce travail. : Dans 4, nous appliquons les résultats obtenus aux espaces locale- 
ment convexes, en donnant notamment à un classique théorème d’Eberlein pour 
les espaces de Banach (généralisé par J. Dieudonné et L. Schwartz [5] aux 
espaces (%)) toute la généralité qui lui appartient. (Ce théorème a été 
d’ailleurs le point de départ du présent travail). Dans 5. nous établissons 
‘un cas non classique ou la semi-compacité relative entraine la stricte semi- 
compacité relative (th. 4) ; ce résultat est d’ailleurs essentiel pour la suite 
(th. 5) ; la proposition 5 se réduit à une systématisation de réflexions classiques. 
Nous appliquons ensuite les resultats précédents à la détermination des parties 
faiblement relativement compactes de l’espace de Banach C®(Æ) de toutes les 
fonctions continues et bornées sur un espace topologique Æ ; le critère obtenu 
donne par exemple immédiatement le résultat suivant. Une fonction faible- 
ment presque périodique à gauche sur un semi-groupe est aussi faiblement 
presque périodique à droite. Enfin dans 7. nous généralisons le théorème 6 
pour obtenir dans les espaces localement convexes un critère de relative com- 
pacité faible, approfondissant de beaucoup les résultats de 4, et qui ne semble 
pas connu méme pour les espaces de Banach. 


2. Généralités. Il n’est peut-être pas inutile de rappeler quelles 
implications on peut ou ne peut pas affirmer entre les diverses notions de 
compacité envisagées, et quelles simplifications 8e produisent dans quelques 
cas classiques. Il est évident que la compacité et la semi-compacité stricte 
entraînent chacune la semi-compacité, de même pour les notions “ relatives ” 
correspondantes. Mais on n’a dans le cas général aucune autre implication 
entre ces trois couples de notions, car il est bien connu qu’un espace stricte- 
ment semi-compact peut être non compact (exemple: espace des nombres 
ordinaux de seconde classe, avec la topologie usuelle) et un espace compact 
peut ne pas être strictement semi-compact (exemple: produit topologique d’une 
famille non dénombrable d’intervalles compacts). D'autre part, il est évident 
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que chacune des trois notions de compacité entraine la notion “ relative ” 
correspondante, et que la réciproque est tout à fait fausse. On fera attention 
ici que pour qu’une partie À d’un espace E soit relativement compacte, il faut et 
il suffit par définition que son adhérence soit compacte, mais qu’il n’est est plus 
de même pour la semi-compacité relative et la stricte semi-compacité relative. 
La condition est évidemment encore suffisante, mais on peut trouver une 
partie A strictement semi-compacte d’un espace séparé E, dont l’adhérence 
ne soit pas même semi-compacte. En d’autres termes, il existe un espace 
séparé non semi-compact Æ dans lequel une partie strictement semi-compacte 
A soit dense. Soit en effet X un espace séparé qui soit strictement semi- 
compact et localement compact mais non compact (par exemple l’espace des 
nombres ordinaux de seconde classe), a son “ point à l’infim,” Y = X U (a). 
Pour tout entier naturel n, soit Y, un exemplaire homéomorphe de Y (Xn 
correspondant à X et a, à a) ; supposons les Y, disjoints et soit b un élément 
qui w’appartienne à aucun des Ÿ,. Sur l’ensemble FE — (b)U LJ Yn, con- 
. n 


sidérons la topologie dont les ouverts sont les parties qui coupent chaque F, 
suivant un ouvert, et qui, s’ils contiennent b, contiennent aussi les Xna à partir 
d’un rang assez élevé. On vérifie trivialement les axiomes des ouverts (Bour- 
baki (1)), et que # est séparé; E n’est pas semi-compact, car il est manifeste 
que la suite (an)n n’a pas de point adhérent. D’autre part, A = (b) U U Z, 


est partout dense et strictement semi-compact, comme on vérifie aussitôt. 
Rappelons enfin que dans un espace métrique, les trois notions de com- 
pacité sont équivalentes,- ainsi que les notions “relatives” correspondantes. 
Un autre résultat intéressant, qui nous sera utile par la suite, est le théorème 
d'A. Weil [10]; une partie relativement semi-compacte d’un espace uniforme 
séparé est précompacte. En particulier, dans un espace uniforme séparé et 
complet, compacité (relative) et semi-compacité (relative) sont la même chose. 
La topologie faible d’un espace de Banach ou d’un espace localement 
convexe quelconque est un exemple d’un topologie en général ni complète ni 
métrisable, et où les critères de relative compacité qu’on vient de rappeler ne 
s'appliquent pas tels quels. Plus généralement, il en est ainsi dans les espaces 
d'applications continues d’un espace topologique dans un autre, muni de la 
topologie de la convergence simple par exemple. Pourtant un théorème d’Eber- 
lein pour les espaces de Banach, et les résultats de G. Köthe sur ses “ espaces 
parfaits ” (cf. G. Kothe [8]) montrent que dans ces espaces, munis de la 
topologie faible, on a encore identité entre parties relativement semi-compactes 
et relativement compactes. D'autre part, dans les espaces de Banach encore, 
un théorème de Smulian (généralisé aux espaces (3) dans [5]) affirme 
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l'identité pour la topologie faible entre parties strictement relativement semi- 
compactes et parties relativement compactes. Ce sont ces résultats qui nous 
ont guidé et que nous allons généraliser et préciser. 


3. Semi-compacité et compacité. Soit # un espace topologique, F un 
espace uniforme séparé; nous désignons par C (E, F) l’espace des applications 
continues de # dans F, par (E, F) l’espace de toutes les applications de Æ 
dans F, et, si © est un ensemble de parties de E, par Te la structure uniforme 
sur O(E, F) et §(F, F) de la convergence uniforme sur les éléments de © 
(cf. [3]) ; munis de cette structure les espaces précédents seronts désignés par 
Ce(L, F) resp. %e(£E,F). Si F est séparé et si © recouvre E (ce que nous 
supposons par la suite) ces espaces sont séparés, et si de plus F est complet, 
il en est même de %e(#,#), mais en général Ce(H, F) n’est pas complet. 
On vérifie aussitôt que si un filtre de Cauchy dans %e(H, F) converge pour 
la topologie de la convergence simple, il converge pour Xe, d’où suit que pour 
qu’une partie A de C&(ÆE,F) ait une adhérence complète dans cet espace, 
il faut et il suffit que tout filtre de Cauchy sur A converge en chaque point 
vers une application continue de E dans F. Alors l’adhérence A de À pour 
Ze sera à fortiori complète pour toute Le, avec 6’ DG. En particulier si 
À a une adhérence complète dans l’espace Ce( E, F) muni de la structure À, 
de la convergence simple, il en sera de même à fortiori pour toute Le. A 
fortiori, si A est relativement compacte dans C,(Æ, F), l’adhérence de A dans 
Ce(E, IF) est complète quel que soit l’ensemble de parties ©. 

Enfin, remarquons encore que le théorème de Tychonoff donne immé- 
diatement: Pour qu’une partie de C;(Æ,F) soit relativement compacte, il 
faut et il suffit que 1°) elle le soit dans le produit topologique (E, F), 
c’est-à-dire que pour tout ze H, l’ensemble des f(z), où fe À, soit relative- 
ment compact dans F; et 2°) que l’adhérence de A dans C,(E, F} soit la 
même que dans f(E, F), c’est-à-dire que toute application de Æ dans F qui 
est limite simple d’applications éléments de À, soit continue. 

Ces remarques interviennent dans diverses questions d'Analyse Fonc- 
tionnelle, et seront essenticlles pour la compréhension de la suite. 


THEOREME 1. Soit E wn espace semt-compact, F un espace uniforme 
séparé, © un ensemble de parties de E recouvrant E. St dans F toute partie 
relativement senu-compacte est relativement compacte (en particulier, si F 
est complet), alors il en est de même dans l’espace C&(E, F). 


Toute partie relativement semi-compacte A de Ce(E, F) est précompacte 
(cf. ci-dessus 2.) ; if suffit de montrer que son adhérence est complète, et a 
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fortiori, d’aprés nos remarques précédentes, que A est relativement compact 
pour la topologie de la convergence simple. Comme A est évidemment rela- 
tivement' semi-compact pour cette dernière topologie (puisque © recouvre Æ) 
on est ramené au cas de la topologie &+ Mais ce cas est inclus dans le 
théorème-clef suivant: 


Taéorème 2. Soit E un espace semi-compact, F un espace complètement 
régulier, A une partie de C,(H#, F), E, une partie dense de H. 


1°) Si dans F toute partie relativement semi-compacte est relativement 
compacte, alors les conditions suivantes sur A sont toutes équivalentes: 


a) À est relativement compact; 
b) À est relativement semi-compact ; 


c) pour toute suite (fn) extraite de A et toute suite (1%) extraite de En, 
ul existe une application continue f de l’adhérence K de l’ensemble des x; 
dans F, telle que pour tout xe K, f(x) soit adhérent à la suite des f(z). Et 
pour tout meGCË:, l’ensemble des f(z) avec fe À est relativement semi- 
compact ; 

d) pour toute suite (fn) extraite de A et toute suite (x) extraite de Ey, 
il existe un X eF qui soit point doublement adhérent à la suite double 
(falz) ) (par quoi nous entendons que tout voisinage de X rencontre. une 
infinité de lignes et une infintté de colonnes de la suite double chacune en 
une infinité de termes). Et pour tout ce QE., l'ensemble des f(x) avec fe À 
est relativement semi-compact. 


2°) De toutes façons (sans plus faire sur F la restriction de la première 
partie de l'énoncé) chacune des conditions qui précèdent est suffisante pour 
assurer que toute application de E dans F qui est limite simple d'applications 
éléments de A est continue; les deuxièmes parties des conditions c) et d) 
peuvent être omises. | 

Enfin, moyennant la première partie de la condition d), même si on ne 
suppose plus que E est semt-compact, toute application de H dans F qui est 
limite simple d'applications éléments de À est continue. 


Démonstration. On a de toutes façons manifestement a)—>b)— c); 
montrons que si Æ est semi-compact, c) entraine d); il suffit de montrer que 
la première partie de la condition c) entraine la première partie de la con- 
dition d). Soit en effet, avec les notations de d), #e E adhérent à la suite 
(ci) et soit f Papplication stipulée dans c), relative aux suites (2) et (fa); 
je dis que f(x) est doublement adhérent à la suite double (f,(x)). En effet, 


CRITÈRES DE OOMPACITÉ. 178 


s’il existait un voisinage ouvert V de f(x) tel que sauf pour un nombre fini 
d'indices 4 l’on ait “f,(æ) e CV pour n= m(1),” on aurait, sauf pour un 
nombre fini d'indices: f(x) eG V, d’où f(a) e GV ce qui est absurde; et wil 
existait un voisinage ouvert V de f(x) tel que sauf pour un nombre fini 
d'indices n l’on ait “fa(z;) e CV pour i= i(n), on aurait sauf pour un 


nombre fini d'indices fx(%) €G V, d’où f(x) e C V, ce qui est encore absurde— . 


Pour prouver la première partie du théorème, tout revient done à prouver 
que d) entraine a). Mais de d) resulte manifestement que pour tout ze E 
l’ensemble des f(x), avec fe À est une partie relativement semi-compacte de 
F, donc relativement compacte en vertu de l’hypothèse sur F. En tenant 
compte d’une remarque faite plus haut, tout revient donc à montrer que 
toute application de Æ dans F qui est limite simple d’applications éléments 
de À est continue. Cela est inclus dans la deuxième partie du théorème, 
cette deuxième partie revenant manifestament à prouver que si # est un 
espace topologique quelconque, et F complètement régulier, alors la première 
condition énoncée dans d) est suffisante pour assurer que toute application f 
de Æ dans F qui est limite simple d’applications éléments de A est continue 
(E, désignant une partie dense dans E). 

F étant complément régulier, sa topologie peut étre considérée comme la 
moins fine de celles qui rendent continues certaines fonctions numériques di 
sur F ([2], page 11, proposition 4). On voit alors qu’on peut se ramener 
au cas où F est la droite numérique, la continuité de f équivalant en effet à 
la continuité de chacun des fonctions numériques ¢;°f sur E (d’autre part 
h° f est limite simple de fonctions #0 g où g parcourt A, et l’ensemble de 
ces ¢,°g jouit manifestement des propriétés envisagées pour A lui-même). 
Supposons donc que F soit la droite numérique; on sait que pour démontrer la 
continuité de f, il suffit de montrer que l’on a lim f(x) f(z) pour tout 

ae 

ack, 
z eH ([1] page 38, th. 1). Nous démontrerons cette relation par l’absurde, 
en reprenant une idée d’Eberlein. Supposons donc qu’il existe un 2) € # et un 
a> 0 tels que pour tout voisinage V de zp, il existe un ze V ME, tel que 
| f(z) —f(a.)| =a. On pourrait alors par récurrence construire deux suites 
d'éléments de A et de F, respectivement, (fı) et (2), telles que l’on ait 
(on suppose les suites construites déjà jusqu'aux termes de rang n— 1): 


a) | falt) —f(n)l S 1/n (0S i &n— 1) (cela est possible, f étant 
limite simple éléments de A). | 

b) | f(a) —fe(to)| S/n (OSiSn). 

c) | f(t.) —f(#o)| 2% (ce que est encore possible par hypothèse). 
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Tl existe un point z doublement adhérent à la suite double (f;(z,)), et comme 
pour i constant la suite (f,(x;)) tend vers f(x) en vertu de a) et la suite 
(fi(2n)) vers fit) en vertu de b), z est adhérent à chancune des suites 
(f (ta) ) et (fa(Zo)). Or, en vertu de la première des inégalités a), la deuxième 
suite tend vers f(t»); on a donc z == f(x), et f(x) serait valeur d’adhérence 
de la première suite, contrairement aux inégalités c). CQED. 


CororrarRe 1. L’énoncé du théorème 1 reste valable si on suppose E 
localement compact, ou métrique, et plus généralement si toute application 
de E dans F dont les restrictions aux parties semi-compactes de E sont 
continues, est continue. 


En effet, on se ramène évidemment à montrer que si A est relativement 
semi-compact pour la topologie de la convergence simple, toute limite simple 
d’applications éléments de A est continue, ce qui est déjà une conséquence du 
théoréme 1. 


Remarque 1. La démonstration du théorème 2 met en évidence que si 
on suppose la topologie de J” définie comme la moins’ fine des topologies 
rendant continues certaines applications ¢; de # dans des espaces complète- 
ment réguliers F,, alors les critères énoncés dans le théorème 2 équivalent à 
ceux qu’on en déduit en supposant que les hypothèses envisagées sont vérifiées, 
non pour À lui-même à priori, mais pour chacun des ensembles A,CC (E, F;) 
(où pour tout +, on désigne par A, l’ensemble des ¢; ° f ot f parcourt À). 


Remarque 2. Nupposons que la suite double (zy) prenne ses valeurs 
dans un espace métrique F, et y soit relativement compacte. Alors on vérifie 
que la non-existence d’un point doublement adhérent à la suite double 
implique l’existence d’une “suite double extraite” (Tis) = (Yap), telle que 
lim. ia, Yap et Fa iim. Yap existent tous deux et soient distincts. En effet, 


Paope du cédé diagonal permet de construire une suite d’indices (ta) 
telle que lim. Tia, existe pour tout j. Une seconde application du procédé 


diagonal ee d'obtenir une suite d’indices jg telle que a Pia ja existe pour 
tout tœ et que a (him. Tia P existe. Enfin on peut n en extrayant 
encore au badia une A partielle de la suite (à), que lim. Ce Tiada) 
existe. Mais les deux limites doubles lim. (im, Tiaj) eb oa (iim. Tiada) DO 


peuvent être égales, car leur valeur commune serait manifestement un point 
doublement adhérent à la suite double (z,,). 
D'autre part, une’ suite double telle que lim. (lim. zı) et lim. (lim. t4) 
i j j i 
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existent et soient distincts n’a manifestement pas de point doublement adhérent 
(car un tel point devrait être identique A chacune de ces limites doubles). 
Il suit aussitôt le 


CoROLLAIRE 2. Soit E un espace semt-compact, F un espace métrique. 
À un ensemble d'applications continues de E dans F tel que l'ensemble des 
f(z) où fe À et vel, soit relativement compact. Pour que A soit relative- 
ment compact dans C,(L, F), d faut et il sufit qu'il n'existe pas de surte (t4) 
extraite de H et de suite (f;) extraite de A, telles que Ha Tä fil) et 


lim. lim. fi (z) existent tous deux et sotent distincts. La condition subsiste 
H 4 


si on assujettit la suite (xy) à être extraite d’une partie partout dense fixe E, 
de E. Et cette condition reste suffisante pour assurer que A est relativement 
compact, même st E west plus supposé semt-compact. 


De la démonstration du théorème 2, ou du théorème 2 directement, on 
déduit immédiatement le résultat suivant: 


Proposition 1. Soit E un espace semi-compact, I un espace complète- 
ment régulier, A une partie relativement compacte de l’espace C;(E, F). Alors 
A est encore relativement compact dans l’espace C,(#,F), où E est l’espace 
obtenu en munissant E de la topologie la moins fine rendant continues les 
applications éléments de À. En particulier, toute application f de E dans F 
que est limite simple d’applications éléments de A, est encore continue au 
sens de la topologie de É (c’est à dire que, pour tout z,e E et tout voisinage 
F de f(t.) dans F, il existe un nombre fini d’éléments fe A et des ouverts 
Q; dans J’, tels que fit) € Q; pour tout 1, et que f(x) € Q pour tout i 
entraine f(z) e V.? 

Signalons pour être complet un autre cas intéressant et non classique où 
la semi-compacité relative entraine la compacité relative, qui m’a été signalé 
par M. J. Dieudonné: 


THEOREME 3. Soit E un espace complètement régulier dont la topologie 
& soit plus fine qu'une certaine topologie métrisable ©. Alors dans E les 
parties (relativement) compactes, (relativement) semi-compactes el (relative- 
ment) strictement semi-compactes sont identiques, et leur topologie métrisable. 


2 En fait, cet énoncé est loin d’être profond, du moins si À est compact. On peut 
en effet montrer alors par voie directe le résultat bien moins restrictif: Si F est compact, 
F un espace topologique séparé quelconque, À un ensemble quelconque d'applications 
continues de Æ dans F, alors toute application continue de H dans F qui est limite 
simple d'applications éléments de A, est déjà continue quand on munit # de la topologie 
la moins fine rendant continues les applications éléments de À. 
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I suffit de montrer que toute partie relativement semi-compacte A est 
relativement compacte. Car alors, son adhérence A étant compacte et la 
topologie induite par Teo sur À étant séparée et moins fine que celle induite 
par &, elle doit lui être identique, d’où suit que A est métrisable et strictement 
semi-compact. Tout revient donc à montrer que tout ultra-filtre ¢ sur A 
converge vers quelque ree E. Mais A étant aussi relativement semi-compact 
. pour Ñe qui est métrisable, A est relativement compact pour e, donc ¢ 
converge pour % vers un ze. Tout revient à montrer que la conver- 
gence a lieu aussi au sens de , done’ (cf. [2] p. 11, proposition 9) que pour 
toute fonction numérique continue f sur Æ, f(x) converge vers f(x) suivant 
le filtre ¢. Soit Ty la topologie la moins fine sur Æ rendant continues f et 
Papplication identique de # sur # muni de Ze, cette topologie est métrisable, 
plus fine que À, et moins fine que &. A est donc aussi relativement semi- 
compact pour y, donc relativement compact pour cette topologie, tend done 
vers une limite ye E au sens de Zy, et on a forcément y == 7, puisque Zy est 
plus fine que To. Il suit bien que f(z) tend vers f(x) suivant le filtre 4, 
CQFD. 


COROLLAIRE, Sott E un espace topologique, F un espace métrique, © un 
ensemble de parties de E recouvrant E. Supposons qu'il existe une sutte 
d’ensembles éléments de © dont la réunion soit partout dense dans E (en 
particulier, U suffit qu'il existe dans E une suite partout dense). Alors dans 
Ce(E, F) les parties (relativement) compactes, (relativement) semt-compactes 
et (relativement) strictement semi-compactes sont identiques. 


Remarquons que le théorème 3 aurait pu se démontrer aussi rapidement 
sans l’aide des ultra-filtres, en montrant directement que sur l’adhérence des 
parties relativement semi-compactes, les topologies © et Te sont identiques. 
Mais la méthode employée montre plus généralement que si on considère un 
ensemble de topologies ©, sur Æ où les parties (relativement) semi-compactes 
„soient (relativement) compactes, et si cette famille de topologies admet un 
plus petit élément %, séparé, alors la borne supériere Ñ == Sup. T satisfait 
à la même hypothèse que les X. 


4 Appplications aux espaces vectoriels localement convexes. Les 
théorèmes 1 et 2 s'appliquent aux sous-espaces fermés d’espaces CS(E, F). 
De manière générale, l’application du théorème 1 peut se présenter ainsi: 
On donne un ensemble B d’applications d’un ensemble Æ dans un espace 
uniforme séparé F dont les parties relativement semi-compactes soient relative- 
ment compactes, examiner s'il en est de même dans B muni d’une topologie 
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Te. On pourra Vaffirmer dès qu’on aura trouvé sur E, pour toute partie 
relativement semi-compacte A. de B, une topologie rendant continues les 
applications éléments de À, et assez peu fine pour que toute application de 
E dans F dont les restrictions aux parties semi-compactes de £ sont continues, 
et qui soit par ailleurs limite au sens de Bg d'applications éléments de À, 
soit élément de B. Remarque analogue pour l’application du théorème 2, 
quand Te est la topologie de la convergence simple, mais alors on a intérêt 
à prendre sur Ẹ une topologie aussi fine que possible donnant encore suffisam- 
ment de parties semi-compactes pour que toute application de # dans F dont 
les restrictions & ces parties sont continues (et de plus limite simple d’élé- 
ments de A) soit continue. Ces deux considérations se reflètent exactement 
dans les deux propositions qui vont suivre. 

Si # est un espace vectoriel localement convexe séparé, il peut être con- 
sidéré comme l’espace des formes linéaires continues sur son dual faible Æ’, 
muni d’une topologie Ze (théorème de Mackey, cf. [9] et [5]) © étant un 
ensemble de parties convexes et faiblement compactes recouvrant E. D'autre 
part on peut montrer ([7]) que si # est complet, tout forme linéaire sur E’ 
dont les restrictions aux éléments de © sont continues, est faiblement continue, 
cest à dire élément de E. Comme par ailleurs toute limite simple d’applica- 
tions linéaires est linéaire, on obtient en premier lieu la généralisation du 
théorème d’Hberlein annoncée au début: 


PROPOSITION 2. St E est un espace localement convexe séparé complet 
ou seulement complet pour la topologie r(E, E’) de Mackey associée, (cf. [5] 
et [9]) ses parties relativement semi-compactes et relativement compactes 
sont sdentiques (et ceci d’ailleurs manifestement pour toute topologie locale- 
ment convexe sur # donnant le même dual). 


En second lieu, on a le résultat 


PROPOSITION 3. a) Sous les conditions de la proposition précédente, pour 
qu'une partie À de E soit faiblement relativement compacte, tl faut et il sufit 
"qu'elle soit bornée, et qu'il n'existe pas de suite (x) extraite de A et de suite 
(z';) extraite d'une partie faiblement compacte convexe de E’, telles que 
lim. De ti, T'i et En Em. <td; existent et sorent distincts. 


b) Plus généralement, soit (Ka) une famille de parties convexes de B', 
relativement faiblement compactes (et non forcément fermées), telle que la 
famille des adhérences faibles Ka engendre algébriquement I, et que E soit 
complet pour la topologie de la convergence uniforme sur les Kz. Alors le 


12 
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éritére précédent de relative faible compacité de A subsiste, st on daug atts la 
suite (x) à être extraite de quelque Ky. . 


Remarque 3. On voit facilement que ies eee précédentes valent 
encore si on suppose non pas Æ complet, mais seulement ses parties bornées et 
fermées complètes (il suffit de passer au complété de Æ pour la topologie 
donnée ou la topologie +(H, #’)). De façon plus générale encore, les pro- 
positions 2 et 3 valent pour une partie particulière À de E, dès qu’on sait que 
Venveloppe convexe fermée de A est complète (ne fût-ce que pour r(#, E’) 
lorsqu’il s’agit de proposition 2 ou proposition 3a) ).—Comme toute partie 
“faiblement compacte de Æ est forcément complète pour les topologies’ en- 
visagées, il ne semble pas raisonnable d’espérer généraliser encore ces derniers 
résultats (maïs nous approfondirons encore considérablement la Bropention 2 
par le théoréme 7 plus bas). 

Il est d’ailleurs facile de construire un espace vectoriel non aaie 
. hyperplan fortement fermé d’un dual faible d’un espace de Banach par exemple, 
dans lequel il y ait des parties semi-compactes non relativement compactes. 
Soit en effet Q un espace localement compact et semi-compact, mais non 
compact (par exemple l’espace des nombres ordinaux de seconde classe), soit 
Q l’espace compact obtenu par adjonction du “ point à l'infini” w. Soit E 
l’espace des fonctions complexes continues sur @, muni de la norme de la 
convergence uniforme, F’ son dual (espace des mesures de Radon sur Ô). 
Si on identifie tout point de 0 avec la mass -+ 1 placée en ce point, la 
topologie de © s’identifie à la topologie induite par la topologie faible de FE”. 
Il est manifeste que w n’appartient pas au sous-espace fortement fermé . 
engendré par Q (sa distance à ce dernier est égale à 1), il existe done un 
hyperplan fortement fermé V de E’ contenant Q et non w. Dans cet espace 
(muni de la topologie faible), Q est semi-compact et non faiblement relative- 
ment compact. 

La proposition 3 donne un critère pour qu’une suite de W converge 
© faiblement; il faut et il suffit en effet qu’elle soit faiblement relativement 
compacte, et qu’elle converge sur une partie totale E’, de Æ (car sur une 
partie faiblement compacte de Æ, la topologie o(H, E’) coïncide forcément 
avec la topologie séparée moins fine o(#, E’1)). Nous ne donnons pas l’énoncé 
explicite, qui de toutes façons pourra beaucoup s'améliorer plus bas. Mais 
donnons une application immédiate de la proposition 3b), due à ce que le 
bidual Æ” d’un espace # (cf. [5]) est engendré par les adhérences faibles 
des parties bornées de EF: 


Prorosrtion 4. Soit E un espace localement convexe, E’ son dual fort 
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(cf. [5]) supposé complet, E” le dual de F fort. Pour qu'une partie A de E’ 
soit relativement compacte pour o( E’, E”) il faut et il suffit qu’elle soit forte- 
ment bornée, et qu'il n'existe pas de suite bornée (x) extratte de F et de suite 
(x';) extraite de À, telles que lim. ri a, dj) et a lim. <a, L'i exrstent 


et soient distincts. 


Tei encore, il suffit de supposer seulement que les parties fermées et bornées 
de E’ fort sont complètes. Et on a encore un critère correspondant pour 
qu’une suite dans # converge pour o( Li’, E”): il faut et il suffit qu’elle soit 
relativement compacte pour cette topologie, et qu’elle converge sur une partie 
totale de #.—Noter que si on suppose À faiblement relativement compact, 
il est inutile de supposer E’ fort complet (car l’adhérence forte de A sera 
déjà complète). 


5. Critères de semi-compacité stricte. Soit de nouveau Ẹ un espace 
topologique, F un espace uniforme séparé, © un ensemble de, parties de E 
recouvrant #. Pour qu’un filtre sur une partie relativement compacte A de 
Ce(E, F) converge, il faut et il suffit qu’il converge en chaque point d’une 
partie partout dense Æ, de HW (puisque la topologie de la convergence simple 
sur H, est encore séparée sur C(H, F), et moins fine que la topologie Te). 
Si on suppose seulement À relativement semi-compact, la conclusion subsiste 
à condition de se borner aux filtres définis par des suites (fa). En effet, cette 
suite ne peut avoir dans Ce( E, F) qu’une seule valeur d’adhérence, (définie 
par ses valeurs sur F), et d’autre part on vérifie immédiatement que dans 
une partie relativement semi-compacte d’un espace topologique séparé C, les 
suites convergentes sont précisément celles qui ont un seul point adhérent. 


Proposition 5. Sow E un espace topologique, F un espace umforme 
séparé, © un ensemble de parties de E recouvrant E. Supposons qu'il existe 
une suite (E) de parties de E, dont la réunion sott partout dense, et telle 
que dans chacun des espaces Ce, (En F) (Gi désignant la trace de © sur Er), 
la (semi-)compacité relative d’une partie de l’espace entraine sa stricte semi- 
compacilé relative. Alors tl en est de même dans Ce(E, F). 


Soit en effet (f,) une suite relativement (semi-)compacte dans C&(ÆE, F). 
Pour tout t, la suite des restrictions des fa à H; forme alors une suite relative- 
ment (semi-)compacte dans Ce, (E, F), ce qui permet par hypothèse d’extraire 
de (fn) une suite dont les restrictions à E, convergent dans Ce, (En F). Par 
le procédé diagonal, on peut alors extraire de (f,) une suite telle que pour 
tout 1, la suite des restrictions à F, converge dans Ce, (E F}. Cette suite 
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converge en particulier en chacun des points de |) F; qui est dense dans F, 
i 


d’où resulte qu’elle converge dans Ce(E, F) en vertu de nos remarques 
préliminaires. 

Une partie du corolllaire du théorème 3 est contenu dans la proposition 
précédente (savoir que dans Ce(Æ, F), la semi-compacité relative entraine la 
stricte semi-compacité relative, sous les hypothèses spécifiées dans ce corollaire). 
La partie la plus profonde du corollaire en question échappe pourtant à la 
proposition 5, en revanche nous avons le 


COROLLAIRE. Si E contient une suite partout dense, et si dans F toute 
partie relativement (semi-)compacte est strictement semi-compacte, alors il 
en est de même dans Cel E, F). 


Mais on notera que quelque simple que soit l’espace F (par exemple le 
segment compact (0,1)), pour avoir des résultats dans le genre du précédent, 
il faut faire quelque hypothèse sur le couple (E, ©). Ainsi, si # est un espace 
discret non dénombrable, et FP = (0,1) on sait bien que le produit topologique 
CCE, F) est compact, mais non strictement semi-compact.—Tl est tout aussi 
évident que la moindre des choses qu’il faille supposer sur F pour avoir un 
résultat, c’est que dans F lui-même toute partie relativement compacte soit 
strictement relativement semi-compacte. 

Le théorème suivant tire son intérèt du fait qu’il ne fait intervenir 
aucune condition de dénombrabilité sur l’espace E lui-même: | 


TEÉORÈME 4 Soit E un espace compact, F un espace uniforme séparé, 
© un ensemble de parties de E recouvrant E, A une partie de Cel E, F) 
relativement semi-compacte. Supposons de plus que pour toute fe À, le sous- 
espace f(E) de F ast une topologie métrisable (il suffit donc que F att une 
topologie métrisable). Alors A est strictement relativement semt-compacte. 


Soit (fa) une suite extraite de A, tout revient à montrer qu’on peut en 
extraire une suite qui converge en chaque point. On est donc ramené au cas 
de la topologie ©, de la convergence simple, et nous supposerons maintenant 
que À est un espace topologique séparé quelconque.—Soit B l’adhérence dans 
C,(#,F) de lPensemble des fa, considérons sur Æ la topologie 2’ la moins 
fine rendant continues les applications éléments de B, manifestement la suite 
(fr) est encore relativement semi-compacte dans l’espace C;(#,F), où B 
désigne Æ muni de &”. Pour qu’une suite extraite de (fa) converge en 
chaque point, il suffit donc qu’elle converge en chaque point d’une partie 
dense de #, et l’application du procédé diagonal nous ramène à montrer qu’il 
existe dans # une suite partout dense. Mais (x) — {f(x)};er étant l’applica- 
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tion canonique de Æ dans le produit topologique G = If (E), il revient 
fe 


manifestement au même de montrer que l’image K == 4(#) admet une suite 
partout dense. Mais K étant compact (comme image continue du compact E) 
sa topologie est aussi la moins fine de celles qui rendent continues les applica- 
tions f, (topologie qui est en effet moins fine, et d’autre part séparée comme 
on vérifie aussitôt). K s’identifie donc à un sous-espace du produit topologique 
IL f.(#), qui est métrisable, par conséquent K est un compact métrisable, 


et à fortiori séparable. 


Remarque 4. Le théorème 4 vaut encore si on suppose seulement que 
E est semi-compact. Tout revient en effet à montrer que K est compact, 
mais K est déjà semi-compact comme image continue de H, d’autre part la 
topologique de K est complément régulière et plus fine que la topologie 
métrisable définie par les f,; la compacité de K resulte alors du théorème 3.— 
On aurait aussi pu s’épargner ce raisonnement et abréger en même temps la 
démonstration précédente en faisant usage de la proposition 1, qui dit que 
la suite (fa) est encore relativement semi-compacte dans l’espace C(#, F), 
lorsque Æ désigne Æ muni de la topologie la moins fine rendant continues les 
fx; tout revient alors à trouver une suite dense dans #, ce qui est immédiat. 


En conjuguant le théorème 4 et la proposition 5, on obtient des cas 
étendus où la semi-compacité relative entraine la semi-compacité relative 
stricte. Le théorème de Smulian pour la topologie faible des espaces de 
Banach et plus généralement des espaces (%) (cf. [5]) en est un cas 
particulier, puisque un espace (%}) s'identifie à l’espace des formes linéaires 
continues sur son dual faible K’, œt que F est réunion d’une suite de parties 
faiblement compactes. On notera d’ailleurs la parenté entre la démonstration 
directe du théorème de Smulian, et celle du théorème 4. Donnons pour être 
complet l’énoncé le plus général du théorème de Smulian (énoncé qui peut 
d’ailleurs se démontrer directement comme dans le cas classique) : 


Proposition 6. Soit E un espace localement convexe, (tn) une suite 
faiblement relativement semi-compacte dans E, K une partie faiblement com- 
pacte du dual E’. Alors on peut extraire de (Tn) une suite qui converge en 
chaque point de K (et par conséquent, en chaque point du sous-espace vectoriel 
faiblement fermé de E’ engendré par K).—S+ dans E il existe une suite de 
votsinages de l'origine dont l'intersection soit réduite à {0}, alors on peut 
extraire de (£u) une suite faiblement convergente. 


(il suffit de noter que la dernière hypothèse assure lexistence dans X’ 
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` d’ane suite de parties faiblement compactes dont la réunion soit partout 
dense).—Rappelons que déjà dans le dual faible d’un espace de Banach: peut 
exister une suite relativement faiblement compacte (c’est à dire bornée), dont 
aucune suite extraite ne converge faiblment (cf. [b]), de sorte qu’une telle 
situation ne peut pas être considérée comme tératologique. 


6. Critères de compacité faible dans les espaces C° (E). Si Ẹ est un 
espace topologique, nous désignons par C (FE) l’espace des fonctions complexes 
continues sur Æ, par C”(#) l’espace des fonctions complexes continues et 
bornées sur Æ, muni de la norme uniforme qui en fait un espace de Banach. 
Si # est compact ou semi-compact, les ensembles C(E) et C°(#) coincident, 
et nous désignerons l’espace de. Banach C®(ÆE) par C(E) pour abréger. 


THÉoRÈME 5. Soit E un espace compact, pour qu’une partie A de C(E) 
soit faiblement relativement compacte, a faut et il sufit qu'elle soit bornée, 
et relativement compacte dans U(E) pour la topologie de la convergence 
simple. | 


La nécessité de la condition est manifeste. Pour montrer qu’elle est 
suffisante, il suffit de montrer d’après le théorème d’Eberlein (cf. plus haut) 
que de toute suite (fn) extraite de 4° on peut extraire une suite faiblement 
convergente. Mais comme une suite (9,) extraite de (fa) est uniformément 
bornée par hypothèse, et que par conséquent (les formes linéaires continues 
sur C(Æ) n’étant autres que les mesures de Radon sur F) sa convergence 
faible équivaut à sa convergence en chaque point (théorème de Lebésgue), 
il suffit donc d’extraire de la suite (fa), relativement compacte pour la 
topologie de la convergence simple, une suite (gn) qui converge en chaque 
point. Mais cela est possible en vertu du théorème 4. | 

Tl faut bien noter que ce théorème n’est plus exact lorsqu’on substitue à 
la topologie de la convergence simple une topologie strictement moins fine, 
comme par exemple la topologie de la convergence en tout point sauf un 
seul 2, comme on s’en convainc sans difficulté. Le théorème qui correspond 
au précédent et au suivant dans les espaces localement convexes généraux sera 
examiné en détail plus bas. 

Le Théorème 5 permet l’application des critères de compacité établis au 
théorème 2, et notamment le critère d), qui ne fait intervenir que les valeurs 
des fonctions sur une partie dense de 7. On a même le 


FRÉORÈME 6. Soit E un espace topologique quelconque. Pour qu'unc 
partie A de O®(E) soit relativement faiblement compacte, il faut et il suffit qw- 


CRITÈRES DE COMPACITÉ. | 183 


elle soit bornée, et qu'il n'existe pas de suite (x) extraite de E de suite (fj) 
extraite de A telles que lim. lim. f;(æ) et lim. lim. f;(a,) existent et. soient 
tof j 4 


distincts. Ce critère subsiste si on assujéttit la suite (x) à être extraite d'une 
partie dense E, de E. | | 


On sait que l’espace C” (E) s’identifie à l’espace des fonctions complexes 
continues sur la “compactification de Cech” Æ de H (qui s'identifie aussi à 
Pespace des “ caractères ” de l’algèbre normée complète C” (E )—mais en fait 
la théorie est très élémentaire, cf. par exemple N. Bourbaki [2], page 14, 
exercices 6 et 7). Il existe une application canonique continue zx de E 
sur une partie partout dense # de # (application qui est biunivoque si et 
seulement si Æ est complètement régulier, mais peu importe), telle que l’on 
ait f(z) —f(#) quels que soient re E et fe C°(E) (où f est la fonction 
sur # définie par f). D'ailleurs, l’image É, de E, dans Ê sera donc aussi 
dense. I suffit alors d’appliquer le théorème 5 à l’espace C(#), puis le 
corollaire 2 du théorème 2 à ce même espace et la partie dense #, de #.— 
Notons que application de ce dernier théorème et du critère du corollaire 2 
du théorème 2, montre aussitôt que le théorème 5 reste valable si Æ est 
seulement semi-compact. 


Donnons une application immédiate du théorème 6. Si G@ est un semi- 
groupe, muni éventuellement d’une topologie qui rende continues ses 
translations à gauche et à droite, nous dirons avec F. Eberlein ([6]) qu’une 
fonction complexe bornée et continue sur G est faiblement presque-périodique 
a gauche (resp. à droite), si l’ensemble de ses translatées gauches (respec- 
tivement droites) est une partie relativement faiblement compacte de l’espace 
de Banach C*(G@). On a alors immédiatement la 


PROPOSITION Y. Pour qu’une f e C°(G) soit faiblement presque-périodique 
à gauche (ou à droite) il faut et tt suffit qu'il n'existe pas de suites (x) et 
(y;) extraites de G, telles que lim. lini, f (cays) et ea him. f (zy) existent et 
soient distincts. En particulier, les fonctions faiblement presque périodiques 
à gauche et à droite sont les mêmes. Il sera donc à propos de les appeller 
fonctions faiblement presque-périodiques tout court). 


7. Renforcement des critères de faible compacité relative dans les 
espaces vectoriels localement convexes. 


Tafonème 7. Soit E.un espace vectoriel localement convexe séparé, 
(Ka) une famille de parties du dual H’ de E, à enveloppes convexes cerclées 
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relativement faiblement compactes, et telles que la famille des enveloppes con- 
veres cerclées fermées E, des Ka engendre algébriquement tout E. Soit A 
une partie bornée de E, et supposons E complet et pour la topologie & de la 
convergence uniforme sur les Ka, ou dw moins l'enveloppe convexe fermée de 
A complète pour cette topologie. 


a) S1 les Ka sont faiblement fermés (c'est à dire faiblement compacts) 
alors pour que A soit faiblement relativement compact dans E, il faut et il 
sufit que pour tout «, l’ensemble des fonctions continues sur Ka définies par 
les éléments de A soit relativement compact dans O (Ka) pour la topologie 
de la convergence simple. | 


b) Sion ne suppose plus forcément les Ka fermés, une condition néces- - 
saire et suffisante pour que À soit relahivement farblement compact, est qu'il 
nm exrste pas de suste (x) extraite de A et de suite (xj) extraite de quelque Ka, 
telles que lim, mi Ct 05> et a lim. <a, T'i> existent et soient distincts. 


En vertu du théorème 2 corollaire 2 (qui s'applique ici puisque A est 
borné), la condition énoncée dans b) équivaut à la condition énoncée dans a), 
appliquée aux adhérences faibles des Ka, de sorte qu’on peut se borner à 
démontrer a). Nous identifions comme d’habitude # à l’espaces des formes 
linéaires continues sur son dual faible, et notons comme dans 4. que tout 
revient à montrer que pour toute forme linéaire Y sur H’ qui est faiblement 
adhérente à À, les restrictions aux K, sont faiblement continues. (Dans la 
suite, il est inutile de conserver l’indice a). D’après le théorème de Mackey 
([91), le dual de E muni de & est encore E’. Il existe Pautre part une 
application linéaire canonique z —> u(r) de E dans l’espace de Banach C(K) 
des fonction complexes continues sur K, application qui est continue par la 
définition même de €, et dont la transposée wu’ est done une application faible- 
ment continue du dual C’ de C = O (K) dans W. L'image de la boule unité 
B de C par w’ est donc une partie convexe cerclée faiblement compacte de Æ 
(puisque B est faiblement compacte), contenant évidemment K, donc aussi É. 
En fait, il nous sera commode de savoir qu’elle est même identique à K, cela 
resulte immédiatement du fait connu que B est l’enveloppe convexe cerclée 
faiblement fermée dans C’ de l’ensemble des “ masses -+ 1” placées aux divers 
points de K (comme il resulte aussitôt de l’emploi des ensembles polaires, cf. 
[5]). Nous allons montrer que la restriction de X à K est de la forme 
EX, w. p> = <f, py, u désignant l'élément générique de B, et où f est un 
élément convenable de l’espace C==C(K) (cest en fait la fonction sur 
K:f(«’) —=<X, x>), il sensuivre aussitôt que la restriction de X à K est 


CRITÈRES DB OOMPACITÉ. . 185 


continue, puisqu’en la composant avec l’application continue w’ du compact 
B sur K, on obtient une application continue (cf. [1] page 53, th. 1, et page 
62 th. 1, cor. 2). Soit donc ¢ la trace sur A du filtre des voinages faibles 
de X, on a pour tout 7 =W. u(pe B): | 


KX, W. p> ees CT, W. > = <u. T, p> 


or l’image de ¢ par u est un filtre de Cauchy pour la convergence simple, et 
u(A) est faiblement relativement compact dans C(K), comme il resulte de 
Vhypothése et au théorème 5; il suit que u.s tend fasblement suivant ¢ vers 
une limite fe C(K), d’où suit bien CX, w. p <= <f, p>. 


COROLLAIRE 1. Soit E un espace de Banach, K l’ensemble des potnts 
extrémauz de la boule unité de son dual. Pour que ACE sott faiblement 
relativement compact, il faut et il suffit qu'il n'existe pas de suite (x) 
ectraite de A et de suite (x,) extraite de K, telle que lim. lim. <a, 59 et 
Le <a, T'i existent et soient distincts. 72 

COROLLATRE 2. Soit H un espace localement convexe, (Ba) une famille 
de parties bornées de E telle que toute partie bornée de E soit contenue dans 
l'enveloppe convexe cerclée fermée de quelque B Supposons le dual fort 
(cf. [5]) F de E complet, ou du moins ses parties bornées et fermées com- 
plètes. Pour que ACE’ soit relativement compact pour la topologie o (E, E”) 
(E” désignant le dual de E’ fort) tl faut et il suffit qu’elle soit fortement 
bornée, et qu'il n'ertiste pas de suite (a,) extraite de quelques Ba et de suite 
(x';) extraite de À, telles que lim, ae <a T et HE lim. lt 05> existent 


et sotent distincts. 


Remarque 5. En fait, sous les conditions du théorème 7, on peut même 
affirmer que l’enveloppe convexe fermée de À est faiblement compacte. En 
effet, la démonstration d’un théorème connu de Krein pour les espaces de 
Banach se transpose aux espace vectoriels localement convexes pour donner 
l'énoncé suivant: Soit F un espace localement convexe séparé, A une partie 
faiblement relativement compacte; pour que son enveloppe convexe fermée 
soit faiblement compacte, il faut et il suffit qu’elle soit complète (ne fût-ce 
d’ailleurs que pour la topologie r(Æ, #’) associée).—Nous ne donnerons pas 
la démonstration de cette proposition, qui s'appuie essentiellement sur le 
théorème d’Eberlein généralisé (proposition 2) et le resultat de [7] rappelé 
plus haut qui nous a déjà servi pour la proposition 2 et le théorème 7. 

Notons encore que le théorème 6 donne comme corollaire immédiat un 
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critère de convergence faible d’une suite dans un espace O” (E), et le théorème 
Y un critère de convergence faible d’un suite dans un espace de Banach 
quelconque. Ces critères, pour le cas particulier de suites tendant faiblement: 
vers 0,-se trouvent déjà dans Banach ([4], page 222). Il ne semble pas 
possible d’ailleurs d'en déduire les théorèmes 6 et 7. 
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GROUPS AND CARDINAL NUMBERS.* 


By W. R. Soort. 


1. Introduction. Let G be an infinite group. For ze G, let E(x, G) 
== H(z) be the set of ge @ such that the equation g” == 7 has no solution 
for n. Let K—K(G@) be the set of ke G such that o(E(k)) < 0(@), 
where 0(9) is the cardinal number of elements in S. Observe that if G 
is a p” group, then K(G) = G. á 

This paper is devoted primarily to the problem of determining K, given 
G. The problem is solved for Abelian groups (Corollary 1 to Theorem 8, and 
Theorems 9 and 10), and considerable progress is made in the general case 
(Theorems 1-8, Corollary 2 to Theorem 8, and the Corollary to Theorem 11). 

In the process of (partial) solution of the above problem, two sidepaths 
are investigated. In section 3, a few results are given concerning the size 
of layers of a group. These results are perhaps of independent interest. 
In sections 4, 5, and 8, in conjunction with the study of K, the intersection D 
of all subgroups G, of G with 0(G,) = 0(G@) is introduced. The principal 
result is that D = K for Abelian groups G. 


2. Definitions and notations. Let G be a group written multiplicatively 
with identity e. If ge G, o(g) will denote the order of g; 0(g) =œ means 
that g” — e implies n==0. G is periodic if o(g) <œ for every geG. G is 
locally cyclic if for every 91, ga € G there exists a ge G and integers m and n 
such that g™ == gı, g"== g}. A subgroup H of G is central if H CZ where 
Z is the center of G. A. subgroup H is strictly characteristic if c(H) CH 
for every endomorphism o(G) = G@ of G onto G. It is fully characteristic 
if o(H) CH for every endomorphism a of G. The letter p will always 
denote a prime. A p-group is a group G such that o(g) = p'® for all ge G, 
for a fixed prime p. A layer L(n) (L(w)) of G is the set of ge G with 
o(g) =n(o). The notations 0(8), H(z), K, and D(@).<= D will be used 
as in section 1. If G is Abelian, the torsion T of G is the subgroup of ge G 
with o(g) <œ. The p-component Tp of T is defined by the equation 


T p= |J L(pt). For Abelian groups G, let H(p,r) = L(p). À p° 
4=0 ' 4=0 
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group is a p-component of the group of rationals mod 1. A direct product 
of subgroups of a group will be denoted by I. The symbol |} wll always 
denote the point set union. If S, and S; are sets, Sı — 9, will denote the 
- get of s such that se S,, s£ Sa. For the sake of brevity, a cardinal A will be 
called standard if (i) A > N and (ii) A is not the sum of N, smaller 
cardinals. In the statement of a theorem, H. and C. will mean hypothesis 
and conclusion respectively. 


3. The layers. Lemma 1. H. G is an infinite group, P a set of 
primes. S = ( y AD) UL(æ). 


C. o(8) —0(6@) or 0. 


Proof. Suppose that there exists an se. Clearly, we may suppose 
that either o(s) =œ or o(s) —p#P. Let N be the normalizer of 3. Then 
(NV) —0o(Cl(s)), where t(N) denotes the index of N and Ol(s) the class 
of conjugates of s. If ge Cl(s), then o(g) —0(8), and therefore Cl(s) C S. 
Hence, if 4(N) — o(@), we have 0(8) = 0(@).. Therefore suppose 4(N) < o(G). 
Since 0(@) — 0o(Ni(N), and since 0(G) = No, we have o(N)==0(G). If 
O(NNS)—=0(4), we are done. If not, then 0(NN(G—8) =o0(G@). Let 
geNN(G—S). Then (gs) =e, r0, implies g's” == 6, which implies 
that s” is in the subgroup {g} generated by g. If o(s) — oo. this would imply 
that o(g) =œ, a contradiction since gS. If o(s) —p#P, then pr, 
whence plo(gs). Thus gse S for all ge NN(G-—-S). Hence 


0(8) = o(NN(G—8)) —0(@), 
i.e. 0(8) == 0(G@), and the theorem is proved. 
Coroczary 1. H. G is a non-periodic group. 
C. o(L(0)) —o(@). 


Proof. Since G is non-periodic it is infinite. In Lemma 1, let P be the | 
set of all primes. 


COROLLARY 2. H. pis a fixed prime. G is an infinite periodic group 
which ts not a p-group. S—=\J L(n). 
‘ np" 


C. 0(8) —0(G@). 


Lumma 2 H. n=] pe, with np, for ij, and u>0. Gis 
4-1 


a group (finite or infinite). 
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C. o(L(n)) STL o(L(pe)). 
Proof. If geL(n), then g =i gı where ge L(p,:*). 
{=1 ` 
Lemma 3. H. G ts an Abelian p-group. 


C. o(L(p")) So(L(pr)) (0(L(p)) +1) S(0(L(p)) +1), r= 


Proof. If g? == 4g, then (g19:1)?—e, and conversely. Hence, if 
ge @, there are 0 or (o(L(p)) +1) solutions of the equation g’ = g, 
Therefore there are at most o(L(p™*))(o(L(p)) +1) elements ze G such 
that ze L(pT1); i.e. o(L(p")) S o(L(pt*)) (o(L(p)) +1). The second 
inequality follows from the first by induction. 


CorozLazy 1. H. G is an Abelian p-group. 0(G) > Ko. H (p, 1) 
= L(1)U L(p). 


C. o(H) ~0(G@). 

Proof. If H is finite, then by Lemma 3, G is denumerable, a contra- 
diction. Hence, again by Lemma 3, 

0(@) = 2 0(£(p°)) = o(L(p)) = o(#). 

Cororrary 2. H. G ts Abeltan and periodic; o(G@) ts standard. 

C. There exist a p such that the subgroup H(p,1) satisfies the relation 
o(H(p,1)) = 0(@). 
Proof. G = OG, where G, is the p-component of G. Hence 


0(@) SB IT 0(G,,). 
r=1 4-1 
Since 0(G) is standard, this implies that o(@,) == 0(@) > No for some p. 


The theorem follows from Corollary 1. 


Remark. The condition that o(G) be standard cannot be omitted (for 
infinite groups) in this corollary. 


4. Formulas and lemmas. We first list a few elementary identities 
and inclusion relations for E(x). 


(1) Æ(e) is the empty set. 
(2) Ext) = E(x). 
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For g” = v if and only if g” == g^. 
(3) Eur) C F(a.) U E (z2). 
For gets, g? = £, imply g™” == Tigo. 
(4) ÆE(o(xz),o(4)) Co(£E(x, 4)) for any endomorphism o of G. 
For g” =x implies (o(g))"== (2). 
(5) E(h, H) =HNE(h, @) theHCG. 
(6) E(2) D G— N(x), where N(x) is the normalizer of g. 
For if g" == x, then gr = ag, and g eN (zs). 
THgorex 1. H. G ts an infinite group. 
C. Dis a strictly characteristic subgroup of G. Moreover KG D. 


Proof. Let de D, let o(G) = G be an endomorphism of G onto G, and 
let Ga be a subgroup of G with o0(G.) =0(G). Then if H =o'(G,), H is 
a subgroup of G with o(H)—o(G). Thus de H, and therefore o(d) e Gg. 
Therefore o(d) €N Gi D. Hence D is strictly characteristic. 


If there exists a ke K— D, then k# Ga for some subgroup Ga with 
o(G,) = 0(4). It follows easily that GC E(k). This gives o(E(k)) = 0(@) 
which is a contradiction. Thus K C D. 


COROLLARY. H. G is an infinite group such that G == IG, with 
0(G.) < 0(@). 
C. K =D =e. 

Proof. Let Gë == JJ Gg. Then @ = Ga X Go*, and therefore 0(G,*) 

pya ‘ 

== o(G@). Hence by Theorem 1, K CDCNG,* =e, 

Lemma 4. H. G, ts an infinite group, n=-1,2,---;G,C@G,C-::; 
G w= U Gy, 
C. K(G)C Lim inf K (Ga). 


Proof. Let keK(G). Then o(E(k)) < 0(@) =limo(G,). Hence 
there exists an no(¥) such that if n > no, then (i) ke Gy, (ii) o(E(Kk, @)) 
<o(G@,). Hence by (5), o(E (k, G,)) = 0o(E(k, G)) < o(G,) and ke K(G,) 
if n > no i.e. ke lim inf K(G,). 


Remark. If o(@) is standard, then K(G) —lim K(G,) and D(G) 
= lim D(G,). 
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Lexma 5. H. His a subgroup of G. 0(@) =0(H) = No 
€. K(@) CK(H), | 
D(G) CD(H). 


Proof. By Theorem 1, K(G)C H. By (5), if ke K(G), then o(E(k, H)) 
Æo(E(k, 4)) < 0(G) =0(H). Hence ke K(H). The other half of the 
theorem follows from the definition of D. | 

Lemma 6. H. o(G) Z= 8o H ts a proper subgroup of G. 

C. o(&— H) —o(G@). 

Proof. If o(H) < 0(@), this is immediate. If o(H) — 0(@). then for 

any g e @— H, Hg C @—Z and we have 
0(G) = 0(G— H) = o(Hg) =0(H) =0(G). 

5. The subgroup K, general case. 

THEOREM 2. H. G isan infinite group. 

C. K is a central, locally cyclic, periodic subgroup of G. 

Proof. (i) K is a-subgroup of G. By (1), ee K. By (2), if kek, 
then ke K. By (3), if ki, ke K, then 0(E(kik2)) S 0o (E (ka)) + o(E(k:2)) 
<o(G), and kikas K. © 

(i) K is central. For let ke K, and let N be the normalizer of k in G. 
Then by (6) and Lemma 6, if N 5€ G, we get o (E (k)) = 0(G—N) == 0(G), 
which is a contradiction. Hence N == G, ie. keZ. Thus K CZ end K is 
central. 

(ii) K is locally cyclic. -Let ki, ka € K, ky 34 e (the other case is trivial). 
Then there exists an g e G—(H(k,)U H(k,)). Hence there exists integers m, 
na such that g™ =e ky, g” == ka Let d= (n, na), and let de= rin, + ryt. 
Hence zê = kike K. Moreover k; (24), Thus K is locally cyclic. 

(iv) K is periodic. Suppose, on the contrary, that there exists a ke K 
with o(k) ==œ. Then if sg E(k), there exists an n(x) such that 2) = k. 
Thus 0(z) == co also. Let S* be the set of zé E(k) for which (the unique) 
n(z) > 1, and S- the set of sg E(k) for which n(z) <<—1. Thus 

G = E(k) U kU kU BU S, | 
and therefore either 0(8*) = 0(G) or 0(S-) —0(@), or both hold. If ze S*, 
and r is any integer, then 
(ka)r = grine) =z Beis = fp, 
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Thus kre E(k), and therefore kS* C E(k). Similarly k8- C E(k). Since 
0(kS*) = 0(S8*), o(k"*S-) = 0(8-), this leads to a contradiction. 
THeoreM 3. H. (is not periodic. 
C. K =. 


Proof. By Corollary 1 of Lemma 1, o(L(%)) =o(@). If be K, k 5e @, 
then o(k) <œ by Theorem 2. Hence L(«) C E(k), and o(E(k)) =0(@), 
a contradiction. Therefore K == e. 

THEOREM 4. H. o(G) is standard. 


C. K is cyche of order p" for some prime p and some integers n. 


Proof. By Theorem 3, we may assume that @ is periodic. Therefore 
0(G) = Zo(L(n)). Since o(@) is standard, o(L(n)) —0o(4) >N, for 
some integer n. Therefore by Lemma 2, o(L(p")) —0(G@) for some prime p 


and some positive integer r. Ifs U L(p*), then L(p") C H(z) and ef K. 
4=0 


r : r-l 
Thus K C (UJ L(p*) (actually K G U L(pt)). Now since K is locally cyclic 
4=0 4=0 ; 


and periodic, it is isomorphic to a subgroup of the group R, of rationals 
mod 1. Hence K is cyclic of order p", OS nr (actually n < r). 


THEOREM 5. H. G ts an infinite group. 
C. K ts either a cyclic group of order p” or a p° group. 


Proof. Case 1. o(G) > No. If o(G) is standard, the conclusion is 
immediate from Theorem 4. If o(G) is not standard, then there exists an 
increasing sequence {B,} of standard cardinals whose sum is o0(@). Choose 
a sequence {Gn} of subgroups such that (a) GC Gin, (B) 0(Gn) == By, 
and (y) G=—UG,. Then by Theorem 4, K(G,) is cyclic of order p,*. It 
follows readily that lim inf K(G,) is a subgroup of G and is one of the two 
types described in the theorem. By Lemma 4, K(@) is alsó of the required 


type. 
Case 2. 0(G) == No. By Theorem 3, we may assume that G is periodic. 
Tf o(L(p)) > 0 for an infinity of primes p, then for any z=£<e we have 
-O(E(z)) == No, and therefore K = e. If for some p, 8, = |) L(p') is infinite, 
r=0 


tben it easily follows that K is a p-group. But a locally cyclic p-group is one 
of the two types described. If, finally, S, is finite for all p, and o(S,) — 1 
for all but a finite number of p, say p1,-- *, Pr then there is a maximum f; 


( . 
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such that there exist ge S,, with o(g) == pft. Then no element of G has : 
order greater than n == IIp. Hence 0(@) -È o(E(j}) which is finite by 


. Lemma 2. This is a contradiction. Hence the ate is true in any case. 
Note that Theorem 5 improves Theorem 2. 


Toeorem 6. H. G ts an infinite group. 
C. K ts a fully characteristic subgroup of G. 

Proof. Let o be any endomorphism of G and let N be the kernel of o. 
If o(N) =~0(G@), then K CDCN, and o( K)=eek. If o(N) <o(G), 
then o(@) is a subgroup of G with o(o(@)) —0(G). IikeK, then by (4) 

o(H(o(k),0(@))) So(o(B(k, @))) 5 o(E (k, G)) 
< 0(G) = o0(0(G@)). 

Hence o(K) CE(o(@)). Now by Lemma 5, K(@) CK (o(G@)), and by 
Theorem 5, K(o(G@)) is either a cyclic group of order p” or a p° group. 
Since ,o(o(K)) S0(K), and since both K and o(K) are subgroups of 
K(o(@)), it follows that o(K) C K. Hence K is fully characteristic. 


Tarorexm 7. H. G is an infinite group. GH X F where His a 
p-group and F is a pertodic subgroup oF G such that (i) o(F) < 0(G) and 
(ii) fe F implies pTo(f). 

C. K(G)—K(H). 

Proof. By (i) o(H) =0(G), whence by Lemma 5, K(G)CK(H). 
Let ke K(H). Then if he H— E(k, H), we have h” =k for some n. Let 
o(h) == p* and let fe F, o(f) =r. Then there exists an integer À such that 
Ars=n (mod p*). Thus (hf) = h == h” =— k. Therefore hfe G— E(k, G). 


Hence 
o(E (k, G)) = o(E(k, H))o(F) < o(G). 


Thus ke K(G@). This proves that K(G) — K(H). 


Tarorem 8. C. K ts a p° group if and only tf there extsts a central 
p” subgroup C such that G/C is finite. If such a C extsts, then Cm K == D. 


Proof. Suppose first that such a C exists. Then G is periodic. Let 
91° * `, Jn be representatives of the cosets of C. Then there exists an r > 0 
such that gf == e, t ==], >, n. Choose £ such that pt = r. Then if ce CO, 
o(c) == p°, and eC, o(c’) = ptt, we have (g) =c" which has order 


13 
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- = p*. Hence a suitable power of c’g, equals c. Thus E (c) is finite, and ce K. 
Hence C C K, and by Theorem 5, C == K. Also, clearly K == D. 


Conversely suppose that K is a p”? group. K is central by Theorem 2. 
If G/K is finite, we are done. Suppose that G/K is infinite. Then 
0(G/K) =o0(G). Now let ge G, and let n be the smallest positive integer 
such that ge K. Then g*==k and k” == k for some k, KeK. Thus 
(gk’)* me while (gK) K for 0<r<n. Therefore if eK, k'e, 
then gk’ e E(k”), i.e. E(k”) contains at least one element of each coset of K. 
Thus o(E(k”")) = 0(G/K) —o0(@), a contradiction. Therefore G/K is finite 
as asserted. 


CoRoLLARY 1. H. G is abelan. 


C. K isap” group if and only if G — H X F where H is a p° group and 
F is finite. 


Proof. If K is a p” group then (see [1], p. 767) G =E X F, and by 
Theorem 8, F is finite. The converse is obvious. 


CoroLLaRrY 2. H. o(G@) >Re 

C. | K is a cyclic group of order p”. 
Proof. This follows from Theorems 6 and 8. 
Cororrarx 8. H. K,—=K(G/K(@)). 

C. K+ has order 1 or ts not defined. 


Proof. If K isa p° group, then G/K is finite and K, is not defined. 
Otherwise K is finite. Let KreK,. Then if # is the set of ge G such that 
Kg e E(Kz), we have 


0(E) = 0(K)o(E(Kx)) < o(G). 


If gf HU(UEF(Kk)), then g” = ka for some integer n and some ke K. and 
g™ == k> for some m. Hence g™*==2, and gÉE(x). Therefore 


o(E(2)) So(B) + Z o(E(k)) < 0(4) 
since K is finite. Hence xe K and K, has order 1. 


6. Abelian groups. 


Lemma 7. H GDH, aeS, where o(G) ~0(S) ZN. Ris the 
set of subgroups Gg of G with o( Gg) = 0(G@). 
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c. (i) D=e. (ii) of R) — 2. 


Proof. There are 2° subset of G, hence o(R) = 2°, There are 
22) subsets S of S of order o(G@). Then if V(S8’) — UH ae 8’, we have 
0(N(S’)) = 0(G@), and 8’ 54 8” implies N(S’) s4 N(S”). Hence o(R) = 2°. 
Clearly, also, D C ON(S8’) =e. 


Turonem 9. H. o(G)> No, and G is Abelian. R is the set of sub- 
groups Ga of G with o(G,) = 0(@). 


€ (i) o(R) = 2°), (ii) K == D= 6, 
Proof. Let T be the torsion of G. 


Case 1. o(T) <o(G). Then o(L(0)) —mo(G). Let B == {ba} be a 
maximal set of independent elements of L(œ). We assert that 0(B)—0(L( )). 
For suppose that o(B) <o(L()) and let H be the subgroup of G 
generated by the ba. Then o(H) —o0(B) if 0(B) = &), and o(H) = N. if 
o(B) < No Hence, in any case, 0(H) < o(L({o)). For fixed n, if g” m= y”, 
then (zy*)*"==-e and zyteT’. Thus there are at most o(T) solutions of 
z” —h for fixed n and fixed he H. Hence the number of solutions of 2e H 
for z, allowing n to vary, n >< 0, is at most Nao (T)o(H) < 0(G) = o0(L()). 
Therefore there exists an ee L(c)-H such that the set B’ = BUz is inde- 
pendent. This contradicts the maximality of B. Hence 0(B) =o(L(o)) 
as asserted. The theorem follows in this case from Lemma Y. 


Case 2. o(T)—o(G). Then T =a IIT}. 


Case 2.1. o0(T;) == 0(T) for some p. Then by Corollary 1 of Lemma 8, 
we have o(H(p,1)) —o(G). Now H(p,1) — UC, where the Ca are cyclic 
of order p. There are clearly o(@) factors Ca Therefore by Lemma 7 the 
theorem. is true. 


Case 2.2. o(T,) < o(T) for all p. Let U UT, for all primes p; 
such that o(T,,) > No. Then o(U)—0(T}==30(T,,). By Case 2.1 each 
Tp, has 2°») subgroups H(t) of order o(Tp,). For each +, choose an 
H(t) CT;,, with o(H(i)) —o(T,,). Then V = OHE (t) is a subgroup of 
U such that o(V)==0(U). The number of subgroups formed in this 
manner is clearly 

TE 2OCT Pg) mes DEO(T Pt) vom JOU) aes BOG) 


‘Moreover, it is clear from Case 2.1 that the intersection of all the subgroups 
V is e. 
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Remark 1. This result may be combined with that in [8] to get the 
following theorem: ee 

If G is an Abelian group such that for any proper subgroup H it is true 
that o(H) < 0(@), then G is either a finite group or a p° group. 


Kemark 2. The proof of Theorem 9 may be altered slightly to prove 
the following generalization : 

If G is a non-denumerable Abelian group, o(G) = A=, and R(A) 
ts the set of subgroups Ga of G with o(Ga) = A, then o(R) = (o(G))4. 


TaroreM 10. H. G ts Abelian, 0(@) = No, and G cannot be expressed 
in the form H X F with H a p” group and F finite. 


C. D= K =68. 


Proof. Case 1. Gis not periodic, i. e., there exists a g e G with 0(g) =o. 
If geG, 1<o(g’) <o, then g is not in the subgroup generated by g. 
If g’eG, o(g”) =œ, then g” is not in the subgroup generated by 9”. 
Hence D =e. 


Case 2. (is periodic. Then G = IG. 
Case 2.1. o(G,) —o(G) for some p. 


Case 2.1.1. o(H(p,r)) == 0(@) for some r. Then H(p,r) = II O, 
n=1 
where Cn is a cyclic group. Then by Lemma 7, D — e. 


Case 2.1.2. o(H(p,r)) < o(@) for all r, i.e, H(p,r) is finite for 
all r. Then (see [2], p. 102) there exists a p” subgroup H of G. Hence 
(see [1], p. 767) G= HX M. By hypothesis M is infinite, and therefore 
DCHNM—e. 


Case 2.2. o(Gp) <o(@) for all p. Then by the Corollary to Theorem 
1, D=e. 


Thus in all cases D = e, and therefore K = e also. 


7. Miscellaneous. 


THuoreM 11. H. N ts a normal subgroup of G, 0(G/N) = X. 
D(G/N) =eN. 


C. D(G) CN. 
Proof. If o(N) =o0(@), the conclusion follows from the definition of 
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D(G). Suppose o(N) < o(G), and let de D(G). If H* is a subgroup of 
G/N not containing dN, then its inverse image H is a subgroup of Œ not 
containing d. Hence o(G/N) == 0(G@) > o(H) = o(H*). Thus dN e D(G/N), 
i.e. dN = eN. Hence deN. 


Remark. The above theorem remains true if the letter D is replaced. by 
K throughout. 


Conotnary. H. o(G) >No. Q is the commutator subgroup of G. 
C. DC Q, hence K CQ. 


Proof. If o(Q)=—=o(G) then DC Q. If o(Q) < 0(G@), then 0(G/Q) 
= 0(G@) > No and G/Q is Abelian. By Theorem 9, D(G/Q) = eQ, and by 
Theorem 11, D(G) C Q as asserted. 


Definition. Let G be an infinite group, and let SK SAsS0(G). Let 
K(A, G) be the set of ke G such that o(E(k)) < A. Let D(A, Œ) be the 
intersection of all subgroups G, of GŒ such that o(G) = À. 


Note that K(G) = K(0(G), G), D(@) = D(o(G),@). If A < B, then 
K (A, G) is a subgroup of K(B, @) and D(A, G) is a subgroup of D(B, G). 
Moreover K(A,G) C D(A,G), and K(A,G@) is fully characteristic and 
D(A, Œ) is strictly characteristic in G. It follows from Corollary 2 to 
Theorem 8 that if o(@) > A È Ki, then K(A, G) is a cyclic group of order p”. 
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ON ISOMETRIC SURFACES.* 


By AUREL WINTNER. 


1. The starting point of the following considerations was the observation 
that, in the differential geometry of surfaces, the fundamental notion of 
isometry is frequently used in a loose and misleading sense. Even when 
writers are careful enough to specify the assumptions of smoothness (the 
actual degree of differentiability, possibly the analyticity) of the two surfaces 
concerned, usually no mention is made of the degree of smoothness required 
of the mapping of the two surfaces which realizes their isometry in question. 

In order to clarify this objection, a few definitions will be needed. First, 
if S denotes a sufficiently small (open) piece of a surface in the X-space, 
where X == (x,y,z), and, if on a sufficiently small (u*, u*)- oa of a para- 
meter plane, 


(1) S: X = X (w, u’) 


is a parametrization in which the vector function X(u*, u?) is of class C? and 
such that the vector product of X, = 0X/du and X, — 6X /éu? does not vanish, 
then (1) is called a C’-parametrization of S. By a C*-parametrization is 
meant? a C1-parametrization in which the function X (už, u?) is of class C*, 
If S, when given as a set of points in the X-space, has some A net 
then § will be called of class C*. 

In Section 4, a corresponding manner of speaking will ae used with 
reference to the surface S and to the function class 


(2) | O(a), (0<A<1), 


where À denotes a (locally uniform) Hélder index for the n-th derivatives of 
X (u*, u°), for a fixed n. Similarly, (1) will be called an analytic parametriza- 
tion if it is a C?-parametrization having the property that the function 
A (ut, u*) can be represented (locally) as a convergent power series in (ut, u’), 
while S will be called analytic if it has some analytic parametrization. Note 
that every analytic 9 has C"-parametrizations which are not A nan 
tions, where n can be chosen arbitrarily. 


* Received January 16, 1961; revised October 15, 1951. 
*Tin=1,2,.... The limiting case n == 0, which (unless the contrary is implied), 
will be excluded, refers to one-to-one continuous parametrizations (1) of 8. 


198 


ON ISOMETRIC SURFACES. 199 


Besides S, consider another S, say S’. Suppose that both S and 9 are 
of class C+, at least. If they are of class O”, where n =% is not excluded, let 


(3) 8: X (ut, u?) and S: X’ (u, w?) 


be C*-parametrizations; if S and 9’ are analytic, let their parametrizations 
(8) be chosen analytic. With the understanding that 9 and S are sufficiently 
small, let 


(4) ute (ut), Wie w? (u, ue) 


be a C+-transformation (by this is meant that the two functions (4) are 
of class C1 and have a non-vanishing Jacobian). If such a one-to-one trans- 
formation can be chosen so that it will transform the metric form, ds*, on 8 
into the metric form, ds’*, on 8’, i. e., if the two vector functions (3) satisfy, 
for an appropriate choice of the mapping (4), the identity 


(5) | dX’ (wu, u’?)| = | dX (ut, u?)| by virtue of (4), 


then $ and 8’ are called isometric. This is the definition which tacitly under- 
lies the classical literature of the subject. 


2. Needless to say, the C'-character of the functions occurring in (3) 
and (4) makes (5) a meaningful statement, since both X and X’ are functions 
of class C* in terms of (ut, u?) (or, equivalently, (w^, u’?)) and possess there- 
fore * the complete differentials ë occurring in (5). On the other hand, even 
if the surfaces (3) are very smooth (say analytic), there is no justification 
for restricting (4) in (5) to transformations having a high degree of smooth- 
ness since nothing like such a restriction (say analyticity) is involved in the 
geometrical idea of a transformation (4) which preserves the metric, ds’. 
This contrast leads, however, to geometrically undesirable situations. 

In order to see this, consider the wording of the following assertion 
(stated, to be sure, because of its instructive nature only): “ Two closed, 
convex, analyitc surfaces, F and F, must be congruent * whenever they are 
(locally) isometric.” What should be meant here by the assumption of the 
isometry of F and I”? The existence of 


? This conclusion shows that, as far as (5) is concerned, the Oî-character of the 
admitted mappings (4) could slightly be generalized. 

* Actually, not even this, the existence of the “ vectors” dX, but only the existence 
of the “ distances” | dX |, is needed for the formulation of the requirement (5) (so that 
isometry can be defined in a manner which is even more general than, but geometrically 
just as meaningful as, the definition referred to in the preceding footnote). 

‘Under the group consisting of the translations, rotations and reflections of the 
X-space. 
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(a) analytic transformations (4) or (b) just C*-transformations (4) 


which preserve the ds?? If the statement is meant in its interpretation (a), 
. then the content of the statement is hardly geometrical in nature, since it does 
not preclude the following possibility: The geometrical objects, F and F”, need 
not be congruent if they are isometric under mappings (4) which are non- 
analytic but very smooth, say of class C”. Hence, in order to make the state- 
ment geometrically significant, its truth in interpretation (b) must be proved 
to imply its truth in interpretation (a). 

It so happens that, in the theorem, quoted above, also the restriction of 
the convex surfaces F, F’ is unnecessary, since Herglotz’s result [4], as pre- 
dicted by Weyl [7], has nothing to do with the analyticity, but only with a 
specific degree of differentiability (C*), of the given pair of surfaces; cf. 
Section 4 below. But then the theorem has again two interpretations, one 
being the above (b) and another, say (a,), an interpretation which would be . 
an appropriate C*-analogue of the above (a); cf. the end of Section 4 below. 


3. There is however a classical instance of isometry in which, in contrast 
to the Weyl-Herglotz problem, the analyticity of the surfaces is precisely the 
issue. It is S. Bernstein’s theorem, the statement of which runs as follows: 
“Tf S and an analytic S of positive Gaussian curvature are isometric, then 8 
is analytic.” This is Bernstein’s own formulation of his theorem (the italicized 
statement in [1], p. 434). But it is again not specified which of the two 
interpretations defined above, (a) or (b), is meant under “isometry,” and so 
it is again necessary to point out that the weaker formulation, (b), implies 
the stronger one, (a); see Section 3 below. | 

In addition, the above wording of Bernstein’s theorem fails to specify 
the degree of smoothness required of the given surface, 8. In this regard, 
Bernstein’s proof makes it clear that S is assumed to be of class C®, rather 
than, as one might desire (and expect from the above wording), of class O+ 
only. This comes about by Bernstein’s use of his general theorem. according 
to which every function z == z(x,y) satisfying a partial differential equation, 
of second order, of elliptic type, and having analytic coefficients, must be 
analytic whenever it is of class C®. Accordingly, the improved version of the 
above wording of Bernstein’s theorem is as follows: | 


If § is of class C? and of positive Gaussian curvature, and tf there exists 
a C’-transformation (4) of S into an analytic 8’: X’ (w, w°), satisfying (5) 
(where the parametrization S: X (ut, u?) ts of class O°), then S ts analytic. 


Bernstein’s proof is based on an application of geodesic polar coordinates 


ON ISOMETRIO SURFACES. 201 


([1], p. 485). But a perusal of his proof shows that the application of such 
particular (ut, u?)-parameters is unimportant. In fact, under the assumption 
that S has a Ct-parametrization (1), all that is needed is the existence of a 
C'-transformation (4) satisfying (5) and having the property that, while the 
vector function X (u*, u?) is supposed to be of class ©? in (ut, u*), it becomes 
of class C* in (u^, u”) by virtue of (4). The rest then follows from Bern- 
stein’s general theorem on elliptic differential equations and from Section 4 
below. 

These remarks also show that the theorem can well be formulated so as 
to avoid the difficulties involved in the various concepts of an isometry; 
namely, as follows: 

Let (gx) be a binary, symmetric matrix of analytic functions 


Qu = Ja(u', u?) 


and suppose that the curvature © of 


(6) dg? = Qiy (u*, u?) dutdu® 
is positive. Then a vector function (2, y,2) == X == X(u', u’) satisfying 
(7) | dX (ut, u?) |? = ds? 


must be analytic whenever it is of class CS. 

While this theorem might be true even if the last C° is relaxed to C1, 
its truth or falsehood is undecided even if the C°? is relaxed just to C* (in 
which latter case, but not in the (?-case, (1) must have a curvature not only 
‘by virtue of the Theorema Egregium but in terms of the normal image of 
S as well). 


4. If S and 8” are of class C” [analytic], let all their parametrizations 
(3) considered be restricted to C*-parametrizations [analytic parametriza- 
tions], and let (4) be called a C™-isometry [an analytic isometry] of the pair 
(3) if (5) is satisfied and (4) is a C™-transformation [an analytic trans- 
formation] (in the sense that both functions occurring in (4) are of class C™ 
[analytic] with a non-vanishing Jacobian). 

It is understood that, in the non-analytic case of this definition, 1 <:n0 
and 1 = m =o, and that m s&n is allowed. In the analytic case, the above 
critique (Sections 2-3) will be disposed of by the following lemma: 


If 8 and & are analytic and Ct-isometric, then all of their C1-isometries 
are analytic isometries. : 


6 Calculated from the Theorema Egregium. 
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This lemma is a corollary of (i) the fact that, according to Gauss [2], 
every analytic S admits of an analytic parametrization (1) in which the line- 
element (6) appears in the normal form 


ds? = g (u*, u*){(dut)® + (du*)*}, (g = gu > 0, g2 = 0); 


to be combined with (ii) the fact that if two real-valued functions (4) are 
of class C! and satisfy the Cauchy-Riemann equations, then wt -+ tu”? is an 
analytic function of w -+ tu’. 

First, since 8 and S are analytic, two applications of (i) supply the 
existence of two analytic transformations (of non-vanishing Jacobian), say of 


a: (w, u?) — (1, v") and B: (w^, u?) — (er, 0), 


by virtue of which the respective line-elements | dX (u, v) |? and | dX’(w’, v’) |? 
on S and S’ become of the form 


ds? == h (vt, v?) { (dv)? -+ (dv®)?} and de = h’(v", v3) { (dv)? + (dv?) 3}, 


where h > 0, h’ > 0. On the other hand, since § and & are supposed to be 
O1-isometric, there exist two functions (4), of class C+ and of non-vanishing 
Jacobian, satisfying 


ds? = ds’? by virtue of y: (w, u?) > (u^, u°). 


. But the last three formula lines show that Bat is a conformal trans- 
formation of a domain in the Euclidean (vt, v?)-plane into a domain in the 
Euclidean (v%, v’)-plane, and Btya* is a C'-transformation, since y is. It 
follows therefore from (ii) (where every u must be replaced by the corre- 
sponding v) that B-tya™ is analytic. In view of the analyticity of ‘8 and a, 
this proves that y is analytic, which is the assertion of the above lemma. 

One might think that this proof also leads to a C*-analogue of the above 
lemma, with “conformal” transformations a and 8 which, instead of being 
analytic, as above, are of class C”. Actually, this approach fails, since it 
applies only to the classes (2) (with an unspecified À). In fact, Lichtenstein’, 
analogue ê of the above (i) is as follows: If n > 0 and O<A* <A < 1, 
then every § of class C*(A) can conformally be mapped on a domain in the 
Euclidean plane by a transformation (4) of class C*(A*). But it is not known 
(and it is probably not true; cf. Section 5 below) that this remains true if 
both O*(A) and O*(A*) are replaced by C* itself.” Nevertheless, the straight 


‘Cf. [5], where the proof is given for n= 1 only but, as easily realized, applies 
for n>1 also. 


* Or, for that matter, if 0<A*<A<] is replaced by D<A* —A<I. 
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C*-analogue of the above analytic lemma might be true, since all that follows 
is the failure of conformal normal forms. . 


5. The question raised at the end of Section 4, concerning the necessity 
of a Holder index A, can slightly be generalized, by omitting the restriction 
that the binary Riemannian line-element (6) be “ embedded ” in the X-space, 
as required by (1) and (7). Then, if (ut,u?), (vt,1#) are denoted by 
(u,v), (p, q), and 911, Jia; goa by E, F, G, respectively, the question becomes, 
for every fixed positive n (including n--1—0) the following: 

(?,) If #, F, G@ are given functions of class C*~ on a sufficiently small 
(u.v)-domain, and if 
(8) EG—F*>0 


(that is, if the quadratic form 

(9) ds? =— E (u, v)du? + RF (u, v)dudv + G(u, v) dv 
is definite), then must there exist two functions 

(10) p=p(u v),  q=q(% 2), 


of class C* and of non-vanishing Jacobian, with the property that the form 
(9) becomes 


(11) -~ dë = D(p, q) (dp? + dg?) 
by virtue of (10) (for some function D > 0, determined by the Jacobian of 
(10))? 


The answer to (?,) is affirmative if and only if (8) and the mere con- 
tinuity (C**==(C°) of the three coefficient functions of (9) are always 
sufficient to assure the existence of at least one Ct-solution (10) (of ñon- 
vanishing determinant) for Beltrami’s form of the Cauchy-Riemann equations, 
that is, for 


(12). Gum (Fpu—Epe)/W, qo — (Fro — Gps) /W, 
| | where W? = EG — I. 
If a solution (10) of (12), instead of being of class C+ only, is of class 
C?, then, since the rule pu == dey becomes applicable to both functions (10), 


it follows from (12), and from the non-vanishing of the Jacobian of (10), 
that both ¢==p and ẹ =q are solutions p = (u,v) const. of 


(13) {(G¢u — Foe) / (EG — F*)§}, + { (Epo — Fou) /(HG — F°) je = 0 
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(Laplace-Beltrami). Hence, if the answer to the case n = 2 of the question 
(?,) is affirmative, then the (homogeneous, linear, elliptic) partial differential 
equation (13) must possess some non-constant solution ¢ == (u,v) of class 
C? whenever E(u, v), F'(u,v), G(u,v) are functions of class C* satisfying 
(8) (incidentally, this can be concluded without a detour through (12) also; 
cf. [6], pp. 1295-1297). But it is unlikely that this (hence an affirmative 
answer to the question (?,) if n== 2) should turn out to be true. The reason 
for being skeptical is as follows: | 
Choose 


(14) E(u, v) ==1 and F(u, v) =0 


(so that u, v are, in the main, “ geodesic polar coordinates” in the sense of 
Gauss, with reference to the metric (9) and to a point of the (u, v)-plane). 
It is clear from (14) that (8) is satisfied if G > 0, that (12) reduces to 


(15) Pu=—G(U,) Gu Qo = g (u, V) Pu 
if g denotes Œ > 0, and that (18) therefore simplifies to 
(16) (bug) + (be/9)o— 0. 


Hence, if the answer to the question (?,) is affirmative, then (16) must have 
a solution D = ġ (u, v) + const. of class C? whenever g = g (u, v) is a positive 
function of class C*. But then the coefficients of (16), being composed of 
Jw gv and g, are just continuous, and so (16) does not seem to be substantially 

different from the differential equation | 


(17) duu + Duo + f(t, v)d = 0, 


in which the given function, f, is just continuous. However, it was shown 
in [8] that it is possible to choose a continuous function f(u, v) > 0 in such 
a way that (17) will fail to have any (continuous) solution ¢(u, v) 5~ const. 
on any (u, v)-domain. 


6. Since the answer to the questions (?,) is not known, it is worth 
mentioning that the answer is surely in the negative if (8) is replaced by 
(18) HG — F°? <0 
and, correspondingly, (11) by 
(19) ds? == D (p, g) (dp° — dq’). 


For the case n == 1 of the respective class (rt, C# (a case in which F, F, G 
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are.just continuous, hence (10) is just a Ci-transformation), this can, in 
other words, be formulated as follows: There exist hyperbolic -line-elements 
(9), with continuous coefficient functions E, F, G, which cannot be mapped 
“conformally” on the non-Huchdean (p,q)-plane by any mapping (10) of 
class CT. . 

In order to prove this, choose (9) as in (14). Then (18) reduces to 
G < 0 and, since (11) is replaced by (19), what corresponds to the Cauchy- 
Riemann system (15) becomes 


(20) © Pfu) g= f(u v) Pu, 
where f == (— G) > 0. Hence the assertion is that, if f (u, v) is an arbitrary 
positive continuous function, then (20) need not have any solution (10) of 
class C+, unless the Jacobian 8 (p, q)/ô (u,v) vanishes identically. 

In order to prove the existence of such an f, write (20) in the form 
(p + q) = + f(u, v)(p + ga The latter shows that 6—-p-+q must 
satisfy . : 
(21) Po — f(u, v) pu == 0 


(and ¢ == n — q the homogeneous, linear, partial differential equation which 
results from (21) if f is replaced by — f). But it was shown in [8], pp. 733- 

734. that there exist continuous functions f == f (u, v) > 0 having the property 
that, no matter where, and no matter how small, a (u, v)-circle be chosen, the 

differential (21) will not possess within the circle any solution ¢ == œ (u, v) 

of class C7, except the trivial solution ¢(u,v) = const. In view of the con- 
nection between (21) and (20), this proves more than what was claimed above 
for the case n— 1 == 0. 


7. The existence of an f, satisfying the conditions used in connection 
with (20), has a significance from the point of view of the theory of multipliers 
(Euler). In order to see this, let P and Q be continuous on a simply con- 
nected open (x, y¥)-domain, and let J denote any smooth Jordan curve, finally 
D any open set contained in this domain. If (x, y) is a continuous function 
on the latter, and if the line integral, along every C, of p(z, y) times 


(22) P(2, y)dz + Q(z, y)dy 


vanishes, then a(z, y) will be called a multiplier of the Pfaffian (22), provided 
that a(z, y) does not vanish identically. It turns out that, if no assumptions 
of smoothness (involving partial derivatives) are placed on the functions 
P(x,y), Q(z, y), then it is- possible to choose the Pfaffian (22), with con- 
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tinuous P(z,y) and Q(z, y), in such a way that on no open (x, y)-domain D 
will (22) possess a multiplier. 

In order to see this, suppose that (22) is such as to possess a multiplier, 
p(x,y). Then the line integral of u(x,y) times the Pfaffian (22), when 
extended from a fixed (To, Yo) to a variable (x, y) along a smooth Jordan are, 
will be a function of (x,y) and, if this function is denoted by $(2,y), the 
partial derivatives ġe, ¢y will exist and satisfy the relations 


(23) pm) = (2, 9)P(z,¥), deg) — H(z, 9) O(2 9). 


In addition, p., and dy are continuous. This follows from (23), since P, Q 
and p are supposed to be continuous. Accordingly, ¢(z, y) is of class Ct. - 

_ Choose P(z,y) = 1 for every (x,y), put Q m7}, and write u and v 
instead of y and g, respectively. Then (23) becomes 


(24) do(u, v) = p(t), puli v) = p (u v) f(u, 9) 


(if u and v are interchanged as arguments). Substitution of (u,v) from 
the first of the relations (24) into the second shows that ¢ (u,v) is a solution 
of (21). Hence, if f(u, v) is so chosen as at the end of Section 6, then, 
since p(u,v) is of class C*, it follows that $(u, v) — const. on every D. 

In particular, the partial derivative ¢,(u,v) vanishes identically. In 
view of the first of the relations (24), this means that x vanishes identically. 
Since such a » was excluded in the definition of a multiplier, the proof is 
complete. 


8. In Section 2, reference was made to Herglotz’s theorem [4], which 
states that, under certain assumptions of smoothness, two closed, essentially 
convex è surfaces are congruent whenever they. are isometric (“congruence ” is 
meant in the sense including “ anti-congruence,”-i.e., reflections on a plane 
of the Euclidean X-space are allowed). With regard to the assumptions of 
smoothness, the situation is as follows: While the so-called derivation formulae 
(those of Gauss and Weingarten) hold on any surface of class C?, Herglotz’s 
proof involves differentiations (of first order) of these formulae and assumes 
therefore that the convex surfaces are of class C°. In addition, the proof 
depends on a tacit assumption, one corresponding to the comments in Sections 
1-2 above. In fact, the differentiated formulae, just mentioned, contain local 


° A convex surface (of class O°) will be called essentially convex if the set of ite 
parabolic points (if there are any) is of Lebesgue measure 0; cf. (52) below. For 
instance, convexity implies essential convexity under the proviso that the Gaussian 
curvature should be positive with the possible exception of isolated points or curves. 
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representations of the two C*-surfaces in terms of the same parameter plane 
(ut, u?). According to the terminology introduced at the beginning of Section 
4, this additional hypothesis means that the two surfaces are supposed to be 
locally C?-isometric. 

From a geometrical point of view, there is an objection to most (%- 
assertions in the theory of surfaces. In fact, the curvatures (total and mean, 
K and H) and even both fundamental forms (9:.du‘tdu* and hydutdu®) exist, 
and are continuous, on surfaces of class C*. Correspondingly, the restriction 
of a theorem to surfaces of class (*, instead of to more inclusive (and geo- 
metrical) class C*, is often due to accidental formal difficulties, resulting from 
the limitations of the underlying analytical tools, rather than to the actual 
geometrical situation. | 

For instance, while the fundamental existence theorem of the differential 
geometry of surfaces (Bonnet) is a C*-theorem in its classical wording, it can, 
with some effort, be freed (cf. [3], pp. 758-760) of the unnatural C-restric- 
tion. In what follows, the possibility of a corresponding reduction, C° —> Ci, 
will be proved in Herglotz’s theorem, both with regard to the smoothness of 
the two convex surfaces and that of their underlying isometry. In other words, 
it will be proved that the content of the theorem can be refined to the following 
statement : 


Two closed, essentially ° convex surfaces of class C? are congruent when- 
ever they are (locally) C?4sometric. 


It would be desirable to reduce the theorem even further, by showing 
that every (local) C*-isometry of two C?-surfaces is a (*-isometry by necessity 
(cf. Section 4). 


9. Asin (3), let S and & be two, sufficiently small, pieces of surfaces 
both of which are of class C°. While in the application of the lemma to be ` 
derived, S and 8’ represent pieces of two closed, convex surfaces, no such addi- 
tional assumption is made now (so that the Gaussian curvatures need not be 
non-negative). Suppose that § and 9’ are C?-isometric. Then after a suitable 
C?-transformation (4) (of non-vanishing Jacobian), (3) can be assumed to 
be in the form 


(25) 8: X(u',w) and S: X (w u), 
where 


(26) | AX (u, u?) |? = | dX’ (ut, u?) |? 


° See the preceding footnote. 
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(since (4) in (5) is now u” == ut, w’? — u’), and where the vector functions 
(25) are of class C? and such that the vector products [X1, Xz], [X £2] 
of the respective partial derivatives Z; = 0Z2/dut (i = 1,2; Z = X, X’) do not 
vanish. Thus there exist normal unit vectors, say 


(27) N = [Xy Xo]/|[41, X2]| and N = [Xn Z] a], 
and, according to (26), the scalar products 

(28) eee cee a ga = Xi A'r 

are respectively identical (and have a determinant which is positive, say 
(29) g > 0, where g = (det gx)3, 


since [X:, X2] 340), and the functions (27), (28), (29) of (u', u°) are of 
class C*. In contrast to (28), expressing the identity of the two first funda- 
mental forms, gagdu*du® and g’gdu*du®, there are two distinct second funda- 
mental forms, the coefficients of which are defined by 


(30) hu ET N . A tk, hix = N” à X'i 


(Xir = 7X /Outôu*), and, since the functions (25) and (27) are of class 
C? and C+, respectively, the functions (30) are just continuous. 

The two matrices (hus), (ha) (which can be definite, semi-definite or 
indefinite) have the same determinant at every point (w*, u?) ; in other words, 


(31) g°K = det hu, g°K = det h’x, 


if (29) and the first of the relations (31) are considered as the definition of 
the continuous function K = K(uw',uw*) 20. If the function (25) were of 
class C8, hence the functions (28) of class O°, then, since (31) defines the 
Gaussian curvatures, K, of S and 8’, respectively, the identity claimed by (31) 
would follow from the classical form of the Theorema Egregium (note that 
the latter contains the second derivatives of functions gx). This proof of (31) 
fails to apply, since the functions gx are supposed to be of class C+ only. 
That (81) is nevertheless true in the present case also, follows from the 
circumstance that, due to a fact first observed by Weyl, a certain integrated 
form of the Theorema Egregium happens to hold for every surface of class C? 
(for references and for a simple proof, cf. [8], p. 760 and formula (7) on 
p. 759). | 

Besides the (common) Gaussian curvature, K, of S and S’, consider 
their (generally different) mean curvatures, 


(32) H = $9 hag. (33) H’ == $9 PW ap. 
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where (g**) denotes the reciprocal matrix, (gu)“, of (gx). Put 
(34) \ 29" J = heigl ss — Oo re + fish its | 


In view of (29), the function J = J (ut, u°) defined by (34) is the “ mixed” 
form (in the sense of Brunn and Minkowski) of the two expressions (81). 
(This “ mixed” Gaussian curvature seems first to have arisen in connection 
with Weingarten’s “associated surfaces” of his theory of infinitesimal de- 
formations; cf. the reference in footnote +° below.) All three functions (32), 
(33), (84) are continuous, since the functions (30), (28) are. 

For the above-defined functions, the integral relation 


(85) S Wa E — Wek X,)dut 2 S S NEI + joua 
C F 


is an identity in C, where C on the left denotes a piecewise smooth, Jordan 
curve contained in the (sufficiently small and hence, without loss of generality, 
simply connected) parametric (u'.u?)-domain on which the surfaces (25) 
are given, while D on the right of (35) denotes the interior of O. This is 
Herglotz’s fundamental identity, proved by him under his C*-assumption for 
(25). It will be shown that (35) holds under the present C?-assumption also. 
The C?-theorem on closed, convex surfaces, as announced in Section 8, will 
then follow from the “local” identity (35), since the balance of Herglotz’s 
proof remains unaltered. 


10. The derivation formulae of Gauss and Weingarten, 


(36) Ay == Iga + hy N 
and à 
(37) Nm — g*hiXp 


(cf. [3], p. 758), where the Tta = Tta (ut, u?) are Christoffel’s symbols, hold 
on every surface of class C3. On the other hand, the Mainardi-Codazzi 
equations (representing that part of the integrability conditions of the system 
(36)-(87) which remains after a satisfaction of the Theorema Egregium) 
cannot be applied on a surface of class C°, since they contain the derivatives 
of the functions hy, whereas the latter functions are of class C* only if the 
surface is of class C*. It was however shown in [3], pp. 759-760, that if the 
surface is of class C°, then the Maïnardi-Codazzi equations still apply in their 
“integrated ” form, 


(38) f hight? — f f (Ti haz — Dirka) dudu’, (= 1,2), 
c D 


14 
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where the (“arbitrary”) Jordan curve C and its interior D are restricted 
only by the assumptions which were specified for (35) above. | 
= Let (86’), (37), (38) denote the relations which result from (36), (37), 
(38) if X, N, hw are replaced by X’, N’, Wix, respectively (note that IY =T, 
since Gir = g). 

Since the function (29) is of class C*, an application of the general 
Lemma of [3], p. 761, shows that (38) implies the relations 


(39) f GUN udut = f f gtAdutdu’, (4 =m i 2) 
C D 


if the (continuous) functions A:, A, are defined by a 
; (40) ÅA; = (— 1)! (TI ih’ a9 — 214 ehre + Thu), ; | JEt | 


(so that 7 — 2 or j == 1 according as t = 1 or i = 2). The same general lemma 
also shows that the partial derivative, x, == 0z/0u?, of the first component of 
the vector X == (x, y, z) can be “inserted” into the case 4 = 1 of the relation 
(39), and that this leads to 


f J Tk adut aa Sf gt (Aya, -+ R iatis = Wit) dutdu’. 
C D i 
Similarly, 
f Jah’ zadu’ = ff g: (A —- hot an h' 12912) duidu?. 
C D : 
Hence, by subtraction, 
(41) f g* (Tih sadut ora Tah'1adu®) ae Sf E , | dutdu’, 
C D 


where the expression on the right is the difference of the double integrals 
occurring in the preceding two formulas. | 
Corresponding to X == (x,y,z), let N == (a,b,c). Then, according to 
(36), | 
La = Lure + ah. 


Hence, if £11, Dir, Tes are multiplied by g-*h’ss, — 2g 1h g*h’,,, respectively, 
it is seen, by addition, that the difference which on the right of (41) was 
indicated by [: + -] can be written as 


[ J] = g*a( hih sa — Qhigh’12 + hasta), 
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since the functions A;, Ag occurring in the definition of the difference [- - -] 
are given by (40). 
According to (34), the preceding representation of [: + -] can be written 
as |: + -]—=2gaJ. Thus (41) becomes . 


a) | J*(Tih'radut — 2zh’\,du*) = f Í 2ga dutdu?, 
C D 


where @ denotes the direction cosine defined by N = (a,b,c). If the general 
Lemma of [3], p. 761, is applied again, this time in order to “insert” s as a 
factor gaJ on the right of (42), it follows that (42) implies the relation 


f 972 (aahlsadut — zik gdu*) 
C . 


— ff {2garJ + J [ta1(T1h 20 — Zah/12) =; Ta(Tih10 — Th’11) | }du'du’. 
D 


But æx,a can here be replaced by any of the respective components of 
X == (az, 4,2), N = (a,b,c). Hence the last relation, when compared with 
the definitions (28) and (82), completes the proof of 0 


11. It was mentioned at the end of Section 9 that it is sufficient to 
prove (35) under the C?-assumption in (25). Actually, since the end of 
Herglotzs argument depends on an appeal to the fundamental uniqueness 
theorem of local differential geometry, and since the classical formulation 
of this theorem (Bonnet) is confined to surfaces of class C°, for the sake 
of completeness the balance of fhe proof will also be given. (Incidentally, 
if will be worth noting that, just as the Gauss-Bonnet representation of the 
genus, the classical formula for the surface average of the mean curvature 
and Herglotz’s generalization of this formula for the “mixed” case, namely 
(48) and (44) below, are not restricted to surfaces of genus 0; cf. [4], p. 128.) 

Let F and & be two orientable, closed, homeomorphie, locally C?-isometric 
surfaces of class. C?.. Draw on F an oriented net, and on F” the corresponding 
net, of piecewise smooth Jordan curves in such a way that, if 8:,- - -,#; 
and 9’,- - -, 8’, denote the interiors of these (oriented) Jordan curves, then, 
on the one hand, every pair (8, 9’) — (S,,8’;), where j==-1,---,h, has a 
O-representation of the form (25) and, on the other hand, .(35) holds for 
every C = C; and for the corresponding D = D;, where D; denotes the (ut, u?)- 
domain to which S; and 8’; are referred in (25). Then, if (35) is applied 
to every 7, summation with respect to 7 gives 
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0— f f g{(N-X)J + HW} durant, 
E 


where H==D,+ +-+-+D,. This step assumes that the line integrals, which 
are cancelled by the addition, have a geometrical meaning (in the sense that 
they are independent of the different parametrizations, used on the nen 
pieces S;), which, however, can easily be ascertained. 

Let dF and dF” denote the surface elements on F and W”, respectively, 
and put 


(43) p=N-X. 


Then the preceding integral relation can be written in the form 


(44) | f J JpdF = — f KE Ha’, 


since, according to (29) and (28), both dF and dF” are identical with gdu*du?. 
It follows that 


(45) f f LpdF = f fa Har — f f HaF, 
F F F 


if L is defined by 


(46) 2g°L = det (hi — hix) (g° = det Jik > 0). 
In fact, it is seen from (31)-(33) and (46) that 
(47) K— J =L. 


But if #” is particularized to F, then (46) reduces to L — 0, hence (47) to 
K = J, and therefore (44) to 


(48) | f f KpdF = — f f HaF. 
F F 


Finally, (45) follows by subtracting (44) from (48) and using (47). 


12. The closed, orientable surfaces F, F” have thus far been of arbitrary 
genus. It will be supposed that the Gaussian curvature K — K(u',u?) is 
positive throughout or, more generally, that 


(49) K > 0 almost everywhere 
(hence K = 0 everywhere) on F and/or J”. Then, according to Hadamard, 
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the genus must be 0, and so F, F” are closed convex surfaces. In particular, 
since (43) is the funétion of support for J’, it can be assumed, (by choosing 
the origin of the X-space at a point which is not on F} that p = p(w, u?) 
is positive at every point of F., 

A repetition of the argument used by Herglotz now shows that 


(50) We Ne 


holds as an identity. His proof of this identity can be modified as follows: 7° 
It is readily verified that if aggr*x’, bagt®x8 are two positive definite, binary, 
quadratic forms of common determinant, det a, == det bi > 0, then their 
difference is either an indefinite or the null form (i. e., either det(ax — biz) < 0 
or (ax) = (bg) must hold). 

In view of (49) and (31), the assumptions of this Eae are satisfied 
by dy = h(t, u*), bu = haut, u’) at almost every point (u*,u?). It 
follows therefore from (49) that, if a (u*, u*)-set of measure 0 is disregarded, 
then either L < 0 or (50) holds at each of the remaining points (in particular, 
L = 0 holds everywhere). Hence it is seen from (49) and (45), where p > 0, 
that 


(51) | oz f fæar— ( [ HdF. 
F F 


For reasons of symmetry, (51) must remain true if F and F are interchanged. 
Consequently, the last inequality must actually be an equality. It follows 
therefore from (45) that 


(52) | JS LpdF == 0, 


Since L = 0 and p > 0 hold everywhere, (52) implies that L = 0 holda 
almost everywhere, and eres by continuity, everywhere. In view of (46), 
this proves (50). | 

In order to complete the proof of the theorem, it is only necessary to 
apply to (28) and (50) the local uniqueness theorem of [3] (Theorem (I), 
p. 760), which states that the first and second fundamental forms of a surface 
S of class C? determine § uniquely. 


THE JOHNS HOPKINS UNIVERSITY. 


10 This variant of the corresponding explicit calculation in Herglotz’s paper seems 
to be well-known. It was used by Professor Heinz Hopf in a lecture given this spring 
at Johns Hopkins, and it was known to the writer since he first read Herglotz’s paper. 
Cf. also L. Bianchi, Vorlesungen über Differentialgeometrie (ed. 1899), the last quarter 
of p. 293 and formula (8*). 
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ON UNSMOOTH TWO-DIMENSIONAL RIEMANNIAN METRICS.* 


| By Pap Harman.** 


This paper will bé concerned with two quite different questions. Part I 
will deal with the question of the embedding into 3-dimensional Euclidean 
space a 2~limensional Riemannian metric which has the Tchebychef normal 
form du? +-2 cos ¢ dudv + dv*, where it is assumed that this form bas the 
“curvature ” — 1, but it is only assumed that œ is continuous. It will be 
shown that such an embedding exists and is unique, up to Euclidean move- 
ments, when u — const. and v == Const. are required to be asymptotic lines. 

In Part Il, it will be shown that if a positive-definite form gudutdu*, 
where 1, k = 1,2, of class ‘C’ is transformed into another form GydUtdU* 
. with the same properties by a transformation uf— ut(U*, U*) of class O’, 
then the transformation is necessarily of class O”. This result is used to 
establish the uniqueness statement of Part I and has other applications, cf. 
8 ? below. 


Part L 


1. Letz—2(x,y), defined in a vicinity of (x, y) = (0,0), be a surface 
S of class C” and possess the Gaussian curvature K==-—-1. It has been 
shown [4] that these conditions on § are sufficient to assure the existence of 
a transformation, defined in a vicinity of (u,v) — (0,0), 


(1) z— (u,v), y= y(u, v), _ (5(0,0) = y (0, 0) = 0), 


of class C’, with non-vanishing Jacobian and with the properties that, in the 
resulting parametrization X — X (u,v) == (x(u, v), y(u, v), z (z(u, v), y (u, v))) 
of S, the arcs u = const. and v — Const. are asymptotic curves and the squared 
element of arc-length on § has the Tchebychef form 


(2) ds? = gu (u, v) dutdu® = du? + 2 cos p dudv + du, (ut, u?) = (u,v). 
Since det (gu) == sin? ¢, it follows that 
(3) sing ~0, - | ($ = du, v)). 


* Received February 1, 1961. 


_ **John Simon Guggenheim Memorial Foundation Fellow, on leave of absence from 
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215 


216 PHILIP HARTMAN, 


Finally, the function ¢ satisfies the Hazzidakis relation 


#a Ta 
(4) [h] = fs p(t, v)dudv, where th Ss uS ty, 1 SVS dy 


t i 
is any rectangle on which (1) is defined and 
(5) [H] = $ (ta, v1) — $ (Ua, 01) + $ (Uz ve) — $ (tns va). 


Since (1) is of class C’, the function ¢ is continuous. It was also shown in 
[4] that $ is of class C” if and only if z==2(2,y) is of class C’”. (The 
existence of surfaces S:z=—2(z,y) which are of class O”, without being of 
class O”, and which are pseudo-spheres (K —-— 1) will be clear from the 
considerations below.) | 

In this paper, a converse of the above result will be considered. 


(*) Let p= (u,v) be œ continuous function on the rectangle 
(6) R:lul£a, |v] sb, 


satisfying the inequality 0 < ¢ < w and the relation (4) for all rectangles in 
(6). Then, for sufficiently small x, y, there exists one and, up to Euclidean 
movements of the (2, y,2)-space, only one pseudo-sphere S:z2=-=2(2,y) of 
class C” which belongs to ¢(u,v) in the sense of the paragraph above. 


2. In order to make clear the content of this assertion, suppose first 
that œ is of class Q’, then (4) is equivalent to the existence and continuity 
of the second mixed partial derivative pus == dy and to 


(7) hay — gin h. 

Suppose further that ¢ is even smoother, say of class C”, then one expects 
the corresponding X == X (u,v) to be of class ©”. Since u = const. and 
v == Const. are to become asymptotic arcs, the diagonal elements fy, (u,v), 
hoa(u,v) of the second fundamental matrix will be zero. Also, K ==—1 
. means det(hy) ==— det(gix) == — sin? D; so that hı? = sin? $. Define 
ho, = hax (u, v) by 

(8) hydutdu® = 2 sin p dudv. 


The other choice, hadutdu* ==. — 2 sin $ dudv, merely corresponds to the 
enumeration (ui, už) == (v,u) (rather than to (ut, wu?) == (u,v)). 

It is easily verified that (gx) and (hw) given by (2) and (8), respec- 
tively, which are of class O”, satisfy the integrability conditions of Gauss and 
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Mainardi-Codazzi by virtue of (7). Thus, the standard theorem of Bonnet | 
aupplies a surface 5: X — X (u,v) of class O” on which (2) and (8) hold. 
That 8,in a Cartesian parametrization, say 2 == z (x, y), is of class O”” follows 
from the considerations in [4], § 14. 

The variant of the theorem of Bonnet, proved in [3], shows that if ¢ is 
of class O’, then there exists an §:X = X (u,v) of class O” on which (2) 
and (8) hold and which, by [4], $ 14, is of class O” in a suitable para- 
metrization. 

But if ¢ is only continuous, one cannot write down all of the equations 
in the linear total system, consisting of the derivation formulae of Gauss and 
Weingarten, for which the theorem of Bonnet and its variant supply a solution. 
In fact, these equations in the smooth cases of (2) and (8) are 


(9) Kuu — (Xu 008.6 — Xo) pu/sin p, Xov (Ly cos p — Ly) po/sin ¢, 
(10) | Xuv— N sin D 

and, if N— N (u,v) denotes the unit normal vector, (Xz, Xy)/| (Xu Xe) |, 
(11) Na= (X„cos p — X,)/sinġ, Ne= (X, cos p — X,) /sin ¢, 


while (9) involves partial derivatives of ¢. 
The existence assertion in (*) above will be proved by an approximation 
process. The uniqueness assertion will depend on the result of Part II, below. 


3. Before beginning the proof, it can be remarked that the assertion 
(*) goes beyond the existence statements just mentioned; that is, there 
actually exist functions ¢—¢(u,v) satisfying (4), which are continuous 
but not of class C”. This can be proved by the existence proof of Picard for 
the hyperbolic differential equation (7). Let «== œ{u) and B = B(v) be con- 
tinuous functions for | u | Sa; | v | Æ b, respectively, satisfying a(0) — B(0). 
Then there exists one and only one continuous function ¢ on the rectangle 
(6) satisfying (4) and $(u,0) == œ{u) and $(0,v)=—=£8(v). This follows 
by considering the successive approximations yo(u, v) == a(u) + B(v) —«(0) 
and 


Yn(u, 0) — Yo(u, v) + ff SIN Yaa (tt, v)dudv for n= 1,2,---. 
o 9 


The standard calculation shows that ¢ = lim yn, as n—>œ, exists and is the 
desired function. Clearly, ¢(u,v) is of class C’ if and only if the given 
functions a(u), B(v) are. 

This proof also implies that if a œ is given, then there exists a sequence 
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of functions, ¢1(u, v), p? (u, v), >- on (6), which are smooth, satisfy (4) 
(that is, (7)) and which, as n->00, tend uniformly to ¢(u,v). In fact, it is 
sufficient to choose sequences a*(u), B"(v) of polynomials, which satisfy 
a”(0) = 8"(0) and which approximate uniformly’ the respective functions 
a(u) = gẹ (u, 0), B(v) = (0, v), and to let o*(u,v) be the unique solution 
of (7) belonging to the initial conditions "(u, 0) == a” (u), 6*(0, v) = 8" (v). 


4. In order to prove the existence statement in (*), let p =— ġ (u, v) be 
a given continuous function on (16) satisfying (4) and 0<$ < #7. Let 
pt, p°,: : - be a sequence of approximating smooth functions, described above. 
By virtue of uniform convergence, 0 < g"{u, v} <x holds for all (u,v) on. 
(6) and for all sufficiently large.n. By discarding a finite number .of the 
¢', $” © + (and renumbering the ue , it can be supposed that we 
rit holds for all n. 

Let (2a), (Ta); (8n),° © > denote the relations (2), (7), (8),- > +, respec- 
tively, in which is i by $”. By the theorem of Bonnet, there exists 
a unique smooth surface g”: X = Xr (u, v) for which a (By) hold and 
for which 2 
A*(0, 0) — 0, xX (0, 0). = (i 0, 0), 
(12,) | 

Æs*(0, 0) == (cos $"(0, 0), sin 4" (0, 0), 0). 


Note that X*(u, v) exists on the entire rectangle (6), since the total ee 
involved, (9,)-(11,), is linear. - 

Let it be granted for the moment that the sequences À, À?,: - - and 
X,', Xo’, -© are equicontinuous on (6). These sequences are obviously 
bounded since (2,) implies | X4” | = | X,” | = 1. Hence, by the theorem of 
Arzela, it is possible to select a subsequence of the surfaces 47, X?,- + -, which 
will again be denoted by Xt, X?,- : -, such that X*, X2,- - ae its sequence 
of first order partial derivatives converge uniformly on (6), as n->0. Let 
S:X == X(u,v) denote the limit surface. 

Clearly, on the surface S, the squared element of are-length is given by 
(2). Furthermore, if N == N (u,v) is the unit normal vector, then N is of 
class 0’. In fact, (11) holds as a consequence of (11,) and the selection 
process above. In me same way, it is seen that Xuv w= Xo, exists, is continuous 
and satisfies (10). 

The initial conditions (12) imply that the Jacobian of (1) i jöt 
vanish at (u,v) = (0,0), so that S has a representation of the form 
gz = z(x,y), where z==2(2,y) is of class C in a vicinity of (zx, y) == (0,0). 


TWO-DIMENSIONAL RIEMANNIAN METRIOS. 219 


But since N == + (Za, 2y —1)/(1 + Za + 2,7) is of class (” as a function 
of (u,v), and hence as a function of (x, y), it follows that z == z(x,y) is of 
class C”. The relations (4) and (10) and the theorem of Gauss-Bonnet, as 
‘applied in [4], 8 15; show that the curvature of S is identically — 1: Finally, 
a point-P of S and an asymptotic direction at P determine a unique asymptotic 
arc on S; [2], §1. Hence, the asymptotic arcs on 8*, u == const. and 
v = Const., tend to those of S. Consequently, the ara ‘lines u — const. 
and v == Const. on 2 are the asymptotic arcs. 


5. Thus, in order to complete the existence statement contained in (*), 
it remains to verify the hypothesis made in the last section, that the sequences 
Xj, Xy,°-- and X,1, X,?,: : + are equicontinuous, by virtue of the fact 
that $1, #?,: - - is. To this end, the differences | Xu” (u + h, v)— X,” (u, v) |, 
| Xur (u, v + h) — X,” (u, v)| and those belonging to X,” will be estimated 
in terms of those belonging to ¢* (and in terms of the lower bound for sin $*). 
Since is fixed, the notation will be simplified by omitting n. 

It will be sufficient to consider the differences belonging to Xw as those 
belonging to X, can be treated. similarly, Let m satisfy 


(13) : -> sin ¢(u,v) =m > 0 for all (u, v} on R.. 

IE (u,v), (u,v + h) are two points of K, it follows from (10) that . 
(14) 0 | Xu(uv-+ kh) — Zulu v)| S| 2 | 

since |:N | 1." | | 


If (u-+h,v), (u,v) are two points of R, let Af denote ‘the difference 
f(u +h, v) —f(u,v), where f is any (scalar‘or vector) function on À. The 
difference AX, will be appraised by a method similar to that used in [4], § 13. 
Let C be a (fixed) number to be specified below and let e> 0 be any 
number satisfying . 
(15) 2Ce < m°/4, 


where m satisfies (13). Corresponding to e, there exists a number § = 8, > 0 
with the property that 
(16) a Ag | <cif |a| 


for all ot v) , (u--h,v) in E. For convenience later, it can be Supposed 
that 8 is. choseii so small that ; 


(17) . 28 < em. 
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It will be shown that 
(18) AX, | < 80e/m? if |h] <8 
for all (u,v), (u + h, v) on R. If (18) is verified, then it follows from the 


definition (16), (17) of 8, that the existence statement in (*) is proved. 
Let 


(19) Ay=Xy(u,v)+4aX,, As X,(u,v), As N(u,v). 

If these three vectors are linearly independent, that is, if 

(20) det (Ax, 42, As) 50, 

then there exist three unique numbers a; = (u, v, h), where $ = 1, 2, 3, such 


that 
(21) AX, == Gi + ade + ads. 


Tf (21) is multiplied scalarly by A:, As, As, respectively, there results a 
system of linear equations for a,, a, &s. It will be seen that these equations 
are 


(22,) O = a@,(A,* Ay) + a(z Az) + (As Ax), > 
(222) A cos $ — Xy(u + h, v) AX, neat a (A: ‘ Ag) -+ aal Aa : As) + Asl Ás : A3), 
(22,) —Xy(u-+ h, v): AN m a (Ar As) + (As As) + (As As). 


The right-hand sides of these equations are obvious. The left-hand sides can 
be verified as follows: the left-hand side of (22,) is AX, : A; == A (| Xa |3) 
= A(1) = 0; the left-hand side of (222) is 


AX y Ay = A(X y" A2) —Xy(u + h, v) Ada 
em À cos D — AXy(u-+ h, v) -AX,; 

finally, the left hand side of (223) is 

AX y Ag =m A (Xu As) —Xy(u+ h, v) AAs 

| == A(0) — Xa (u + h, v) AN. 

It is clear from (10), (11) and (18) that 
(23) [AZ| S |h] and | AN | £2 |h |/m. 
Hence, the terms on the left-hand sides of (22:)-(22:) are majorized by 
|Ap]+2|h|/m. Since the elements of the matrix (4::4;) are majorized 


by | 4| | 4; | < 2: 2 = 4, it follows that the two rowed minors are majorized 
by 32. Hence, if (20) holds, 


| a | = 96(|Aap|+2|} A A3; As), 
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since det? (43, Áz, As) = det(A,;-A;). Hence, (18) implies 

(24) | AX, | det? (4a, Aa, A3) S O (| Ag | +2 |R |/m), 

if C is sufficiently large, say C == 576. Hence, by (16) and (17), 
(25) | AX, | det? (Ai, As, As) S C (€ + 28/m) S 2Ce 


if |A] <ô. 
It will now be shown that 


(26) l |AXs| <m if |R| <8 


for all (u, v), (u + h, v) in E. By the definition (19) of Ai, As, it is seen that 
the vector product (4:, 42) is N sin ọ + 4(AX,, X») ; so that = A;, As) 
is sin p + édet(AX,, Xo, N). Consequently, 


(27) | det (41, As, A,)| = m— + | AX, |. 


Suppose, if possible, that the first inequality in (26) is violated for a pair of 
points (u -+ h, v), (u,v) of R, where.| h| <8 Clearly, it can then be 
supposed that the first inequality sign in (26) can be replaced by equality if 
(u + h, v), (u, v) are suitable chosen. By (27), | det (Ax, Ae, As)| Z m > 0; 
and so, (25) implies | AY, | < (2Ce)/(4m)?. By (15), this means | AX, | < m, 
which contradicts the assumption | AX, | == m. Consequently, (26) holds. - 

Hence, (25) and (27) imply (18) for all (u + h, v), (u,v)-in E. This 
completes the proof of the existence statement in (*). 


6. There remains to prove the uniqueness statement contained in the 
assertion (*). Let S,:2—_2, (xz, yi) and 8z: 2 == Z (T2, Y2) be two surfaces 
satisfying the statement of the first paragraph of 81, where the function 
ġ == (u,v) for both surfaces is the given ¢. It will be verified that 8, and 
Se are identical, up to a Euclidean movement. 

In the (zı, y:)-parametrization of 8;, the squared element of arc-length 
on S,is . 


(28) ds* =m (1 + p*)daz* + 2pqdz. dy: + (1 + 9?) dys’, 
where p = 02,/éa, and q == 02,/0y,. The surfaces Sı, Sz have parametrizations 
X == X (u, v), X = X (u, v) of class C’, in which (2) holds with the same 


given >. Let © == z3 (21, Y1), Y = Ys (T1, Y1) be the result of the transformations 
(22, Y2) > (u, v) — (ta). Thus 8, has a parametrization of the form 


(29) Sg: a = 29 (21, Y1), Y = Ya (1, Y1), Z = Za (La (T1, Yr), Yo(F1, Ya); 
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. which is of class C’. In the (x,4:)-parametrization, it follows from the 
standard transformation rule for ds?, that (28) holds on Sy. Since the 
coefficients in (28) are of class Cı, it follows from (**) in Part II below 
that the transformation (21, Y1) — (2s, Y2) is of class C”; and so the (a, y:)- 
parametrization of both S, and S; are of class C7. 

It can easily be verified that, if the second fundamental form in the 
(u, v)-parameters are calculated formally by the standard transformation rule 
(or equivalently by, hu == — Vy: Nu, Ais = hay = — Xy No, hog = — Xy: No) 
for both S, and Sa then hadutdu* == + 2 sin œ dudv; and it can, therefore, 
be supposed that (8) holds. Hence, in terms of the (a, ys) parametern, 8i 
and 8: have the same second fundamental form. 

Thus, the surfaces §: z == 2: (21 Y1) and (29) are of class O” and have 
the same first and second fundamental forms. It follows from the uniqueness 
theorem in [3], § 2 that S, and Sz are identical, up to a Euclidean movement. 
This completes the proof of the assertion (*). 


Part IL 


7. In this part, the following theorem will be proved: 


2A **) Let (gix) = (gu(u*, w?)), where i, k = 1,2, be a positive-definite 
symmetric matric of class C’ in a vicinity of (ut, ut) == (0,0). Let 


(30) ut me ut (U1, U2), where à == 1, 2, (ut (0, 0) = 0), 


be a transformation of class C’ in a vicinity of (U*, U?) == (0,0) with a non- 
vanishing Jacobian carrying 


(31) dg? = gixdutdu 


anto 
(32) ds? == GydUtaUr. 


If (30) has the property. that the symmetric matric (Gu) — (Ga(U*, U?)) 
is of class Č, then the transformation (30) ts of class O”. 


This theorem is a generalization of the lemma of [4], § 12. In addition 
to the application of (**) in $ 6, above, several other consequences of (**) 
can be mentioned : 


(i) From Wintner’s discussion [9] of the notion of isometry in differ- 
ential geometry, the usefulness of (**) is at once apparent. In fact, (**) 
and its analogues (cf. the remark at the end of this section) show that if 
two surfaces of class C", where n = 1, are isometric (by virtue of a trans- 


\ 
a 
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formation of class C+), then they are isometric by virtue of a transformation. 
of class C". This answers the question raised by Wintner [9], end of 84, 
concerning the interpretation of certain standard theorems in the theory of 
surfaces. i 


(ii) If the coefficients gy of (31) are of class C’ and (31) possesses a 
curvature K = K (u,v) in the sense of Weyl [7] (cf., [6]) and K is of class 
C’, then it follows from’ [1], § 6 and from (**) that it is possible to introduce 
local geodesic parallel coordinates (U*, U?) and that the transformation (30) 
is of class C”. (For contrast, it can be mentioned that such a transformation 
(80) need not exist if a bounded curvature K does not exist (cf. [1], 82); 
the transformation (30) exists and is of. class C” when a bounded curvature 
K does exist (cf. the proofs of Theorems 1 and 2.in [1] and (III) in, [5]), 
but need not be of class o” if K is not of class C” (cf. [2]). 


(ii) If the surface S has a parametrization of class C” in terms of 
some parameters, say (ut, u°), and if (30) is a transformation of class 0’ 
such that the first fundamental form GadU‘dU* and formal (cf. §6 above) 
second fundamental form HydU+dU* are of class C’, then, by (**) and the 
considerations of [4], 814, the surface § is of class C”” in a suitable para- 
metrization, say 2 == 2(z, 4). oS 


To illustrate the principle (iii), let § possess a negative curvature of 
class ©, then it is possible to introduce (locally) the asymptotic lines as 
coordinate curves U+ = const., U? = Const., and the transformation (30) is 
of class C’, [4], § 6. If the coefficients in the resulting squared element of 
arc-length (32) are of class O”, then the above principle is applicable, since 
Hy, = Ha = 0 and Hı? = — det(Gy)/K > 0 are of class C’. Thus, the 
asymptotic Jine parametrization of a surface (of negative curvature K of 
class C”) cannot be of class O” unless the surface kas some parametrization of 
class C”. The case Ke — 1 of this illustration is proved in [4] by using 
the lemma, [4], § 12, mentioned above. 

As another illustration of (iii), let 8 possess distinct principle curvatures 
of class C”, then it is possible to introduce (locally) the lines of curvature as 
coordinate curves U* = const., U? == Const., and the transformation (30) is 
of class C’, [4], § 17, If the coefficients in the resulting squared element of 
arc-length (32) are of class C’, then the above principle is applicable, since 
His == 0 and Ay,/G11, H32/ 32, being the respective principal curvatures, are 
of class C’. Thus, the line of curvatures parametrization of a surface (having 
distinct principal curvatures of class O’) cannot be of class O” unless the 
surface has some parametrization of class 0%”. 
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Whether or not (**) is true if the symmetric matrix (gx) is either 
n by n and non-singular (instead of being 2 by 2 and positive-definite) will 
remain undecided. (The proof of (**) and this generalization would follow, 
for instance, if it could be shown that the transformation (30) can be approxi- 
mated by smooth transformations in such a way that the Christoffel symbols 
belonging to the forms corresponding to (32) tend uniformly to those 
belonging to (32)). An indication of the truth in the n by n, positive-definite 
case is given by the results in [8]. 

The theorem (**) is obviously false if (gx) is singular. For consider 
the cases u = U, v = v(U, V) and ds? =m du? + 0: dudv + 0- dv? of (30) and 
(31), respectively. The corresponding form (32) is ds? == dU*-+-0-dUdV 
+ 0-dV?, while v(U, V) need not be of class Q”. | 

The replacement of C, O” by C™, C1, respectively, where m > 1, im 
(**) leads to a correct but easily proved theorem, in view of the transformation 
rule for Christoffel symbols. The difficulty in the proof of (**) is to establish 
the validity of this rule when m = 1. 


8. Proof of (**). Since the coefficient functions of both (81) and (32} 
are of class C’, the Christoffel symbols of the second kind, y4,* == yj,‘ (u, u°} 
and [yf «= Ty,*(U*, U?), belonging to (31) and (32), respectively, exist and 
are continuous. The two systems of differential equations 


(33) u + vp tutu = 0, where 1 = 1, 2, (== d/ds), 
and 
(34) UY L TUU = 0, where i == 1, 2, | (‘== d/ds), 


define the geodesics belonging to (31) and (82), respectively. Formally, it 
cannot, however, be verified that the solutions of (34) correspond, by virtue 
of (30), to solutions of (33), and conversely. (Of course, such a verification 
could be made by considering the geodesics as extremals (but not “ mini- 
mizing ” curves, cf. (II) in [5]) of a calculus of variations problem.) 

If a point (ut,u®?) and/or (U*,U*) is sufficiently near (0,0), then 
there exist arcs minimizing the distance, in the metric (31) and/or (32), 
between (0,0) and that point (Hilbert). All such arcs are solutions of (33) 
and/or (34); cf. the proof of (I) in [6]. If uf==ut(s) and Ut = Ui(s) is 
such a geodesic, where the initial conditions are chosen so that (30) gives 


(35) u = url", where ujt == Out/OU1, 


then both u*(s) and Ut(s) are of class C”. (Incidentally, not all geodesics 
minimize the distance between sufficiently close points on them; cf. (II) 


in [5]). 
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Corresponding to a geodesic ut = ut (s), Ut = U+ (s), related by (30) 
and (35), consider the linear differential equations 


(36) wY + yptwiu —=0, where i= 1,2? 
and 
(37) WY + TytWiIUY — 0, where 1 — 1, 2, 


With yp == yp'(ut(s), u?(s)) and Tat = rat (U (s), U?(s)) in (36) and 
(37), respectively. A solution Wf— W'(s) of (37) is a field of parallel 
vectors along the geodesic U+== Ut(s). Hence, the scalar products Gg,W*W*, 
Ga W#U#, which are first integrals of (37), are independent of s. But scalar 
products are invariant under transformations of class C”; and so 


(38) wi==u,;'Wi, where «== 1, 2, 


with ujt == uj*(U+(s), Ui(s)), is a solution of (36) and, in particular, is of 
class Q’. . 

It is clear from (34) and the fact that GaUVUF == 1 along solutions 
of (34), while (32) is positive-definite, that | UY | Const., whenever 
(U*(s), U*(8)) is sufficiently near (0,0), where Const. is independent of the 
geodesic Ut == U+(s). This implies that if Ja is a geodesic arc Ut == Ut(8) 
== Ut(s, AU?) joining (0,0) and (AU*,0), where | AU: | =£ 0 is sufficiently 
small, then (U*(s), U” (s)) tends, uniformly on Ja, to (G: #(0,0),0), as 
AU*—>0. Similarly, if W!— W*(s) —W*(s,AU*) is a field of parallel 
vectors on Ja determined by initial conditions (W,', Wọ) at (0,0), which 
are independent of AU‘, then (W*(s), W7(s)) tends, uniformly on Ja, to 
(Wo, Wo), as AU —> 0. Finally, if As is the length of Ja, then As/AU? 
—> G1:4(0,0), as AU 0. 

Let the geodesic arc Ja be chosen so that ut —ut(s), determined from 
(30), is a solution of (33). Let fo, where f is wt, ut,- +, denote the value 
of f at (0,0) and let Af denote the difference between the values of f at the 
points (AU?, 0) and (0,0). Then, by (88), 


(89) An (Au) Wat + uf ATW), 
By (37) and the mean-value theorem of differential calculus, 
| AW! = — (Tami W*U™) As, 


where the coefficient of As is evaluated at some intermediary point on Ja 
(depending on j and AU*). By the remarks of the last paragraph, AW//AU! 
tends to — Iwo! Wo”, as AU? — 0. Similarly, Aw*/AU? tends, as AU? > 0, to 
— Ykmo'Wortty™ Giro. By (35) and (88), the latter limit is — yemotUno uro" Wo”. 
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Hence (39) implies that (Au,;*/AU*) W,’ tend to a limit, as AU*-»0. Since 
Wa! is arbitrary, it follows that, as AU*-—» 0, the quotient 

Aut /AU* = {ut (AUX, 0) — ut (0, 0) }/AT? 
tends to the limit Tnt —-yam'ufu:™, evaluated at (0,0). Since AU* can 
be replaced by AU? in this argument, and (0,0) by any point (U*, U’) 
sufficiently near (0,0), it follows that the second order partial derivatives of 
the functions in (30) exist and can be calculated from the standard trans- 


formation rule for anne symbols of the second kind. aia tae 
(**) is proved. 


PARIS, FRANCE. 
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ON THE KINEMATIC FORMULA IN THE EUCLIDEAN SPACE 
OF N DIMENSIONS.* 


By SHIING-SHEN CHERN. 


Introduction. The idea of considering the kinematic density in problems 
of geometrical probability was originated by Poincaré. It was further exploited 
by L. A. Santald and W. Blaschke in their work on integral geometry [1], 
culminating in the following theorem: 


Let Xo, X, be two closed surfaces in space, which are twice differentiable, 
and let Dy, Dı be the domains bounded by them. Let Vi, yy == Ki/4r be the 
volume and Euler characteristic of D, and let A,, My be the area and the 
integral of mean curvature of $u, 1—0,1. Suppose Žo fixed and X, moving. 
Then the integral of K(D, -D;) = 4ry (Do: D1) over the kinematic density 
of 31 ts given by the formula 


(1) f KE (Do: Di) 31 = 8a? (VK: + AM: + Mods + KoV) 


This formula includes most formulas in Euclidean integral geometry as 
special or limiting cases. The purpose of this paper is to apply E. Cartan’s 
method of moving frames and to derive the generalization of this formula 
in an Huclidean space of n dimensions. By doing this, we hope that some 
insight can be gained on integral geometry in a general homogeneous space. 
Moreover, one of the ideas introduced, the consideration of measures in 
spaces which are now called fiber bundles, will most likely find further appli- 
cations. The main procedures of our proof have been given in a previous 
note [2]. 

We consider a compact orientable hypersurface X, twice differentiably 
imbedded. in an Euclidean space # of n (= 2) dimensions. At a point P 
of Z there are n — 1 principal curvatures xw a == 1,; - -,#n—1, whose i-th 
elementary symmetric function we shall denote by Sẹ, 1—0,: : -,n—1, 
where So == 1 by definition. Let dA be the element of area of %, and let 


- 
2 


2 m= f BAEN 0 te 
(2) 4 ao fe) t n 1 


These M; are integro-differential invariants of 3. In particular, Me is the 
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area and M, is a numerical multiple of the degree of mapping of 3 into 
the unit hypersphere defined by the field of normals. 

Take now two such hypersurfaces %,, %,, whose invariants we eer 
by superscripts. The volume of the domain D, bounded by X; we denote by 
Vi, i= 0,1. Let X, be fixed and X, be moving, and let 3, be the kinematic 
density of 3. We suppose our hypersurfaces to be such that for all positions 
of X, the intersection D, - D, has a finite number of components. Then the 
Euler-Poincaré characteristic x(Do: D1) is well defined. If I,.. denotes the 
area of the unit hypersphere in # and if 


(3) Jn = ll: ° * In, 


the kinematic formula in E is 
(4) SK (Do: Di) | 


= OV + OP +23 (, 7.) MOM 2), 


k+L1 


where 
(5) K (Dy: D1) = Inax(Do+ Dr). 
For n = 3 this reduces to the formula (1). The formula for n — 4 is 


(6) fK(D: D,)$, 
== 1604*(M,V, + MOV, + MO, + MOM, + $M,OM,). 


1, Measures in spaces associated with a Riemann manifold. We shall 
first review a few notions in Riemannian geometry, in a form which will be 
useful for our later purpose. 

Let M be an orientable Riemann manifold of class = 3 and dimension n. 
Associated with M are the spaces By (h == 1,: > - ,n) formed by the elements 
Pe,: + + ts, each of which consists of a point P of M and an ordered set of h 
mutually perpendicular tangent unit vectors ¢,---,e, at P. When k= n, 
such an element will be called a frame. In the current terminology B, is a 
principal fiber bundle over Af with the rotation group as structural group 
and B, are the associated bundles [3]. We shall introduce a measure in By. 
Since B, is clearly an orientable differentiable manifold, this can be done by 
defining an exterior differential form of degree 4(h +1)(2n—h)(<= dim of B,). 

There is a natural mapping ya: Ba — B, defined by taking as the image 
of Pe,: > +e, the element Pe,---e,. It induces a dual homomorphism of 
the differential forms of B, into those of By. This process has in a sense a 
converse. In fact, let 


(7) e, == D Ural™ a, ht lenssn 
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be a rotation of the last n— h vectors. A differential form of B, which is 
invariant under the action of (7) can be regarded as a form of B,. 

The well-known parallelism of Levi-Civita can be interpreted as defining 
a set of n(n-+-1)/2 linearly independent Pfaffian forms in B,, which we 
shall denote by on oy( == — og), 1 <1,j<n. To give it a brief description 
[4] we start from the following useful lemma on exterior forms: Let œ be 
linearly independent ‘Pfaffian forms, and let my =— mj; be Pfaffian forms 
such that * 


(8) ed 


Then my = 0. In fact, it follows from (8) that 
rH i À djir» 
Then dy, is skew-symmetric in its first two indices, because the ry are, and 
is symmetric in its last two indices, on account of (8).- Therefore ay, — 9 
OT Ty = 0. i =: | | 
For geometric reasons we denote by dP the identity mapping in the 


tangent space at P, which maps every tangent vector into itself. Then dP 
can be written in the form 


(9) dP =E we, 


where the multiplication is tensor product, and the œw; are Pfaffian forms 
in B, and are linearly independent. The fundamental theorem on local 
Riemannian geometry asserts that there exists a uniquely determined set of 
Pfaffian forms w, wy in Ba, linearly independent, which satisfy (9) and 


(10) : des => a /\ om. 
In fact, the uniqueness follows from the above lemma. 
For our purpose we shall study the effect of the rotation (7) on these 


forms. Denote the new forms by the same symbols with asterisks. Clearly 
we have 


(11) Wg = Wy, wr? == À Usa, 1£<a=hh+i<r,s<n. 
8 


Taking the exterior derivatives of both sides of these equations and making 
use of (10), we get 





1 We shall, following Bourbaki, use wedge product to denote exterior multiplication. 
It will sometimes be dropped, when the meaning is clear. Parentheses will be used to 
denote ordinary products of differential forms. 
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2 wp A (B0* = Opa) + 2 ot A (are mes 2 Usr ac) = 0, 
(12) 
À a /\ (or — 2 tarvas) Faar A Par = 0, 


where ¢,,* are Pfaffian forms skew-symmetric in the indices s, r. The system 
` of equations (12) is of the same form as (8), and the above lemma is then 
applicable. It follows that 


(13) | Upar — Bo dr = ` UsrWas- 
8 


If we put 
(14) Qa = Il War) 


we see from (13) that Q« is invariant under the action of (7). The same 
is therefore true of the form 


(15) | Lin = IT Oa I] wag I o 
a a< 4 


This form is clearly not identically zero, and we define it. to be the density 
in By. It gives rise to a measure in By. 


2. Differential geometry of a submanifold in Euclidean space. As a 
-further preparation we need some notions on the geometry of a hypersurface 
in Huclidean space. As no additional complication is involved, we develop 
them for a submanifold V of p dimensions, which is twice differentiably 
imbedded in Æ. We agree in this section on the-following ranges of indices: 


(16) 1548,ySp, ptixnstSn 1<ijk<n. 


Since Æ is a Riemann manifold, the discussions of the last section are 
valid. In this case B, is naturally homeomorphic to the group of proper 
motions in #. To study V we consider the submanifold of B, characterized 
by the conditions that Pe V and that the e, are tangent vectors to V at P. 
If we denote by the same notation the forms on this submanifold induced 
by the identity mapping, we have 


(17) de ou 
From (10) it follows that 


du, == > wa /\ Wer = 0. 
a 
Since the w, are linearly independent, we have 


(18) Ora = 2 Aragog 
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where the A,.g are symmetric in a, £: 
(19) | Arap = À Ba “= 


From these Pfaffian forms it is possible to. construct some significant 
“ordinary ” quadratic differential forms. The first is a set 


(20) Pr = È (orava) = È Arab (acts), 


which generalizes the second fundamental form in ordinary surface theory. 
The second is 


(21) Y= D(a) — D Angår (a), | 


generalizing the third fundamental as The latter seems to deserve some 
attention. However, so far as the writer is aware, it has not been considered 
in the literature. 

For a hypersurface we have p = n— 1, and we shall write &, Aag for 
Pr, Anag respectively. The n—1 roots of the characteristic equation 


(22) | Aap — xbug | = 0 


are called the principal curvatures. 
In the case of the Euclidean space # we can also write ow, wy as scalar 
products, thus: 


(23) o; = dP &, wy == dej: Cj. 


3. A formula on densities. The situation we are going to consider 
consists of two hypersurfaces So, 3, in F, with X fixed and %, moving, which 
intersect in a manifold V** of dimension n-—— 2, such that at a point of 
V"= the normals to žo 2, never coincide. We denote by ¢, = 0, a, the 
angle between these normals and by $, the kinematic density of %,. An - 
(n — ?2)-frame on V** has a density on each of V**, %, Z, to be denoted 
by Ly, Ly, L; respectively. Our formula to be proved can be written 


(24) | LrS = gin? bLolad. 
Throughout this section we shall agree on the following ranges of indices : 
(25) 1Æ=1,7,k=n, 1£<aB=n—2, 1=4,B=n—1. 


Let Ou: + >an be the fixed frame and O’a’,- - - a’, the moving frame. 
For a given relative position between Oa’: : -a, and O'’a,-: a, let 
Pere, be an (n— 2)-frame on V*?, We complement this into a frame 
Pe- - +e such that e, is normal to X, and also into a frame P’e’,- ; ea 
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such that e”, is normal to 3, at P, and P = P, pe. Between ey-1,: es, 
us eh we have then the relations 


(26) E'n- == COS Hen, + BIN per, Cy mem — SIN ena + COB Pep. 
From this we derive the following useful relation 
(27) lens En = do + des: ` En- 


Let us now express the relations between the frames so introduced by 
the equations 


! P = 0 + D ni, e = 2 le, 


(28) : 
| Pm OS, di D 
4 td 


We shall denote the differentiation by d’ when O’a’,- - - a’, is regarded as 
fixed. In other words, d’ is differentiation relative to the moving frame. 
Then we have, from (28), 


(29) - dO’ = dP — d'P— 3 r'idi. 
i 
It follows that, on neglecting terms in da’, 
II(dP - ex)L[(40 d) =TII(4P: ea) TI (4P "Wi — dP- a’) 
= ] | (4P : €x) [I (dP "e; — dP. ei) 
(30) a ¢ 
= + II(4P y e,)(d’P j Ca) (dP ` ai az d'P ý C'a) (dP 5 C'u pits d'P: C'a) 
a | 
= sing I (4P -ea)(d'P- ea). 
These are to be taken as congruences mod-da In particular, the last step 
follows from the fact that e’, is normal to 3, at P and that the product of n | 
factors involving dP is zero, because the locus of P is a hypersurface 34. 


In order to get a further reduction of the left-hand side of (24) we 
start from the formula 


(31) deg — d'or D W dA k 
k 
From the invariance of the kinematic density under a rotation it follows that 


II (dos: a) = [I ( (des — de) e). 
i<j tej 


Then we have 
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TI (dea: eg) [1 (das: dy) = II (deg: eg) TT (des — d'ei) - ej 
a<p i<j a<B i<j 
== [| (dea: eg) [I ((dea — d'ea) 6/4) ((de’ns — d’e’n-1) * 2x) 
ae B azi 
— [[ (des: es) J] ( (dea — d’eq) : e'g) 
a< a< 
AL (dea ns — d'ea s C'a) (de, En — Rea’ Ca)? 
A (de'n En — d'en * En) 
== + JI(des- e8)(d'ex ep) [I (dea: ena — d'ea’ enai) 
a< a 
` A (deg: C'n) (de'n ' En) 
+ sin? p [L{(des e4) (fea e'a) dd. 
acd 


(32) 


Il 


Here the congruences are to be understood mod dP + e4, dP- ea. The step 
next to the last follows from the relations 


dea : Pn — — d’e’, t e'a = 0, mod d’P - ea, 


which in turn are consequences of (18). In the reduction of the last step 
we make use of the relations (26), (27), and 


dea | En = — dey ea = 0, mod dP : ex. 
If we notice that 


3 == [1 (40 - YIL (da’; a’), 
i i<j 


and recall the expressions for Ly, Lo, La, then (30) and (32) together give 
the formula (24). 


4, Total curvature and Euler characteristic. The success of our pro- 
cedure depends on the possibility of expressing the Huler-Poincaré charac- 
teristic of a domain bounded by a hypersurface X by an integral over 3%, a 
result known as the Gauss-Bonnet formula. Let A be the volume element of 
the unit hypersphere in #, and N* the field of outward normals of 3. By 
means of N* we define the normal mapping of X. The Gauss-Bonnet formula 
in this particular case can be written 


(33) fax 


where D is the domain bounded by 3%, and y(D) is its Euler-Poincaré charac- 
teristic. The left-hand side of this equation is sometimes called the total 
curvature of the domain. 

In our later application the domain D will not be bounded by a smooth 
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hypersurface but will be such that its boundary consists of a finite number 
of hypersurfaces which intersect in a number of submanifolds V*? of dimen- 
sion n— 2. To the integral of A over the outward normals we must then 
‘add the integral over the vectors belonging to the angle subtended by the 
outward normals of the two hypersurfaces. To express the latter analytically 
let us use the notation of the last section, together with the ranges of indices 
(25). In addition we denote by b4, b'a the unit vectors in the principal 
directions of žo, 31 respectively. For a differentiation on % we can then 
write 

(34) O4 = dP - Da, Kaba = dep’ Da, 


where xa are the principal curvatures.. Similarly, for a differentiation on X, 
we have 

(35) Ca = dP- Da, Kafa = des"? 

x'a being the principal curvatures of X.. Since the ea lie in the intersection 
of the tangent hyperplanes, we have relations of the form 


(36) a — 2 Cqada — 2 Cala 


To simplify notation we introduce the unit vectors b, w in the directions 
of the angle bisectors of €», en. Then we have 


(37) es = (cos $p)b— (sin ¢¢),. a= (cos Fp) dD + (sin $4), 
or | P 
(38) en + e'n = 2 (cos #b)n,  — en + en = 2 (ein $o) w. 


Let x be a unit vector between ey. e”,, and y the unit vector re aa ps 
and in the plane of e,, e’x. We can then write 


(39) T == cos ob + sin ol, Y — — gin ob + cos otw; 
— À = 0 = io. 


It follows that the total curvature, 1. €., [,, times the Euler-Poincaré charac- 
teristic of D, is given by 


(40) K = sua -+ S J cos a(db-e,) + sin o (dw: ea) }. 


The product in the second integral admits some further simplification. 
In fact, using (88), we have 
II {cos o(db: eg) + sin o (dp @x) } 
= II {sin(a¢ — o) (den: ea) + sind + 0)(de’n - ea)}/sin™ à. 
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By (36), we get 
| den‘ Cg = 2 KACaAÜ4 = Pi xaCaacpa (AP es), 


de’, * Ca = D Waal’ pa (AP i eg) i 
It follows that | 


(41) TI {cos o (db: eg) + sino(dm-es)} = DV/sin™* ¢, 
where V is the volume element of V#3, and where 
(42) D= | sin (do — o) 3 xaCaatpa + sin ($p +o) Di 'aaac'pa |. 


The determinant D can be expanded in the form 


(43) D— $ Hy sint*9(44 — 2) sin?(49 + 0), 
where 
Cid, © ©" Cida Cin, °° C'1B, , , 
(44) Hy=% ; _ Kay | T KA Bi KB 
Cn-2,41° * Cure C'n2,8,° ;  Cn:2,8, Prq=n—s, 
the summation being extended over all independent combinations A,,- * `, Ag, 


and Bı,’ > +, Bp of 1,:-:,n—1. To prove this we observe that the expan- 
sion of D is of the above form and that the question is only to determine the 
coefficient of «a, © xap °° *’s, in Hy. This coefficient is, up to the 
factor sin?($¢ —o)sin?(4¢ + o), the value of D, when we set 


T z 
KA, ome Ka =I, KB =" t = B = 1, 


and equal to zero otherwise. Writing 
CoA = {sin (49 — 0) Hoga; Coa = {sin (4¢ +o) Pea, 


we have 
Giay A CA; Car, * © B, 
D=| E  Gusépe+ ZE atp |= 


8=Ay)-. Ag t=B,; paces 2 _ _ 
Cn-2,41° ` ‘ Cw2,Agq C'n-2,B, es Cn-2,By 


This shows that the coefficient is actually the one asserted in (43), (44). 


5. Proof of the kinematic formula. Let 3%, 3%; be two hypersurfaces 
twice differentiably imbedded in Æ, with % fixed and 3, moving. We denote 
by D; the domain bounded by 3%, == 0,1, and suppose that the intersection 
D.: Dı consists of a finite number of components F,. The boundary of XF, 
consists of the sets 21° Do, Zo: Di, %o* 31, 80 that we can write 
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(45) fE(Do- DŽ, = S E(P) 
= fE z Do) 3s ~} fE i D,)34 RESTE JEG. a 34) 5h. 

The first two integrals are easily evaluated. Take, for instance, the second 
integral. For every position of 3, the integrand K (Z: Dı) is the integral 
of A over the outward normals to %, at points of %,-D,. This domain of 
integration can be decomposed in a different way by first fixing a common 
point of D, and %, rotating D, about this point, and then letting this point 
vary over D, and %, respectively. The result of this iterated integration is 


(46) SEC Di) Ba = IK Va = J pMn OV. 


Similarly. using the fact that the kinematic density is invariant under the 
‘inversion ” of a motion, we have 


(47) [KES i Ds) ka J nK Vo — J nMn Vo 


= To evaluate the third integral in (45) we use the density formula (24), 
and the formulas (40)-(44) for the total curvature arising from X,: x. 
We get 


SEG: 2) = f(D/sin™ $)doVE, =(1/Jn-s) f (D/sin" d)do by 
= (1/74) f (sin $) Ddodplyly 
= Desf Hololy +: + > + bo f Hesloly 
= AnaM OM OD + aM OM yg 
where the as and 6’s are numerical constants. These constants can be 


determined if we take %, 3%, to be two hyperspheres of radii 1 and A 
respectively. This completes the proof of the kinematic formula. 


UNIVERSITY OF CHICAGO. 


REFERENCES. 





[1] W. Blaschke, Integralgeometrie, Hamburg, 1936 and 1987. 

[2] S. Chern and C. T., Yen, “Sulla formula principale cinematica dello spazio ad n 
dimensioni,” Boiletino della Unione Matematica Italiana (2), vol. 2 
(1940), pp. 434-437. 

[3] N. Steenrod, Fibre Bundles, Princeton, 1951. : 

[4] Cf., for instance, Chern, Topics in Differential Geometry (Mimeographed notes), 
Institute for Advanced Study, Princeton, 1961. 


COMMUTATORS OF OPERATORS.* 


By PauL R. Hataros. 


If H is a (complex) Hilbert space and if P and Q are operators on H 
(i.e. bounded linear transformations of H into itself), the commutator 
[P,Q] of P and Q is defined by - 


[P, Q]— PQ — QP. 
The self-commutator [P] of a single operator P is defined by 
[P] = [P*, P] = P*P — PFP*. 


My purpose in this note is to make a slight contribution to our as yet very 
meager knowledge of what the commutator of two operators on a Hilbert 
space can look like. Wintner [3] proved that if P and Q are Hermitian, 
then [P,Q] cannot be a non-zero multiple of the identity; as Putnam [1] 
has pointed out, Wintners method yields the same conclusion even without 
the assumption that P and Q are Hermitian. Wielandt [2] obtained (by 
entirely different methods) a somewhat more general result, applicable to 
normed algebras. Wintner then asked whether or not the negative assertion 
that [P, Q] can never be equal to the identity can be strengthened by proving 
that 
inf{|([P, Q]e,2)|: | z |= 1} = 0. 


Putnam showed that this is always true on a finite dimensional Hilbert space 
and that it remains true in the infinite dimensional case if at least one of 
the two operators P and Q is Hermitian, or even normal, or even semi-normal. 
(An operator P is semi-normal if P*P and PP* are comparable with respect 
to the usual partial ordering of Hermitian operators.) I propose to show 
that, in general, the answer to Wintner’s question is no. ‘This assertion 
follows easily from the fact (Theorem 2) that the real (1.e., Hermitian) 
part of a commutator on an infinite dimensional Hilbert space may be pre- 
scribed arbitrarily. Theorem 2, in turn, is a consequence of the assertion 
(Theorem 1) that every Hermitian operator on an infinite dimensional Hilbert 
space is the sum of two self-commutators. 


* Received May 25, 1951. 
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For a fixed Hilbert space H, let K be the set of all sequences + = {£a} 
such that t e H, n = 1,2,: < +, and such that S| a, |? <œ. If, for any 
n 


two elements z and y of K, the inner product of z and y is defined by 
(z, y) ame 2 (Tn, Yn)» 


then K is a Hilbert space; Æ is, in fact, the direct sum of countably many 
copies of H. Suppose that A is a Hermitian operator on H and define an 
operator B on K by (Bz) = 47, Define another operator U on K by 
writing (Us): = 0 and (Uz), = Zp for n> 1. 


Lexma 1. If P = BU, then ([P\x), = 4x and ([P]z), == 0 for n > 1. 


Proof. It is easy to verify that the operator B is Hermitian and that 
the adjoint of U is defined by (U*r), == Zan. It follows that 


(P*Pt)a = (U*B°UT)n = (BPUt)mi == A (UT)nn == Ay 
and, if n > 1, tbat | 
(PP*r}, = (BUU*Br), = A(UU*Br), == A(U* Br) 9, = A( Br), = AZ. 


Since (PP*z),-—A(UU*Bar), = A(0) = 0, the proof of the lemma is 
complete. 


It is convenient to say that a subspace H of a Hilbert space K is large 
if H contains infinitely many orthogonal copies of its orthogonal complement, 
or, in other words, if dim(H) = N, dim(K — H). Thus, for example, a 
subspace of a separable Hilbert space is large if and only if it is infinite 
dimensional. 


Lemma 2. A Hermitian operator with a large null space is a self- 
commutator. | 


Proof. Suppose first that the given Hermitian operator is positive, i. e. 
that it can be written in the form 4? with a Hermitian A. Let H be the 
closure of the range of A. Since H is the orthogonal complement of the 
null space of A, there is no loss of generality in assuming that the originally 
given Hilbert space H contains the direct sum K of countably many copies 
of H, and that, moreover, H is embedded in K 80 that it coincides with the 
set of all those sequences ¢ in K for which Sa == 0 whenever n > 1. If an 
operator P is defined on K, as in Lemma 1, and extended to H by defining 
it to be O (or, for that matter, any normal operator) on the orthogonal 
complement F — K, then Lemma 1 implies the desired result. If the given 
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operator is negative, the representation can be achievd with P* in place of P. 
The case of a general Hermitian operator can be treated by putting together 
the results of the positive and the negative cases. It suffices to note that 
every Hermitian operator is the direct sum of a positive and a negative 
operator, and, in case the original operator has a large null space, then the 
direct summands can be selected so that they too have that property. 


Lemma 3. Every Hermitian operator on an infinite dimensional Hilbert 
space leaves invariant at least one large subspace with a large orthogonal 
complement. 


Proof. The underlying Hilbert space, if it is not already separable, can 
be expressed as a direct sum of separable, infinite dimensional subspaces 
invariant under the given operator. There is, therefore, no loss of generality 
in restricting attention to separable Hilbert spaces. If A is Hermitian and 
E is the spectral measure of A, and if, for every Borel subset M of the real 
line, E(M) —0 or 1, then A is a scalar multiple of 1. It follows easily 
that if, for every M, the dimension of the range of EF (M) is finite or co-finite, 
then A differs from a scalar multiple of 1 by a finite dimensional operator. 
In the contrary case both E(M) and 1— #(M) have infinite dimensional 
ranges for some M. In either case the conclusion of the lemma is obvious. 


THEOREM 1. Every Hermitian operator on an infinite dimensional 
Hilbert space is the sum of two self-commutators. 


Proof. By Lemma 3, the given operator is the sum of two Hermitian 
operators with large null spaces, and the theorem follows from Lemma 2. 


To apply these results to a general operator P, it is necessary to break 
up P into its real and imaginary parts, i. e. the uniquely determined Hermitian 
operators A and B for which P == A + iB. If P = A + iB, Q =C + iD (with 
A, B, C, and D Hermitian), it is convenient to write P’ == P (P, Q) = A+ 4D, 
Q =Q (P,Q) =B-+:C. It follows that P’ =P (P,Q) =A +10, 
Q =Q (P,Q) mx D'+1B, and finally that P” = P (P,Q) =P, 
Q” = Q (P”, Q”) =Q. The reason for introducing P” and Q is notational 
convenience; in terms of them it is easy to write. down the commutator of 
P and Q. Itis, in fact, a matter of automatic computation to verify that 


[P,Q] = 2° (CPI + RJ) + (w) =(P] + 977). 


Since a self-commutator is always Hermitian, and since an operator uniquely 
determines its real and imaginary parts, it follows that, for instance, the real 
part of [P,Q] is 27*([P’] + [Q’]). Since the transformation carrying P 
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and Q into P” and Q’ is cyclic of order 3, it follows that any one of the three 
pairs {P, Q}, {P,Q}, and {P”, Q”} uniquely determines both others. These 
facts, combined with Theorem 1, yield the following result. 


_ THEOREM 2. Every Hermitian operator ‘on an infinite dimensional 
Hilbert space is the real part of a commutator. 


COROLLARY. There extst operators P and Q such that 
inf{|({P, Q]z, s)|: | e| = 1} 21. 


Proof. Theorem 2 yields the existence of two operators P and Q such 
that the real part of [P,Q] is the identity. It follows that ([P, Q]z,z) 
where || z || —1, is a complex number whose real part is 1, and that, con- 
sequently, |([P, Q]z,z)| = 1. | 


It might be worth while, in closing, to call attention to another consequence 
of Theorem 1. Since a scalar multiple of a commutator is again a commutator, 
Theorem 1 and the decomposition of an operator into its real and imaginary 
parts imply that every operator on an infinite dimensional Hilbert space is 
the sum of four commutators. It follows that every additive functional of 
such operators, that vanishes on all commutators, vanishes identically, or, in 
other words, that the concept of trace cannot be extended to operators on 
infinite dimensional Hilbert spaces. (This comment was called to my atten- 
tion by Irving Kaplansky.) Results of this type were known before, but only 
under additional assumptions of continuity or positiveness. 
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ON HOMOTOPY GROUPS OF FUNCTION SPACES.* 


By JAMES R. JACKSON. 


1. Introduction. Let x, be a point of subset X, of topological space X, 
and let Yo be a subset of space Y. Let yoe Yo, and denote by the same 
symbol y, any constantly yo-valued function. Throughout this paper, the 
following notations will be used: 


Q, is the space of continuous mappings f:(X, Xo) > (Y, Yo); that is, 
of mappings on X into Y which carry X, into Yo. 

Q, is the space of continuous mappings f:(X, Xo) > (Y, Yo). 

Qao is the space of continuous mappings f:(X, Xo, £0) > (Y, Yo, Yo). 

¥ is the space of continuous mappings f: X. — Yo. 

W, is the space of continuous mappings f: (Xo £o) — (Yo, Yo). 


We shall show (Section 10) that if X, is a retract of X, and if X, Xo, 
and Y satisfy certain rather general conditions (Sections 3, 4, and 6); then 
the m-th homotopy group U,,(@, y) is isomorphic to a split extension of 
In (Qo, Yo) by Wn(¥, Yo); and also that Om (Qoo, Yo) is isomorphic to a split 
extension Of I (Qo, Yo) by In (Yo; Yo). 

(Group G is a split extension of normal subgroup N by group H if there 
exists a homomorphism of Œ onto H, with kernel N, and which induces an 
isomorphism of a subgroup H, of G onto H. It is well-known that if He is 
also a normal subgroup, then G is the direct sum of H, and N.) 

These results, together with some corollaries, enable us to relate the 
homotopy groups of many function-spaces to the homotopy groups of Y, and 
also to investigate certain homotopy classification problems. In particular, 
we provide a systematic approach to the structure of Fox’s torus homotopy 
groups (Section 12), and lst some miscellaneous interesting results (Section 
13). 

We also show (Section 8) that if Yo is a deformation retract of X, 
and if X, Xo, and Y satisfy a weak restriction; then I,(Q, Yo) is isomorphic 
to Uh(Ÿ, Yo). 


2. Some definitions. The subset {t|0<m<1,i=1,:::,m} of 
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Euclidean m-space will be denoted by I”. For I* we simply write J. The 
subset of point of J™ having at least one ora either zero or one will 
be designated by B™". 

Our definitions of homotopy, relative homotopy, homotopy groups, induced 
homomorphisms on homotopy groups, and other such concepts will be those of 
Fox [2] and Hu [4]. Our notation is essentially that of Hu. 

Whenever a space of mappings is considered as a topological space, its 
topology will be the compact-open topology of Arens [1] and Fox [3]. 


3. Condition I. The condition discussed in the present section will be 
hypothesized in the main lemmas and theorems to follow. That it is not 
very restrictive is indicated by (3.4). 


(3.1) Definition. We say that X and Y satisfy Condition I provided 
that whenever o:/*—» FX is a continuous mapping, we may define a con- 
tinuous mapping o*: I” X XY by 


(3. 2) o*(t,2) =o(t) (a) | (t, £) e I” X X. 


Fox [3] has shown that for arbitrary X and Y, if o*: 1" X X = Y is con- 
tinuous, then (3.2) defines a continuous mapping o:I™ —> YZ. Thus, if 
X and Y satisfy Condition I, then (3.2) determines a one-one correspondence 
between the space of continuous functions on J™ into Y* and the space of 
continuous functions on {2% X X into Y. Simple calculations show that this 
correspondence may be restricted to give a one-one correspondence between 
the continuous mappings o:(/™, B™*) — (Q, y) and the continuous mappings 


ct: (IX ZX, I” X Xo, BI XX) (F, Yo Yo). 


One also concludes easily from Condition I that homotopies of the functions 
o relative to {B™1,y,} are equivalent to homotopies of the corresponding 
functions o* relative to {[™ X Xo, Yo; B= X X, yo}. 

These considerations, with parallel ones concerning Qo, yield the following 
lemma, which has been informally stated and used by Hu[7] in a more 
restricted case. 


(3.8) Lemma. If X and Y satisfy Condition I, then the groups 
Tn (Q, Y0) and Em (Oo, Yo), respectively, may be considered to have as elements 
the homotopy classes relative to {Ir X Xo, Yo; B= X X, yo} of the con- 
tinuous mappings 


o*: CCE Te X Xo BAT? XX) = (Y, Yo, Yo), 
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and the homotopy classes relative to {Im X Xz, Yo; B™= X X, Yo} of the 
continuous mappings 


ct: (M X X, I* X X, BY X X) > (Y, Yo Yo). 


One sees easily that if «, and a, are each members of either of the groups . 
mentioned in the lemma, and if they are represented by o*, and c” according 
to the lemma, then the sum g, + a, is represented by os = o*,(t, £), defined 
by o*, (2t, da, ©, tm, T) if hes and by o*,(2¢,—1,ts,° °°, tm T) 
ESASEN 

The generality of Conditions I is indicated by the OPORE theorem, 
a direct consequence of a theorem of Fox [3]. 


8.4). THrorem. X and Y satisfy Condition I if either (i) X satisfies 
the first axiom of countability, or (ii) X is locally compact and regular (No 
restriction on Y in etther case). 


4. Condition II. This is another hypothesis of our principal theorems. 
Its generality is indicated by (4. 2). 

Closed subset X, of space X is said to have the homotopy extension 
property in X relative to space Y if whenever continuous mappings ¢: X — Y 
and ¢’:IX X,Y satisfy ¢’(0,2) — p(z) for ce X,; then ¢’ has a con- 
tinuous extension #”:1 X X—»Y such that $”(0,2) = ¢(z) for ve X. 


(4.1) Definition. We say that X, X, and Y satisfy Condition II 
provided that for m==1,2,---, the subset (17 X X,)U(B"™" x X) of 
I™ X X has the homotopy extension property in J* X X relative to F. 


The significance of this condition will appear in the proofs. The weakness 
of the restriction is indicated by the following theorem, which is a combination 
of [4, 9. 2-9.5] with some standard theorems (For definitions of ANR and 
ANR*, see [4]). 


(4.2) Txeorem. X, Xo, and Y satisfy Condition II if X, is closed 
in X, and tf also any one of the four following requirements ts met: 
(i) X and X, ANR. | 
(ji) X metric, Y an ANR. 


(ii) X a Hausdorff space, I” X X normal for m==1,2,--°,Y an 
ANRY, 


(iv) IX X normal for m—1,2,---,Y a compact ANBS. 
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5. Conditions I and II. If X and Y, and also X, and Y satisfy Con- 
dition I, we say X, Xo, and Y satisfy Condition I. If also X, Xo. and F 
satisfy Condition IT, then we say that X, Xo and Y satisfy Conditions I 
and IT. 

We shall mainly be interested in the case that X, is a retract of X 
(observe that this is always the case when X, reduces to a single point). 
To clear the air in this case, we set down a corollary which follows from (3. 4), 
(4.2), and some standard theorems. 


(5.1) Taronem. Let X, be a retract of X. Then X, Xo, and Y 
satisfy Conditions I and II if either (i) X ts an ANR, or X is metric 
and Y ts an ANR. 


These conditions are of special interest since every locally-finite poly- 
hedron is an ANR [8]. 


6. Some homomorphisms. Define 0:Q-—>% by 0(¢) = |X, EQ. 
Define j: Ro —>Q by j(¢) — +, be. The functions # and j are obviously 
continuous. 


(6.1) Lemma. If X, Xo, and Y satisfy Conditions I and II, then the 
induced homomorphism j*: 11, (Qo Yo) —> Um (Q, Yo) carries IL, (Go, Yo) onto 
the kernel of the induced homomorphism 0* : Um(Q, Yo) > In(¥, Yo). 


Proof of (6.1). It is obvious that the image of 7* is contained in the 
kernel of 6*. Hence we must show that if ae II,,(Q, Yo), and if 0* (a) == 0, 
‘then for some BelL,(Q,#), we have a=~j*(8). Lemma (3.3) reduces 
this to the following proposition. 


(6.2) Leto:(* X X, I” X Xo, BX X)—(Y, Yo, yo) be continuous, 
and suppose there exists a mapping o”: I X In X X,— F, such that o’(0,t,x) 
== o (t, x), (t,£) el” X XL, (IX B» X XN) =y = (1 X I" X X;). 
Then there exists a mapping o” : I X I” X X —>Y such that 


o'(0,t,2) =o(t, 2), (t,2) eI" XX; a” (IX I" %) CY, 
a’ (I xX Bri x X) == Yq = g (1 x In X Xo). 


For suppose (6.2) is true. If o represents an element « of the kernel 
of 0*, then the hypotheses of (6.2) are fulfilled, whence o” exists. Define 
o1: I” X XY byoit,z) =o" (1, t;s), (t,£) eI” X X. Clearly o, repre- 
sents « Since o1(1" X X.) = Yọ the function o, also represents some 
element Bel, (QG, Yo). One sees easily from the definition of 7* that 


j*(B) =, as required. 
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Proof of (6.2). Extend o” to I X[(I™ X X,)U(B™* X X)] by setting 
o (I X B” X X) — Yo. Obviously the extended o” is continuous and satisfies 


o’(0,t,2)—=o(t,2), (tz) © (Im X,)U(B™* X X). 


Hence by Condition IL, o’ has an extension o”: I X I” X X-—>Y such that 
a” (0, t, t) =o(t,x), (t,2)eI™ XX. The function o” obviously satisfies 
the requirements of the conclusion of (6.2). - 


7. An important lemma. In this section we do not need Condition I 
or Condition II, but we shall require the more restrictive hypothesis that X, 
be a retract of X. Lemma (7.1)—in a restricted form suggested by the fact 
that Y may be considered as a retract of FX was the starting point of the 
present investigation. | 

Let po: X — Xo be a retraction of X onto Xo. Define p: ¥—>Q by 
p(p) = po, pe Y. One sees easily that p is continuous. Let p*: Un(¥, yo) 
— Hn (Q, y) be the homomorphism induced by p. 


(7.1) LEMMA. 

(i) O*p* = Im (4 Yo) > Lm (Y, Yo) is the identity automorphism. 
(ü) p*: Un (%, Yo) > Um(Q, Yo) is an isomorphism into. 
(iii) 0%: IL, (Q, Yo) > Uh(Y, Yo) 18 an onto homomorphism. 


Proof of (7.1). Conclusion (1) is the fruit of a simple calculation; 
(ii) and (iii) are elementary set-theoretical consequences of (i). 


8. An isomorphism theorem. The following result, which is not needed 
for the ensuing theory, has obvious generalizations relating to the concept of 
homotopy type. | 


(8.1) THEOREM. If X, Xo, and Y satisfy Condition I, and tf Xats à 
deformation retract of X ; then 6* : T1, (Q, Yo) > Um(¥, Yo) ts an tsomorphism 
onto. 


Proof of (8.1). By (7. 1) (i11), we need only show that 6* has kernel 0, 
Let 7: I X X — X retract X onto Xo by deformation. Lemma (8.3) reduces 
(8.1) to the following proposition. 


(8.2) Leto:(I™ X X, I” X Xo, B” X X) > (Y, Yo yo), and suppose 
there exists a mapping o’: I X I” X X, — Y such that 


o (0, t, 2) æo(t,x), (t, z) £ I” X Xo; 
o (I X B X Xo) = Yo = (1 X EX Xo). 
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Then there exists a mapping o”: I X I X X — Y such that 
o(0,t,2) —o(t,2), (t,£)el*X X;  o"'(IXIMX X) CY; 
o” (I X B™ X X) = yy =o" (1 KI X X). 
Proof of (8.2). Define o” (s, t, s) to be ot, r(28s,£)) if 0585 4 and 


o (2s—1,t,7(1,2)) if 458 5&1. It is easily verified that o” satisfies the 
requirements of the conclusion of (8.2). . 


We set down ahead of time a simple corollary of (8.1) and (9.1). 


(8.3) COROLLARY. Let X, X, and Y satisfy Conditions I and II, and 
suppose X, ts a deformation retract of X. Then Um(Qo, Yo) 18 trivial (that 4s, 
consists of a single element). 


= 9. The main lemma. The following result sharpens (6.1) for the case 
that Xe is a retract of £. 


(9.1) Lemma. If X, Xo and Y satisfy Conditions I and II, and tf 
A, ts a retract of X; then the homomorphism j* carries Im(Qo, Yo) tomor- 
phically onto the kernel of 6*. 


Proof of (9.1). By (6.1), we need only show that 7* has kernel 0. 
Let p: X — X, be a retraction of X onto Xo. By means of (3.3), we reduce 
(9.1) to the following proposition. 


(9.2) Let o:(M XX IX Xo, B™* X X) > (Y, Yo yo) be contin- 
uous, and suppose there exists a mapping o’: I X I” X X—Y such that 
o (0, t, z) = o(t, £), (t,x)eI”*”X £; e XIX CF 
o (I XK. BTE X X) = y, =g (1 X I" X X). 
Then there exists a mapping o”: I X J™ X X — Y satisfying the same require- 
ments, and also o” (I X I” X X.) = Yo. : 
Proof of (9.2). Define 
TT, 8, $, £) == Yo, rel, 0 S8 Sr, tel” sex; 
T(r, 8, t, £) =o (s —r, tr), rel r&s S1, teI”, sexX,; 
T(I XIX Bet X £) = 03 
T(r, 0, t,£) == g” (0, t T), rel tel” rex; 
t(r, 1, t, £) = (1 — r, t, p(z)), reI, teI”, seg. 


It is easily seen that.r is single-valued and continuous, and is defined 


# 
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on I X [(1™** X X,)U(B™ X X)]. Hence by Condition IT, it has an extension 
T:IXIMXX=IXIXIMXX—Y. Define o(s, t; 2) = r (1,8, t, 2), 
(s,t,2)eIXKI"™xX xX. One sees without difficulty that o” satisfies the 
requirements of the conclusion of (9. 2). 


10. The main theorems. The first theorem of this section is merely a 
combination of (7.1) and (9.1). The second theorem is a purely algebraic 
consequence of the first. 


(10.1) Tarorem. Let X, Xo, and Y satisfy Conditions I and II, and 
let X, be a retract of X. Then Um(Q, Yo) ts isomorphic ta a split extension 
of Unm(Qo; Yo) by Um (F, Yo). 


(10.2) THEOREM. Let X, Xo, and Y satisfy Conditions I and IT, and 
let Xo be a retract of X. Then: 


(i) In(Q, yo) has a subgroup isomorphic to Un(¥, yo), and a normal sub- 
group isomorphic to Im(Qo, Yo). 
(ii) Jf either of Un(¥%, Yo) and Wn(Q, Yo) consists of a single element, 
then IL, (Q, Yo) ts tsomorphic to the other. 
(ii) If Dn(Q, Y») ts abeltan, then tt ts isomorphic to the direct sum 
Tm (Y, Yo) + Em (Qo, Y0). | | 


Note that the hypothesis of (10.2) (iii) is always fulfilled for m = 2, and 
is fulfilled for all m= 1 if Y is a topological group and Y, a subgroup [6]. 

Following through the proofs on which (10.1) is based, one sees easily 
that the following theorem can be established in exactly the same way. 


(10.3) Taxorem. Let X, Xo, and Y satisfy Conditions I and IT, and 
let Xo be a retract of X. Then Um(Qoo, Yo) 18 isomorphic to œa split extension 
Of Um (Qo, Yo) by Un (Yo; Yo): 


Theorem (10.3) has, of course, a corollary parallel to (10. 2). 

We now provide a theorem concerning the relative homotopy groups 
Un (Q, 2%, Yo) and Um (Roo, Lo; Yo), Where Q is considered as a subset of Q 
and of Qo in the obvious way. The proof, which follows easily from (7.1) 
(iii), (9.1), and the exactness of the homotopy sequence, is omitted. For 
relevant definitions and theorems, see [2] or [4, pp. 80-82, 94-99]. 


(10.4) THEOREM. Let X, Xo and Y satisfy Conditions I and II, 
and let X, be a retract of X. Then for m= 2, 3,- - >, Im(Q, Qo Yo) is 
ssomorphic to Um(¥, Yo), and In (Roo, Qo, Yo) is isomorphic to In (Wo, Yo). 
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Those familiar with relative homotopy theory and the homotopy sequence 
might suspect that (10.1) and (10.3) might be more easily established by 
first proving (10.4) directly. However, this does not seem to be the case, 
since existing theorems do not apply conveniently to the lemmas which arise 
in setting up a direct proof of (10.4). 


11. Factor spaces. The theorems of Section 10 do not lend themselves 
to calculations of any generality because of the appearance of the group 
Tin (Qo, Yo), which is difficult to deal with directly. We get around this by 
introducing the factor space X* = X/X,, which is the space obtained from 
X by identifying the points of X, to the single point z*. The map of identi- 
fication mo: X — X* is defined by mx) =z, ce X — Xp, and m(X,) = z*. 
The set X* is topologized by taking subset U open if and only if m.+(U) 
is an open subset of X [9]. 

Let 0%, be the space of continuous functions f:(4%,2*) > (Y,#%). It 
is not difficult to see that if X, is compact, then a homeomorphism m: 0%, — Qo 
is defined by setting m(¢) == pme, ¢e0*,. Then the following theorem is 
obvious. 


(11.1) THeormm. Let X, be compact. Then Ia (£, Yo) 18 isomorphic 
to IL, (Qo, Yo). 


We shall not enumerate the obvious corollaries to the theorems of 
Section 10. 


12. An application. In this section we shall apply (10.1) and (11.1) 
to obtain the results of Fox [2] concerning the algebraic structure of his 
torus homotopy groups. 


(12.1) DEFINITION. Let T° be a point, and for r == 1,2, : +, let Tr be 
the r-fold i aaa product of 1-spheres. Define tr™(Y, Yo) = mn Cyr Yo), 
m,r = 1, 2,° 


Fox pointed: out that r,*(Y, y) ts identical with hts r-th torus homotopy 
group of Y at base-point yo. 

Consider Tr-1 to be parametrized by r——1 real numbers modulo 1. 
Define p: Tr —> Tt, (r = 2), by p(x) == (0, T2, + +, Gr), ce Tr, Plainly 
p is a retraction of Tr- onto a (compact) subset homeomorphic to TT. 
Hence by (10.1) and (11.1), we conclude that 7,*(Y,y.) is isomorphic to 
a split extension of I,(0*, Yo) by r™--1(Y, 4%), where we see without 
difficulty that I, (0%, yo) is isomorphic to Uma (YT, Yo). This proves the 
following proposition. 
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(12. 2) TT, Yo) ts isomorphic to a split extension of +! (Y, 40) by 
tra (Y, Yo), ie T— = 2. * 


Now rm (Y, Ya) is commutative, so we can apply (12.2) to it to obtain 
a direct sum decomposition. Remembering that T° is a single point, so that 
tı” (FY, Yo) is isomorphic to I,(Y, 40), we obtain the following direct sum 
decomposition by a simple induction. 


(12. 3) rm i, Yo) = (7) Umt (Y, Yo). 


Fox’s structure theorem is obtained by combining (12.2) and (12.3) 
for the case m = 1. 

13. Further applications. Many of the known results on homotopy 
groups of spaces of inessential functions are easy corollaries to the theorems 
of Sections 10 and 11, which also open to investigation the homotopy theories 
of many functions spaces inaccessible to existing results. 

In view of (3.38), it is clear that any theorem on homotopy groups of 
function spaces can be interpreted as a homotopy classification theorem of a 
special type. 

We give some simple applications of our theorems. The first two. are 
slight generalizations of known results [5], but are included for completeness, 
since they are needed for the other applications. 

Let S* be the k-sphere (k = 0: S° is a pair of points), and let & be u 
fixed point of St. | 


(13. 1) Un (YS"{ sz, Yo}; Yo) EE Uml Y, Yo). 
(18.2) Um(F™ sr, Fo}, yo) ts isomorphic to a split extension of Ums( Y, yo) 
by Um(Yo, Yo). | | 
Proof of (13.1). By (11.1), we have, for k > 0, 


Un (Fst Jo}; Yo) = Hm (F PB, yo}, Yo): 
That 


Un (YP { BE, Yo}; Yo) mse ( Y, Yo), 
is an immediate conséquence of (3.3). The case k= 0 is trivial. 


Proof of (13.2). Take X == SF and X, = s+ in (10.1). (13.2) follows 
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at once from (13.1) and the obvious fact that Y,** is essentially identic 
with Yo. e 


The following result has numerous obvious generalizations, whose proofs 
are similar to that below. 


(18.3) Let X be the union of S}! and St, joined together by iden- 
ifying the points Sı and 8; to a single point zo Then 


(FE Go, Yo}: Yo) ~ L(Y, yo) + IF, Yo). 


Proof of (13.3). Applying (10.3) with X, — 81, (11.1), and (13.1), 
we see that IL (Y*{2o, Yo}, Yo) is isomorphic to a split extension of IL (Y, yo) 
by L;(Y, y). Another application of the some theorems with Xo == 97> 
shows that the isomorphic image of I;(Y, Yy») in TL, (¥*{xo, Yo}, Yo) is a 
normal subgroup, whence the proposition follows. 


We state one simple result concerning homotopy classification. Its proof 
follows from (13.2), when we observe that the function space with which it 
is concerned is homeomorphic to the space of representatives given by (3.3) 
for U, (Y*"{s,, Yo}, yo). 


(18.4) The homotopy classes relative to {81 X S*, Yo; SEX Si, Yo} of 
the space of continuous functions 


f:(S* X 8, 84 X 81, SE X 81) > (X, Yo yo) 


can be put in a 1-1 correspondence with some split extension of Ux:1(Ÿ, yo) 
by Iı (Yo, Yo), and hence with the direct sum Tess (Y, w) + I (Yo, Yo). 


The preceding applications of this section are almost obvious intui- 
tively, although a rigorous proof is in each case except (18.1) rather difficult, 
without the theorems of Sections 10 and 11. The following proposition is 
less accessible to the imagination. 


(13.5) Let X, be the closed orientable surface of genus p. Then 
Un (Pr, yo) == Go has a normal series of subgroups D GD © + D Gun, 
where: | 
(i) Gp ts isomorphic to a split extension of Gy by Tm (Y, Yo) ;. 
(11) G, ts isomorphic to a split extension of Gi. by Mmur(Y, Y), for 
1 — Less RP; | 
(11) Gepa = Ln (Y, Yo) = 
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Proof of (13.5). The case p==0 is contained in (18.2). If p>0, 
consider Xp as a sphere with p handles. Single out a handle H, and para- 
metrize it in the obvious way by longitude 0 (— 7/2 6 = r/R8) and latitude 
$ (—ax<¢7). Designate the point whose coordinates are @ and ¢ 
by (8, $). | 

In (10.1), take X, the single point (0, A eH. We find that @ is 
isomorphic to a split extension of 


(13. 6) Ty, (¥*{ (0, 0), Yo}; Yo) de Fi 
by a group essentially identical with IL,,(F, y). 


We may construct Xp in such a way that (—+/2,0) can be joined in 
Xə to (7/2,0) by an arc of a great circle in the surface of the sphere. 
Let X, be the union of this are with the points of H for which ¢—0. 
Then (0,0) eX,CX,, and examination of the figure makes it clear that X, 
is a 1-sphere and is a retract of Xp. Then by (10.8) and (13.1), Œ is 
isomorphic to a split extension of I, (Y**{Xo, yo}, Yo) == Ga by Wau (Y, Yo). 

Let X*, be the space obtained mom Xp by identifying the points of Xo 
to the single point z*. By (11.1), G”: is isomorphic to Ums (Y*"*{a*, yo}, Yo). 
Let X*, be the image in X*, under the map of identification of the set of 
points in H such that 6=-0. One sees easily from a sketch that X*, is a 
1-sphere and is a retract of X*,. By (10.8) and (13.1), G’, is isomorphic to 
a split extension of T,,(Y*"*{X*5, yo}, yo) == G's by UmalY, yo). Using (11.1) 
we see easily that if ce Xp, then G’, is isomorphic to IL,(Y*">{z, yo}, yo). 

Thus. in essence, we are back to (13.6), except that p is reduced by 
unity. The proof is completed by a simple induction, concluding in an 
appeal to the case p == 0, and followed by the identification of the groups @’, 
with subgroups of Gi. 

We note in-closing that the theorems of Section 10, by reducing problems 
concerning spaces like Q and Qos to problems concerning Y, %, and Qe, 
greatly extend the range of application of the theorems recently obtained by 
Hu [7], relating homotopy groups of certain function spaces to certain 
subgroups of cohomology groups. Our principal theorems are, incidentally, 
generalizations of certain theorems of [7], but were deduced without knowl- 
edge of that paper. 


UNIVERSITY OF CALIFORNIA, 
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A REMARK ON ISOLATED CRITICAL POINTS.* 


By Erron H. ROTHE. 


1. Introduction. Let J = I (z) be a real valued function of the point x 
of a space # to be specified later. We assume that the zero point o of E is an 
isolated critical point, i. e., that | 


(1:1) grad I (z) — 0 for z—0 


while grad I s£ o for all x 4 0 of some neighborhood of o. In many investi- 
gations about critical points the following property which we formulate as a 
“ hypothesis ” plays a decisive role: 


Hypothesis H. There exists a neighborhood U of o such that for all 
«=o of the intersection? U À {I (s) =J(0))} the vectors zx — 0 and grad 
I(x) are linearly independent. 


If # is the (real) Euclidean n-space Æ”, H is known to be true under 
either of the following two conditions: (1) o is a non-degenerate critical 
point *; (ii) J(e) is analytic in the neighborhood of 0.5 

In a recent paper * hypothesis H serves as the main assumption of the 
theorem that for E == Æ” the alternating sum of the type numbers of the 
critical point equals the index of the singularity o of the vector field grad Z (e), 
and without proof it has been stated in this paper that the following condition 
is sufficient for the validity of the hypothesis H: there is an integer p = 2 
such that 7 has continuous differentials up to and including order p + 2; all 
differentials of order less than p vanish at x == 0, while the homogeneous form 
of degree p giving the p-th differential at z =o is not degenerate in the 
algebraic sense. This condition will be called “ non-degeneracy of order p” * 
since for p == 2 it coincides essentially with the customary non-degeneracy 
condition. 


* Received May 16, 1950. 

1 The symbol A denotes intersection, and for any propery P, the symbol {P(@)} 
denotes the set of all æ having the property P. 

2 [6], p. 155, Theorem 4. 2. 

311], Lemma 10; [6], p. 156, Theorem 4. 3. 

“H: 

5 Definition 2. 6. 
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The object of the present paper is then to prove the theorem that non- 
degeneracy of order p is sufficient for the validity of the hypothesis H 
(Theorem 8.1). The proof will be given for the case that Æ is a (not 
necessarily separable) Hilbert space which of course includes the case of a 
Euclidean n-space. The proof is given in Section 3 while Section 2 contains 
preliminary definitions and facts about differentials and gradients in a Hilbert 
space not all of which are new. | | 


2. On differentials and gradients in the Hilbert space E. Let E be a 
Hilbert space, i.e., a real Banach space in which for any couple x,y of 
elements, a scalar product (x, y) is defined which satisfies the usual rules 
and is such that (s, z)4 is the norm | 2 | of the element x of E. 


Defination 2.1. Let f(z) be a continuous map of some open convex 
subset C of E into a Hilbert space Æ. We define inductively differentials 
d°, dt, d?,- - + of f as follows: d°f(z) — f(x) for ce C. Suppose now that 
for some integer 1 2 1,d'* == df (T, hi, he,: © -, hia) has been defined for 
all t-tuples (zx, hi, ha, © +, hya) of elements of E such that g + h +h, +: 
-+ h£ C. The i-th differential dt is then defined if and only if there 
exists a map dt = d'f (x, hi: > >, hiz he) mapping all those (++ 1)-tuples 
(z, Ras hat + ts hias ha) of elements of Æ such that g -+ h: -F hia 
+ hye O into #, which has the following properties: d* is linear’ in hy and 


(2.1) dt "f(a Haha ha) dF (a, ha, ++, Ria) 
soa f(x, Ris", hu, Ri) + e(z, Ra, + +, a, hs) 


with 
| (2-2) Time (a, hays + +, hia, he) /|| hi | — 0, where. | Ay || > 0. 


If a dtf(x, hast + +, his, hi) with these properties exists it is uniquely deter- 
' mined? and is called the i-th differential dt of f in O. d*f(a,hy,- : -, hy) is 
| tlinear in Ay,: + -, Ay. | In addition we have the important 


| Lemma 2.1. If dtf(x, hi, hae, hy) t8 continuous in the argument x for 
all x of a neighborhood of the point x, then tt is symmetric in hy, he: © +, hy 
' al T= Lo. 


| 
t 





| ° In this paper f{@) will be either a real valued function (i.e., Æ, the real line) 
_ or a map of © into M, = F. 
| T“ Linear” means additive and continuous. 

8 [3], Lemma 11.1. 


A REMARK ON ISOLATED CRITICAL POINTS. 255 


For the proof see’[2], Theorem 8 or [4], Satz 1. - 


Definition 2.2. If Q(h,, hs, > * , À) is an t-linear symmetric real 
function we set Q (h) == Q (ha, ha, - ee =h 800 call Q(h) a form of 
degree +. Correspondingly, if f(x) is real-valued (i. e., F, the real axis) and 
dif (z,hi,- * +, lu) exists in C we define déf(z,h) for c+ the, by setting 
d'f (ah) = d'f (x, hi, he, > + hi) nisha.. shah 


If f has continuous differentials Le to and none order (n +1) in 
C then the Taylor formula 


(2.3) F(E +h) — f (2) = È df (e, h)/j1 + Bow 
(2.4) © R= f “(1 — t)*/n laf (2 + th, h) dt 


holds if z and 2 + h are in C.® 


So far we have used only the Banach space property of #. We now 
make use of the basic property of a Hilbert space Æ that to every linear 
functional /(z) there exists a uniquely determined element ge Æ such that 
I(x) == (ggz) where (g,2) denotes the scalar product of the elements g 
and z. This property together with the linearity of dtf in hy makes the 
following definition possible: 


Definition 2.3. If the real-valued f(z) has an 1-th differential 
d'f (x, h e e, ia) then the i-th gradient gt == g*(z, hi," - -,hi+) is defined 
as the element of # which is uniquely determined by the equation 
(2.5)  d*f (x, has + + hea, lu) = (9* (a, has + +, Rea), lu) = (94, ha). 


The acne of d'f implies obviously the (+ — 1)-linearity of g*(z, ha> © + , hi) 
in A, --,ky In particular, the first gradient function g (x) is called 
the raka of f(z) and we write 


(2.6)  g'(z) = g(x) = grad f(z) ; 
(2.7) g (2, Ras, lys) = g (2, h) if h, => e oe = h. 
Lemma 2.2. If d'f(x,h) exists and is continuous in x at s == £, then 


there exists a netghborhood U of x and a constant O = (C(x) such that for 
all reU | 


° [2], Theorem 6. The integrals are “ Riemann” integrals in the sense defined in 
. [2], p. 166. 
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| d*f (x, ha, > ` shl SC | h à | “hall, 
of (@ Aas + hes) SOA aad. 


Proof. The first inequality follows from [4], Hilfssatz 2. The second 
inequality follows from the first by setting hy == gt (m, ha, + +, his) in (2.5). 


Lema 2.3. (a) The i-th gradient gtx, ha: +, hex) (Definition 2. 3) 
ts symmetric in hi,:--, hia tf gt ts continuous in x. (b) dtg(a, h) == gtx, h). 


Proof. Since every permutation of hı: * >, hy, may be considered as 
a permutation of h,’ `, hia, hy (leaving A, fixed), Lemma 2.3(a) is an 
immediate consequence of (2.5) and Lemma 2.1. 


To prove (b) we note that, because of the symmetry in ka> ‘fies. 
dif (a, has + +, hes, hi) = (gt (2, ha, + +, Rea, a), Aer), 
dF (a, hay © +, hya) = (g(a, hay ©, hia), Mia). 
Because of dt == ddt it follows easily from the second equation that 
d'F (a, hat + + hea, lu) = (dg (a, hot - +, hee, lu), hu) 
and comparison with the first equation = 
g* (a, hy’ © + hia, hg) = dg** (a, hat + +, Aas, ha). 
Recursive application of this formula yields (b). 


Definition 2.4. If Pa," ©, ha) is an element of H which is sym- 
metric and linear in the hy we set P(h) =P (hi: > +, hea) aye.chiacn and 
call P(h) a polynomial of degree t— 1 in h,* | 

For later reference we write the Taylor formula (2.3), (2.4) in terms 
of gradients (Definition 2.3) | 


(2.8) fe +h) — fe) = À (91e, 8), P/i 1+ Bane, 1); 
(2. 9) Rae, h) = f'a — t)*/n (gy (a -+ th, h), h) dt. 


It is easily seen that a form or of degree 4 (Definition 2.2) has a 
' gradient. We define: 


‘40 [6], p. 63. The original definition goes back to Banach. 
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Definition 2.5. The form Q(h) is non-degenerate if grad Q (h) s40 for 
h 5 0. If there exists a constant m > 0 such that 


(2. 10) | grad Q(h) | =m for | h | —1, 
Q(h) is called strictly non-degenerate. 


‘Remark to Definition 2.5. If E is the Euclidean n-space Æ” the above 
definition of non-degeneracy coincides with the usual one: let h*,h*,-- -,h® 
be the components of h in some coordinate system; then Q(%) is degenerate 
if and only if the equations 0@4/0h—0 (t—1,2,---,n) have ht = h? 
==" + +e h” =— 0 as the only common solution. In this case a non-degenerate 
form is obviously also strictly non-degenerate. 


The following Lemmas 2.4 and 2.5 state some simple properties of 
differentials and gradients. We omit their simple proofs (cf. [8], p. 138). 


Lemma 2.4, Let f(Ai,f2,°++,h:) be a function of the i elements 
Pa, + +,hy of E. We assume that for j==1,2,:--,1 the differentials 
dif (Ai, he, © e, hy) of f with respect to hy exist and are continuous in 
(hi, + eshi). Moreover, let g(h: > >, hy) = grad; f (hut © -,ha) denote 
the gradient of f(hi,: © - , hi) considered as a function of hy, such that for 
the increment y 


df (ha, he, OC hi, 1) Me (93 (Ra ha °° ) hi), 7). 
Finally, let F(h) = f (hi, he, Le" hi) eee ee Then 


4 
(2. 11) dE (h, n) => Gif (has Ras > >, hj, 9) haha.. zmc 
and | 
i 
(2. 12) | grad FR) — À grad; f (M, ho, my ha) ays... chan 
=i 
Lemma 2.6. If, tn addition to the assumption of Lemma 2.4, 
f (Ai, hs," +, lu) is symmetric in tts arguments, then | 


dif (h, h,- 7 "s hyn) = df (h, h,” : *,hk,1) = sex dif (h, h, i *,h,1); 


grad, f(A, ht>, h) = grad f (h, hy: > +,h) => + -==gradf(h,h,- > -,h), 
and consequently (see (2.11), (2.12)): 


(2. 13) dF (h, n) =t dif(h, h, ` -, hyn), ‘grad F(h) == i grad, f(A, A, - $ "s h). 


Lemma 2.6. Let f(x) possess an i-th differential d'f (a, hi, he, © ©, ha) 
and let g*(x, hi, ha, * >, he) be the i-th gradient of f(x) (Definition 2.3). 


17 


- 
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Then Ses 
(2. 14) grad, d'f (x, h, > +, h) =i gt (x, hch), 
where grad, means the gradient operation with respect to the variable k. 
Proof. dff(x,h:," > >, his, hi) is linear in Ay and therefore equal to its 
own differential with respect to h, and with the increment hy Consequently 
by the definition of grad, as the gradient. with respect to hy we have 
dtf (z, h, dd ., hi, hi) a dd'f (x, hi, T° phir; hi) | 
| Fe (grad; A F(z, hast © ty hea, lu), lu). 
Comparison with (2.5) shows that ` 


g (2, hu: + +, hi) = gradi d'f (m, ho: © >, hia ln). 


We now set hı == ha => > + = Ay, =— h and apply (2.18) with f(u: > +, lu) 
replaced by dtf (z, hı’ +, hi) and obtain immediately (2. 14). 
_ Without proof we state the “ Leibnitz rule.” 


Lemma 2.7. If the maps y(x), 8(x) of CeH into E possess j-th 
differentials then the scalat proguni f(z) = <e) ,8(z)) has a j-th difer- 
ential and 


d(e, h) — $ (2) (ary (0, h), atala, i), 


Definition 2.6. Let [=I (zx) be a real-valued function defined in some 
neighborhood U of x = 0 and p an integer = 2. Then I(x) is called non- 
degenerate of order p at o if the differentials of J up to and including order 
p + 2 exist and are continuous in U, if the differentials of order 1,2,-.- :, 
p—1 are 0 at æ—0, and if the form &I(o,h) in h of order p is non- 
degenerate in the sense of Definition 2. 5. If, in addition, dI (o, k) is strictly 
non-degenerate then J is called strictly non-degenerate of order p. 


Lemma 2.8, Let I (x). possess continuous differentials in some neighbor- 
hood U of o. Then I is non-degenerate of order p at o tf and only tf 


(2.16) -  g(0,h)—g(0,h) ==": = g (0, h) =o, 


| (2.17) g? (0, h) £0 for a 
Moreover sf (2.17) is replaced by 


(2. 18) || 9°(0, b) || Su for | h|—1 


for some positive u we. obtain necessary and sufficient conditons foi I to be 
strictly non-degenerate at o of order p. 
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Proof. Suppose (2.16) and (2.17) are satisfied. From (2.16) and. 
the definition (2.5) of the gradient function it follows. that 
(2.19) d'I (o, h) = dI (o, h) ==; > -= APT (0, h) == 0. , 
Moreover from (2.17) and Lemma 2.6 we see that grad, dI (o, h) 540 for 
h £0, i.e. (Definition 2: 5), that the form d?1(0, h) is non-degenerate. . Thus 
(2.16) and (2.17) imply that 7 is non-degenerate of order p. If (2.17) is 
replaced by (2.18) then Lemma 2. 6 shows that || grad, API (o, h)|| = pp and 
we see (Definitions 2.5 and 2.6) that J is strictly non-degenerate at z= 0. 

Conversely, suppose that J is non-degenerate of order p. ‘Then the- 
equations (2.19) hold identically in A, and therefore grad, d'I (o, h) = o for 
time 1, 2,° °°, p— 1, which, by Lemma 2. 6, implies (2.16). Moreover under: 
our present assumption dI (o, h) is non-degenerate, i.e., grad, d'I (o, h) 40 
for hbo (Definition 2.5), which, again by Lemma 2. 6; implies (2.17)... 
In the same way this lemma shows that the strict non-degeneracy of d?I(o, h) 
implies the existence of a u > 0 for which (2.18) is true. ; 


3. Proof of me hypothesis H in case of non-degeneracy of order P. 


THEOREM 3. 1. Let I(x) be strictly E of order p at the 
origin o of the Hilbert space E (Definition 2.6). 
We assume without loss of generality that 


(3.1) | OT 
Then the hypothesis H (see introduction) is satisfied. 
Proof. We set 
(8.2) y) = grad{ (z, 2)?”}; (3.3) (2) = pz (z, 2)9/, 


(8.3) being implied by (3.2). l 

If t= h40 is an element of # such that h and g(h) == grad I (h) 
are linearly dependent, then (3.3) shows that y(h) and g*(h) are also linearly 
dependent. Consequently in the Schwarz inequality f 


GG), FALSE yA g A) 
the equality sign will hold: 
(3. 4) GG), g(h))1= iy) i lg) I. 


In order to prove Theorem 3.1 we will show that (3.4) is amsik for 
small enough | A | 30 if 


(3. 5) | IR) =0. 
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We will indeed establish the existence of positive constants C, C’ such that 
(3. 6) | ya) g ml Zen yr 

for small enough | h || 540, while on the other hand for small enough 
|| hk || 50 which in addition satisfy (3.5) 

(3.7) (h), PA) SC" | h |? 


Obviously (3.6), (3.7) are (for small enough hk £0) in contradiction with 
(3.4), and our theorem will be proved once the existence of constants C, C” 
with the above properties has been demonstrated. 

We start with the proof for the existence of C. In ai to estimate 
the left member of (3.6) we first investigate g'(h) == grad I (h). To this 
end we apply the Taylor formula in the form (2.8), (2.9) with n == p to 
f(z) == I(x) at z == 0 and use the equation (2.16) of Lemma 2. ? and (3.1) 
to obtain 


(3. 8) I(h) = (9? (0, h)/p! + Ross (0, h), 


1 
(8.9) Bp (oh) = f (1—#)9/p! (ge (th, h), hab 
To find gt(h) — gradI(h) we form the differential dI(h,e) of I(h) with 
the increment e We have from (2.5) and (2. 14)™ 
da[ (9? (0, h), h), e] i da[ I (o, h), e] 


ag (grada &I (o, h), €) re p(g?(o, h), €), 
and therefore 


(3. 10) grad, (gP (o, h), h) = pg?(o, h). 
Moreover if for any function I(x, h) of x and h, d,[I(2, h), €] and da[ I (z, h), e] 
denote the differentials of I(x, h) corresponding to the increment e with 
respect to x and h respectively we see that da[ (g (th, R), h), €} is identical 
= with 
-d [ IPI (th, h), €e} == td, [d] (th, h), €] + de[ dI (th, h), e] 
| — OPEL (th, hi, Ras; Rp €) makas... <heuch 
+ (grad, at (x, h), €) oth 
= t(gP** (th, h), e) + (p T 1(g?* (th, h), €), 
‘ where again (2.14) has been used. It follows that 


(8.11) grad, (g?? (th, h), h) = tg (th, h) + (p + 1) g*(th, h), 
CE 
11 The index h on d indicates that the differential operation refers to the variable A. 
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and we obtain finally from (3. 8)-(3. 11): 
(3.12) grad I(h) = g*(o,h)1/(p—1) 1+ f (1—2)»/pftge* (th, h) 
+ (p + 1)? (th, h) | dt. 


Now from Lemma 2. 2 follows immediately the existence of a positive constant 
C- such that for small enough | A | 


(3. 13) | 9°(0,4) | 1/(p— 1)! 5 C1 | h |77, 
while ; 
(3. 14) norm of the integral in (3.12) = C || A |P. 


On the other hand, since Z is strictly non-degenerate of order p at o, it follows 
from Lemma 2.8 (see esp. (2.18)) together with the (p—1)-linearity of 
(oh * hp) that 


(3. 15) | 97(o,h) | Sula |r | (n> 0). 


Obviously (3.14), (8.15), and (3.12) together imply the existence of a 
postive constant Ca such that for small enough | A || 


(3. 16) | 9° (A) == | grad L(A) || 2 Cs [A |77. 
This finally proves the validity of (3.6) with C = Cp since by (3. 3), 
Il y(2) = p TA PT. 


We turn to the proof of the existence of a C’ > 0 such that (3.7) holds 
for small enough h satisfying (3.5). We set 


(3. 17) f(z) = (g9 (2), 7x) ), 


where y(x) is defined in (3.2), and apply the Taylor formula (2.3), (2.4) 
with n = 2p —2 at t = o. Since y(0) — 0 we obtain 


(3. 18) (g*(h), (h)) -3 dif (o, h)/j1 + Rap: 
(3.19) Rex f "(1 —t)2"-2/(2p — 2) lav (th, h) dt. 


We claim first that all terms of the sum in (3.18) are zero except for the last 
one, i.e., that 


(3. 20) dif (o, h) = 0 for j =1, 2, < -, 2p — 3. 


LE ner res 
we » P =) 
— m 


—- _— - 
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To prove thie we , apply the eee ville (2. one with (z). replaced by g (2). 
We see from (3. 8). that 


diy (a, he ph (a, à) + p(p—2)a(a, 2) 6-0 (a, h). 


From this one proves easily by induction that d"y(z, k) is a linear combination 


with constant coefficients (i. e., coefficients independent of x and À) of terms 
of the form 


(3.218)  h(z,c)ie(z, h)(h,.b)* and (x, 2th (x, h)P(h, h) ie, 
where œn B are non-negative integers satisfying | : 
(3. 21b) 1+ a+ aa = Be + Ps =, LB + Bom a + tm pr. 


It follows that dr ce h) == 0 if a, + am p—r—1>0, i. e., for r== 0, 1,: 
- p—2, and (2. 15) (with è= g') gives 


0 et for j= 0,1,- +, p—~2, 


Fe en -4 $ Bi-(dry(o,h), dy (o,h) . for jZ p— 1, 
where the 6's denote the haan coefficients. We are interested in ne 
< Rp —3 (cf. 3.20); for these j-values and the r appearing in the sum of 
(3.22) we have 0S j—rS2p—3— (p—1) = p—e. Therefore the 
right-hand member of (3.22) will-be seen to be zero for j< 2p — 3, i. e, 
(3.20) will be proved, once it is shown that 


se a N ea . fors=—0,1,:::,p—2. 


To prove (3. 23) we have only to observe that. by Lemma 2. 3(b), d*g*(z, h} 


mm g% (x, h). But g (o, h} =o for fae -+,p—2 by Lemma 2.8 


(equ. 2.16), which proves (3. 23). 
Thus (3. 20) holds and (3.18) simplifies to 


(8-24) (AG) 7) = P (o, h)/ (2p — 2) ! + Raps 


We apply (8.22) for j = 2p.—-2. Then j — r == 2p oi Ss p — 2. 
for r= p. This together with (3.23) shows that (8.22) reduces to 


(825)  drtf(oh)— BP, (iy (0, h); aag (o,h)) © > 


Now (3.21) shows that d?*y(0, h} = O’ih (h, h), where a; == p -——2 and 
. C’, is a constant. Consequently we obtain from (3. 25) 


© PFF (0, h) == Bp 0", (h, h) (h, dr 29 (o, h)) 


| 
1 
| 
1 
t 
! 
i 
{ 


& 
A 


r P > 
+ ` 


~ 4 
z > š ee + « 6 
r < ` hee $ - 7 
+ . = a 
H x = <7 a 
i * oe r 
t < an : bed = = à: 
= k + + t, # ii = 
. 
À 2 +e at 
. r n‘ at 
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and by Lemma (2.3b) -> | : : hy | a 
(3.26) PPF (0, h) = Bp 40's (h, ho (gso, DAI 


If now (3.5) is satisfied we see from (3. 8), (3. 9), Tanna: 2. 2 and the’ 
Schwarz inequality that 


1 : z 
GC») | f (1—#)9(ge"(th, h), h) dt | £ 0's hI 
0 ne 
for some positive constant (3. Therefore, (3.26) shows that 
| PPF Co, h) | S Os Ih Le 


for a EEN C, > 0. From this, (3.24), (3. 19) and Lemma 2.2 follows — 
‘now obviously (3.7) for some C > 0. 


UNIVERSITY OF MICHIGAN. 
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‘ aoe = : e. ` +. ' 
: ON: THE EMBEDDING OF HYPERBOLIC LINE ELEMENTS; 
| A CORRECTION. 


+ 
LA 


By PHILIP. HARTMAN AND AUREL WINTNER. 


. In our papers appearing in vol. 72 (1950); pp. 553-566 and vol: 73 
(1951), pp. 876-884 of this Journal, which will be referred to as [1] and [2], 


5 > respectively, we were dealing with the problem of local embedding of a binary 


ds? into a Euclidean 3-space in the three cases K > 0, K < 0, K==0 for the 


aes Gaussian ‘curvature K of the ds’. We now see that the treatment of the 
AU | second of these three cases, that is, of the hyperbolic case (K < 0), is vitiated 
by. the proof given for the hyperbolic cases of Lemma 1 in [1]. The error 
.. is introduced at the end of the last sentence in that proof, lines 11-12 of p. 557, 
= where it is implied that the integral representation of the solution of a hyper- 
_ bolic differential equation by Riemann’s function will produce a certain degree 


of differentiability. That such cannot be the case follows from the existence 
of “discontinuity waves” of any given order. 
This hag no bearing on the treatments of the elliptic (K >0) and 


` parabolic (E ==0) cases in [1] and in [2]. Thus, the elliptic and parabolic 
cases of the Theorem in [1], p. 554, are not affected, nor are those statements 


in [2] which deal with the elliptic and parabolic cases (namely, (I) on pp. 
876-877 and (iii) on p. 882) and the general theorems in [2], namely (i) on 


' p. 879 and (ii) on p. 880. 


‘On: the other hand, the hyperbolic case can today be treated: only by 
making use of the general theory of hyperbolic systems, which leads to com- 
paratively high C*-assumptions, and our method does not contribute anything 
to this case. 


Tur J ORNS HOPKINS UNIVERSITY. 


* Received November 28, 1951. 
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AN EXISTENCE THEOREM OF. CALCULUS OF vaarions 
FOR INTEGRALS ON PARAMETRIC SURFACES. * 


me, l 


i By LAMBERTO Cusanr + à 9 





' ed ER ee Pa 

‘In recent years the concept of integral X(8) = ff, Fe p)dudv, = > 
z= (21, 2%, 2°), p= (p, p?, p°), on a continuous surface S in. parametric. sa | 
form, S: z = z(u, v), (w, v) e Q = (0, 1,0, 1), hás been studied by the author 
in connection with the theory for Lebesgue area [2,3,4]. In particular, .. : 
various necessary conditions and also sufficient conditions for lower semi- . -": 
continuity [8,4]. have been obtained, which extend, to the large class. of all 
surfaces in parametric form and of, finite Lebesgue area, the well-known 
theorems of Tonelli [26, vol. 1] for curves of finite length and of Ms 
[14] for surfaces under particular conditions. 

In the present paper the problem of the existence of the absolute minimum 
of integrals $(8) for surfaces in parametric form: and of finite Lebesgue area 
is studied with the aim of advancing for such surfaces an existence theory 
based only upon geometrical considerations and the concept of lower semi- 
continuity. The following existence theorem is oo (no. ich 


Each positive definite semiregular integral 39) — ff. F(a, p) dudv 


has an absolute minimum in the class of all surfaces of finite Lebesgue area 
which are contained in a given closed bounded conver part À of the space E 
and whose boundary ts a given closed Jordan curve C, provided that C ts the 
boundary curve of at least one surface of finite Lebesgue area in A. 


This theorem, in which the condition of the boundedness of A can be 
removed (no. 42), extends an analogous theorem of Tonelli for integrals on 
a curve [26, vol. 2], as well as a theorem of McShane [17]. for integrals on 


a surface S(8) — SJ, F (p) dude i in which the function F does not depend e 


upon the point x in the space #,. Another particular case is the problem 
of Plateau for which Rado, McShane, Courant, Douglas, Tonelli gave, a long.*" à 
time ago, final existence theorems, and for which the integral involved is the 


area integral 3(8) = Sf. | p | dudv. 


* Received March 14, 1961. 
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The proof of the above existence theorem (§ 3) is based only on the 


recalled conditions for lower | semicontinuity [3], on some results,of Lebesgue 


area theory for surfaces, on previous observations of McShane [18] and C, B. 
Morrey [19], and, above all, or a detailed study of a new suitable smoothing 
process for polyhedral surfaces. ($ 2). The author is indebted to Professor 
L. M. Graves for the very short and elegant proof (§ 2, n. 13) of Lemma 15, 
which stipplants a previous somewhat longer one. 

‘In order to point out the elementary and direct character of the procedure 
used in the present paper the direct application of any existence theorems tor 


the Dirichlet problem (no. 43) has been avoided. 


| $ 1. Generalities on Surfaces i Ta tograis, 
e Let æ= (at, a*,- - -,a*) be any point (vetor) of the space En, and 


| Jet | a | be the norm of a; that is, [a | = [(a*)? +--+ -+ (a). Let {a,. a} 


— | D — a | be the euclidean distance between two vectors dı, @z; hence’ 
{a,0}=—| al, where 0 = (0,0,---,0). For any set ACH, let diam A 
be the diaméter of A; that is, diam À = Sup | z — y | for any ¢,yeA. For 
any two sets A, BCE, let {4, B} be the distance between A and B; that is, 
{A, B} = Inf|2—y| for any ze A, ye B. For any set A let Ao, 4*, 
A == A + A* be, respectively, the subset of the interior points, the boundary 
3 the closure set of A. 

We have to deal especially with the space F, of the points z == (21, x, £?) 
and the space #, of the points w = (u,v). Let Qe [0 SuS1oSvS1) 
be the unit square of F» and let us fix the counterclockwise orientation on Q* 
as the positive sense. 


2. Let Cy weQ, be any dues vena E continuous on 
Q. The equation 8: x = z(w),weQ, defines a continuous oriented Fréchet 
surface and the equation C: x == z(w),weQ*, defines a continuous oriented 
closed curve C. We say, in the following, simply that S is a surface and C 
is a curve. We call C the boundary curve C == 8S of the surface S. 

Let || 8, 8’ |, || O, C | be the Fréchet distance between two surfaces 9, 9’, 
or two curves C, O’: We say that two surfaces S, 8’, or two curves C, C0’, are 
Fréchet-equivalent, and we indicate this fact by S~ 8", or C~C’, if and 
only if | 8,8’ || —0, or || C, || ==0. The following statements are well 


known. 


Lemma 1 i) |S," |=] 9,9]; ii) | S,S’ 0; iii) 18,97] 
S| 8, 8’ | + | 8’, 8” |; iv) of Pr i’ ~ 8, then | 9, 8’ | = | 8,8, |. 
The same for curves. | 
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88 ~ IF., 


If 88, De PT s: RÉ we say also, for 
simplicity’s sake, that z = s (w) anid T: = 2! AE are “different Da 
of the same Fréchet surface. E. 


LEMMA 2. [See i aS, as” a < ts S, 8 rh, Hence sé. Er ‘hen also. 


3 $ 3 ~~ 


_ 3. |For this no. see 1 and 6] Let 8: T = s(w), weQ,bea given surface. 
For each point we@ we call the point. z(w) the image of w on S. We 
indicate by [S] the set of all points zeË; such that x is the image of at 
least one point weQ. We say that [S] is the set of points covered by the 
surface. Given a set IC Q, we indicate by (I) the set of points ze E, such 
that x is the image of at least one point of I. We say that c(J) is the image . 
of I on S. We know the set [9] C E, is bounded, closed, connected, locally 
connected. For each point ze [8] let us denote by S- (x), or the counter- 
image of z, the set of all points w e Q whose image is z. We know that g(r) 
is a closed subset of Q, hence its components y are subcontinua of Q (possibly 
single points of Q). Let us call G the collection of all continua y C Q which 
are components of at least one set S(c)CQ. The collection G has the . 
following properties: i) each point we@ belongs to.one and only one con- 
tinum y of G; ii) G is the collection of the maximal continua of Q on which 
the vector x(w) is constant; iii) the collection G is upper semicontinuous on Q. 

' We say that a surface S is a base surface [in 1 an A-surface] if a) for | 
any continuum y€ @ the open set E, — y is connected. We say that a surface 
S is non-degenerate if Bı) for any continuum ye G the open set Q,—yQo 
is connected; B:) yD Q* for a ye Œ implies y == Q, i.e., z(w) is constant 
on Q. The properties a, 81, 82 are invariant for Fréchet equivalence. The 
following statement holds: . 


Lemma 3. [1] Any base surface 8 whose boundary curve C == 99 is a 
Jordan curve ts non-degenerate. 


4.. We have to deal in the following with subdivisions of Q in rectangles 
or in triangles. We say that a subdivision of Q in rectangles r is regular 
if the rectangles r are the following ones: [oS u = any B = 0 = Binal, 
t==0,1,-° Ne : - n, where 0 == Go <0, <: + Llam L ami == 1, 
Om By < By < + Ba Brin ues 1, are any given numbers. We say that 

a subdivision of Q in triangles ¢ is regular if each point we@ which is a 
vertex of a triangle ¢ is a vertex also of all adjacent triangles. 

We say that a representation S: em a weQ, of a surface Pre is 
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quasi-linear in Q, or that the vector (w) is quasi-linear in Q, if x(w) is 
continuous on Q and there exists a regular subdivision of Q in triangles t 
such that s(w) is linear on each t. We say that a surface J is a polyhedral 
surface if S possesses a quasi-linear representation. Each triangle ¿C Q of 
the corresponding subdivision of Q has for image a triangle TCE, and we 
call the sum of the elementary areas of the triangles T the elementary area 
a(S). Given any surface S, we term the Lebesgue area L(S) of S the 


number L(S) —lm Hm (3) for all possible polyhedral surfaces į% when 
| 3, 8 | — 0. 


5. We say that a representation S:c—=—2(w),weQ, of a surface 9 
is a D-representation, or that z(w) is a D-vector, if 2(w) = [a*(u, v), 27(u, v), 
z(u,v)], w= (u,v) eQ, and i) z(u,v), s—=1,2,3, are ACT functions 
in Q (i.e. absolutely continuous in the sense of Tonelli); ii) the derivatives 
Dy? = 0 /Ou, Lot = Or*/dv, s==1,2,3 (which by i) exist a.e. in Q) are 
L?-integrable in Q. Every quasi-linear representation is a D-representation. 

For any D-vector z(t) let us consider the vectors ty = [2,y°, 8 == 1, 2, 3], 
By == [Tot, 8 =» 1,2, 3] and the following expressions: 


8 3 8 
E == | ty |? = D (5°), G = | 2y |? = X (a)? Bm By" To == 2 Tuto 
= 8= a= 
J = J (wW) = (Jida dJa), dam ty ty? gt SG ae 1, 2, 3, 


where we mean gt == gt, p’ = gt. We call J =J (w) the Jacobian (vector) 
of the vector z(w). Let us term the Dirichlet integral D[x] (or D-integral) 
and area integral I[x] the integrals 


Di] = (4) ff E+, 


t= ff. law ff [EG — P ódu, 


where dw == dudv. The following statement is well known: 


Lemma 4. [19 and 1, p, 72] If a surface S possesses a D-representation | 
S:z—æ(w),weQ, then L(S) = I[z] = D[x] < +o. 


We say that a D-representation S:2==2(w), weQ, of a surface § is 
generalized conformal if iji) E == G, F =—= Q a.e. in Q. For every generalized 
conformal D-representation we have (E + G)/2 = [EG — F*]% a.o. in Q 
and JI[x] = D{x]. 
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Lemma 5. [21 and 1, p. 83] Every non-degenerate surface S with 
L(S) < -+- possesses a generalized conformal D-representation 8:2 == z (w), 
we. For any representation of this kind we have 


L(S) == I[a] = Diz] < +a. 


6. Lemma 6. Given a non-degenerate surface S, L(S) < + oo, and any 
e > 0, there exists a polyhedral surface Sy having a quasi-linear representation 
Bo: Tma to(w), we Q, such that 


| 89, SoS 18,80 <6 LS.) =I [zo] S Diz] < L(S) +e 


Proof. By Lemma 5 there exists a generalized conformal D-represen- 
tation S:Tmmz(w), wed, of S and L(S) == JT] == DIT] < +o. Let 
sw) == [z (u, v), 8 = 1, 2,3], w = (u,v) £ Q, and let z(u, v), 3 = 1,2, 3, 
be the Stieltjes polynomials of order n of the continuous functions m° (u, v), 
s= 1,2,3 (the latter supposed defined in the square (—~1lSw<1, 
—jl=v1) by symmetry and in the whole plane (u,v) by periodicity 
with period 2 with respect to u and v). Let S, be the elementary surfaces 
S:c==a,(w), weQ, n—1,2,---. We have (Lemma 4) L(S,) =I [za] | 
= D{z,] < +æ. Because the functions z,*(u,v) are continuous in K;, are 
ACT in each finite region and their derivatives (24°), (n°), are L*-integrable 
in Q, then, by well known theorems [9,27], we have z,(w) x(w) on Q 
and the integrals of [EG — F?]* and of E + G in Q, calculated with the 
polynomials z,°(u,v), approach the corresponding integrals calculated with 
the functions z*(u,v), 8 = 1,2,3; that is, I[+,] > 1[z], D[z,] > Dix] as 
nm. Hence there is an integer n such that | æ,(w) —a(w)| <e/2 for 
any weQ, and - 3 


LS) — Ts] € Dla] < De] + 2/8 1 (8) + o2. 


Now let us consider the surface Sẹ in the representation S:æ—#,{(w), weQ, 
Enw) == [£7 (u, v), s = 1,2,3], where the z,* are polynomials. A wel 
known elementary procedure permits us to define a polyhedral surface So 
(inscribed in S,) and a quasi-linear representation S:T ==g,(w), weQ, 
of So such that | t,(w) —zx(w)| <e/2 for any weQ and such that 
| I{xo] —I[2n]| < «/2, | D[ to] — D[x,]| <e/2. Therefore | x(w) — xo(w) | 
< E/R 4- €/2 =e for any weQ and (Lemma 5) L(S,) = I{r] = Dla] 
< D[z,] + ¢/2 < L(8) +e Finally by Lemma 2 we have 


| 8S, AS, | = | S, So | S max | e(w) —ao(w)| < €. 
Lemma 6 is thereby proved. 
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7. Let ACH, be a closed subset of Es; let F(z, p), z= (t, 2’, T°), 
p == (p*, p’, p°), be any single-valued real function of the real vectors z, p ` 
such that 


a) F(x, p) is a as a function of (x, p) for any ze À and |p| 0; 
b) F(a, tp) = tF (x, p) for any ze A, | p| 540, t > 0. 
Let § be any surface such that [S]CA, L(S) < oo. Let S:a—z(w), 
weQ, be any representation of S. ‘Then a concept of Weierstrasse integral 
on the surface 9, %(S) = f f, Tani (dw = trn has been. pre: 
viously introduced [2], and (S) is invariant for Fréchet equivalence. If 
F(z, p) = |p|, then (8) —L(S). The following statements hold: 


LEMMA 7. lf & possesses the D-representation S:g—a(w), wed, 
then S(S) 13 given by the classical Lebesgue integral 


8) = f f Pe piwo ff Fle w),7(wy law, 
where J (w) == (Ji, J2, Ja) 18 the Jacobian (vector) of the vector t(w) (no. 5). 
. LEMMA 8. Jf 5, En, n= 1,2, -:,are surfaces -of finite Lebesgue area 


and [8], [Sa] CA, | Su» S || 20, L(S,) > L(S), then (Sn) > S(8). 


Lemma 7 is a particular case of a more general statement [2, p. 107]. 
Lemma 8 has been proved in [2, p. 101]. 


8. We say that X(S) is a positive definite (semidefinite) integral it 

F(z, p) > 0 (F(a, p)= 0) for any ze A, | p | 5£0.. Let us now suppose that 

c) the derivatives F,(x,p) = dP (x1, 2, 2, p', p”, p®)/dp*, 3 =—=1, 2, 3, 
exist and are continuous for any ve A, | p| 5£0. 


We say that 3(S) is a positive regular (semiregular) integral if 
Ex p, p) = F (z, p) —3p (x, p) > 0 (= 0) 


for any ce A, |p|, |p| 40, psp. We say that &(S) is a lower semi- 
continuous integral on a surface Sy with respect to a family {9} of surfaces 
S if, given e > 0, there exists a 8 > 0 such that for any surface Se {9}, 
| 8, So | < 8 we have %(S) > NS) —«. The following statement has been 
previously proved: 


Lemma 9. If F(z, p) >0 for any ce A, |p| 540, tf S ts a given 
surface and [S,|CA, L(So) < +o, and if E(x, p, p) = 0 for any ze [So], 


, i ‘ 
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ped, |p l, | p| £0, then the integral (8) is lower semicontinuous on | 
the surface Sa with respect to all surfaces S such that [S]C À, L(S) < +œ. 


This lemma implies that any positive definite semiregular integral X(S) 
is lower semicontinuous on each surface So such that [So] CA, L(8o) < +œ. 
Lemma 9, as well as this last statement, are particular cases of a previous 
theorem [3, p. 67]. | 


Note. For the validity of Lemma 9 it is sufficient to suppose that 
condition c) holds for all ce [Sp] (not necessarily for all re A), as can be 
easily verified by inspecting the mentioned proof. given in [8], especially 
pp. 61-68. 


9. Lewaca 10. To any surface S we can associate a base surface So 
having the same boundary curve 08,—0S and such that [S8,|C[S], 
L(8) =L(S). In addition, tf SUS) ts any positive semidefinite integral 
and [S]CA, L(S) < +, then we have also S(S5) = 3 (8). 


Lemma 11. Given a Jodin curve € of Es, iii: e > 0, there exists a 
§ == §(C,«) > 0 such that to each base surface S with | 8S,C | <8 we can 
associate a non-degenerate surface So, such that [8] CÒS], L(8.) = L(S), 
| 080, Cl Le In addition, tf $(S) is any postiwe semidefinite integral and 
[S]CA, L(S) < +0, then we have also X(S,) = 3(8). 


Lemma 10 is a result which is well known and often applied [16, 20, 7]; 
Lemma 11 has been recently proved [7]. Both results depend on the so-called 
retraction process for surfaces [7]. | 

10. We say that a given sequence Sy: T == Ta(w), we QY, n= 1,2, >, 
of representations of surfaces, that is, a given sequence of vectors, satisfies a 
three points condition on Q* if Y* contains for each n three points an, Dn, Ca; 
whose mutual distances exceed some fixed & > 0 and such that the three 
points Ty(an), Za(bn), Tn(Cn) tend to three distinct limits as n—>o. 


Lemma 12. If Sm n= 1,2,- - -, are non-degenrate surfaces such that 
L(Sn) < +0 and | 6S,,C | — 0, where C is a continuous closed curve not 
reduced to a single point, then there are generalized conformal D-representations 
S,:z—t(w), wed, of the surfaces Sy, n= 1,2," : +, satisfying a three 
points condition on Q*. 


This Lemme is only a variant of Lemma 5 [1, 21, 35]. 
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11. Lemma 13. Gwen any two positive numbers N,«, there exsis a 
positive number y==7(N,«) > 0 with the following property: To any D- 
vector z(w), weQ, such that D[x]< N we can associate a number: 
§== 8[N,«62(w)] > 0, 7 <8<e, and a regular subdivision (no. 4) of Q in 
` rectangles r whose dimensions are between 8 and 25 and such that the image 
of each side (not on Q*) of the rectangles r on the ee § Zum Z(w), 
w eQ, ts a rectifiable curve whose length is < e. 


This Lemma has been proved recently [35, especially the first pages, 
pp. 817-819]. 


12. Lemma 14. Given a sequence of D-representations of surfaces 
Sqit=Zn(w), wed, n—1,2,:::, such that Dia] < N, N constant, 
n= 1,2,- -, and | 08,,C | —-0, where C is a closed Jordan curve, then 
_ the vectors 2,(w), n= 1,2,: + -, are equicontinuous on Q*. 


This Lemma has been proved in different ways [1, 21, 35]. 


§2. A Smoothing Process for Polyhedral Surfaces. 


18. Lemma 15. Suppose f(x) is L-integrable and non-negative on 
0<z<a and that 0< S f(a)da= kP (z) almost everywhere on 
0<zx< a and in particular for r=0. Then a = 2kf(0). 

Proof. “The transformation g = kf shows we may assume k— 1. Set 
h(a) = f "f(a)da. Then b(2) > 0 for all Oa € à and W{x) —— f(x) 
a.e. ; hanes O<h(z) 5 [K (z) a.e, A(z) S— Vh(x) <0 ae, and 
and h(a) = f° Vh(ajda on OSeSa. Let h(a) = f° V h(a) da, 


h(a) = f V hı (a)da, 0 = x = a. Then TORS hy on OS 25a, and 


h, . ha, — hi’, — hy’ are continuous on 0 = x Sa, and positive on 0 = 2 <a; 

” also is continuous on 0 = x < a, and hg” (z) = (44) Vh(z)/h(z) 2H 
on 10 <=2<a. Hence, by the theorem of the mean, — ky (£) = (a— z)/2 
and so h:(z) = (a—z)?/4, f#(0) = A(O) = ha(0) Z 2/4. 


14 Lemma 16. If C ts a simple closed polygonal tn Es, L the length 
of C, CE: a simple polygon, O: ==z(w), wen, a quasi-linear repre- 
sentation of C on x*, then there is a polyhedral surface S whose boundary 
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curve is 0S =C and a quasi-linear representation S:c==X(w), wer, of 8 
on m, such that X(w) —x(w) for any wert, a(S) S17/4, and [8] is . 
contained in the mummum conver body containing C. 


Proof. Let wy t—1,2,° °°, n, Wnai == W, be points of +* such that 
æ(w) is linear on each are ti = Wty, t= 1,2, > n, ofat. Let a = s (w), 
Tn = La, += 1, 2,- > -, n, be the images of w, on C. We can say that the x 
are vertices of C. Let 9 be the polyhedral surface sum of the triangles 
Ti = tits, t= R, 3, © < ,n—1. If d is the diameter of C, we have 
d= 1/2 and 


area TiS (1⁄2)| Tı — H | | ti — Tun |S 4)d | T4 — Tin | 
SS (1/4) | ti — Tin |, i = 2,83, .,n—1. 


Finally area S S (1/4)3 | u — tia | S P/4. Let w = h(w), w = (w, 0), 
be a quasi-linear homeomorphism between m and the triangle | 


T = [w Z2 0v Z 0u +y<1] 


such that, if 104 == h(w:) are the images of w, on T*, t= 1,2, -,n, we 
have w, = (0,0), we’ = (1,0), Wa == (0,1). All other points w, t = 3, 4, 

” -, n — 1, are on the segment (w = 0, Z= 0,w -+v = 1). We can also 
suppose that h (w) is linear on each r, i= 1,2, + :,n. Let X’ (w) be the 
quasi-linear continuous vector, w'e T, which is linear on each triangle 
w,'w/wy.’ and there represents the triangle Ty, t= 2,3,:--,n—1, and is 
such that Y’(w/) =a, += 1,2,---, nm Let finally X(w) == X’[h(w)], 
wen. The vector X(w), wea, has all the required properties. 


15. Let S be a polyhedral surface, S:a=_a2(w), weQ, a quasi-linear 
representation of ‘§ on Q, C= dS the boundary curve of S. Let x, be any 
point of Æ,,p > 0 any real number, B* == B* (p) = [| z — zo | =p] the 
sphere of centre + and racius p, B == B(p) = [| z— £, | < p] the interior 
of B*. Let us suppose CCB (r) for a given r > 0, and, for any p Zr, let 
us consider the maximal connected subset À == A (p) of Q containing Q* and 
open with respect to Q, such that z(w)eB(p) for any we A(p). Let R be 
the maximum distance of the points of [S] from x. We have R 2r. 


Lemma 17. Under the above conditions A(p) is an open connected set 
whose boundary is Q* + Ya", where m, t== 1,2," -< ,n, are simple disjoint 
Jordan regions, finite in number, and each m,* is a sum of elementary arcs. 
If Q 48 the image of Xri* on S, then LC B*(p) is a sum of a finite number 
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.. of elementary curves and, tf l(p) is the total length of Q, we have l(p —0) 
=I(p)Sl(p+0) for any r Sp SR. 


Proof. The vector æ(w) is quasi-linear on Q, hence is linear on the 
triangles of a regular subdivision of Q in triangles. Let v,d,¢ denote the 
vertices, sides, triangles of the subdivision. Let V, D, T' denote the images 
of the v, d, t. Let us consider the distances of all elements F, D, T from zo 
(in the sense of set theory, no. 1). We have a finite collection {p} of numbers 
p. All elements V are points of Hs, all elements D are segments or points, 
all elements T are triangles, or segments, or points. For each triangle T the 
intersection TB* is one (or two, or three) arcs À of circumference (or a 
single point). Hence À, as a part of the intersection SB*, is a sum of a 
finite number of closed curves pe t=—1,2,---,n, each a sum of arcs of 
circumference A. This holds for any p, r<p<R. Let us denote by 
A «= A{p) the image of A = A (p). Each arc À is the image of an arc of a 
conic in a triangle ¢ in Q and the curves m* are sums of these arcs, plus, 
possibly, segments, finite in number, whose images are single points which 
are intersections of segments T with B*. If p is not in the finite collection 
{p}, no point V is on B*, hence for each arc A the vertices of the triangle T 
to which A belongs are not on B*. Hence A separates two annular strips in 7, 
one in Y and in B, one not in W and outside of B + B*. The curves p; and 
their total length l(p) vary continuously as p varies in a sufficiently small 
noe res of the given p, i.e. 1(p—0) — l (p) ==1(p + 0). 

If p is a number in the collection {p}, then suppose first that there is 
a vertex on B®. If V is such a vertex, for each triangle T having a vertex 
in V let us consider the part of T contained in a circle of center V and 
sufficiently small radius. This part may be completely contained in B, or 
completely outside of B + B*, or partially in B and partially outside of 
B + B*; and in this last case such a part contains an arc of circumference À 
ending in V which separates points in B from points outside of B -+ B*. 
Therefore the neighborhood u of V on g can be divided in sectors r alterna- 
tively in B and outside of B + B*. Not all sectors r which are in B belong 
to M. If such a sector r is in B and belongs to Y, then the two corresponding 
arcs À ending in V are adjacent ares on a curve p If a sector r is in B 
but does not belong to M, then r is a part of a region 3 in § which is com- 
pletely inside of B and which belongs to W(p’) for all p >p. As p varies 
continuously in a left neighborhood of the given value p, all arcs À vary 
continuously, remaining inside of M; hence l(p— 0) ==1(p). As p varies 
continuously in a right neighborhood of the given value.p, again all arcs A 
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Vary continuously, but we have new ares A, which approach the arcs A of 
the boundaries of the regions 3. This assures that /(p-+0) exists and ` 
He +0) = Hop). . | 

Analogous reasoning holds for each of the values pe {p} which equal the 
distances of segments D, or triangles T, from To. 

We have proved that 1(p — 0) == 1(p) == 1(p + 0) for any rSp= À, 
p not e{p}; l(p—0)=1(p) <(p+0) for any rSp 5R, pe {p}. 
Lemma 17 is thereby proved. 


16. With the same notation as in no. 15 let o(p) be the collection of 
the elementary surfaces defined by the vector z(w) on the Jordan regions m, 
t—=1,2,---,n. Let a(p) be the total area of o(p). Evidently a(R) = 0, 
a(p) Sa(8), rSpS R, and a(p) is a monotone non-increasing function 
ofp rp. In addition, the previous discussion (proof of Lemma 17) 
assures us that a(p) is continuous at each point p, r S p = R, p not e {p}. 


Lexma 18. Under the above conditions we have, for any p, 


R A 
a(p) =f I (p) dp, re eh 


Note. This Lemma has a quite evident and elementary proof which we 
are going to give in the following lines (see also 32). For a higher formu- 
lation of this Lemma, not necessary for our purpose, see [12,13]. 


Proof of Lemma 18. First of all let us observe that a(2) +- a(o) == a(S). 
Now let us consider any two values of p, pı < pa such that the interval (pi, p2) 
is free of points of {p}; then the difference &{p:) —«(p:) is the sum of a 
finite number of the elementary areas described by the arcs of circumference 
A == à (p) on the corresponding triangles T of S. If we consider one of these 
T and we call À the distance of x, from the plane of T, x, the projection of s, 
on such a plane, then A==A(p) is an arc of circumference of center z, and 
radius [p*—h?]|*. If we indicate with A(p) also the length of A(p) [the 
endpoints of A{p) are on the boundary of T], then, as p varies between pı 
and pz, A(p) describes the elementary area 


rm S Aai S AO) foldo = S Aod 


By adding these relations for all triangles T containing an arc À we have 


(1) a(p:) — a (pa) = J Merde. 
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- Let us suppose that p, r Sp < R, be any given number and that p € pı < ps 
Le: < pu SSB are all the distinct members of {p} between p and R. By 
(1), which holds on each interval interior to (pp pui), we have 


Pa Piti f . 
ap +.0) — a(pus —0) = f (p) dp, tem], 2, >, m— 1, 
and, a(p) being monotone non-increasing, also 
: Ptr 
| alp) — alom) = f i (p) dp, E E ETE TE 
Analogously 


j Pa R 
a(p)—a(ps) = f odo alpn) —a(B) = f iode, 
© jf p < pi; OT pm < E. In any case a(R) — 0, hence, by adding, 


` al) = [Ueda 


17. We will prove, in nos. 19-24, the following 


Lemma 19. Let 8 be a polyhedral surface, S: s == sgs(w), we Q, a quast- 
linear representation of S on Q, O ==3S the boundary curve of 9, L the 
length of C, D any number = the diameter of C, x, any point of C, K any 
positive constant. Then there exists a polyhedral surface 8, and a quasi- 
linear representation Ko: s = zo(w), we Q, of 8, on Q, with the following 
properties : 

1) Sy ts contained in a sphere of center x, and radius 

p= 2D + 3[Ka(8) ]*%. 


ii) there is an open set rC Q, which is the sum Xm of a finite number 
of disjoint simple polygons m4, 11,2," : -,n, such that x,(w) ==2(w) on 
Q—7; hence to(w) ==2(w) on each m*, 41,2," +: n, and on Q*. 
Denote by o, oo [on ou] the polyhedral surfaces represented by x(w), xo(w) 
on m [wy i= 1,2,- n] and by a(o), alco) their total area, o = Xoy 
Oo = Xo, Go) = Xa(oi), a(oo) = Za (cu). Hach surface ou ts contained 
in the minimum convex body containing the curve oi == doy. Denote by p 
the curves Oo == boo, and also their lengths, i=—1,2,---,n; denote by & 
the family of curves py, t==1,2,°-+,n, and also their total length, & = 2p; 
then 

iii) Q= (3p)? < Ka(c) ; 

iv) a(oo) = (K"/4)a(o) ; 

v) each continuum cCQ such that cQ* 540, dtama(c) < D, is com- 
pletely contained in Q — r. 
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18. Note. 1) If we suppose D exactly the diameter of C, then Diz = Lje 
and the inequality i) becomes: ` 


pSL+3[Ka(s)ys 


2) In the statements of Lemma 19 it is not excluded that y is empty, 
hence S = Sp, L mm 0, a(ao) = 0. | 


19. The curve C is completely interior to any sphere B* (r) of center z 
and radius r > D. We can take for r the value r—=2D, Let us call R the 
maximum distance of the points x of [S] from a. Then & is contained in 
the sphere B*(#) of center zo and radius R. If R<2D + 8[Ka(S)1]# 
the Lemma is proved. Let us suppose therefore R > 2D + 3[Ka(S) ]#, 
hence R >r. Let us consider for any p, r < p < R, the set A == A (p) studied 
in nos. 15, 16, the functions I(p) = 0, a(p) = 0 rp R, and the finite 
family c == o(p) of elementary surfaces contained in 9 and represented by 
the vector z(w) on the finite family mr == žr; of simple Jordan regions, 
m mm () —(A-+ A*) (no. 15). We know (Lemma 17) that (p — 0) ==1(p) 
Sl(p +0) for any r <p<R and that (p) is the total length of the 
boundary of o and a(p) the total area of øo. In addition (Lemma 18), for 
any rp R, we have 


; | 
f iaz a(p). 
A 


Let Z be the set of all p such that F(p) == 0. The set J is not empty because 
(R) = 0. If po is a limit point at the left for I then (po — 0) =— Hpo) = 0; if 
po is a limit point at the right for J, then 0 = Lpo — 0) = (po) € Kpo + 0) = 0, 
hence l(po) = 0. This La that J is closed. Let us indicate by Ro r S p= B, 
the smallest pel, rSpR. Let us suppose Ry = 2D + 3[Ka(S) 4. We 
have (Re) = 0, i.e. the vector æ(w) represents on r* curves reduced to a 
single point, hence z(w) is constant on each simple closed curve m* bounding 
a component m; of m. ‘Let us define the continuous vector z,(w) on Q by 
saying that To(w) coincides with æ(#) in Q — r, and zẹ(w) is constant on 
each component m of m. We have a(o) == 0, Q& — 0, and the surface 8, is 
contained in the sphere B*(R,). Because the vector z(w) is quasi-linear 
in Q, the simple closed curves r,* bounding the components of + are sums of 
a finite number of segments, that is the components of r are simple polygons 
in Q; and this assures also that the vector zo(w) is quasi-linear on Q. Lemma 
19 is therefore proved if Ro 2D + 3[Ka (8) |% 
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“20. “Let us ‘suppose now B > 2D + 3[Ka(8)]*, hence r< Ro < R. 


ae we haye 1(p) > 0.for any r=p< Ro. Let us observe that the interval 
F CEE [Ka(S)]*) is completely contained in the interval (r, E»). Let us 


.., . suppose, if possible, that 1(p) > [K-a(S) |'# for any r <p = r + [as 1”. 


s Then by, Lemma 18 we would have 


g 


r+[Ka(S)) À 
j a(8)> > a(r) = ME p)dp > f” [K--0(8) dp = a(8), 
| which” is contradictory. Hence there must be at least one ni 7, 
rs r < r -+ [Ea(8)]*, such that (7) = E (For the reasoning 
in this number see [82]. ) 


21. Let us consider the functions of p, MT mt l(a) da, Kii(p), 


Sp SR, where $(p) is continuous and 1(p— 0) = Up) <Up + 0) for 
any. p. Let J be the set of all numbers p, 7” € p = Ry, such that 4(p) > KP(p) 
and let r” be the g.1.b. of the numbers sed. Let 1’ = R, if J is empty. 
£.. Let us observe that for p= R, we have (Ro) = 0, (Ro) =0; hence 
© p—R, does not belong to J.- In consequence we have r” == Ro only if J i8 
empty, 

z A) ‘If y om 7 then either re J and p(r’) > KI (r), or there are pe J 
as close as we want to 17” for which ¢(p) > KP (p), hence ¢(1’) = Kl? (r + 0) 
> KP), Yn both cases 


fo I(a)da = KP (r"), PR 


. BY Itr <r” < Ro then we have $(p) < KP(p) for any Y&p <r"; 
_ hence” $(r’) = KR (r’—0) = KP(r’). On the other hand there are 


`- numbers ped, 1” < p < Ro, as close as we want to 1” for which 4(p) > KP(p); 
| hence. 6(7”) = KE (r” +0). Tt follows that I(r” —0)= I(r” + 0), while 


we kúow that 1(r”’ — 0) ==1(r’) S1(r’ +0). Therefore I(r” — 0) = l (r”) 
= l(7” +0) and $(1”’) == KP (r). We conclude that 


7 Ro 
f (a) da < f l(a) da < KI (p) . 
8 f 
for any 7 S p & r”, where I(p) > 0 for any r Spr” and 
E Ro 
S. (a) da == KP: 


By Lemma 15 it follows that 
1” — r <RKT(r) S 2K[ Ka (8) J = 2[ Ka (8) ]%. 
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C) It = Ry then J is empty, (Bo) = MR) =0, of Midas p 
= K? (p) for any r Sp= Rp, (p). >0 for any. E < Ro and, ‘finally Ë 
= IN I(a)da = KP(Bo). Again, by Lemma 15, we have. 
PP = Ry — of < REU(r) < 2LKa(S)# 
Let us observe that in all three cases we have | 


<r + 2[Ka(8)]* <r +.8[Ka(S)]4 = 2D + s{Ko(8)1% oo = 
© | : fo L(a)da = — xe). 


22. From no. 15 we know that the boundary & of the surface o = a(t”) 
is the sum of a finite number of closed elementary curves Pı 2e, e Pak 
and that each p; is a sum of a finite number of arcs of circumference — 
A= zg of the sphere B*(r’). Each’Aà is contained in a triangle T of 8- 
and has its end point 2,2’ on the boundary T* of T. Hence the plane 
region between the arc A = 2’ and the segment A’ == (xx) (both with ‘end- 


points z, g’ on T*) is completely contained in T, is interior ‘to the sphere `- 
B*(r’) and belongs to the part Y(p) of the surface 8. If we substitute. . 


each arc A of the curve p; with the segments à’ we obtain a polygonal line py 
inscribed in p; and completely contained in the sphere B*(1’”). For each 
triangle T (containing an arc A, let us consider the corresponding triangle +. 


of Q; then A and À” have ta cig in ¢ which are respectively an arero 


of a conic and a segment +r’ having the same endpoints on the Boundary ig | 


of t, and the plane region between r and 7’ belongs to t and to À = = A(r”), 


whereas 7 belongs to A*— pee Then pj is the image under the vector: 


z(w) of the polygonal line r/* which we obtain by substituting ‘the ‘ares To 
of A* with the segments 7’, Dj: z= g(w), wer”. This holds for any i 


j=1,2,---,n; hence we ave on Q, n simple ee Tj, j = 1,2,0, 
without common interior ae and, if +’ is their sum, Q—7’CA = AP). 
a! — Sr), nf Daf, j=l,- The polygonal closed curves p/, j = 1, 2, 

-,n, are all contained in the sphere B*(r”) and we indicate their sum - 
by &. If V is also the total length of ©, we have Y = I(r”), where 1(17”) 
is the total length of & Let us call pf also the length of pf, j= 1,2,---,n:; 
hence p + po’ +: - +--+ py’ =g. Let us-denote by aj the surfaces defined 
by the vector z(w) on v; and by a’ their sum. We have a(o’) = a(o), where 
o==a(r’) and a(a) == a(r”); hence a(r”) = a(o 
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23. For each polygonal closed curve p; there is (Lemma 16) a poly- 
hedral surface oo) having pr as a boundary curve, and a quasi-linear repre- 
sentation oy: s == z (w), wer =a + a/*, such that 2;(w) —2(w) for 
any werj* and a(oo) € (4) p7, 11,2, ::,n. Let us denote by co 
the finite family of surfaces oo, 7==1,2,°.+-,", and by z(w), weQ, the 
continuous vector defined by zo(w) == 2;(w) for any wer, j= 1,2, °, n 
Zo(w) = a2(w) for any we Q—-a’. The vector z(w) is quasi-linear on Q, 
hence the surface So: z = 2%)(w), weQ, is a polyhedral surface. The poly- 
gonal closed curves p,’, 7 == 1,2,: + - ,n, are contained in the sphere B*(r””) 
(the vertices are points on the sphere B*(#”)). By Lemma 16 each surface 
os is contained in the minimum convex body containing p/, hence each 
surface oo and consequently also the whole surface So, is contained in the 
sphere B*(r’). Thus i) is proved. 


24. By Lemma 16 and all the preceding considerations, we have 
a(o) = Za (00) S (14) Sp? € (4) (3p) = (4) R” 
Ro Ro 
< (14)P(r’) < (K4/4) J. l(a) da < (K-t/4) f Mada 
E (K7/4)a(r”) = (7/4) a(o") ; 
that is, a(oo) = (K*/4)a(o’), and iv) is proved. We have 


Ro R 
Q? m (30) S F) = r f, I(a)da = K7 Í. l(a) da 

l < Ka(r”) < K7a(o’); n 
thus iii) is proved. Finally if, for a continuum ¢CQ, we have cQ* 40, 
diam z(c) < D, then for any w, w, wec, we cQ*, we have 

| e(w) — zo | = | z(w) — z (w)| + | z(w) — z (wo) | 

< diam z(c) + diam C < D + D =2D; 
hence z(c) CB(2D) and cCQ—#+. Thus also v) is proved. Lemma 19 is 
now completely proved. 
§ 3. Existence Theorems. 


25. THEOREM I. Let A be a closed bounded convex set of E, and Q 
a closed Jordan curve in A. Let W be the family of all ortented Fréchet 
surfaces 8 in A whose Lebesgue area is finite and whose boundary curve ts C, 
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and lel us suppose W not empty. Then every positive definite and semt- 
regular integral X(S) has an absolute minimum in W. 


The proof follows in nos. 26-41. 


26. The function F(z, p} is continuous in the closed bounded set J 
of all points (x, p) such that ce A, | p| =1, and F > 0 for any (z, p) el. 
Then if m, are the minimum and the maximum of F in J, we have 
O0<mSF(a,p)=M for any (z,p) el and therefore m|p |S F(z, p) 
< M |p| for any se A and any |p|540. By a theorem of McShane [18] 
we can define for any re Æ, and |p | —1 a function Fo(z, p) continuous at 
each point (x,p) and coinciding with F(s, p) for any (x p)el. In 
addition we can suppose m = F(x, p) < M for any ve Fs, |p|=1. Let 
us define Fe (x, p) for each | p | s£ 0 by putting Fa (z, p) = | p | Folz, p/| p|)- 
We have Fix, p) =F (x, p) for any ce A, | p|s£0. Indeed, by no. 7, b, 
F(a, p) = | p | Fo(a,p/|p|) = | p | F(z, p/| p|) =F (z, p). The function 
F(t, p) satisfies all the conditions of no. 7. By S(S) we mean now 


SOS) = f f F(z, p)dw and, for any surface § such that [S]CA, we 
8 


have S(S) = f f F(z, p) dw. 
s 
We observe that m < (x, p) SH for any els, |p|=1, and 
m|p|=F.(z, p) SM |p] for any ce E, |p|s40. In consequence, by 
[2], we have also 


(1) mL(S) <%(8) < ML(8) 


for any surface 8S. 


27. For any 8 = 0 let 43 be the closed convex bounded set of all points 
eel, such that {x, A} <8. We have AsDA and A,—A. For any =) 
let IF (8) be the family of all surfaces S such that [S] C Aa | 36, C| <8. 
We have W(8)DW, W(0) = W, and W(¥)DW(8) for any OS SLY. 
W is not empty, hence also W(8) is not empty for any 8 > 0. Let us denote 
by 1,7(8) the g. lb. of BCS) when Sel¥, or Se W(8), 8> 0. Then 
OS 7(8) St <+oo and 7(&) =7(8) for any 0<8=8. Hence there 
exists 7 == lim 7(8) as 8-> 0 + 0 and we have 0 = 4 (8) Sj 5 1 for any 8 > 0. 
For any integer n—1,2,: >», let 


En =, Un = minf (n re) Re gM én’ |, 
and let 8, > 0 be a real number such that 7(58,) > 1— ur, ôn = 1/n. 


2 


peran 
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Finally let a,’ ==& (C,8,) be the number of Lemma 11 related to the Jordan 
curve O and the number em 8, Let a, = min[a,’, ôn]. 


28. -Let us consider the family W(a,). There is a surface Sẹ’ e W (an) 
such that 


Jan) = (Sn) 5 j (2n) F pa 


and we have [8,]C A, 108,,C]<a. By (1) we have L(8,’) <(1/m)X(S,). 
By Lemma 10 the surface 8,’ can be retracted to a base surface S,” having 
the same boundary 08,” = 0S,’ and such that [Sw] C [Se], L(8n”) = L(S,, 
N(S,”) = X(S,). Hence | 98,7”, C || | a8,’, C | Sa,. By Lemma 11 the 
surface S,” can be retracted to a non-degenerate surface 8,” whose boundary 
6S,’” is a continuous curve such that | 88,” C | =ê.. In addition 


bee) C ise), LO < G (5, x (Ba) < X (537) | 


We observe that 6 = 1/n, hence | 89,’",C || — 0 as n->. On the other 


hand the surfaces Sp”, n==1,2,---, are non-degenerate surfaces whose 


areas L(8,”’) satisfy the relation 
L(8,”) < L(S”) < L(8,) < (1/m)¥ (8) 
S (1/m) [j (4s) +m] S (1/m) (j +1) < +o. 
By Lemma 12 there are generalized conformal D-representations Sẹ”: 


£ = TK” (w), we Q, of each Sẹ” on Q, satisfying a three points condition on 
Q* and (no. 5) Dla] == D(8y"), n=1,2, +. By Lemma 6 and 
Lemma 8 there is, for each n, a polyhedral surface 9, and a quasi-linear repre- 
sentation Sa: c= T, (w), we Q, of 8, on Q, such that | z,(w) — £” (w)| = 8, 
for any we Q, D[za(w)] <D[ay”(w)] + um | 3(Se) —3 (50) | < pn- 

In the first place we have | z,(w) —2,’’(w)| =ê for any we Q*; 
hence also the vectors z,(w), m=~1,2,---, satisfy a three points condition 
on Q*. In addition, if C, = 09, is the boundary curve of Są, we have 
Ca, BIK” || — | OS, OSR” | 8, and | Ce, O | € | Cn, 88” | + 1 89x”, C | 
<= 8, + 8, = 28. Finally we have 


[Sn] C [Bn Jon C [Sn], C Sn Ja, C [Aan] C Aad, CA 


This implies that 8, e W (28), hence N(8,) = 7(28,) = j — un. By all the 
preceding considerations we have 


(Sn) = I (Sr) + un S B80") + un SS VS) + in 
… SS j (On) + Run = j + Lim 
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and, by (1) and no. 5, also 


a(Sq) € D{aa(w)] € Dp” (20) ] + om L(I) + in 
< (1/m)(j +1) +1 


We can assemble the properties of the polyhedral surfaces S, and of their 
quasi-linear representations S,:c=—=2,(w), weQ, (satisfying a three points 
condition on Q*) as follows: 


| Co CIE 28,, [Sn] C As, Sn e W (28n), 
a(8a) E Diz] < (1/m) (G +1) +1, j— in E X(8a) € j + im 


mal, 2,7 °°, 


29. The representations x — Tn(w), we Q, of Sa on Q are quasi-linear, 
hence they are D-representations and, by no. 28, D[zs(w)]<(1/m) + 1) +1. 
The constant N == (1/m)(j -+ 1) + 1 does not depend upon n. O is a Jordan 
curve and | On, C || —> 0 as n-»0, hence, by Lemma 14, the vectors z,(w), 
we, are equicontinuous on Q*. There is a subsequence Zaw (w), we Q, 
of vectors T (w) which converges uniformly on Q*. Let us suppose, for 
simplicity’s sake, that nm == m. Let X(w) —lima,(w), we Q*, as no. 
E Co:te—X(w), we Q*, we have | Ca, Col 20, | Cn C 1—0, 1C, C| 
< || C, Cn | + I Ca, Col, bence || C, Co |] = 0. That is, v== (w), weQ*, 
gives a representation of the Jordan curve O. By the equicontinuity of the 
vectors z,(w), we Q*, n==1,2,: - <, we can determine, for each integer y 
(v==1,2,°°-), a real number r, > 0 such that 


| T_(W) — Ta ( w) | = min|€y, 8, |, i n = l; 8," Say 


for any w,w’eQ*, |w—w | Sr, The numbers r, depend upon y but 
not on n. 


30. Let us consider again the D-vectors z (w), weQ, n= 1,2," +, 
which satisfy the relation D[z,| < N, N constant, n—1,2,---, and let us 
apply Lemma 13. Let v indicate any integer, v == 1,2,: -, and é > 0 be 
any real number. Then, by Lemma 13, with «= é, we can determine, for 
each y, real numbers y» > 0, Say > 0, my < ny < £», and regular subdivisions 
(no. 4) Any of Q in rectangles r whose dimensions lie between ny and 28ny, 
such that the image of each side of the rectangles re A,, not on Q*, is a 
rectifiable curve of length = £, We observe that the numbers », depend 
only on v, and $,, on v and n. 


tt 
= er a ee 
meee 
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As the application of Lemma 13 can be made successively for v = 12143 
we can choose 


Ep == min[ Ty/8, dy, ps Nn-1/ 89, 2/24, 0 a V], Ver 0 ee 


For each y the dimensions of all rectangles re Any, n= 1,2,- - -, lie between 
ns and 28,,, hence between n, and 2g, < 7,41. Therefore they are less than 
the dimensions of all rectangles re As s- n == 1, 2,-. *. The images of the 
sides on Q* of the rectangles re Apn» under the vector z,(w) are arcs of 
diameter = min[e,, &,]. The images of all other sides of the rectangles re An, 
under the vector z,(w) are arcs of length = min[e,, &,]. The image of the 
boundary r* of each r € Anp is a curve of diameter = min|4e,, 48,] if r*Q* >< 0, 
and is a curve of length = min[4e,, 48,] if r*Q* =—= 0. In any case we have 
diam 2,(r*) S4e, for any re Ag, v=1,2,-°°, n=ml,2, °°. 


31. In the following we suppose n an arbitrary integer. (n = 1,2,- -), 
and r= 1,2,- n. Let us indicate (no. 4) by ty == (t4, vj), t= 0, 1,2, 
-a +1, j= 0,1,2,- -, B+ 1, vo vo = 0, Ug = Vga = 1, all vertices 
of the rectangles re An». Let us denote by r each segment (u ==, yE v Eh), 
i = 1, &, j = 1,2, -,8— 1, or (4 S U S Upi V = vj), tm 1,2, + amm], 
j = 1, 8. Let r be all analogous segments 7’ CQ* with t = 0, « + 1, 7 = 0,1, 
-- >, ĝ, or +=0,1,---,@ 70,8 +1. The segments r constitute the 
boundary #,,* of the rectangle Ras == [uw S u S uy, V Sv S vg], the seg- 
ments r’ constitute the boundary Q* of Q. Let us indicate by ¢ and ? the 
polygonal lines which are images of the segments r and +’ under the vector 
Zn(w). Let Say be the polyhedral surface Say : 2 == 2%y(t0), we Ray. Then 
the sums of the arcs ż, or 7’, constitute the boundary curves ôS ay, 08, == C of 
the surfaces Snr, Su. Clearly §(S,,’) = X(S,). Let us make correspond to 
each segment r CA,,* with t = 1, a, j == 1,2,- - -,8—1, the segment r’ CQ* 
with i = 0, œ + 1 and the same 7; let us make correspond to each segment 
TC Ray* with t == 1,2,- - -, a — 1, j == 1,8, the segment r C QF with 7 == 0, 
B+1 and the same ¢ (the correspondences being linear); let us make 
correspond to the vertices W11, Wai, Wap, Wig Of Eny" the arcs of Q* which are 
sums of the two segments t CQ* adjacent to the vertices Woo, Waro Was1,f+19 
Wop of Q*. We have a continuous monotone correspondence between Fap” 
and Q*, IfweR,,*, we Q* are corresponding points, we have 


| tn (7) —2n(w")| S | a (0) — zn (tv) | 
+ | @n(w) —2n(w’)| + lan (07) — zn (w), 


where, if wer, wer, then w, w are corresponding end points of r and 7’; 
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analogously if w is a vertex of A,,* and wer, w= w. By nos. 29, 30, 
we have |g (w) —2,(w’)|S&+6+4, 38. This assures us that 
| @Sa»’, dS, | <= 38, and therefore || 48,,,C | = || 48,,’, 88, || + | 454, C | 
<= 38, + 28, == 58,. On the other hand [Say ] C [Sn] C Ars, CAos,, and finally, 
by no. 27, Say £ W (58y) and 


1 — py = 3 (Snr ) = S (Sn) < j + Lun S 7 + Buy 


In addition, 
0S S (sa) — (Su) = Ep». 


32. For each rectangle re A,, let us call & the polyhedral surface 
Z:æ—zx,(w), wer, and L—9X%. Let L denote also the length of ôS. Let 
us prove that a(2) = (5M/m)e,?. First let us suppose r C En»; thus DS 4e,. 
If the above statement were false then, for a certain re ^ny, we would have 
a(%) > (5M/m)«,”. Thus, by Lemma 16 applied to the curve L:s == g, (w), 
wer*, there is a polyhedral surface =* contained in the minimum convex 
body containing L, of area a(3%*) = (144) L? = (14) (4e,)* = 4e,? and a quasi- 
linear representation 3*: g —=2*(w), wer, of X* on r with a*(w) = sa (w), 
wert. If we denote by S,,*: c= Tip (w), WE En, the surfaces that we 
obtain by putting a» (w) —a,(w), we Rip —T, Tn (w) == aX (w), wer, 
then we have @S,,* == 85, and [S,,*] is contained in the same convex body 
Ags, in which Sa» is already contained. Hence | 0S,,*, C || == | a8,,", C | = 58,, 
[Sn] CAs, and consequently S,,* C W (58,) and S(S,,*) = j— nu, Now, 
by no. 27, we have 


j — By S (On) = In") + JET) — BC) S G + us) + Ha(S*) — ma) 
< 1 -+ us + 4Mef — m(bll/mle = 7 + èu, — We 
<S 9 + ur — buy = J — Quy. 


which is contradictory. This proves a(3) = (5M/m)e, for any re An. 
CEs v= 1,2, >>, n, n=1,2,---. Let us now suppose rCQ —2R,,; 
then a(%) € (1/m)3(%) = (1/m) [Z (Su) — J (Sus’)] € 3uv/m, and, by no. 
27, a(S) = (8/m) (2U) < (5M/m)e for any reAw rCQ@—Lfa, 
ye=1,2,---+,n, n=1,2,---. The statement at the beginning of this no. 
is thus proved. . 


33. For each n==1,2,--- and »y—1,2,---,n, let us apply Lemma 
19 in connection with each rectangle reA,,, the vector za (w), weQ, the 
constant K == M/m = 1, any point To = Ta(W), where w,e r*, and D == 4e,. 
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This is possible because from no. 80 we have diam æ,(r*) < 4e, == D for any 
re^» Let Tay denote the collection of simple polygons r Cr defined by 
Lemma 19 in all rectangles re A,, According to Lemma 19 all polygons x 
are interior to r together with their boundaries. Let 2,,(w) be the vector 
defined by Lemma 19 on each rectangle re A, Because of æ,,(w) = Ta (w) 
for any wer*, as well as for any w €r — Fr, the vectors x,,(w), WET, TE Any 
define a unique vector t»(w), weQ, continuous and quasi-linear on Q. Let 
Sny be the polyhedral surface Say: T = Tp ( w), we Q. 

For each rectangle re A,,.let o, co be the family of polyhedral surfaces 
defined by the vectors z,(w) and Za (w) on the family of polygons a, r e Tn» 
„Cr. We have ĝo = ĝo, Let & be the total length of do == doo, i.e., the 
sum of the lengths p of the common boundaries curves of the polyhedral 
surfaces defined by æ,(w}), Tar(w) on the polygons m, re Tay. m Cr, TE An. 
We have Q = Sp, where the sum ranges over the polygons we Tn», 7 Cr. 


34. Since 24,(w) = 2,(w) for any we Q* we have 08,, = O8n, || Sa», C || 
om | 884, C ll = | Cy, C | <S 28% Hach surface o is by Lemma 19 contained 
in the minimum convex body containing [Q] = [dc] = [800] and, because 
of [Q] C [Sa] C A, where Ags, is a convex body, we have [Sus] CA: 
yeu 1,2,---,n. This assures us (no. 27) that Saye Wea, hence X(8,,) 
= 4(28,) = 7 — pn, v= 1, 2,° ‘yh 

By Lemma 19 we have 

a(oo) = (K1/4)a(a) = (m/4M)a(o). 
By (1) (no. 26) it follows that 
0S B(oo) S Ma(so) = H(m/AM)a(o) = M(m/4M) (1/m) 3 (0), 


hence 


(2) 0S 9 (00) € (4) (0). 


Let us indicate by Savo the polyhedral surface (sum of triangles) defined by 
the vectors Zw (wW), t,(w) on the polygonal region Q —— žm, re Tr We 
have Snvo + Bo = Sn, Say + Soo = Say, Where the sum ranges on all families 
of surfaces o [resp. oo], each family determined by the vector z, [resp. 2,,] 
on the polygons +, m C Tuy, m Cr, for any re As». We have 


(3) S(Saro) +2 No) TR (Sn); ns Saxo) + 2 So) — a Sanz) ; 


and, by (2), we have $(S) = ISa); hence JEn) = (Sn) = 7 + ps, 
yew 1,2,---,n. We have thus proved that 


J— pe = S (Sar) E J + Lin yom ],8,: yn. 


INTEGRALS ON PARAMETRIC SURFACES. . 287 


By (2) and (3) we have also 
Bin = (Sn) — 3 (Sry) me D LS (o) — $(c0) ] 
= Z (1—14)30) = (4) £ 80), 


hence i 
(4) 2 (o) € fym | v=], 2, ::,n. 


reAn 


If we denote by ony, oxvo the total families of all surfaces ø, op for all re A, 
we have also, by (2) and (4), 


Yon) € (H) Ion) Spy mL Bey 
35. By (1) and Lemma 19 we have 
(5) alo) = (1/m)¥(o), VE (1/K)a(o) = (m/M)a(o), 
where & == fo == ĝos and we have denoted by & also the length of & From 
(4) and (5) we have 
2 FE (m/M)_ 2 A) = R à S(c) <= (1/M) 4u, 


rt An y 
hence 


DY <4,,/é, x a(o) S 4p,/im; 


reAny 
and also, by no. 27, 
D (ED EVENE e? < em y= 1,2, >, n. 


reiay TeTay 
ror 


In particular, for each rectangle reA,, the total | Length & of the common 
boundary & == do == do, of the surfaces defined by the vectors z,(w), z,,(w) 
on the polygons +, re Ty, 7 Cr, satisfies the relation 


LE [Aun / MJA <a, - jen 2 eon: 


For any v==1,2,:--+,n, we have yn, es È en hence Qe, For any 
polygon re Tny we have r Cr, re Ay, and the diameter of the set æ,(r*) is 
< the length of the curve r = z (w), wer". But this curve is the boundary 
curve of one of the surfaces which are part of o. Hence diama,(x*) = 
length (fo) =R Se Ze, v= 1,2,---,n. | 


36. For any re A,, let us indicate by 4, X, the polyhedral surfaces 


a A m 
A AAAA ERE RR RRQ RL LL 
# 


amsmseanauts 
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Zi £ = Taw), WET, Zo: T= Taw), wer. Then ž%, (Lemma 19) is com 
pletely contained in a sphere of center £o == Ta(Wo), Woer*, and radius 
p < RD + 3[Ka(32)]* whence, by no. 32, p = 8e, + 3[ (M/m) (5M/m) |" 
<15K.e. Therefore diam £a»(r) — diam (30) < 80Ke, for any reA,,, 
veo 1,2, n, n= 1,2, °°, Kom M/m = 1. 


87. Let Tm C Tur be the subcollection of all polygons r €e Ta, which are 


. not completely contained in any rectangle re Ag, + An +: - - -H Ang; let 


Tar CT np, v = 2, 3,- > :,n— 1, be the subcollection of all polygons re Ty, 
which are not completely contained in any rectangle f € App F Arne tHe 
+-A,, and not completely contained in the set Tm + ua + HT anns 
let Ty C Tnn be the subcollection of all polygons r e Tas which are not com- 
pletely contained in TYm + Tn Heo T nni 

Let us denote by Tas, Tny also the (closed) sets of points of Q covered 


by the polygons we Ty», Tny Let us denote by Any C Any the subecollection 


of all rectangles re A,, which are not completely contained in the closed set 
Ta t+ Duo be EE Top, v= 1,2,-°°,n. For any polygon e T's, we 
have rCr, TEAs. We prove the following statement: m ts completely 
exterior to the set r(T'm + Tene t:e LT). First let us observe that 
awe Ty», hence x is not completely contained in Tm + Tnm +> A Top 
Here 7 Cr, hence also r is not completely contained in T'es + Ter + °° 
+ Tay- Let x’ be any polygon Tu +: e T m-i; then r is not com- 
pletely contained in 7’. On the other hand, by definition of T1, Tast °°, 
T'as, 7 is not completely contained in r, because re A, If r and x’ have 
no interior points in common the statement is trivial; if r and 7” have 
interior points in common then they must have also points of their boundaries 
in common, that is 7’*r*>40 and each component of «’*r is a polygonal line 
having both end points on r*. From no. 35 we have diam ta(r*) Sa Seu 
<D. By Lemma 19, statement v) we deduce that «’* is completely outside 
of +. Because v is in r but not completely contained in +’, it.follows that r 
is outside of x’. This holds for all polygons r’ e Tu + Tang +: + LT, 
hence w is outside of (Tm + Tns +: - +H Tux) and the statement is 
proved. : 


. 88 By no. 37 no polygon r eTa» has points in common with polygons 
we Pal +: + Ta’, v= 2,3,-->-,n. Let us denote by X,(w), we Q, 
the vector which is == 2,,(w) for any wea, we Ty,’, v == 1,2, --,n, and 
which is = 2,(w) for any we Q — Ix, Ix =— Ta’ +: e- Ta. The vector 
X,(w), we Q, is continuous and quasi-linear on Q. Let 8, be the polyhedral 
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surface Sẹ: T == Xa (w), we@. The same reasoning as at the beginning of 
no. 34 assures us that 48, — Sn = Om ‘|| 05,, C || < 28, [8,]C Asa, hence 
Sn E W(28,) and 3(S,) = 7 — pa. The vector X,(w) defines on the polygons 
TE Ty, a family ony of polyhedral surfaces which, because of Tay C Tar, is 
only a part of the family ou» (no. 34), defined by Tny(wW) on all polygons 
re Th and which is the sum of the surfaces op of nos. 33-34 for all re Ap». 
If we denote by Sy the surface (sum of triangles) defined by X,(w), as 
well as by z,(w), on Q — Ix’, then, by no. 28 and no. 34, we have 


3 (Sn) = 3(Sr0) + È Ho) = IS) + 38 (oor) 


S j + Qu + E pe = j + (0 Rp 
By. no. 27 we have finally 


j— BF < j— n E JUS) Sj + (nt 2) SIO. 


89. Let e > 0 be any real number.. Let p = p(e€) be the first integer 
such that 132Ke, <e Let == (e) —y, > 0. Let wi, we be any two 
points of Q with | w, — wz | < è and let n= u be any integer. Then w€ f, 
We E T2, Tis Te E Ann, Where f1, 73 are the same rectangle of Ang, or two rectangles 
of Ang having one side or one vertex in common. In any case r,*r,* <0. 
We are going to consider several cases: 


a) 1, W, belong to the same polygon reTy,, 1 v&n. Then, by 
no. 38, | X,(w1) — Zn (w2) | = |.£ur (w1) —ay(w2)| and the last expression 
is <= the diameter of the minimum convex body containing z,(r*), which is 
certainly = 2diamz,(x*). Finally; by no. 35, we have 


| Xa (w) — Xn (w:)| < 2 diam az, (x*) S Le, S Les < €. 


b) wem, mE Ty, m not completely contained in #4, Ti £ Ang, t= 1l, 2, 
wy 54a. Here (r,*—+r:*)rs* is not empty; hence let w be any point 
wie (rit + re), i= 1,2. We have | Xa (w) — Xa(w/)| S Les, i= 1, 2. 
The two points w,’, w; are in r,* + r,*; hence there is a polygonal line À 
joining w,’, wg contained in r,* + r,*, and therefore formed by at most four 
consecutive segments contained each in one side of the rectangles r,, fa By 
no. 30 we have diam, (A) = 4e, hence | 2,(w1.’) —2n(w2’)| SS diam zx, (A) 
= 4e. On the other hand Xp (wg) == Toy, (104) mm Tp (i), t = 1, 2. Therefore 
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| Zp (01) —Xq(w2)| S| Za (w1) — an (ty’)| + | an (00) — za (ws) | 
F | Tn ( Wa’) — Xa (W2) | S Ren + den + Ren SS Beg < €. 


C) UET, ME Lan, m OT, TE Ang t= 1,2. Here m, is completely 
contained in rẹ hence n => n 2 p (no. 37). Let Wrs be any point Wiri € m, 
hence | Xn (14) — Xn (Wir) | <L Ren, X a (Wiviri) — Tn (Wivu) {<= 12: We 
have se Ty”, hence 7 Crip, Ta, € Any, For any point Wir, ery,* we have 
| En (Wir) — Tn (Win) | = diam Sx, where 3,, is the surface defined by 
application of Lemma 19 on the rectangle fi, hence (no. 86) | z,(wi»…) 
— Ty (Wi) | S diam %,, < 30Ke,,. Now me Tay, hence no polygon we Tu” 
+--+ HTa- (no. 87) has points in common with m. Therefore Tip, i8 
not completely contained in any of the polygons we Ty,’ -H e e -+ Tn 5-1’. 
In particular, Tip, is not completely contained in any of the polygons r € T'n,»,-1’. 
The polygons r € Toi — Try, are either completely contained in rectangles 
TE An, ÉZ v or completely contained in Ta +: -H Tassa. Therefore 
rs," cannot be completely contained in the interior of any such polygons w. 
In any case we can choose on fi,” the point wi», not interior to any of 
the polygons TreT,,,1 The point Wi, now chosen belongs to a rec- 
tangle fin- € Ân- and for any point Win1Ererit we have | æ,(t,,) 
——.2y (0; y,-1)| S diam Sy, < 80Ke,,1, where 3,1. is defined as 3,,. By 
repeating this procedure we have a finite chain of points WHE ru”, t= vn, 
vi — I, FES se + Í, p, and | Tn (Wita) — En (Wit) | < 80Ke, t= y, —1,: “fy 
p i= 1,2. Therefore | tp (wir41) — Tn (Wie) | 5 I | on (Wi) — Lu (Wit) | 
< 80K (en + em + +--+ er) and, because 6,1 < e/2, also < 60Ke,. Finally, 
if we denote by wy’, w” the points 45,41, Wig, We have 


| Xn (ws) — (ui )| < Ren SS Ren | ta) — mu )| < 60K, wi’ ery, 
| i= 1,2. 


Let us now observe that the points Wit, Wa belong to the same rectangle 
Tu € Ant, (tm nm—1,:::,u), hence the distance | wit — wy | is < twice 
the maximum dimension of all rectangles re A4, i. e., by no. 80, | wi: — we | 
< 4, where 44 = (Lo)nr1, (447) nt-2,- °°. Therefore 


| WE — Wi pu | — | Wi pyr — Wi ptl | <3 | Witr — Wy l 


t= v n — 1,- ye +1, 
and finally . 


| w — Wi ae | < 46, + LÉpyns a 5 + BE nar 
E (W) + (W) tet OR") me < ha 
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This assures that the point W, un has a distance from wy entry, fi E Au] 
which is less than the minimum dimension of all rectangles re Ags. Also the 
point w” — Wia belongs to the réctangle r/ = rx, and necessarily the rectangle 
r{ is either coincident with r, or adjacent to f, or has a vertex in common 
with T, t —= 1,2. Therefore the rectangles r,’,r2’ belong to a chain 11’, 11, re, 72’ 
of rectangles re A,,, any two consecutive ones being identical, or adjacent, 
or with a vertex in common. Consequently the points w,”er/*, w er,’* 
can be joined by a polygonal line À formed by at most eight consecutive 
segments each contained in a side of a rectangle re Ang. This implies that 


| En (101) —@y(we’’) | S diam s, (A) = 8e. 
Finally we have 


| X(101) — X,(w:)| = | Xn{ Ws) — talw) + | Ta(w) — Zn(10:°)| 
T | Sn (w/”) — Tn (t2"")| + | Tn(W2””) — fq(w2’)| + | Tawa) — X,(w2)| 
S Res + 60 Ke, + Beu + 80Ken + Leu S 188Ke, < €. 


d) wE Q — Ix, i= 1,2. Here w, not elw, If = Ta + Tae +: 
+ Tan’, hence w; not e(Ta ++ > - + This). IE w belonged to a polygon r, 
TE Tan — Tan (as an interior or boundary point), then necessarily the polygon 
a would not be completely contained in the closed set Ts” + Tar +: - : 
+ Ton”, hence re Tne (no. 37), eC Is, which is impossible. This proves 
that w; not eZ',,. Let us indicate by mw, n= m Z y, the minimum of the 
indices t such that w; not Tu, Ta; closed, t= n, n— 1,- Then wi 
not Tan Wil Tig, t= 1,2. We have X,(w;) == Ta (w:), t= 1,2. We can 
repeat the reasoning of c) with the simplification due to the fact that here 
wi = WwW, t= 1,2. We obtain 


| Xa (w1) — Zn (103) | = | Zn (w1) — En (w2) | S | En (w1) — Tn (2027) | 
| tn (w) — Ea (w) | + | En (ue) — 2, (10) | 
< 60 Keg + deu + 60Ke, < 124Ke, < e. 
e) The two points w, are in two different ones of the situations dis- 
cussed in b}, e), d). We have only to combine the different reasonings. . 


‘40. We have proved in the previous no. 39 that, given « > 0, there is 
an integer p == un(e) > 0 and a real number 6 == 8(«) > 0 such that, for any 
two points w,, w,eQ, | w:—1w: | < 8, and for any integer n Zu, we have 
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| Xa (w1) —Xn(w2)|<«. Now the »—1 vectors X,(w), weQ, n= 1,2, 
- - +,4—1, are continuous on Q, hence there is a number & == 8 (<) > 0 
such that for any Wi, w2€ Q, | w.—ws| < 7, and any n==1,2,---,p—1, 
we have |£, (w) —ZXa(w:)| <e Tf == ô (ce) = min[6, 8 |, we have 
| Xn(wi) —Xn(we)| <e for any w, w2eQ, | wı— w| <8 and any 
n== 1,2,- -,. We have proved that the vectors Xa (w), weQ,n=1,2,°--, 
are eguicontinuous on Q. From [Sp] CA n=—1,2,: -> (no. 36), it 
follows that the vectors X, (w), weQ, n—1,2,---, are also equibounded 
in Q. 


41. By Ascoli’s theorem there exists a subsequence X,,(w) of the 
vectors X,(w), n==1,28,:::, which converges uniformly toward a con- 
tinuous vector X(w), weQ. For simplicity’s sake we suppose nm = m. 
Such a vector coincides, on Q*, with the vector X(w) already determined in 
no. 29. Let S be the surface S:t — X{w), we Q. From X,(w) 3X(w), 
weQ, and Sp: t= À, (w), we Q, it follows that | S., S | > 0 and, by no. 29, 
also 9S — C. We have | Sna, S | —> 0 and, by no. 38, a(8,) < (1/m)S(8,) 
< (1/m)(j +1) < + œ, hence 0 L(S) Slima(S,)< +0. From 
[Sn] CAs, On — 0, it follows that [S]CA, where A is a closed convex set 
of Es. By no. 27 we have SC W, hence 3(S) =. Now we have à, <= 1, 
n == 1,2,- - -, hence all surfaces 8, 8, are contained in the finite closed set Ao. 
We have Fo(z, p) > 0 for any ve Az, |p| 540. The surface § is contained 
in A, hence in dg, and the function F(z, p) has continuous first derivatives 
with respect to p*, s = 1, 2, 8, for all ce A, | p|540 [because F =— F, for 
ze A], hence Fo(z, p) has continuous first derivatives also for all ze [8], 
|p|s40. We know that €(z, p, p) = 0 for all p = p,.| p |, |p| 40, ce A, 
, hence also for all ze[S]. All conditions of Lemma 9 (note in no. 8), 
where A is now the set A;, are satisfied. Therefore the integral 


315) = f I P,(2, p) dw 


is lower semicontinuous on the surface S with respect to the surfaces &,, 
meo1,2,-°-, 1e (8S) Slim Y(8,), where, by no. 38, we know that 
SE) < J+ 2%, n—=1,2,--°. Hence X(8) <j and finally i < Y(S) Sj, 
where, by no. 27, we know that 71. This implies that 3(S) =— i=j. We 
have thus proved that there exists a surface Se W for which S(S) assumes 
its absolute minimum ¢ in W. Theorem I (no. 25) is completely proved. 
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42. Traeonex II. Let C be a closed Jordan curve in Ea, W the family 
of all oriented Fréchet surfaces S in Ey, whose Lebesgue area is finite and 
whose boundary curve ts C, and let us suppose W is not empty. Let S(S) be 
any positive definite semiregular integral such that m |p| = F(z, p) 5M |p |), 
where m, M,0 < m SM < +, are two given constants, z eEs, | p | 0. 
Then 3(8) has an absolute minimum in W. 


_ The proof is the same as for Theorem I with the obvious simplification 
in no. 26. Here we have A = FE, From the equicontinuity of the vectors 
X,(w) in Q and the fact that we have || Cw, C || —> 0, it follows that the same 
vectors X, (w) are also equibounded in Q and therefore we can apply, here 
also, Ascoli’s theorem. 


_ 48. Note. In the proofs of Theorems I and II the principle of Dirichlet 
is not applied directly. We observe however that Lemmas 5, 6, 12 have been 
applied, that the proof of Lemma 6 is based on Lemma 5 and that the recalled 
proofs of Lemmas 6 and 12 follow reasonings which are the same as for some 
existence theorems for the problem of Dirichlet. Nevertheless our proofs 
appear to need somewhat weaker facts than the principle of Dirichlet, namely 
only that a) any non-degenerate surface of finite Lebesgue area posseses 
Dirichlet representations; b) the g.1.b. of the relative Dirichlet integrals 
coincides with the Lebesgue area, without -stating that the minimum is 
actually attained. 
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THE “ INDEPENDENT SCALARS ” IN HOMOGENEOUS 
TURBULENCE.* 


By N. Cou. . 


1. Introduction. In discussing my paper * at the University of Illinois 
Symposium on Fluid Dynamics, Professor S. Chandrasekhar mentioned the : 
problem of determining a method for generating the “independent scalars ” 
in various types of homogeneous turbulence. By definition, these scalars must 
possess three properties: (1) they must be components of the various cor- 
relation tensors; (2) these scalars must be defined in such a manner that the 
correlation tensors satisfy the continuity relations identically; (8) the maxi- 
mum number of such scalars must occur in each correlation tensor. 

It is the purpose of this paper to furnish a method for the construction 
of such independent scalars. The method is based on the following considera- 
tions. First, one determines the maximum number of independent scalars 
associated with a given correlation tensor. Secondly, by a contraction process, 
a new tensor, containing the desired number of independent scalars, is con- 
structed. By forming the curl of this tensor, one obtains a tensor which has 
two properties: (1) its divergence is zero (and hence it satisfies the continuity 
relations) ; (2) it possesses the structure of a correlation tensor which depends 
upon the maximum number of independent scalars. | 

In order to develop the method, we consider the cages of: (1) isotropic 
turbulence ; (2) turbulence possessing axial symmetry with respect to a specified 
direction. The expressions for the correlation tensors in terms of the indepen- 
dent scalars are well known for the first case from the work of Kármán- 
Howarth ? and H. P. Robertson. For the second case, S. Chandrasekhar * has 
derived, recently, the corresponding results for the correlation tensors. 


* Received October 26, 1950. 

1 N. Coburn, “A method for constructing correlation tensors in homogeneous turbu- 
lence,” Proceedings of the University of Illinois Symposium on Fluid Dynamics, to be 
published. | 

*T. von Kármán and L., Howarth, “ Isotropic turbulence,’ Proceedings of the Royal 
Society, vol. 164 (1938), pp. 192-215. . 

3 H. P., Robertson, “An invariant theory of isotropic turbulence,” Proceedings of the 
Cambridge Philosophical Sootety, vol. 36 (1940), pp. 209-223. 

t S. Chandrasekhar, “ The theory of axissymmetric turbulence,” Philosophical ' Trans- 
actions of the Royal Soctety, vol. 242 (1960), pp. 557-577. 
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Finally, we discuss the general theory for constructing correlation tensors 
in terms of independent scalars. It is shown that if we require the correlation 
tensors to be linear functions of the independent scalars and their derivatives 
then, essentially, the above method is the one and only method for constructing 
such tensors. 

The author wishes to thank Professor Chandrasekhar for allowing the 
author to see the proofs of his papers on axisymmetric turbulence (see footnote 
4) and for his remarks relating the results of this paper with those of his paper. 


2. The independent scalars in isotropic turbulence. Here, we consider 
the theory of Kaérmén-Howarth and Robertson. From the work of either of 
these authors, it is known that the correlation tensors have simple forms. In 
order to introduce these formulas, we mention our notation. Let zò, À = 1, 2, 8, 
denote a Cartesian orthogonal coordinate system in Euclidean three-space. 
Further, if P(x), P (z>) denote the two points involved in the construction 
of the correlation tensors, then £ —‘’r\— rò will denote the vector joining 
these points. Evidently, the magnitude, r, of this vector is, 


r= [(£) + ere) 
One additional tensor, which enters into this theory, is the metric tensor, g¥. 
With the aid of this tensor and vector, &, the correlation tensors may be 
written as | 
FX m AB, BM men BOER + Og, 
(2. 1) 
Rra — DEEMED LE (Ages +. gugrha) L Fésgha, 


where À, B, C, D, E, F are scalar functions of r. 
These tensors satisfy the following continuity relations 


(2. 2) Raa — RB, rae Ra, == 0, 


where commas denote differentiation, that is AM, —=dR/d& etc. The 
relation (2.2) furnishes a first order differential equation for A. Hence RA 
does not depend upon an independent scalar. Further, we notice that (2.2) 
determines a vanishing correlation vector and a vanishing correlation tensor 
of the second order. That is, the above relations imply that B, C are related 
by a single first order differential equation and that D, E, F ure related by 
two first order differential equations. Thus, both R>+ and RM depend upon 
one independent scalar. In the next two paragraphs, we shall determine 
expressions for R`», RM which depend upon single independent scalars, 
respectively. 
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- First, we consider the tensor AM, sia a tas second equation of 
(2. D by SE we obtain 


(2.3) | By BRIE — Comag tt. 


Note, eg is the permutation tensor density. If we restrict our coordinate 
systems to right handed Cartesian orthogonal coordinates then eyg 18 a tensor. 
Next, we introduce the tensor 


(2.4). BPA me GIVE BD. 


It is easily verified that the tensor “a satisfies (2.2), identically. That is, 
this tensor has zero divergence. Further, from (2.3), we see that this tensor 
depends upon one scalar. It remains to be shown that A+ has the form (2.1) 
and hence can be considered as a correlation tensor. Substituting (2.3) into 
(2.4), we obtain 


(2.5) Bet Doga CB)? + HE gpd / dr), 


where ôg® is i Kronecker tensor and ags% is the pee Kronecker tensor. 
In particular, 18° satisfies the equation 


| Sag = CETP Eang = VN 5° -—— ardat. 
Through use of this relation, we may reduce (2.5) to the equation 
RYO mn — (20 + rdC/dr) g + 11d /drésée, 


That is, the above expression furnishes a second order correlation tensor which 
depends upon a single scalar and for which the continuity relation (2.2) is 
identically satisfied. It should be noted.that (2.5) does not assure us that 
Ree will be symmetric. Such symmetry can be obtained, if needed, by use of 
an additional procedure, to be explained in section 6. 

Now, we turn to the study of the third order correlation tensor, RM, 
Similarly to (2.3) we introduce the tensor 


(2. 6) Bay mn yap R POEP — Eeyap (Egra + Erga) £8, 
Further, we construct the tensor 
(2.7) BMY om OPPS Mi, 


Evidently, the divergence relation (2.2) is identically satisfied. Further, the 
tensor ^ra depends upon a single scalar. Hence this scalar is an independent 
scalar. Substituting (2.6) into (2.7), we obtain 
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(2. 8) | 
Ber — — bag” [rd E /drgopEht (gh + Gg) 

+ ESA +. Spagrage +. 8,Prgua + DOPERGNS)]. 
Simplifying (2.8), we find that | | | 
(2.9) EP mu (r AE /dr)RESE — (8E + rdE/dr)(Ë gr + Sy”) + 2EbgM, 


Thus, (2.9) furnishes a third order correlation tensor which depends upon a 
single scalar and for which the continuity relation (2.2) is identically satisfied. 
That is, we have constructed a third order correlation tensor of the type given 
in (2.1), and such that this tensor ts expressed in terms of one independent 
scalar (the maximum number of such scalars). | | 


aw 
vat 


3. The independent scalar in turbulence with axial symmetry. The 
general theory of turbulence with axial symmetry has been initiatel by G. K. 
Batchelor * and completely studied by S. Chandrasekhar.‘ In addition, another 
approach to this theory has been given by the present author.t The previously 
mentioned authors have followed the invariant theory method of H. P. 
Robertson.* Here, we shall apply our present ideas to the work of S. 
Chandrasekhar. | 

Let 7 (A—1,2,3) denote a unit vector in the axial direction. By 
following the invariant theory approach, Chandrasekhar constructs the 
following correlation tensors: 


(8.1) R = MA + Nÿ, 

(3. 2) BM = APE + Bo + Cie + DPE + BEE, 

(3.8) BM FRE + (PER Eje) Ee + H (PE + En) je 
LIKE Joie + Kite Lanes + QEPJE 
eR (Sor og) dax 

The scalars N, M, etc., are considered to be functions of r, and » where 

(3. 4) rome [ (8)? + (2)? + (ENST, Tu == OI. > 

The problem is to find the correlation tensors in terms of the independent 


scalars for which the continuity relations (2.2) will be identically satisfied. 
First, we note that (2.2) furnishes a single scalar relation between the scalars 


5 G. K. Batchelor, “On the theory of axisymmetric turbulence,” Proceedings of the 
Royal Society, vol. 186 (1946), pp. 480-490. 
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M, N of (8.1). Hence, only one of the scalars, M, N, is independent. 
Secondly, we note that the second continuity relation determines a correlation 
vector. Since the general correlation vector for axial symmetry is of the type 
(3.1), the equation (2.2) furnishes two relations for the coefficients A, B, 
C, D, E. That is, three of these scalars are independent. By a similar 
argument, we see that the ten coefficients F, G, ete., satisfy four relations. 
Hence, six independent scalars characterize the third order correlation tensor 
Ra, | 

In order to express the correlation vector, R^, in terms of a single 
independent scalar, we proceed as in section 2. Multiplying (3.1) by eyagé 
we obtain | 


(8.5) Sy = eaS = Neri. 
We shall show that the vector | 
(3. 6) Ba am eaP Ny p 


is the desired vector. First, we note that the vector, &*, has zero divergence. 
Secondly, we note that 


(3.7) 0/08 = gpy[€ (70/87 — ur 0/0u) + ÿr 10/04]. 
Substituting (3.5) into (3.6), we obtain the formula 
(3.8) Ba == — GAP (PERN p + N PpP). 


Simplifying (3.8) by use of the expansion formula for ôa% and (3.7) we 
find that 


(8.9) At [p8N/ðr + r° (1 — n*)ON/dp ee — [rôN/ôr + 2N]j. 


The above equation is essentially equation (25) in Chandrasekhar’s paper.* 

Next, we consider the tensor RM. We noted in the previous paragraph 
that this tensor should be expressible in terms of three independent scalars, 
Hence, we repeat the technique used in section 2. That is, we introduce the 
tensor 


(8. 10) Sy” mm eyg REP — ee (Bg + OPE + Dire) E. 
With the aid of (3.10), we form the tensor R** of (2.4) and obtain 
(3.11) | 
BAG me — Bip PET 98 (1 0B/0rép — 1 *p8B/Bubp + r°0B/0pj0) 

+ PIA (1700 /Orbp — 12 nbC Opes + 170/850) 

+ MA (r OD /Orép — 1 *u8D/dp£ + 18D /Onjp) + DM] 

— Sng pP [Bg + Cie + DPE]. 
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For the sake of simplicity, we have written £ for gp,€’ in the above equation. 
Replacing êng% by (8)%5g° — 8,98,") we find that (3.11) becomes 


3. 12) 
| Bus = goga[ 7198 /0r — 1% 8B /Op + pOD/dr + (1— p°?)8D/Ou] 
— g'a (2B + r0B/6r) + £fe [r 08 /0u + p0 /ðr 
4 r (1 — p?)90/dp + D] — jé" (rôD/ôr + 8D) 
— jeje (20 + r8C/ôr). 


The tensor 2e of (3.12) does not coincide with the corresponding tensor 
developed by Chandrasekhar.* The reason for this difference lies in the non- 
uniqueness of A, B, etc. That is, another possible correlation tensor can be 
formed from linear combinations of A, B, ete. or from 


(3, 13) "Sry me yng RAGE xm eyas (FÉES + Gg + Heje) jP, 


where ‘RM mu PEER 4+. Gght + HEJH + Lis + Mije. By expressing F, G, 
H as linear combinations of B, C, D with variable coefficients and adding the 
resulting tensor “RP to RM, one obtains other possible second order correlation 
tensors. ‘The uniqueness problem will be discussed in the next section. To 
calculate the third order correlation tensors, one applies (2.6), (2.7) to the 
tensor (3.3). The calculations are routine but rather lengthy and will be 
omitted. 


4. The theory of correlation tensors which depend upon independent 
scalars. In this section, we discuss the mathematical significance of our 
method. 


a. The General Problem. We consider the following problem: given th: 
arbitrary correlation tensors R(€’), R>» (EY), R#2(€7), and the independent ` 
fields À, 7, ©, respectively; to determine associated tensors R\(ET), R*(E7), 
Rus (£Y) such that: i 


(1) #* is a linear function of Rà and its first derivatives with respect 


° Professor Chanrasekhar has called my attention to the fact that the relations 
between his scalars Q:, Qa Qs and the scalars B, O, D of (3.12) and F, G, H of (3.13) 
are 

Qı = B + O + reD == — ref — H, 
Qa = — O — 89 (rnd + D) /ðu =H + 38 (SP + re + G) /Op, 
Qe = — D — (948/89 — ur 8/84) (reO + rD) 

== F + (r19/0r — pr 8/ôn) (°F + G+ rgh). 
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to & and is homogeneous in À, 74 and «of order zero (and similarly 
for BM, Rs in terms of RM, HM, respectively) ; 
(2) =` has identically vanishing divergence (and similarly for R, Rara) ; 
(3) BA, BM, RM have the structure of correlation tensors. 
We shall show that the tensors BA, Bòu, Bra formed in accord with the 
following rules and only in accord with ae rules satisfy the conditions (1) 
through (3). 


(4) Construct the tensors Sy, Sy”, Sy from the given Lu 
tensors R^, RM, RM and the independent as fields BPP 
according to the laws 


(4. 1) Sy = ep? ‘Sy — Cong RM, | "Sy == eyg RMP, 
(42) Sy" = eyka, Sah = Byng RIJE, "Eyt = eyg” RNP, 
(4.3) Gy me eyap hese, S.A == erag RMB, By A m= egag” BaP. 


(5) ‘The desired tensors, i RM, RM, are determined by 


(4 4) BS = eP Syp, Re men GYP ae PES ma gaye” IS bs 
(4. 5) BES m eP SyF 2P> "ra re EPS Ep, "RPS = == er Syt 3P? 
(4.6) FMa mm eoe §, M BANA un QOYP SÀRL, 1 RNG exe GOO SAB p. 


(6) The most general tensors of thg desired type are of the form 


- (4. 1) aes | Èm aR) + BEN 4 "A, 
(4. 8) BM = dM +. BM + PAM, 
(4. 9) . a - BNO um gara Y higra +. k” Dna, 


Pa 


where a, b,c,:: - are constants. The scalars of "À, “A will be eee 
scalars if the scalars of À are less than the maximum number of independent 
scalars. Otherwise, the scalars of K^, “AR will be linear combinations, with 
variable coefficients, of the scalars of R (and i for the second and 
= order tensors). | 


i Remarks on the Above Problem. We consider each of the dns 
(1) through (6) of section (a) and discuss these statements under the corre- 
sponding numbers of this section. 


(1) This first statement implies that the scalars of # are linear func- 


(2) 


(3) 


(4) 


(5) 
(6) 
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tions of the scalars of RA and of the derivatives of these scalars. 
This will be shown in our proof (similar results apply to RM, RM), 
The second statement implies that Æ>, Rs, RM are each expressed 
in terms of independent scalars. In this connection, anothed prob- 
lem presents itself. ‘Do À, A, RM contain the marimum number 
of scalars? We shall discuss this in (6). 

It is, of course essential that A, RM“, FRA etc. shall have the 
structure of correlation tensors. This result will follow from the 
fact that R>, P, RMa will be chosen to have such structure and 
the assumption (1). Again, this point must be verified in our proof. 
There can be at most three independent vector fields associated with 


_ three-space, independent of the type of turbulence. Of course, if 


the turbulence involves only one vector field, the primed and double 
primed tensors do not appear (see section 2). In axial symmetric 
turbulence, the double primed tensors do not occur, but the unprimed 
and primed tensors do occur. The tensors Rà, “RX, Rò (and simi- 
larly for the second and third order tensors) are assumed to be 
independent. Note, the equations (4. 1) through (4. 8) annul the 
non-independent scalars. 

It should be noted that the divergence of the tensors Bà, Ròs, Rs, 
etc., vanish identically in virtue of (4.4) through (4.6). 

We shall show that the process of section (a) generates all cor- 
relation tensors which depend linearly upon independent scalars 
and their derivatives and whose divergence vanishes when the tensors 
RA,’ R>, “R* (and those of the second and third order), are properly 
chosen. Then, the FA, BM, AM will contain the maximum number 
of independent scalars. - The tensors RA, “RA, “Fò (and similarly for 
the corresponding second and third order tensors) are to be chosen 
as follows. Construct the tensor # so that this tensor contains the 
maximum number of distinct ‘scalars, N, not all of which are 
actually independent. Determine the number of conditions imposed 
on these scalars by the continuity relations. By subtracting the 
number of conditions from the maximum number of distinct scalars, 
one obtains the maximum number of independent scalars, say m. 
If #* contains m, < m independent scalars, then ’R* must be con: 
structed. To do this, we introduce “R>. This tensor has the same 
structure as Rò but depends upon N new distinct scalars. Thus, we 
construct a tensor "Rà which depends upon ms (where mz = m — m,) 
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independent scalars. Finally, we construct “2 which depends upon 
Ms (where m,==m—-m,— mz) independent scalars. Note, the 
tensor À may appear to contain more than m — m, independent 
scalars (see 3.12). In this case, the remaining scalars are linear 
combinations of the m independent scalars. 


5. Proof of the results. 


a. The Tensors with Identically Vanishing Divergence which Depend 
Linearly upon R>, R>», BM and Their Derivatives. We consider the situation 
where two independent vector fields &, j> exist. The case, in which 7 exists, 
is treated in the same manner. First, consider the vector Rà. This vector is a 
general linear combination of R and its derivatives with respect to &. Hence, 
we may write 


(5.1) PA — AR + BER a + CjeRh + DARS a 
+ EPR a + Pome Ry + Gg yah su, 


where A, B,C: - : are functions of À. We note that 7 and À are arbitrary. 
Hence, consider the transformation 


(8. 2) “ihn fh, em kË, 


where k is an arbitrary constant. By substituting (5.2) into (6.1), we see 
that RA is composed of two independent vectors: 


(5. 3) R= AR + BER. + DER + PERG a 
"BY ox C9" Bg + EGY Ra + Gg ja Rp. 
| Forming the divergence of the first vector in (5.3) we obtain 
(5. 4) By = (A+ B+ 38D+ F + @D)) B44 + (B+ DYER a 
+ FoMé Rt + BA, tes -, 


where the dots denote terms containing the derivatives of B, F. Since > 
ig arbitrary, we may imagine Rò expanded in a power series in which the 
derivatives R* a, R^ag are arbitrary at any given point. Hence, the condition 
that the divergence of Bà vanish for arbitrary R^, implies that 


(5. 5) F—=0, B+D=0, A+B+3D-P=0, 
and A, B, D, F are constants. These results also follow from the fact that 
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the identical vanishing of (5.4) implies the vanishing of the coefficients of 
all invariants of (6.4). From (5.5), we find 


(5.6) DD; AD. 


Thus, we may represent the most general vector of the first type, B^, whose 
divergence is identically zero and which depends linearly upon Rè and its 
derivatives, by 

(5.7) RA == — 2h — @R,, + ARS. 


Similarly, one may show that the most general vector of the type ’R> (see 5. 3) 
may be represented by 


(5. 8) "PB = jY RA a — jN Ba a. 


By carrying out a similar analysis, one may show that the only possible second 
and third order tensors are 


(5.9) O B mR RE, + ERM py, 
(5. 10) Bra = jY RM — jY RAY y, 

(5.11) Bea — — Rra — gy RNa y 4. ARMAY y, 
(5.12) "BG ma JY RARA, — ja" RNY, 


b. The Equivalence of Our Construction of Tensors and the Above 
Construction. It is evident that one could describe the basic tensors of the 
theory by equations (5.7) through (5.12). However, the construction used 
in section 4 is an equivalent construction, as will be shown. Further, this 
previous construction is easier to evaluate and shows why the barred tensors 
depend upon independent scalars. In order to show the equivalence of the 
barred tensors in sections 4 and 5, we carry through the computations of 
section 4. 

Consider the equations (4.1), (4.4). By eliminating Sy, Sy we find 


(5.13) RS w= — dag) (BEF) /0EP, PRG wom ~ $949 (“BAGBY /OE, 


Replacing 887° by 81088 — 8498)? and carrying through the differentiations in 
(5.13), we obtain the relations (5.7), (5.8). Similarly, one may show that 
(4.2), (4.5) and (4.8), (4.6) lead to (5.9), (5.10) and (5.11), (5.12), 
respectively. 


c. The Scalars of D ete., are Linear Functions of the Scalars of Rà ete., 
and Their Derwatwes (see section 4b, remark 1). In order to verify this 
result, we return to equation (3.7) and the equations (3.1), (3.2), (3.3) 
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defining the structure of R>, RM, Ròsa, From these equations and the formulas 
(5.7), (5.8), etc., it is evident that the scalars of Ë^ ete., are linear functions 
of the scalars of Rà and their derivatives. A similar argument can be used 
if three independent vector fields À, J^, exist. 


d. Do the BR, etc., Have the Structure of Correlation Tensors? The 
argument of (c) shows that the Æ> ete., do have the structure of correlation 
tensors. Note, it is essential that ^ be a linear homogeneous function in 
E, j^, © of order zero (etc., for RM, RM, see section 4a, hypothesis 1). 


6. The symmetry of Rra, As we have noted, the above procedure does 
not assure us of the symmetry of R4*, When a single independent vector field 
& exists, then R#* is symmetric. Hence, no problem exists for this case. 
For the case in which two independent vector fields &, J> exist, the following 
tensor is symmetric (if R44 is symmetric) and has vanishing divergence | 


(6. 1) BAG mm 99 BHP yp F GG VE? yp — JEJERPY yp — 919° RM yp. 
It should be noted that the tensor f+ of (6.1) is linear in the second 


derivatives of Rra, In fact, if we change the hypothesis (1) of section (4a) 
to read: 


(1) R# is symmetric and is a linear function of RM and tts first and 
second derivatives with respect to &, | 
then present computations indicate that (6.1) furnishes the only solution to 


the problem. If an additional independent vector field 74 is present then an 
additional tensor #“ can be formed. The j* in (6.1) is merely replaced by 1’. 
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HOMOGENEOUS DIRICHLET PROBLEM FOR INHOMOGENEOUS 
ULTRAHYPERBOLIC EQUATION.* 


By 0. G. OWENS. 


1. Introduction. There is a class [1] of 4-dimensional domains G for 
which the solution of the Dirichlet problem for the ultrahyperbolic equation, 


(1.1) L| u] = Usm, F Umg — Uyy — Uys = f (Lr, Ta, Yi Ye); 


is unique. Closely related uniqueness questions are discussed in a paper by 
F. John [2]. The existence of another such class of domains is established 
in the present paper. Without now specifying the differentiability assumptions 
on (21, Ta Ys Y2), this new class of domains can be described analytically 
as follows: Let G(X) and G(Y) be regions in XY and Y space, respectively 
(see section 2), and let A(X) and (Y) denote the characteristic values of 
G(X) and G(Y). Then, if | A(X) —p(V)| is never zero, the Dirichlet 
problem for (1.1) is unique for the cross product region G == G(X) G(Y). 
Moreover, if f vanishes on G*, and if | A(X) —y(Y)| has a positive lower 
bound, then a solution of (1.1) exists which vanishes on G*. The fact that 
regions @ exist for which | A(X) —p»(Y)| is bounded away from zero is 
shown by means of an example. 


2. Notation. G(X) will denote a simply-connected open region in 2- 
dimensional cartesian (2, 2,)-space—more briefly X-space. ve (21,22) will 
always denote a point of G(X), and w* == (z*,,2*,) a point of the boundary 
G*(X) of G(X). It will be assumed that G*(X) consists of a finite number 
of piecewise analytic arcs. 

An arbitrary characteristic value and associated characteristic function 
of the region G(X) will be denoted by A(X) and #(X). That is, A(X) and 
(X) are solutions of the following equations: 


(2.1)  Aeb(t) +(X)o(2) = 0, te G(X); 
b(z)—0, seG*(X); Soo Onm 


where A, = 0?/0x,° + 67/0z,7, dt =- dede, As in the case of G(X), a 


* Received October 16, 1950; revised July 31, 1951. 
807 


308 0. G. OWENS. 


region G(Ÿ) is defined in 2-dimensional cartesian F-space, together with the 
related characteristic values »(¥) and associated characteristic functions y(y). 
The 4-dimensional cartesian cross product region consisting of all points 
(T, y) = ((%1, Toy Y1, Y2) such that ce G(X) and ye G(¥) is denoted by 
G == G(X) X G(Y), and its boundary by G*. 


3. Uniqueness. Our proof of the uniqueness theorem involves the 
application of two lemmas having to do with uniform convergence of series 
of characteristic functions. It is convenient to introduce some more notation 
for the statement of these lemmas. We write u==u(z,y)eC*(X,Y), if u 
has all partial derivatives of order #, and these are continuous functions of 
(x, y) on G, the closure of G. We write u = u (z, y) e C*#(X)(C*(Y)), if u 
has all partial derivatives with respect to z(y) of order k, and these are con- 
tinuous functions of (z, y) on G. 


Henceforth in this paper we assume that 


u(z*,y)—=0, (#*,y¥) e (rte G*(X); 
(3. 1) 
u(z,y*)—=0, (2, y") e G*, y*e G* (F). 


The first of our two lemmas is the following: 


Lexma 1. If u(x, y) e C*(X, F), then u(x, y) is equal to the uniformly, 
absolutely convergent sertes 


(3. 2) ulz, y) — È tnmpal2)Ya(9), lnm == Jatt) f u(t, vvn(y)dyll 


Note. As proved, Lemma 1 is true under weaker differentiability restric- 
tions on u(x, y), namely, u, Asu, Ayu e C?(X) and C3(Y). 


Proof. As u(z,y) eC?(X) and satisfies (3.1), it has the series repre- 
sentation [3]: | 


(3.4 u(y) =Z hla) S sen 9m (2) de 


As f u(e, y)an(e)de e (P) and vanishes on G*(F), (3.4) can be 
G 


expressed as follows: 


(8.5) (2,9) =È da (2) È Valy) f ule, 9)de(2)vn (y) dey, 
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Because of (2.1) and (3.1), the integrals in (3.5) can be so transformed 
by Green’s theorem that u(z, y) can now be expressed as follows: 


(3.6) u(2,9) =È da (2) Zom(y) f [AvAsts/(rmm)]¢a(2)a(y)dedy, 


We mention that the above use of Green’s theorem is all right, as the 
first derivatives of dn(2) (Ym(y)) are uniformly bounded [4] on G(X)(G(Y)). 

The expansion (3. 2) will be justified by establishing the uniform absolute 
convergence of the series (8.6). Our proof will be based on the inequalities 
of Schwarz and Bessel, and is as follows: 


(3. 7) 
| u(a, y)| < 2] Pa(T)/An | 2 | Ym(y)/ Um |” | J iin S Grd on(x)da | 


< > n(Z)/An | * (LE Ve (9)/ n°] Fast Jo pate (at 
= DISCO CS ve (9) /an TE CSV ECS MEO 


dy f [Araon] 2dr’, 
a) / G(X) 


Hence, as S dn? (T)/àn? and 3 Ym? (y) /um? are uniformly bounded [6], Lemma 
1 is now proved. 


< LS g(a) LE YO) L 


The last lemma we need is the following: 


Lemma 2. If u(z,y)eC°(X, Y) and Asu = Ayu, then 


(3. 8) H(z, y) = À Mann (2) Yn(y) = — Act, 
(3. 9) (0,9) = $ pam (2)¥m(y) —— Ay 


Note. As proved, Lemma 2 is true if u(x, y) is such that u(z, y) e C?(X, 
and C?(Y), Asu e (X), Ag’ue C?(Y), AwweC?(Y), Apuse C?(X). 


Proof. We first show that the series (3.8) is uniformly absolute corn- 
vergent. Because of (2.1) and (3.3), 


(3.10) amant | dainty) fl [det] bez) de 


As Agt(2, ¥) eco = Ayu(c*, Y) == 0, (3.10) can be transformed as follows: 
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(3.11) 3 lnm = An? AO ons un(e) dx 


Bon am) fein) O 
- The last integral representation being valid since AÂu(x, y)y-ye = 0. 
`- H(z, y) can now be majorized as follows: l 
(3.12) | 
| (e, 9) = È | Ve(y)/um | S| Aala) /n |- | f daala) í AO 


= > | en (y)/ pm |` (LE SAT [ Pe plene ulyd IR 


= CE dt(o)/aa L È pmi (9)/ pmi al da [A,Ag*u ]*dy 5. 


GX) Yay) 
The above inequalities are obtained, as in (3.7), by repeated applications of 
the inequalities of Schwarz and Bessel. The inequality (3.12) a that ` 
the series (3.8) has the desired convergence property. 
l We shall now show that H(z, y) ——A,u(z, y). Let: K = K (1,2) 
denote the Green’s function for the region G(X), and recall that the charac- | 
teristic value and function are solutions of the equation . 


bn(2) =A f K(2, 2)d0(2) de 
G(X) 
Thus, because of the uniform convergence of the series H (a, y), 
(3.18) f K(2,2)H(2,y)de— È impala f K(a,2)da(2) 
G(X) | nm=1 Q(X) 
"Sa 2 Gnnÿn (y) Pa (x) = u(t, y) . 
Moreover, as u e0? (X), u(z, y) can be represented in the form 


(3. 14) -f EC Z) Asu (2, y)dz = u (z, y). 


Consequently, because of (3.13) and (3.14), we have the following identity : 


(8.15) Va, y) = Sock (x, 2) LH (2,4) + Ag (2, Y) aa |dz = 0. 


Let g (z, y) denote the bracketed expression in the integrand of (3.15). Then, 


(3.16) V (x, y) =f rc 2)g(2,y)dr= Q. 
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Our proof that g == 0 will follow the usual procedure of potential theory. 
Let Q denote an arbitrary area with closure in G(X), and 0* the boundary 
of Q. Represent the normal derivative with respect to Q* by d/dng-. Then, 


i f: dV /dng.do* 


=f. a f AK /änarg (a, yyds = fode dzg (2, anf. dK /dng-dQ*. 


The interchange of the order of integration being permissible because of the 
summability of the normal derivative of K [4]. Now, as is well-known, the 
last (interior) integral is — 2r if zCQ, and 0 if zCG(z) —Q. Therefore, 


— 2r f g(z, y)dz = 0. 
9 - 


As Q has been chosen arbitrarily, and as g is continuous, we conclude that 
g(x,y) = 0, that is, — Asu (x, y) = H (x,y). As the relation nu. 
= ĮI (z, y) follows in the same way, Lemma 2 is proved. 
We now consider the proof of the uniqueness result, which is stated as 
follows : 


THEOREM 1. Assume u(x,y) is of class CS(X, Y), is a solution of the 
equation Aju == Ayu, (£, Y) € G= G(X)X G(Y) and assumes vanishing boun- 
dary values on G*. Then, provided |(X)—p(¥)| 340, we must have 
u(z,y) =0 on G. 


Note. Under the following weaker differentiability requirements on w, 
Theorem 1 is still true: 


(8.17) wu, Agu, Aywe C?(X) and C?7(¥); Afue (Y), Aue C?(X). 


In general, functions possessing the differentiability properties (3. 17) on G 
are said to be of class D. 


Proof. By Lemma 1, 


(3. 18) u(z, y) — È cama (2) (9): 
and by Lemma 2, 


(3.19) O— Asu (z, y) — Ayu (z, y) = Scam (tim — Aa) n(2) Un (9); 


Thus, as (3.19) is uniformly absolutely convergent, and as the system 
{on(t)ym(y)} (n,m==1,2,3,---) is complete on G, Oum(pm—An) = 0. 
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Hence, as the characteristic values A, and pm are distinct by assumption, 
Anm = 0 (n,m = 1,2,8,- >), that is, u(z,y) == 0 for all (x, y) e G. 


4 Existence. The existence theorem which we establish has to do 
with a homogeneous boundary value problem—boundary values vanishing on 
G*—for the non-homogeneous equation (1.1). The proof presupposes the 
vanishing of f on G*. The restriction that G == G(X) G(Y) is such that 
| A(X) — u(F)| is uniformly bounded away from zero, is an indispensable 
requirement in the establishment of the existence theorem. Domains with 
this property are exhibited in the next section. 

Before stating our theorem we introduce some new symbols. 


Df (x, y) (Df (£, y)) 


will denote any partial derivative of f(x, y) with respect to z(y) of order k; 
D*f (z, y) will denote any partial derivative of f(x, y) of order k. (D°f(x, y) 


= f(z, y)). | 


THEOREM 2. Assume G—= G(X)X G(Y) is such that | A(X) —u(Y)| 
is bounded away from zero, and that f(x,y) e C(X,Y) on G. Moreover, 
assume that D*f(z,y), 0 5 k S 22, vanishes on G*. Then there ts a u(x, y) 
of class D (see (3.17)) which vanishes on G*, and is a solution of (1.1) 
on G. 


Proof. Assuming the existence of such a u(x, y), we first determine its 
series expansion. If we D and is a solution of (1.1), then the results of 
Lemma 2 are still valid, provided, as we have supposed, that f vanishes on G*. 
Thus | 


(4.1) u(z, y) — È imba (2) (9), 

(4.2) © Ana À tam (mn — An) bu) Yn (9). 
Now, as fe D, Lemma 1 yields 

(4.8) F(z) — È Bonn (2) (9), 

(4.4) bam — fo irte) J fle 9) 7m (de 


Consequently, as {¢a(2)¥m(y)} is complete on G and as (1.1) is valid, 
we conclude that | 


(4. 5) Ome (Hm — An) — byn (n, M = 1, 2. 3,° 2 sja 
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Thus, as (um —À,) is never zero, 


(4.6) u(z, y) = F Bam/ (tm — Ai) bn(2)¥m(9). 


Our immediate purpose is to show that the restrictions imposed upon 
f(x, y) in the statement of the theorem are sufficient to assure that we D, 
and that Asu — Apu =— f(x,y). Such a u(z,y) is unique by Theorem 1. 

The essential requirements for such a study are bounds on | D*p,(x)| 
(OSkS2). Such bounds are readily found in the literature for domains 
G(X) having simple closed analytic curves as boundary. Moreover, such 
bounds are effective in the case of our example, section 5. 

In the case where G*(X) consists of a finite number of analytic arcs, 
A. Hammerstein [4] has found the following bounds for the characteristic 
functions ¢,(z): | 


(47) |(a)| <An  (n=12,8-:.); (48) |D'h(x)| < AM. 


If G*(X) consists of a simple closed analytic curve, J. Schnauder [6] 
has determined bounds for the second and third partial derivatives of the 
solution of a general elliptic equation.in terms of bounds for the solution and 
its first partial derivatives. 'The general equation considered by Schauder 
includes as a special case the Poisson equation: 0?v/8x,? + 8/0? == p(21,02). 
Consequently, because of (4.7) and (4. cs Schauder’s results enable us to 
conclude immediately that | . 


(4.9) [Dig(z)| < AM; (4. 10) | Drga (z)| < Ade 


For the special domain G(X) considered in the next section, the charac- 
teristic functions ¢,(z) are given explicitly, and the fact that they satisfy 
the above bounds is apparent. 

It is now possible to show that ue D, and we commence this investigation. 
In a purely formal manner, (4.6) yields the equations 


Debu(t, y) — E bam/(im — Ann 9) Det (2), 
(411) : 
Dfu(x, y) = 2 bnm/(um — àn)pa (2) Dim(). 


Therefore, because of (4.10), if 


(4.12) S| Bam | mnt <o, and D | Bam | Anin? < 00, 
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then u (z, y) exists and e C°(X) and C?(¥). Consequences of (4. 12) are the | 
next two equations, 


(418) Aus, y) =— F Mbrm/ (im — M)bn(2)Un (9), 
(4.14) Au(z, 3) =— Spb am/ (im — Aan (2) n(Y), 
which show that 

(4, 15) Asu— Ayu = À Banda(2) Yn (y) = f(2, 9): 


From (4.13) and (4.14), we conclude that both A,w and Ayu are 
elements of C?(X) and C°?(Y}, if 


> Dim Jin < 06: 2 bis Anka Co, 
nm=1 ML 
(4. 16) | 
w œ 
à. Opa. | Addin ce, 2 bnm | mAn? L 0. 


The inequalities (4. 16) imply that 


(4.17) Au = SA ban/ (om — An) bn (T) Ym (¥), 
(4. 18) Ay — © pn Bam / (Hm — Anon (2) Ym (y). 


Hence, Au e C?(Y), and Apu e C?(X), if 
at 
(4. 19) > | Vie | Hm Ag? < . 
nii 
Therefore, it will be sufficient to show that 
(4. 20) > | Dam | Lim Am <0, 
mm1 


in order to conclude that u(z,y)eD. As 31/d,7 <œ and 31/pm_* < œ, the 
inequality (4.20) is certainly true if 


(4. 21) | bam | <B/(An® pm’) (n, m = 1, 2,3, °°). 


From (4. 4) and (2.1) we deduce that 
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(4. 22) 
ban { dypt) J fa, pénta)r 
G(Y) G(X) 


= Uae [dut J af 9) Set (2) 
— (A) fe dat fo Lastfié (eds 


— (1) [an(s fi [arelas 
In turn, (4.22) implies 


(4.28) Bonn (dnn) f des) S op (af) G). 


An application of Schwarz’s inequality to (4. 23) ae the desired bound 
(4. 21), namely, 


| bam | © (nm) L f [As (auf) J'dzdy i 
This result completes the proof of Theorem 2. 
5. An explicit domain G. We now propose to give an example of a 
region G = G(X) X G(Y) for which | A(X) —p(Y)| is bounded away from 
Zero. 


Take G(X) and G(F) to be squares with sides of length a and b, 
respectively. More precisely, let 


(5.1) G(X) = [0 5 z, 2: 5Sa], G (Y) = [0 <= 4, Y: = b]. 


Then, as is well-known, the corresponding characteristic values and functions 
are : | 


pr) = (2/a)sin(mr/ax)sin(nyr/at,), A(X) = mnt + na°)/a?, 
b. À 
M Yn(y) = (2/b)sin( tax /bys)8in(nyr/by2), (Y) = mnt + n?) /b7. 
As suggested by Mr. Louis Nirenberg and Mr. George Raney, we take 
(5. 3) a— 84h and b—k, 
R being any real positive number. Then 


| A(X) — wu (FX) | = (7/2?) | 8 (m? + n?) — (n? na) |. 
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We shall now prove that 
(5. 4) | | 3 (n? + na?) — (m? + nè) |: | (Na, Na, Nay Na == 1, 2, 3, - =) 


is never zero. A consequence of this will be | A(X) — p(V)| = o*/R*, a 
positive lower bound. 

Suppose there exists a non-vacuous set of points (m, Ma, Ms, M4) for 
which (5.4) is zero. There is then a point (mı, Mz, Ms, Ma) of this set for 
which ma? + m, is a minimum. . Thus, as any square is congruent either to 
zero or one modulo three, there are integers p, and gp; such that m,* == 379,2 
and m,7 = 829%, Hence, ma? + m: — 3 (p? -+ p). The same reasoning 
shows the existence of integers p, and p: such that m,? == 3°p,? and m? == 8203. 
Consequently, 3 (p1? + pr?) = (pè? + pi?) < (m? + ma’), which is a contra- 
diction. 


eni oF WISCONSIN. 
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OSCILLATION THEOREMS.* 


By CHoy-Tax Taam. 


_ L Introduction. In the present paper we shall study the distribution 
of the complex zeros of the analytic solutions W(z) of 


(1.1) PW /de + Q(z) W —0, 


where Q(z) is an analytic function of the complex variable z in the domain 
concerned. 
The method we employ in this paper is to derive a pair of simultaneous 
differential equations (2.7) and (2.8) which are satisfied by the modulus 
and argument of any solution W(z) along the real axis. Since the modulus 
of a solution and the solution itself have exactly the same zeros, the equations 
(2.7) and (2.8) reflect the distribution of the zeros of the solutions on the 
real axis. The results so obtained can be extended to the zeros of the solutions 
along any analytic curve, in particular. the linear segments in the z-plane. 
Using equations (2.7) and (2.8), methods will be developed to deter- 
mine regions in which there are no zeros and thus we may confine them to a 
certain smaller known region of the z-plane. These methods could to some 
extent complete the methods based on the Green transform as developed by 
E. Hille. 


2. The associated differential equations. On the real axis, equation 
(1.1) has the form 


(2.1) PW /de? + Q(x) 0, 


where x is the real part of the complex variable z. Let Q(z) be analytic along 
the real axis.. In the sequel, by a solution W (s) of (2.1) is always meant an 
analytic solution, not identically zero, unless otherwise stated. 

© Let 


(2.2) Q) =q, We)—u+iv, Wr) = re", 


* Received January 15, 1951; revised April 6, 1961. 

The author is grateful to Professor E. Hille for some suggestions in the present 
paper. . 

+See E. Hille, “ Oscillation theorems in the complex domain,” Transactions of the 
American Mathematical Society, vol. 23(1922), pp. 350-385. 
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where g:(x), galz), u(x), v(x), r(x), 8(x) are real and r(xz) = 0. The 
derivatives W’ (z), W” (x) with respect to x at any point where W (x) =£ 0 are 


(2.3) W= (r Hire, W” = [{7" —r (0) 3} + ifr8" + rey]. 


Substituting the expressions (2.2) and (2.3) in the equation (2.1) and 
separating the real and imaginary.parts gives 


(2.4) + (u(t) — (6 )'}rem0; (2.5) 10” + Rre + s 0. 
Multiplying equation (2.5) by r(x), it can be rewritten in the form 
(2.6) (6’r*)’ + q3(z)r? — 0. 


The equations (2.4) and (2.6) hold at every point of the real axis where 
W (az) 40. Ata point where W (x) = 0, r’ (£), r” (2), 0 (x) and (8 (z)r*(x))’ 
do not exist. We shall, however, replace r(x) and 6’(x) by functions F(s) 
and @(z) respectively (to be defined shortly) such that equations (2. 4) and 
(2.6) will hold at every point of the real axis. 

The new function Y(z), called the associated solution of W(2), i is defined 
as follows. If W(x) does not vanish on the real axis, let Y(2) —r(x) 
== (u° (x) + v7(r))t, —00 € x Low. If Wir) vanishes at the points a, 
a, < Ma, define V(r) (x) in ar ST Ga and F(t)=-—#(x) in 
aar- L T < aax, Where k ma O0, +1, + 2,: ::. l 

The associated solution F (+) and r(x) and W(x) have exactly the same 
zeros. Y (x) is obviously continuous for all z, and has continuous, first and 
second derivatives at every point where W (x) does not vanish. At every such 
point Y (a) satisfies both equations (2.4) and (2.6). 

We shall prove that Y’(z) and Y” (z) exist and are continuous at every 
zero a, of W(x). Let us consider the zero a. Since W’ (ds) <0, from the 
definition of F (x) and the Law of the Mean, we have, as za +, | 


Y’ (ao +) == lim [u(s)w (z) + v(x) v(x) ][u (s) + (TE 
= lim [u’(c)u(z) + v (ca) (2) ][(w (er) )? + (v (ea) 714 


wm [ (U (ao) )? + (V (ao) )*]4 == | w (ao)|, where a < C1, Ca < z. Similarly 
Y’ (ao —) — | w (ao)|. But Y’ (a) lim [F (2) — F (a) ] (£ — a), hence 
Y’ (ao) = lim Y’ (c) where c — y anda <c<rorm>c>r. Thus F’(x) 
exists and is continuous at dp. 

We shall soon see that 0’ (s) has a limit at the zeros a; of W(z). In 
equation (2. 4) replacing r(x) by F(x), we find that lim YF” (x) = Oas z — ap. 
By the law of the mean, 
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Y” (ao) = lim [F (z) — F’ (a) ] (z — a) — lim Y” (c) 
205 | Cd 


(do LCTO h >er). 


Hence Y” (x) exists and is continuous at ao. 


Between any two consecutive zeros, 4 < £ < Gus, W(x) can be repre- 
sented by a continuous curve not passing through the origin in the W-plane. 
Then (x) can be so determined that it becomes a continuous function of s 
with continuous first derivative in & < £ < a4,,; namely, 


(x) = [u(2)v (2) —v(e)w (2) [u (2) + 0 (2)]* if a <2 < a 
By de L’Hospital’s rule it is easy to prove that | 
Lim Ø (2) == 2 [w (ay) (as) — 0” (as) uw’ (ax) JE (a)? + (0 (as) T5 = 0, 


whereæ— au. Define (2) == #(x) if z534 a, and (z) = 0 if t = a, where 
i—0, +1, +2, . | = 

Clearly (x) is continuous for all x, and from equation (2.6) it can be 
shown that (®(2) Y?(2z))’ is also continuous for all z. Hence for each given 
solution W (s) of (2.1), its associated functions F(x) and (x) satisfy the 
simultaneous differential equations 


(2.7) F” + (q,—-8)¥—0; (2.8)  (@¥?)’ + QY’? = 0. 


3. A physical interpretation of equaltions (2.4) and (2.6). Consider 
a particle of unit mass whose position in a plane at time x is (r, 0), which 
moves under a force qı(x)r directed toward the origin and a force qe(r)r 
perpendicular to the radius vector but in the negative direction of 6. Equation 
(2.4) gives the relation of the forces acting along the radius vector, and 
equation (2.6) expresses the connection of the rate of change of the angular 
momentum to the moment of force. 


4, Distribution of zeros on the real axis. In this section we study the 
distribution of the zeros of the solutions of (2.1) on the real axis by means 
of the equations (2.7) and (2.8). As in section 2, x is here a real variable. 


THEOREM 4.1. If W(x) ts any solution of (2.1), q2(x) 40, and if 
y(x) ts a real-valued solution of y” + qi(z)y=—0, y(x) £0, finally tf the 
zeros of y(x) are by bi < bin, (1 —=0,+1,4 2,---), then W(z) has at 


most one zero tn by SoS by. 
a 
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Proof. Suppose that W(a) has more than one zero, and that one of 
them is a From (2.8), 


&(2)¥%(2) —— f “ga(2)¥*(2) dz, 


because W(x) and its associated solution Y (x) have the same zeros. Since 
Q2(z) 50, Y (z) 5% 0, then #(z) £0. Now consider the equations 


(4.1) F” + (qe) —8(a)F=0; (42) + q(z)y=0, 


which are satisfied by Y (x) and y(x) respectively. By Sturm’s comparison 
theorem,? we find that between any two consecutive zeros of Y (x), there is at 
least one zero of y(x). If F (x) has more than one zero in SoS bis, then 
y(z) has at least one zero in b< x < bm Since y(x) has no'zero in 
bi <a < bus. then F(x) and consequently W(x), has at most one zero in 
bg SoS bin. 


THEOREM 4.2. If W(x) is a solution of (2.1), and tf qa(z) changes 
sign at cy a < Cy, (t= 0,+1,4+2,---), then W(xz)W’(x) has at most 
ONE ZETO IN U SS BS Cy. 


Proof. Suppose that W(x) W’ (z) has at least two zeros a, and az, a, < dy. 
Since W(&)==0 implies Y(a;)—0 and W’(a,) —0 implies # (a) —0, 


integrating equation (2.8) gives ii (x) ¥?(e)de—=0. Hence q(x) must 
ay 


change sign at least once in a < £ <a If W(s)W (x) has two zeros in 
GET Ga, then q.(z) must change sign at least once In q < T< Cys. 
Since g:(æ) does not change sign in ¢ <T < ti, then W(z) W(x) has at 
most one zero in 4 Ss T SS Cy. 


5. Zero-free intervals. Suppose that W (a2) has a known zero, and 
without loss of generality, it is assumed to be at the origin. The theorems 
in this section will provide methods to determine intervals about a known 
zero in which the solution W (x) does not vanish again. 

THEOREM 5.1. If W(x) is a solution of (2.1), W(0) —0, and if 
Max q:(z) = M > 0in0 2a, then W(x) #0110 < oS Min(a, M4) 
provided that Q(z) s&£M, and W(z) £0 in 0 Lx < rM% and Q(x) =M 
provided that rM = a and W(x) has the zero x Mi. 


Proof. Let F(x), y(x) and u(x) be the solutions, respectively, of the 
following differential systems: 


2E. L. Ince, Differential Equations (Dovey, 1944), p. 226. 
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(5.1) Y” (ms) —#*(2))F—0,  F(0) —0; 


(5. 2) ÿ+q(z)y—=0,  y(0) =0; 
(5.3) w'+Mu—0,  u(0) —0, 


where F(x) is the associated solution of W (s), and y(z) 5£0, u(z) 5 0. 
Denote by b, c, and d, respectively, the smallest positive zeros of Y (x), y(x) 
and u(z). If (z) 56 0 and gq, (x) #£M, an appeal to Sturm’s comparison 
theorem gives 0< d<e<b. Hence cmb implies $° (s) =0 and d= c¢ 
implies qı (£z) == M in 0 Ssa. Since d =a rM, if W(x) has a zero rH, 
then d == c == b and hence ° (z) = 0, qı (x) == M. Consequently from (2.8), 
g2(z) = 0 and Q(z) == qu (z) =M. The rest of the theorem is now obvious. 


THEOREM 5.2. If W(x) is a solution of (2.1), W(0) — 0, and if 
qlr) S0 in OS2eSa and q(x) changes sign at z—a, finally if 
Max gı (1) =M > 0 in a&rSb, then W(z) 0 in 0<zS& Min(b, 
a + 2 trM 4), 

Proof. Y(x) is a solution of the differential system 
(5. 4) F” + (gr) —#(z))FY=0,  Y(0) —0. 

Define y(z) — Cz, C>0, in 0Zæ£a, and y(x) = À cos(Mir + B) in 
a< 2b, where Ca == À cos( Mia + B),C—— AVM sin(Mia + B). It is 
easy to see that y(x) satisfies the following differential system, except at z == a, 


(5. 5) y” +- fle)y—=0,  y(0) 0, 


where f(z) =0 in 0S 2a, f(x) == M ina<eSb. Following a line 
of reasoning similar to that in the proof of Sturm’s comparison theorem, we 
find that the smallest positive zero of Y(x) is greater than the smallest 
positive zero of y(z). If the latter is denoted by c, then (Mic + B) 
— (Ma + B) > 2/2, hence ¢ > a + 247 M4. 

Similar zero-free intervals to the left of the origin can be determined 
by using Theorems 5.1 and 5.2 after obvious modifications. 


THEOREM 6.3. If W(x) is a solution of (2.1), W(0)W’(0) — 0, and 
tf da(z) keeps one sign ina S20, and in 0 S23 b, then W(x) W’ (£) 0 
macsecr<00<cesSb. 


Proof. This theorem follows immediately from Theorem 4. 2. 


6. Along analytic curves, linear segments. If p is a point on an 


& 
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analytic curve è C, z == f(t), y = g(t), a =t< b, then p can be represented 
by z = x -+ iy == f(t) +ig(t). Along © the differential equation (1.1) has 
the form i 


(61) ` a’W/di? + A(t)dW/dt + B(t)W = 0. 
Let H(t) = W(t)exp(8*fA(t)dt). Then equation (6.1) reduces to 
(6. 2) =, @H/dt? + J (tt) = 0. 


Hence our results obtained on the real axis can be extended immediately to 
the zeros along any analytic curve. 

Along the ray 8— 6, any point p can be represented by zma ret, 
0 6 < Pr. Along this ray, (1.1) becomes 


(6.3) | dW /dr? + Q (ret) e260 =m 0, 


The real and imaginary parts of Q (r exp (18o) )exp(126)) are, respectively, 
A = qı (T, 49) cos 205 — qe (T, Oo) sin 260, B = qı (7, 00)8in 265 + qe (Tr, 0o) COB 260. 
where Q (r exp (to) ) = qı (r, 90) + iga (r, 80o), qi(T, 90) and qa(r, 0o) are real. 

Let W (z) vanish at the origin. The theorems of section 5 provide us 
methods to determine linear segments on the ray 6== 6, in which W (z) does 
not vanish again. Let r, be the positive root of the equation 


(6. 4) r{Max A (r, bo) } $ = To where OSTE ro. 


Then by Theorem 5.1, W(z) 540 on the ray 0—06 for O< T< fo or 
0 < rX r, according as Q (r exp (i8) )exp (128.) is a positive constant or not. 
Denote this linear segment by Lı(8o). If A(r, 0) S0 for all r= 0, let 
L:(8) be the ray O0< r<w, 8— 865 If A(r,&) S0 for OS rr, and 
A(T, 0a) changes sign at r= r, and if r, is the root of the equation 


(6. 5) Qtr {Max A(r, bo) } = re — rı, where n ErS ro 


then by Theorem 5.2, W (2) 40 on the ray 0 == 4, for 0 < r&r} Denote 
this linear segment by Z:(4,). Again if A (r, 4.) & 0 for all r = 0, let La(0o) 
be the ray 0 < r <œ, 0 = fo. If B(r, 6.) keeps one sign for 0 < r <r, on 
the ray @== 4, and changes sign at r= r,, then by Theorem 5.3 W (z) W’ (2) 
does not vanish along the segment 0 < r & Tı, 0 = ĝo. Denote this linear 
segment by L:(8). If B(r, 6) = 0, we agree that Ls(0o) contains no points. 


7. Zero-free regions. The results of section 6 enable us to construct 
regions of the z-plane in which W (z) does not vanish. 


3 See W. F., Osgooda’ Lehrbuch der Funktionentheorie I, p. 702. 
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As 6, varies from 0 to ®r, each linear segment Z,(4),i— 1, 2, 8, generates 
a region which we denote by 2. In view of the discussion in section 6 and 
the construction of R, the following theorem is now obvious. 


THEOREM 7.1. If W(z) ts a solution of (1.1), W(0) —=0, then 
W (z) =~ 0 in Ry + Ra + Rs, W (2) W’(z) == 0 in Ea: 


THEOREM 7.2. If W(z) is a solution of (1.1), W(0) —0, and if 
Max | Q(2)| — M > 0 in | z| Sa, then W(z) 40 in 0 < | z | S Min(a, r+) 
if- Q(z) = const., W (2) #0 in 0 < |z| < rM- and it has exactly two zeros 
on the circle | | M3 and Q(z) =C, |C | = H, if it has a zero on this 
circle and wM4 a. 


Proof. The differential equation (1.1) along a fixed ray reduces to 
equation (6.3). Since 


M = Max | Q(2)| = Max | Q(ret#) et | = Max A (r, 60), 
[s| Sa [s|sSa or Sa , 


where A (r, 4) is the real part of Q (r exp (#4) )exp(120,.), hence by Theorem 
5.1, we have W(z)=s<0 on the ray for 0 < r< Min(a,rÂf 4) provided 
Q(z) >£ constant and Max A (r, 4) for 0 = r Sais positive. If A(r, &) SO 
in 0 ra, the assertion above holds in view of Theorem 5.2. Letting bo 
vary from 0 to 2v, we have the first part of the theorem. 

Let rM <a and let W(z) have a zero on the circle |z | == rM, say 
aM exp(10,), 0,==constant. Applying Theorem 5.1 to equation (6.3) 
gives Q (r exp(10,) )exp(126,) == M. Hence Q(z) is a constant on the ray 
6—6,. But Q(z) is analytic, so Q(z) — M exp(— 2i8,) —C, | C | =H. 
The second part of the theorem is now obvious. 
| Along a straight line parallel to the Imaginary axis, 2 == T, + ty, equation 
(1.1) reduces to | 
(6.6) a?W/dy? — Q (zo + ty) W = 0. 


If Q(r +4) = gs, y) + iga(2,y), W(e+ ty) =u(z,y) + tv(z,y) and 
Y (x, y) = (u° (x, y) + v? (z, y) )*, where qi (T, y), qa (7, y), u(z, y) and 
v(x, y) are real, then Y (zo y) satisfies 


(6.7) PY /3y* — (qı (Zo, Y) + B* (Lo, Y))Y = 0. 
The following lemma is used to prove the next theorem. 


Lemma. If W(z) ts a solution of (1.1) and ts real on the real axis, 
and tf qi(t%,y) Z0 for OS ya and q (zo Y) changes sign at ya, 
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finally tf Max {— q:(%,y)}—WM for a = y <= pb, en W (z; + ty) ca ie 
0 < y S Min(b, a + 24M 4). 


Proof. Using the Cauchy-Riemann conditions and condition (2), it is 
easy to show (x, 0)0Y (to; 0)/0y — 0. Hence either F(2, 0) —0 or 
3Y (Xo, 0) /8y == 0, but not both. | 


Case I. P(zo, 0) = 0, OY (xo, 0) /fy 5% 0. ` The lemma follows from a 
proof similar to that of Theorem 65. 2. 


Case IL. Y (ao, 0) £0, 8Y (to, 0)/6y =» 0. Define S(y) to be Y (zo, 0) 
in 0 Sy Sa, and Y (a, 0) cos (My + D) in a < y & b, where cos (Mia + D) 
— 1, sin (Mta + D) —0, Then S(y) satisfies the velom equation, except 
at y = a, | 
(6.8) a8 /dy* + f(y) S = 0, 


where f(y) = 0 for 0 = y = a, f(y) =M fora<yb. On the other hand 
Y (zo, y) is a solution of equation (6.7%). Along a line of reasoning similar 
to that of the proof of Starm’s comparison theorem, it is seen that the smallest 
positive zero of S(y) is less than the smallest positive zero of F (2, y). 

smallest positive zero of S (y) is a + 272M, Hence the lemma is established. 


After obvious modifications, the lemma applies also to the other half of 
the line 2 == £% + îy.. 
Let gi (zo, y) Z0 for OS ySa and suppose it die sign at y == q, 
Let b be a root of {Max — qı (2o y) }3 =b —a, where a£ y £b, and 
denote by P(xo) the point z = to + ib. Using a similar method, determine 
a point Q(z) on the line z = Zo + iy below the real axis. The lemma shows 
that W(z) has no complex zero along the linear segment P(2o)@ (Zo). Letting 
To vary from @ to £, the segment P(T,)Q (zo) generates a region which is 
denoted by Rag. 


Tueorem 7.8. If W(z) ts a solution of (1.1) which ts real on the real 
azts, then W(z) has no complex zero in Rag, where Rag ts any of the regions 
constructed above. 


This theorem, which follows from the construction of Rag, holds also if 
W (z) is imaginary, instead of real, on the real axis, because tW (z) is then real. 

If W(z) is real or imaginary on the imaginary axis, a similar zero-free 
region may be constructed. 


‘THE UNIVERSITY OF Miss0uRr. 


ON THE EQUATION as — bv = 1.4 


By Wm. J. LEVEQUE, 


1. Introduction. Equations similar to that of the title were apparently 
first considered by $. S. Pillai [1]* in 1931. He showed then that for any 
fixed set of integers a, b, c, the equation a? — bY == c has only finitely many 
solutions, and that for fixed a, b the number of solutions of the inequality 
0< a? — b&n is asymptotic to | 


log? n 
2 log a log b 
as n—>co. À. Herschefeld [2] showed that the equation 2° — 37 = c has at 
most one solution for large c, and Pillai [3] extended this to af — b! = c for 
c > Co==C0(a,b). We show here that the equation . 


(1) a? — bY == 1 


has at most one solution unless a = 3, b 2, when there are just two. The 
complete statement is contained in Theorem 6. 

Since there is evidently no solution of (1) if (a,b) >1, we assume 
throughout that a and 6 are relatively prime and larger than unity. Then 
exactly one of a,b is even; the case with a even is discussed in § 2, the case 
with a odd in §3. Lemma 2 of § 3 was proved by A. Bindoni [4], but the 
proof given here is somewhat shorter and is included for completeness.’ 

As application of the principal result, it is shown in § 4 that the relation 


SE — ( Ý k)? is the only one of its kind, i. e. that it is the only instance 
k= k=l 
of the equation 
$i k = (SH) 
k=1 k=1 
with r > 1. 
All letters stand for rational integers. If a belongs to f(modB) (i. e., 
if z == f is the smallest positive solution of the congruence af = 1 (mod B)), 


we write «—>f(B). The symbol [#,,- - <, tr] means the 1. c. m. of t'>, tr 
If p is prime and p° | 8 while pf 8, we write p° | B. 


* Received May 8, 1950. 
1 Numbers in brackets refer to the bibliography at the end of this article. 
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2. The case a even, b odd. 


THeorEM 1. The equation (1) has at most one solution if a is even 
and b is odd. If 22 || a and 28 | b + 1, the only possible solution ts with 
T = B/a,1if a > 1, and wth T == 1 or B if Gem 1. 


First assume that (1) holds and that at least one oF a, 2 is larger than 
unity; i. e., that az Z2. Then 


a = (b —1 1 1 m (b—1) YO — IT + 2 Hg) +2. 


Put a = 29. q: 
b 





_RT-1g,7 = gy-l ( ce =) + y2u-? ey)" -+ ons = = + 1; 

2 2 2 
it follows that y is odd. Putting 6 == 28- b, — 1, we have a* == k — 1Y +1, 
so that 28 | a*, 8 == ag, tm B/a. 

The proof will be complete when we show that if a == 1 aaa (1) has a 
solution with s = 1, it has no solution with z > 1. Assume that there is a 
yo such that a— bo == 1, and that (1) holds for some s > 1. Then y > % 
and we have 


(BY 4 1)?— bY = 1, bur bio LE chm dy 0, 


whence b|z. Put s== bz. By the earlier part of the proof, the only 
possible solution of (a?)* — bY == 1 ig with 2’ == 8/a’, where a’ =m ab mm b, 
But 8 < & for b > 1, so that «TB. 


3, The case a odd, b even. 
THEOREM 2. If a—>1(b) and b—2(a), then a=b +1. 


We have a =a jb + 1; b? mes ha + 1, 80 that b? — jÿhb—(h +1) —0. The 
discriminant of this quadratic must be a square, so that 77h? -+ 4h + 4 ri, 
Since r > jh we can put r = jh + a with «> 0. This gives 4h-+ 4 == 2afh + ai, 
so that à is even, and a = 2 or h is negative. Since h is positive, œ == 2, 7 == 1, 
a=b +1. 

Now assume that there is a solution of (1), where now a is odd and b is 
even. Then clearly b belongs to an even exponent (moda), and we define 
So to by the conditions a —> s,(b}), b > 2te (9), and define Sx, tẹ recursively 
by the conditions 


QED Sk- > Sg (bto tm) bio. tig + Qty (a2) , 


THEOREM 3. If (1) ts solvable, then there is a g for which La = 50" + 8%, 
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Yo—= to" " ‘ty ts a solution, and for every solution (x,y) of (1), ao|2 
and Yo | y. 

Let (x, y) be a solution of (1). Then clearly so | z, to | y; put 2, == 2/80, 
Yı = y/to. IË So = to = 1, then by Theorem 2, a— b = 1, and the theorem 
holds with g == 0. If sof) > 1, then gy, < zy and we have (a*)* — (bf)! == 1. 
As before, 8, | 2, tı | yı. If st, — 1 the theorem holds with g == 0; other- 
wise, putting Tg =m 21/81, Ye = Yi/ti, we have (a’)* — {bit — 1, where 
TY. € TıYı Continuing in this fashion we must encounter a k for which 
8, = ly = 1, for otherwise we would have an infinite decreasing sequence of 
positive integers ry. Then g = k — 1. 

Two problems now confront us: to investigate the g of Theorem 3 and 
to show that unless a is 3 and b is 2, (£o, Yo) is the only possible solution of (I). 
We need some preliminary lemmas. 


Lemma 1. If p is an odd prime and p{ab, each of the congruences 
a = b (mod p*) and a” == b? (mod p**:) implies the other. 


That the first congruence implies the second is easily proved by induction 
on s. The reverse implication is proved for s = 1 by using Fermats theorem 
and induction on k, and this result is used to prove the general statement 
by induction on s. 


Lexma 2. If a—>t(p), p an odd prime, and tf p* || at—1, then 
a—> tpn) (pr), where m(x) denotes x for x > 0 and 0 for z = 0. 


Assume the hypotheses of the theorem are satisfied. If nz, then 
p"|at—1. If p"| at’ —1, then p | a —1, so that t =t. This proves the 
theorem for n = 2. 

If n >z, Lemma 1 shows that «t?™" = 1 (mod p"). We must show that 
a? =£1(mod p”) if d is a proper divisor of tp**. Let d = tıp withr=n—2, 
t | ¢, and assume that «t? == 1 (mod p”). By Lemma 1, «= 1(mod pr”). 
Since n — r == z, this contradicts the definitions of t and z, unless r = n — z7, 
f = ty, 


Lemma 3. If aj—>t(8,) for i=1,: ::,r and if the B; are pairwise 
coprime, then 


II u> [t , %] (mod II fi). 
{zl 4=1 


This- is obvious. 
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We have shown that any solution (z, y) of (1) is such that To | £, yo | y. 
Putting a™ = m, brom bi, t/t) 2’, y/y, =y, this means that if (z, y) 
is a solution of (1), then (2’,y’) is a solution of (b, +1)” — b,” — 1. 
Theorem 4 shows that (x , yo) is the only solution of (1) unless a == 3, b = 2. 


THEOREM 4. The only solutions of 87— 21 = J are (1,1) and (2,3). 
The only solution of (a + 1)7— av = 1 with a even, a > ? ts (1,1). 


Let p be an odd prime dividing a + 1, and put a + 1 == mp, y=1, 
ptm. If (a L1)®— a” 1, then (mp — 1) == — 1 (mod p). Since 
a@—>2(p) and pY || a?—-1, Lemma 2 shows that a—>2p7*(p7*). Hence 
y == pv) (mod 2p7), and so y = Npv*. This gives 


(a + 1) — anor? a], 


But gent 32-1 for T>, and for di a > 2, git iss (ap dred for 
z> tl. 


| We must now Du the g of Theorem 8. 


_ THEOoREM 5. g—0 or 1. In either case, yo = toy Do = 808. 


Let a= II pp%; here and hereafter p ranges from 1 to r in all. ergs 
and [fp] will mean the Le. m. of fı, © >, fr. We are assuming that (£o, Yo) 
actually is a-solution of (1), so that b == — 1 (mod pp») and the exponent 
to which b belongs (mod pp) must be even, say Rrp. Let ppt || b?Te— 1 ; then 
Pete || 67 T 1. By Lemma 2, 


b —> 2rppp™r sp) (mod pp*), 


so that, à Lemma 3, i == [ropp r]. Now let b->20, (pp%™), for 
pcs I,- -,17. From the way it was defined, it is clear that y, is the smallest 
exponent such that bro == — 1 (mod a), so that w= [op]. From Lemma 2, 


oa Cp = Tp pp” Omp), ee p=d:::,r 
so that | | 

do Crop Erta] — ty I pp rep nr), 

and de et | ` 
(2) PT ET TE 
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Since ph‘? | be + 1, both pp% and poto divide bY -+ 1. Let pple | be +1; 
then de: 
(3) fp = Max(ap, zp) 


and for some x noto divisible by any pp, 


(4) bf == x I ppe — 1. 
Thus (2) gives 
(5) Hm (A pec ee ee 


By Lemma 1, for each p, 
| (x IL ppe — 1)? EEOAE | (mod ppser(apte-sp) an lcip~tp)) 


so that (5) gives 


ppt == 0(mod p piptm(apro-sp)-m(ap-zp)) 


whence Gp%o = fp + M(apTo—2p) — map —#p). But by (8) and the 
definition of m(u), f 


GoTo alWays 

TEE S a N S po y 

Èp ++ m (apto Zp) mn (Gp zp) = } GT aE 1 if Zp > GpTo- 
Hence . 

(6) fp == Max(@p, Zp) and zp = apTo- 


For brevity, put a == ID pip ™p%r-#p)~m (cpap) and put 


TP — Tl pp ™apte-zp)-m (cpp) 
p=l 
prés | 
We will show that unless q == 3, b= 2 the only solution of (5) is with 
To == 8081, by showing that otherwise the right side of (5) is larger than the 
left when x == 1, and a fortiori when x > 1. We have 


' (E ppt? — 1)" + 1 > (pot — 1)" 
and wish to investigate the circumstances under which 


(7) pp = (ppe — 1). 
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. Case I. For some p, &p= zp. By (6), Cp =a 21. If we choose 
Pp == 3, % =I, To = 2; Tp = |, then 


pp%* == ( Pp% — 1). wp He 1. 


Clearly any increase in pp, Gp, Zo Or wp Would make 


ap{ro-1} 


pores VU à Li Rp 


and of these four quantities only x, can be decreased, so that the only solution of 
(7) with zo > 1 is that given above, which leads to the exception 3? — 25 = 1. 
But if to == 1 then 8s): - -s,==<1, so that 8o = $, == 1, from which it follows 
that tı == 1, 80 that g == 0. 


Case IT. For all p, Zp > ap. Then fp = Zp = apx, by (6). The only 
circumstances under which the inequality - 
pp < (pp? — 1) 7" mp 
is false are that pp = 3 or @p%— Zp == 0, rp == 1. If the only prime factor 
of a is 3, it is easy to see that again apr — 29 = 0. From (2), ate-4* — bio — 1, 
Since #;==1, S= 1, 80 that g==0 or 1. This completes the proof of 
Theorem 5. 

Combining Theorems 1-5, we summarize: 


THEOREM 6. The equation (1) has just the two solutions (1,1) and 
(2,3) if a= 3, b—2. In all other cases it has at most one solution. If a 
is even and b is odd, the only possible solution ts with x = B/a tf 2° | a, 
RÉ b +1 and a > 1, and with s=] or B if a—1. The only possible 
solution if a ts odd and b is even is (8081, to), where a —> 5,(b), b — 2to(a), 
at —> 8, (bte). | 


4 An application. As an immediate consequence of Theorem 6, we have 
Tarorem 7. The equation 


(8) bet 1 = (bt 41)" 


has no solution with r> 1 if b> 2; it has the sole solution r — 2, s = 3, 
t == 1 if b = 2. 


For putting a == bt +1, (8) gives a = b!4+ 1. But the equation 
a? — bY =m 1 has the solution (1, t), and therefore has no other solution unless 
D =a 2, Q == 8. 
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n % 
THEOREM 8. The only solution of the identity S k= ( X, kt)" with 
k=l k=l 
T> Í 18 r= 2, $= 3, t= l. 


For by taking n == 2 the identity reduces to equation (8) with b = 2. 
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SUM FUNCTIONS IN ELEMENTARY p-ADIC ANALYSIS.* 


By Gorpow OVERHOLTZER. 


Introduction. I. Schur in [5] introduced as the derivate of the sequence 
{an} with respect to the number p the sequence {Aa,}, the individual term of 
which is given. by 
(0, 1) Ady = (dns — On) / p°, 


in order to generalize Fermats theorem of elementary number theory. 
Fermat’s theorem states that if p is a rational prime, a a rational integer, 
the rational numbers Aa” are integers. Schur proved that the terms of the 
first p— 1 Schur derivates of {a*"} are integral if (a, p) — 1, where (a, p) 
is the greatest common divisor of a and p. ` 

The author in [4] used the Schur derivates to generalize the number _ 
theoretical result that the sum of the k-th powers ( an integer) of the integers 
less than and prime to p”, p a rational prime, n a positive integer, is divisible 
by p"™* or p” according as p — 1 does or does not divide k. Thus the sequence 


(0, 2) {[(Gp)=1L1£<i<p"] 2 t/p"}, 


has denominators at most p. (Summation conditions will frequently be 
written before the summation sign. If the summation conditions are not given, 
they remain those previously indicated for that summation index.) It was 
shown that the Schur derivates of all orders of the sequence (0,2) are p- 
adically bounded. This result followed from a general formula for the Schur 
derivates of the sequence 


(0, 3) | {L6 p)=1,1 S15 p"] 2 g (1)/p"}, 


where g is a function defined on the p-adic integers satisfying certain 
analyticity conditions. It was noted that the function g(x) might be defined 
by different power series in different residue classes. 

In the present paper, sums of functions defined by power series where 


* Received March 17, 1950. This paper forms a part of the author’s doctoral 
dissertation written at Indiana University. The author wishes to take this opportunity 
to thank Professor AL A. Zorn for his aid and encouragement in the preparation of this 


paper. 
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the argument is restricted to a single residue class module p° are studied. 
It is found that the Schur derivates of the sequence 


(0, 4) {L= (mod p*),0 S1 S p* — 1] 2 g(t) /p*}, 


formed by summation in a single residue class up to p” and division by p”, 
are given by formulae analogous to those for the derivates of (0,3). The 
sum over several residue classes may be defined additively. 

A part of the theory is extended to generalized representatives assigned to 
the non-negative integers by a recursion using the development of the integers 
in the number base p, given an initial set of representatives assigned to 0,- - -, 
p — 1, and an element with the same valuation as p. The generalization of 
arguments over which sums are to be taken is desirable. for discussion of the 
p-adic analogs of the p-adic theorems given here. The p-adic case is not 
discussed in this paper. 

A general expression in terms of Bernonllian numbers is | found for the 
p-adic limit of the sequence (0,4), and evaluated for certain special functions 
g(z). The limit for g(x) — exp z,i1=0 (mod p) is evaluated by two methods. 
Equality of the two results yields the same equation as that given by a power 
series identity on substituting æ—#p, for which both members are defined 
p-adically. - 

The limit for g(r) = log z, it = 1 (mod J suggests the aes Stirling 
series for logIT (s), where T(r) is the classical gamma-function. If I, is 


‘ rs n-i , - 
defined for positive rational integers by T(n) — [I (1+ tp), the limit of 
= £ i=0 “+ 
the divided sums (0,4) for g(x) —loga is given by p~” lim log T,(p")/p", 
where n—>œ. The function I',(n) is shown to be uniformly continuous and 
hence capable of a uniformly continuous extension to the p-adic integers. 


The proof depends upon a generalization of Wilson’s theorem. 
The examples studied suggest consideration of the difference equation 


(0, 5) | f(z +1) —f(s) =g (2), 


with a given initial condition. .If g is continuous, the difference equation 
(0,5) has exactly one continuous solution in p-adic analysis, given by the 


continuous extension of S(n, g) = = g(t), which is the function formed ‘by 


summing g(x) over the integers up ee n E f (x) is given by a power series 
with somewhat restricted coefficients, the sum function S(z,f) is analytic, 
that is, given by a power series. For generalized. representatives for which 
the initial representative set is complete, the sum function of a continuous 
function is continuous. 
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Some limit results permit the interpretation that lim S(p”, g) /p", where 
n—> œ, is the derivative of S(x, g) at zero. 


1. Representatives, sums, a Schur derivates. In this section, the 
manner of assignment of representatives to the non-negative integers is 
described. Notation for the sums of functions g(s) with the argument 
restricted to the representatives of a single residue class modulo p° is 
introduced. The Schur derivates of all orders of the sequence formed by 
summation in a single residue class up to p" of the values of a power series, 
are given as infinite series in sums of values of the derivatives of the power 
series. 

Throughout the paper p will denote a rational prime, and the analysis 
will be understood to be p-adic. In particular, | a | will be understood to be 
the p-adic valuation of a. Let fo’ ',Tp- be an arbitrary set of p-adic 
De Express the positive rational integer + in the number base p. if 


i= À i”, 0Si,S p—1, and i Z p, define n= Sr, where | q|—| p |. 


A a of p-adic integers r; assigned to the integers PT to this definition 
is called a set of generalized representatives. If the set of initial represen- 


tatives fo,` * ‘ , Tp- forms a complete residue set, the representatives are said 
to be initially complete. 
Tf, in particular, T, == t, tom 0,: + -,p—1, and q = p, then r= 4 for 


all integers à. These representatives will be called standard. 


(1,1) THEOREM. I f a set of generalized representatives is initially com- 
plete, then ry = ry (mod p°) tf and only if Y =t (mod p°). 


CA e” 
Write = Sip,” == Du pe, 0 St,” Sp —1. 
k=0 k=0 
Then if Ts (mod p°), 
e-1 e’ a” 
D (Tie m Ta) E + È rwg — 2 reg == 0 (mod p°). 
k=0 k=¢ k=e 


Since | g | = | p |, and the same congruence holds to the modulus p, ry == fru” 


(mod p), and ri; = Te” OF tp = Ip, SINCE fo, * * * , Tp- form a complete residue 
set. Similarly t/q", k==1,---,e¢-—-1. Then t’==2” (mod p°). 
If =t (mod p°), ty’ = tk, ke=0,-°+,e—1. Then 


e’ a” 
ty — Ty = D Tyg — Done 0 (mod p’). 
k=o k=e 


If the assignment of representatives to the non-negative rational integers is 
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regarded as a mapping from the non-negative rational integers to the p-adic 
integers, (1,1) states that r is an isometry, that is, |# — i” | — | re — re |. 

Let g(x) be a function defined for p-adic integers. Let us introduce an 
abbreviation for the sum of function values when the argument is restricted 
to representatives assigned to the integers in a single residue class modulo p 
and less than a given integer n. Define | 


(1,2) o[to(p*), mg] = [i= i (mod p*),0 £i£n—1] £ g(r), 
(8) S(p), m g] = olio (p°), n, g/m. 


Greek letters will indicate summation over generalized representatives; 8 is a 
divided sum. 

For summation over standard Ne capital Roman letters will 
be used; thus we write 


(1,4)  S[i(p°),n,g] = [i= i (mod p°), 0 Si S n— 1] 2 g(t), 
(1, 5) D{to(p ), n, g] = S[to(p*), n, g1/n. 


The definitions (1,2) through (1,5) are for a single residue. class, the 
neighborhood of à, with radius | p° |.: For a finite set of neighborhoods, these 
restricted sums may be defined by summation of the appropriate formulae. 

According to (0,1), the individual terms of the Schur derivates of 
{8[to(p*), p”, g]} with respect to q are given by 


A™8[to(p°), p", g] = A(A™3[to(p"), p" 9]) > o 
— (A8 [io (p°), °°, g] — A8 [io (p°), p", g])/a™*. 
If g(x) is given by a power series, and the divided sums ê[t (p°), p", g®] 


are bounded uniformly, the, terms of the Schur derivates can be expressed 
as an infinite series in ê[t (p°), p”, g®], where g® is the k-th derivative of g. 


(1,6) Trrorem. If g(x) is a function define for £= fy (mod p°) 
and can be expressed in a pag ‘serves 
g(t) = > 9 (ri) (@— 1 )9/91, 


convergent tf |z—r | S | p° , Sli (p°), p*, gP] is bounded uniformly with 
respect to k, and the Schur derivates are taken with respect to q, then there 
exist coeficients L(y) independent of n and g such that for n= e, 


(1,7) = A™8[to(p*), p*,g] = a (y)ma to (pe), p*, g9], 
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(1,8) L(y) = (P) >È (n)7/71, 
(L9) LO%(y) = [k Hr =y eZ m v BL] I MLM (a) (v) 


+ L(y) (grm gt), 
(1, 10) |B) S | pee |. 


The proof is similar to the proof of Theorem (1,8) of [4]. To construct 
the proof from the one given in [4] write y[t.(p*), p", g] for Z'[n, g(x) ], 
s[i (p°), p”, g] for S[n, g(x) ], ry for y as an argument of g, and q for p in the 
power series development and the formation of the Schur derivate. The 
divided sums are still formed with p, which plays here ae role of the number 
of residue classes modulo p. 

The exponent of p in L&(y)q*-™8[4.(p*), p”, gM], y = m, isat least 
n(y—m) —2m—y/(p—1) +N, if |pN| is the uniform bound of 
d[4.(p*), p”, gM]. This exponent is an increasing function of y. Therefore 
all terms of the m-th Schur derivate after the first contain a power of p with 
exponent at least n — 2m — (m-+1)/(p—1) + N, the value of the exponent 
for y—-m+1. The exponent n(y— m) — 2m -—y/(p—1) +N is an 
increasing function of n. Hence{A8[1)(p*), p”, g|} is bounded for all m, 
{amS i (p°), p”, g]} is convergent for all m. Now | 


lim AMô[t(p°), p”, g] 
== lim {L (m) s[i (p°), p", g] [pr tm y/o) 
R-~>D 


where |Z| S1. Hence 


(1,11) lim A"8[to(p*), p”, g] — LO (m) lim 8[4(p*), p", 9]. 


I£ the a of initial representatives 7o,- - - ,r,1 is the set consisting of 
zero and the p— 1-st roots of unity, L’ (y) — (pg) S (14)V/y! == 0, if p—1 


does not divide y. From the recursion (1,9) it follows that for al m, 
L™ (y) == 0, if p— 1 does not divide y. 

If the generalized representatives are initially complete, the requirement 
of uniform boundedness of 8[i(p°), p*, g®] can be omitted from the Hypo- 
thesis of Theorem (1,6). The number-theoretical result 


gyi 
(1, 12) > * == 0 (mod p*"), k a positive integer, 
+ 450 
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will be required. Since © 


pani n-i 
at= 2p lop) Liss pri] ay, 
(1,12) follows from the fact mentioned in the introduction that 
Lop) 1 a pt) v0 (moe pr), 


For a recent proof of this theorem, see [1]. Define fn h k a ob integer, 
by t(z) =a. Then 


clio(p"), pr a] — [i= io(mod p°), OSES pr — 1] X (0) 
= [01S pe I] D (orr) (ra + o) 
=E D CG (rot (are 
pen + À CU a) (ARE (e)s 


= pr + Z O(k, r) (ru) # (ges 2. ee (mod p**). 
by (1,1), since the representatives are initially complete. An application of 
(1,12) yields o[to(p*), p", tx | = 0 (moa prr and hence 8[to(p°), p", tx] 
= | pet |, Now if g is given by the power series 5 at, convergent for all 
p-adic integers, then lim] ap | = 0. Let | p% | == max | ax |. Then’ ` 


| è [io (p°), p”, g]| = | Z axd[to(*), p te] | S| plge]. 


Since the derivative of g is given by taking the derivative of the power series 
term by term, the same bound holds for the divided sums of g®, for all k. 


2. Evaluation of lim D[i,(p*), p*, g]. 
nD 


` If g(x) is given by a power series, the Bernoullian numbers may be 

introduced to evaluate lim D[t)(p*), p*, g] as an infinite series, the terms of 
nD i =o 

which are products of a constant power of p, a sign factor, a Bernoullian 

number, and a coefficient of the power series of g(x). D[t)(n*), p*,g] is a 

divided sum for the standard representatives in a residue class modulo pë. 


2,1) THEOREM. If g(x) is a function defined for | a || p° | by 


a 
the power series g(to + py) = >, any”, convergent for all p-adic integers y, 
k=0 
then 
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5 
(2,2) mD PTIT to ta 2 2 aza (— 1)* "Bal, 
where Ba ts the p-th Bernoullian number. 7 


The power series development of g(z) is used to transform D[1,(p°), p", g] 
to a sum over all non-negative integers up to a given limit of positive powers. 
If ne, 


Di(pe), pr, g] = Lies i (mod p°), 0 StS p” — 1] 2 90)/p" 
. œ@ 
= [0 Sr Spe] 90 + p)/p= ZE D a/p" 
y y 
Le « 
= 2 ar (2vw/p"). 
zG x 
In order to justify taking a term by term limit of the right member of this 


equation, it is sufficient to show that 
(2, 3) lim a, > v*/p" exists for each k, 
; ne y | je OS 


5 
(2, 4) Dax (> */p") converges uniformly in n. 
k=O r 


For k == 0, _ D v9 / ph mes pre/p m= pe, For k == 1, 


noD y 


lim 3 v/p" = nm (p — 1)p™°/2p" == (p/2) Lim (pr? — 1) = — p7/2. 
For k = 2, by FER number theory, | 


(2,5) 
[0 Sv p 17E A/p = (P/E + 1) — (0)E/2 + [p= Lmoë 2), 


1S p Ska 1]E (—1) 9B ony al (k, ppo + D), 
p 
where the C (k, p) are binomial coefficients. Hence if k is even, 


(2, 6) 
| lim [0 Sy SpE p 


== A (—- 1) (O92 Bay 111720 (k, k — 1) (prey) p(k — 1 + 1) 
= im (— 1) 7 By kp” */prk = (— 1) p Byn, 
and if # is odd, 
(2,7) lim [0 Sv SX pre — 1] ST 4/98 == 0. 
nae y 
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The limits for k = 0,1 taken with (2,6) and. (2,7), establish (2,3). By 
(1,12), | a(€ ¥/p*)| S | axs | | pe |, and (2,4) follows. Since it is pos- 
y EC 1 
sible to take a term by term limit, . | 
lim D[+o(p*), p" g] = È a, lim (Zw#/p*) 
00 k=0 „n> F 
= p° [a — a, /2 + Z aes (— 1)**B,). 


This proof might have been assembled isk material in [4]. (2,6) and 
(2, 7) can be obtained from reexamination of (2, 8) and (2,10) of that paper. 
A term-by-term limit was taken to establish (4, 2) of oe paper Combination 
of (4, 2), (2,8), and (2, 10) yields nu à: 


lim [(i, p) =1,0£4£€ p — 1] f (i)/p" 
= FaU =a) ot z taj (— =B =p) where f(z) — z ap. 


The formula (2,2) can be applied to exp (pe) — -5 a (p*/k l), convergent 


for all p-adic integers if pie, convergent if sei es 2) for pm2. 
(2, 2) gives | 


(2, 8) THEOREM. df ne then 
lim D{0(p), p", exp] == Hip + > È B/C 1; ; 
tim D[0(4), 25, xp] — 2# 1 + À (1) B 20e (2) 1]. 
The first limit can “also be evaluated by elementary means, since — 
D{0(p), p”, exp] = [0 SiS pri — 112 explip)/p” — (e — D)/la— -tjp ', 
by the formula for the sum of a geometric progression. Hen 
(2,9) lim D[0(p), p"; exp] — (e — 1) lim (e° — 1)/p* = (P — 1), 
since lim (e — 1)/p” — (de°/dz)o = 1. Also 
(2,10) De DO exp] = (et — 1) 7. 


The formal power series identity 


(211). a/(° —1) 12/2 + F (— 1) Bio) (Ou) | 
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is sometimes given (see [6], p. 127) as a definition of the Bernoullian numbers. 
Both members of (2,11) are defined p-adically for z == p, p an odd prime, 
and for c==4 when p=-2. Their equality follows from the two evaluations 


oe iri ECO (Rex 

For all p-adic integers a, the function ta — (1+ pc) is defined and 
given by the binomial theorem (1 + pr)" = 2o (a, k)(pz)*. An application 
of (2,2) yields 

(2,12) THrorem. If « is a p-adic integer, then 


lim D[1(p), p", ta] = p[1— 9/2 + À (—1)*Byp"*0 (a, 2u) ]. 


8. A p-adic y function, F,. 

The function log x, defined in residue class one modulo p, p odd, and in 
residue class one modulo 4, p—=2, by log(1 + py) == )(—1)**(p*/k) y* 
POENE another application of Theorem (2,1). 


(3, 1) HEOREM. If pis an odd rational prime, iken 
En PDP DEI SAA 2 (— 1)Hp%B,/24] 


_ Him D1 (4), 2%, log} -72+ (—1)"2B,/24]. 


The series of (3, 1) nt the ie Stirling series for the derivative 
of log T(x), where T(x) is the classical gamma function. 
If an attempt is made to evaluate lim a DT (p), p”, log], p odd, by elemen- 


tary means, a product analogous to the pre T-function for p-adic analysis 
arises. By definition, 


D[1(p), p", log] == [t= 1 (mod p), 0 S15 pr — 1] Blog 1/p° 
= [0 SvS pt — 112 log (1 + vp) /p" = log IT (A + vp)/p" 


== log T'p(p"™") /p", 
where F,(n) is defined for positive rational integers by 


(3, 2) rp(n) = LC + ip). 


Then 7 
(8,3) - lim D[1 (p), p”, log] = lim log Ta (p+) /p* = p lim log Tẹ(p")/p". 
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For positive rational integers, I',(7) satisfies the difference equation 


(3, 4) Ton +1) = (np + 1)T,(n) 


with the initial condition that T,(1) —1. This difference equation is satis- 
fied by 


(3, 5) Th (n) = [T(1 + 1/p)J*pr(n + 1/p). 


If the asymptotic series log z — 1/2% +. > ax 1)4B,/2pr** for the 
Bel 
derivative of log r(s) (see [3:101]) is used, the formula (3,1) for p odd 
can be formally derived if lim log F,(p"*)/p" is interpreted as the derivative 
Me 
of log T,(n) at zero. 


For p == 2, the appropriate equations are | 
#1 | ae 

re(n) = [IT (1+4), lim D[1(4), 2”, log] = 2-7 lim log T,(2*) /2". 
4=0 nn © no 


The diference equation T(n 4 == (4n +1)T;(n) with the initial con- 
dition T,(1) == 1, is satisfied by T,(n) = [T'(1<+-1/4)]42T(n + 1/4). 
The function T,(n) has been defined only for rational integers. It will 
be shown that the definition of T',(n) can be extended to all p-adic integers. 
Suppose that n, and na are positive integers with m == n (mod p°), 
m È Ny. Write m = m + kp’. Then — 


ne —To(m) == T'p(ne2){ [na = tSm+ kr — Jna T pi) = 


— T(m) (HT [na tos Em ‘ i + 1)p° =a + p)—1). 


Since the p° numbers 1 + ip, t= ne + pp°,- > -,% + (p +1)p*—1 are 
incongruent modulo p*** and are all congruent to one modulo p, they are 
congruent in some order to the first p° numbers in residue class one. Therefore 


[m + op? Sim + (ot Ip TG + ip) 
OS ES pa + ip 


(mod p***). The elements in residue class one form a subgroup of a eRe 
group. Let a be a generating element. Then 


(3, 6) 
osis da TG + ip) 


= [0 SiS pe — 1] a (mod p™) sav" = 1 
` 4 
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(mod p**). Multiplication of the resulting congruences 
[m + pp? StS m + (e + 1)pe— 1G + pi) 1 (mod gi), 


p—=0,:::,k—1, gives the result that if m=m(mod p°), nı = na, then 


Ty (m) — Tp (na) : = Ty (n2) [ i (1 + ip) =] = (0 (mod p) 


and Tp(m) = T; (n2) ii Pa Hence T(n), p odd, satisfies a Lipschitz 
condition. 


oe discussion of the case p = 2 is similar. It suffices to show that — 
[Osis ge — 1Ha + 4i) = 1 (mod 2°). 


The residue classes of 2%? congruent to one modulo four form a cyclic group 
if e = 1 (see [2], p. 49). The number five is a generating element. Hence 


[OSiS2e—1]T (14 4) = [0 SiS 2e—1] 0 Bt Sree = 1 
, 4 ns 4 


(mod.2%'), Therefore T(n) satisfies the same Lipschitz condition as T,(n), 
podd. Only the weaker 


(3,6) THEOREM. T (n) ts uniformly continuous 


will be required in the sequel. The considerations used in establishing (3, 6) 
are similar to the group theoretic proof of the generalized Wilson’s theorem. 

By a well-known topological theorem (see [7], p. 28), since T,(n) is 
defined and uniformly continuous on the rational integers, which are dense 
in the p-adic integers, T, has a unique uniformly continuous extension to the 
p-adic integers, which will also be written as Ty, but with v as an argument. 
It will be established in the next section that log l,(x) is analytic. 


4. Continuity and analyticity of sum functions. 


Let g(x) be a function defined for all p-adic integers. Let us introduce 
as the sum function of g for generalized representatives the sum of the 
function values over the representatives of the integers up to n, 


n-1 
(4, 1) o(n,g) = X g (1). 
i=0 
For standard representatives write 
n-i 
(4,2) S(n, g) =F gC); 


Then o(n, g) satisfies the difference equation 
(4, 3) o(n + 1,9) —o(n, g) = g (tn), 


I 
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with initial condition (1, g) — G(T) 5: and S(r; g) is a.solution ‘of ng 
difference equation - 
(4, 4) CT COTON 
with initial eondition S(1, g) = g (0). 

Given a particular solution of (4,3) or (4,4), the sum of this solution 
-and a function of period one is again-a solution. In the calculus of finite 
differences, a solution of (4,4) is singled out by certain fairly complicated 
limit conditions (see [3], pp. 40-42). In the present discussion particular 
solutions are singled out by the requirement of uniform continuity. It will 
be shown that if g(x) is ay conn, the sum function e(n, g) is 
uniformly continuous. 
Define the characteristic function of the ee of to with radius 
| p° | by | 
(4,5) CAC à (#1 = 1 if æ= i (mod p°) 

== 0- if £3 i (mod p°). 


Let the generalized representatives be initially complete, and let m and na 
be positive integers with n = m (mod p”), or n =m + kp”, where k is a 
positive integer. If m = e, then ` 
o (Tas Ch{z, to(p°)]) — 9 (Me, Ch[e, to(p*) ]) 
— [m StS m + kp™ —1]% Chr, to(p*) ] = kpe = 0 (mod p™°), 
i 

since r, = rẹ (mod p”) if and. only if ý = t- (mod p”). This proves the 

(4,6) Lemma. If the generalized representatives are initially complete, 
then o(n, Ch[i(pe)]) ts uniformly continuous. 

The uniform continuity of the characteristic functions of neighborhoods 
will be used to prove | 

(4,7) THEOREM. If g ts untformly continous, and the generalized 
representatives are initially complete, then a(n, g) is uniformly continuous. 

Since g is uniformly continuous, for every positive integer e there exists 
an N, such that if hfi, (mod p™:), so that r, =f, (mod p%:), then 
g (Tu) =g (Th) (mod p°). Define ge by ge(z) = g (rs) if sers (mod pi), 
t==0,---,p%i:—1. It follows that for all t, 
(4, 8) 9 (7s) == ge(rs) (mod p°). 


By definition, ge is a linear combination of p: characteristic functions; and 
hence, by (4,6), a(n, ge) is uniformly continuous. There exists an N, such 
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that if n, = n, (mod ps), m Z m, then o(m, ge) = € (na, ge) (mod p*). 
But l 


alms g) — olna g) — È gelr) =È glr) (mod p°) by (4,8), 


= a(n, g) — o (na, g) (mod p°). 

Hence if n, == na (mod p™1), then «(m, g) = o(na, g) (mod p*). Thus the sum 
function o(n, g) is uniformly continuous, and consequently is capable of a. 
unique uniformly continuous extension o(s, g) to the p-adic integers. This 
extended function is the p-adic solution of 4 3) singled out by the require- 
ment of uniform continuity. | 

If f(z) is analytic, and the coefficients of the power series satisfy certain. 
additional restrictions, the sum function over standard Non is 
analytic. Suppose that f(x) is given by the power series 


(4, 9) f (2) = > ut, 


convergent for all p-adic integers. The necessary and sufficient condition for 
convergence is that lim lu|—0. Now 


smh Ep) — ECS w) — a (En, 
and hence 
(4, 10) D N 
Sn, f) = nas + È atnt/(i-+ 1) — nt/2 
+ (IBO, 2p — 190/2), 


where [r] is the greatest integer = <r. 
It must be shown. that (4,10) can be nn to express S(n,f) as 
a power series in n. The double series D Ð by can be summed in any order 
RER RT E 


if the general term goes to zero, that, is, if for every positive integer e there 
exists an N such that if i +k = N, then | bu || p° |. Let bæ be the term 
of (4,10) containing &. and n* as factors. Then the (m + 1)-st row of the 
double array of by has at most the first m + 1 elements not zero, since the 
elements of the (m + 1)-st row are the terms of the summation 


files + 1)-—n™/2 F pies 1)?*BoC(m, Rp — 1)n™- P41 /2p}. 


Now | C(m,%—1)| 1, and | B,|Æ]p*| by the von Staudt-Clausen 
theorem of elementary number theory. Hence for all k, 
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(4,11) | Oma | S | p*| max{| an/(m-+ 1), max | dm/2p|}. 
1SpS[en/2] 


If for every positive integer € there exists an N such that for all m ZN, 
(4,12) |p= | max{]| am/(m + 1)|, max |am/?p]} S| p*|, 


tSpS{m/2] 
then if t+ k 22N+1, | bx | S| pt] by (4,11) and (4,12). Lf (4,12) is 
satisfied by the coefficients of the power series of f, then (4,10) can be 
summed in any order. 
Rèarrangement of (4,10) gives 


(4, 13) 
S(r, f) = È m Lap-s/p—~ 00/2 
+ > (— 1)™tarrp1Br0(2k + p — 1, 2k — 1)/2F]. 
Write S(x, f) for the uniformly continuous extension of S (n, f) as given by 


the rearranged series (4,13). Then S(z,f) is given by the same power series 
with æ as argument. The results of this discussion are summarized in 


(4,14) Texorgm. If f ts defined for all p-adic integers by the power 
rs) 
sertes f(x) == © act, and for every positive integer e there exists an N such 
| A 
that for all += N, 
(4, 15) max{| a/(+-+ 1)|, max | a/2p |} S| p|, 
1S9S1[4/2] 

then S(x, f) ts an analytic function gwen by 


(416) 8(2,f) = È 2 [ap/p — 0/2 
+ 5 (— 1) "Gen p1 BC (2% + p — 1, 2k — 1)/2k]. 
k=1 : i & 


‘Note that lim 8 (y", f)/p" is given by the first coefficient of the power series 
n00 


of S(x,f). This remark can be translated into a weakened statement of 
Theorem (2,1). It also permits the interpretation that lim S(p”, f)/p”, the 


limit of divided sums, is the derivative of the sum function S(x,f) at zero. 
The analyticity of log Tp is an easy consequence of Theorem (4, 14). 


(4,17) THEOREM. If p 2, logT,(z) is given by the power series 
bs 
log Tp (7) 2 (—1)?xP{p?*/p(p —1) + p°/2p 


+3 (— 1)*4p%e-4B,.0 (2k + p—1, 2k —1)/(2k + p—1)2k}. 
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Also 
log T'2(z) == 2 (—-1)?aP{4P7/p(p — 1) + 4°/2p 
+ > (— 1) #1421 RO (2k + p— 1, 2k:— 1)/ (2k -+ p — 1) 2k}. 
For p s£ 2, log T(x) = S[ z, log(1 + Py) by definition, and log(1 -++ py) is 


given by the power series log(1 -+ py) = 5 (—1)**(py)*/. It only remains 
4=1 


to show that the coefficients a, = (—-1)*“*p*/1 satisfy the restriction (4,15) on 
the coefficients of the power series. Since | 1/1| | p-t# |, it follows that 


max{| a/(i + 1)|,_ nus i a;/2p |} = max{| pt/i(i + Dl, z a p*/2ip |} 
L max{| pt-Gt+1)/p Ê max | pt-U+e)/p “ous mmi ou |. 
LE 1<pS[4/2] 


Hence (4,15) is satisfied for a (—1)**pt/1, if +— (% -+ 1)/p ze, or 


t= (pe+1)/(p—R2). 
For p == 2; log lc) == S[z, log(1 + 4y)] and a == (— 1)t4t/i. Then 


max{| a/(i + 1)], max | a/@p |}—max{] 4/4G + 1), | oes | 4t/25p |} 


sosti] 14/2] 
< max {| ei l, max | Q21-1+(¢+p)/2 |} < | Rec! | < | Qe p 
T iSSi] ai 


if 2 — (3i +1)/2Ze or 4 Z e+ 1/2. 
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A CLASS OF PARTIALLY ORDERED ABELIAN GROUPS RELATED 
TO KY FAN’S CHARACTERIZING SUBGROUPS.: 


By A. H. CLIFFORD. 


In a recent paper Ky Fan gives three simple conditions (I, II, III) 
on a partially ordered abelian group which are necessary and sufficient that 
it be (order and group) isomorphic with a subgroup G of the group C(Q) 
of all continuous real-valued functions defined on a compact ® space Q with 
two properties P, and P, (stated in 1 below). This is Ky Fan’s Theorem 1 
(KF, p. 418). A subgroup G of C(Q) is called by Ky Fan a “ characterizing 
subgroup of C(Q)” if, in addition to P, and Pa, it also satisfies Pa (see 1 
below; these are respectively properties (5.1), (5.3), (5.2) in KF, p. 419). 
The reason for the term, and the importance of the concept, is brought out 
by Ky Fan’s Theorem 3 (KF, p. 422): if two characterizing subgroups G, 
G* of C(Q), C(Q*), resp., are isomorphic, then the compact spaces Q and Q* 
are homeomorphie. 

In his Theorem 4 (KF, p. 424), Ky Fan shows that a fourth condition 
IV is sufficient, along with I, II, and III, that G be isomorphic with a 
characterizing subgroup of some O (Q) with compact Q. But Example 1 of 3 
below shows that IV is not a necessary condition. In 2 below we state a 
weaker condition IV’ which is necessary,‘ but Example 2 of 3 shows that IV’ 
is not sufficient. Incidentally, these examples are all real linear spaces; 
Ky Fan’s paper applies almost verbatim to partially ordered spaces. The 
author has been unable to find a natural condition on a partially ordered 
abelian group G, supplementary to I, II, IM, which is both necessary and 
sufficient that G be isomorphic with a characterizing subgroup (or Eee) 
of some C(Q) with compact ©. 


In his Theorem 1, Ky Fan takes for Q the set A of maximal convex 


* Received February 12, 1961. 

*Ky Fan, “ Partially ordered additive groups of continuous functions,” Annale of 
Mathematics, vol. 51 (1950), pp. 409-427. This paper will be cited as “KF.” The 
pertinent definitions and the conditions I-IV are repeated in 1 below. 

8 In accordance with KF (p. 409), a compact space shall mean a Hausdorff space 
with the property that every covering by open sets contains a finite subcovering. 

t The necessity of IV’ is an easy consequence of Ky Fan’s Lemma 6.3 (KF, p., 420). 
It is also stated explicitly in Lemma 7.2 (KF, p. 423), and proved assuming IV. 


BEYI 


348 A. H. CLIFFORD. 


subgroups of G, defining the topology on A by the now classical method 
(stated in 1) of Kakutani, Stone, and Gelfand. In his Theorem 4, he takes 
for Q the set 3 of maximal singular subgroups of G, showing that X is a 
closed subset of A. Condition IV’ is simply that 3 be a subset of A. X is 
not in general closed, but, being a subspace of the compact space A, is com- 
pletely regular. This fact is shown in 2 below (Theorem 2) without making 
use of the compactness of A. Regarded as an additive group of continuous 
real-valued functions on X, G@ satisfies six conditions, P, — FP, and Q, stated 
in 1. If X is compact, then (as Ky Fan shows) Pae Ps, and Q are con- 
sequences of Py, Po, Ps, but otherwise they are completely independent thereof 
(examples in 8). Groups satisfying these six conditions are characterizing 
of the underlying space 3 in the sense of Ky Fan’s Theorem 8. 


1. For the convenience of the reader, v we repeat here some of Ky Fan’s 
fundamental definitions (KF, pp. 410-411). 

A partially ordered abelian group G is an abelian group, written addi- 
tively, some of whose elements f are non-negative (written f=: 0) and in 
which (i) 020; (ii) f20 and —f = 0 imply f—0; f20 and g20 
imply f+g=20. fag (or g=f) means f—g=0. We shall denote by 
G* the set of non-negative elements of G. 

An element f of G is called an Archimedean element of G if f 20 and 
if, for every ge G, there exists a natural number n such that nf & g. An 
element f = 0 of G without this property is called a non-Archimedean element 
of G. A subgroup H of G is called a singular subgroup of G if (i) H con- 
tains no Archimedean element of G, and (ii) for any two elements f, g of H 
there is an À in H such that h = f, h = g. A subgroup H of G is a conver 
subgroup of Gif HG and if he H, he H, hi = f = h, imply PER: 

Ky Fan’s conditions I, II, III, and IV are as follows. 


I. G contains a subgroup R which is isomorphic to the simply ordered 
additive group of all real numbers (KF, p. 413). 
IT. At least one element of R ts an Archimedean element of G (KF, 
p. 413). 
II. If nf + g È 0 for all natural numbers n, then f = 0 (KF, p. 417). 
IV. If a maximal convex subgroup N of G is not a magimal singular 
subgroup of G, then there is a finite set of elements fi, fos © * , fna of G such 
that fié N (1S1 S n) and such that every mazimal singular subgroup of G 
contains at least one of them (KF, p. 423). 
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Let § be an abstract set, and let Œ be a set of real-valued functions 
defined on 9. The Kakutani-Stone-Gelfand method of using G to define a 
topology in § is essentially the following. (It introduces just enough open 
sets in § to render the functions in G continuous.) The neighborhoods of a 
point x of 8 are subsets of S determined by x, any fimte subset fi, > `, fn 
of G, and any positive real number € as follows: U (zo; fi): ` >, fay) consists 
of all z in 8 satisfying | max x | f(x) — fi(2o)| < «. We shall refer to this as 


the topology induced in ET by G. 


It will be convenient to list here a arabes of conditions applicable to 
any set G of real functions on a set S. We denote by G* the set of non- 
negative functions in G. 

P.. G contains all constant functions. (The unit function will be 
denoted by e:e(x) — 1 for all z in S.) 

P, If tı, 228€ 8 and T, Æ Ta, there exists f e G such that f(x) Æ f (22). 

P;. If f(t) = 0 (fe G, z£ 8), there exists g e G* such that g =f and 
g (Zo) — (0. 

Py, If f ts a non-Archimedean element of G then f(x) =0 for 


some To E Ñ. 


P;. If a set ® of functions in G* has the property that any finite subset 
of ® has a common zero in K then the whole set ® has a common zero. 


We record also the following condition, applicable if S is a topological 
space. 


Q. If A is a closed subset of S, and z, £ A, there exists a function f e G* 
such that f(z.) — 0 and Al > 0. 


THRoREM 1. Let G be an additive group of real functions on S satisfying 
Pa Pay Ps. 

(1) Relative to the topology of 8 induced by G, condition Q holds. 

(2) For each feG and each positive real number e, the set V(f;«) 


of all zeg such that | f(r)| <e is an open subset of S. The set of all 
V(f;e) with fe and e > Ois a basis for the open sets of S. 


(3) If 8 ts a topological space to begin with, the topology of S induced 
by G will coincide with tts original topology if and only tf, relative to the 
latter, the functions in G are. continuous and condition Q holds. 
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(4) 8 ts completely regular® 


Proof. (1). Let A be a closed set in the topology of S induced by G, 
and let zog À. Then there exists a neighborhood U(ao;f1,- © <, faze) of To 
having void intersection with A. Let fi(a) =a. By Pı, G contains aye. 
Since G is an additive group, it contains the functions f; — ae, which vanish 
at to By Ps, G* contains functions g, vanishing at x, such that gi = fi — ase. 
_ Then the functions hy = g:—fi + ae also belong to G*. Let f == 9, + 
+o,+h,+---+hy- Then fe G and f(z.) 0. For any point y in A 
we have y £ U, and hence | f:(y) — a | Z for some 1. 


Fly) = gly) + rly) 2 | giy) — hay) | = | filly) — a j; Ze 
Hence inf f(y) =e> 0. 


(2). That V(f;e) is open will follow when we show that to each 2 eV 
there exists a neighborhood U of x, contained in V. Let f(t) =a. Then 
y =e—]a|>0. Asin (1), g — f— ae belongs to G. Let U = U(x; 937). 
. If seU then | g(x)| <x and 


f(z)j =| gfe) +al=]g(r)l+lal<n+lal=e 


whence ze V. To show that the sets V(f;e) with fe G* and « > 0 con- 
stitute a basis, we must show that if 


Toe W == V (fa; e)N V (fa; e) (fis fae G3 é €2 > 0) 


then there exist fe G* and es > 0 such that ze V{fs5es) CW. Let A be 
the complement of W in 8. Since A is closed and x, £ A, there exist by (1) 
fs € G* and e, > 0 such that int f(y) = = €s» while f(z) ==0. If ce V(fs; es) 


then f;(z) < es, whence A and V (fas es) CW. 

(3). Assume that the functions in G are continuous and that Q holds 
in the original topology of 8. Let N be an open subset of S in the original 
topology, and let x, € N. Since Q holds, there exists f e G* such that f(z.) = 0, 
f(z) 2«>0 for all z in the complement of N. Then V(f;e) CN, and 
N is open in the topology of S induced by G. 


Conversely, we are to show that every subset of 8 open in the latter 


5 Part (4) is a consequence of two theorems in N. Bourbaki, Topologie Générale 
(Actualitées Scientifiques et Industrielles, nos. 858 and 1046). As a special case of a 
result on p. 117 of Chapter II, the space 8 is “ uniformisable,” while Theorem 2 on p. 9 
of Chapter IX states that a space is uniformisable if and only if it is completely regular. 
The author is indebted to Professor Fan both for pointing out this reference and for 
supplying the quick proof of (4) which we give. 
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topology is also open in the original. By (2) it suffices to show this for 
every V(fse) with fe, e>0. Let zoe V(f;e), Le. | f(to)|<e Let 
q = e — | f (zo) |. Since f is continuous, by hypothesis, there exists a neighbor- 
hood N of z, such that | f(x) —f(z)| <7 if ce N. Hence ze N implies 


| F(z)| S| F(@o)| + | f(z) —F(@o)| < (e— 7) Hams 
i.e. ce V(f;e), and hence NC V(f3e). 


(4). Let U(to;f1,- * © ,fn;e) be a neighborhood of a point x, of S. We 
are to show the existence of a real continuous function g on S such that 
g(zo) == 0, g(x) — 1 for rU, and OS g(x) = 1 for every ce 8. Such a 
fonction is the following: 


g(x) = mini, ie x | fi (2) — pelai) , 


P, implies that every ee i subset of g is closed. 


2. We now apply Theorem 1 to a partially ordered eae group G 
satisfying Ky Fan’s conditions I, II, UI, and also: 


IV’. Every maximal singular subgroup of GQ ts maximal convez. 


As in the proof of Ky Fan’s Theorem 4 (KF, p. 424), Œ can be 
isomorphically represented as an additive group of real-valued functions on 
the set % of maximal singular subgroups of G. The-function corresponding 
to fe G is denoted by f. For Me, f(M) is the real number corresponding 
to the coset f + M in the isomorphism between G/M and È. ` 

Properties P, and Pa are immediate for S = 3, and Ps is clear since 
each Moe X is singular, and f(M,) = 0 is equivalent to fe M, We may 
now topologize as in Theorem 1. % becomes thereby a completely regular 
space; the functions f are bounded and continuous; and property Q holds. 


Trrorem 2. Any partially ordered abelian group G satisfying I, II, 
IIL, IV’ ts isomorphic with an additive group of bounded continuous, real- 
valued functions on a completely regular space S (namely the space X of 
mazimal singular subgroups of G) satisfying Pı — Ps and Q. 


Conversely, let G be an additive group of bounded functtons on a set S, 
and let G satisfy P;— Ps. Then G satisfies 1, II, IL, IV”. There isa 
one-to-one correspondence between S and X whereby the maximal singular 
subgroup Me corresponding to the point zo of S consists of all fe G with 
f(z) — 0. If 8 ts a topological space, tf the functions in Q are continuous, 
and if Q holds, then this correspondence is a homeomorphism. 
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Proof. All of the first part has been shown except the validity of P, 
and P;. P, is clear from the fact (KF, Lemma 2.2, p. 411) that every 
non-Archimedean element is contained in some maximal singular subgroup 
of G. 


To show P;, let ® have the stated property, and let & be the additive 
semigroup generated by ® If fev then f—c,f,+----++ cf, where each 
fı € $ and each c; is a positive integer. By the hypothesis on &, the functions 
f: have a common zero Mo, i.e. fie My. Then fe M, also. Thus every 
element of & is non-Archimedean, and the same holds for the set ¥* of all 
f*eG* satisfying f* <f for.some fe ¥. The difference group H of ¥* is 
therefore singular, and every such is contained in a maximal singular subgroup 
M, of G (KF, Lemma 2. 2, p. 411). Since 6 C M, we have f(M,) == 0 for 
every fe, i.e. M, is a common zero of ©. 

Passing to the converse, let G be an additive group of bounded real 
functions on a set S, and let G satisfy Pı — Ps. Conditions I, IT, TI are 
obvious. Before proving IV’, we shall establish the one-to-one correspondence 
Zo <> M, between S and %. Mae is a singular subgroup of G by Ps, and the 
obvious fact that it contains no Archimedean element. It is evidently convex. 
In fact it is maximal convex. For if ff Mz. say f(t) == a40, then 
f—oeeM,. Any convex subgroup H of G containing Ms and f will 
therefore contain the Archimedean element |a|-¢, and so will coincide 
with G. Me is maximal singular. For any maximal singular subgroup of 
G containing M,, will be convex (KF, Lemma 2.4, p. 412), and hence will 

coincide with M,,. From Ps it is clear that 2,42, implies M, 54 M m 

| On the other hand, let M be any maximal singular subgroup of G, and 
let M+ mm MOG. Let f.,-:-,f,eM*. Thenf,+---+f,=-fed*. Since 
M contains no Archimedean elements, it follows from P, that f(y.) = 0 for 
some ype 8. From f,(yo) +: ° > + fn(yo) = 0 and fig) 20 (t= 1,-- +, 2) 
we conclude fi(ÿo) =0. Thus any finite subset f,,---,f, of M+ has a 
common zero in 8. Applying P, we conclude the existence of x, e § such that 
f(z) = 0 for every fe M*. Since, by definition of singular subgroup, every 
element of M is the difference of two elements of M+, we conclude that 
MC Mea Then M — M, from the maximality of M and the singularity 
of M. : 

IV’ is now immediate since every maximal singular subgroup of G is 
some M,,, and the latter has been shown to be maximal convex. The last 
assertion of the theorem is immediate from conclusion (3) of Theorem 1. 

We remark that if S is compact, then Ky Fan has shown that P,, Ps, 
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and Q are consequences of Pi, Pz, Pa and the continuity of the functions in 
G, G being then a characterizing subgroup of C(S). Pa follows from his 
Lemma 2.2 and 5.2. Ps, is evident from the compactness of § and the fact 
that the set of common zeros of a set of continuous functions is a closed set. 
Q is just Lemma 5. 5, together with the observation that f can be chosen to be 
positive. We conclude with a corollary which reduces to Ky Fan’s Theorem 3 
when S is compact. 


COROLLARY. Let G, and G, be additive groups of bounded continuous 
real-valued functions defined on topological spaces S, and S, resp., both groups 
satisfying P, — P, and Q. If G, and G, are isomorphic then Sı and S, are 
homeomorphic. In particular, if one ts compact, so ts the other. 


Proof. By Theorem 2, S; is homemorophic with the space 3; of maximal 
singular subgroups of G, (i= 1,2). But the topology in each š; is defined 
by purely algebraic means, so that the one-to-one correspondence between $, 
and 3%, induced in the obvious way by an isomorphism between G, and G, is 
a homeomorphism. We thus have S, ~ 3, ~ 3, ~ Sa. 


8. In all of the following examples, § denotes the discrete space of the 
naturel numbers 1,2,---, and S* the space S with the limit point æ 
adjoined. S is completely regular and S* is compact. The additive group 
BC(S) of bounded continuous real functions on g is just that of all bounded 
real sequences, and BC(S*) — C(S*) is that of all convergent real sequences 
(f(n) } with f(co) == lim f(n). 


Example 1 is a characterizing subgroup of C(9*) not satisfying Ky 
Fan’s Condition IV (KF, p. 423). In fact it does not possess any finite 
subset such that every maximal singular subgroup contains at least one of 

them. m 

Example 2 is a subgroup G@ of BC(S) satisfying P, — P; and Q. By 
Theorem 2 it must satisfy IV”. But from the Corollary thereto, since § is not 
compact, G cannot be isomorphic with a characterizing subgroup of C(Q) 
for any compact Q. | 

The remaining three examples show the independence of conditions P, 
and P, and Q under the assumption of P,, Pa, Py and the continuity of the 
functions in G. To see the complete independence we may argue as follows. 

Suppose the space Ş decomposes into two open-and-closed subsets S, and 
Sə. Then BC(S) is the (cardinal) direct sum of BC(S,) and BC(8,). Let 
G be a subgroup of BC(S4), i = 1, 2, and let G be their direct sum: G is of 
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course a subgroup of BC(S). If P is any one of the properties P, — Ps or Q, 
then one readily sees that @ has the property P if and only if both G, and G, 
have it. For example, the direct sum of Examples 3 and 4 gives an example 
in which P, and P, are false while Q is true. A simpler example for this 
case is the group of all convergent sequences (applied to 9 and not 8*), 
Likewise, for the case P, true, P; and Q both false, we may cite the group 
of all periodic sequences. But the author did not find any such easy examples 
for the two remaining cases. 


Ezample 1. Let a, == (1, 1/2, 1/8, 1/4, 1/5, - +), Ga (1, 1, 1/2, 1/8, 
1/4,- > -), @g==(1,1,1,1/2,1/3,---),- ++ and as usual e= (1,1,1,1, 
1,---). Let G be the group of all sequences: expressible as a finite linear 
combination | | 


(1) fmm de + pit + pala +" © + Pran 


with real coefficients À, pu; 2° © *, ps. f is convergent with limit À We 
agree that f( œ) — lim f(k) for all fe G and G becomes thereby a subgroup 
k= 


of C(S*). We are to show that Pı — P, hold, but IV does not. P, and Pe 
are obvious. 

- To show Ps, let us first consider the point to =œ of S*. Iff, as given 
by (1), vanishes at œ we must have à= 0. But then 


g= lalat | plot: >> + | pn | dp 


also vanishes at œ and has the properties g = 0, g =f. Now let to =ke, 
and let b, == 2e — 2a,, by == 36 + 2a,,—4a,if k > 1. It is easily seen that 
by(k) == 0 while b(7) 21 for all 74k (including jo), If feG and 
f(k) = 0, it is clear that some positive multiple of 6; will serve for g in P}. 

Hence P, hold, and @ is a characterizing subgroup of C(8*). By Ky 
Fan’s Lemma 5.3, the maximal singular subgroups of @ are simply the sets 
M, of elements of G vanishing at ke S*. Consequently the functions f,,---, fa 
in Condition IV are to be sequences such that for each ke S* there is at 
least one of the fı such that f,(k) — 0. . The existence of such a set will be 
seen to be impossible when we show that no element f =£ 0 of G has more than 
a finite number of zeros in 8, 

Let f be given by (1), and suppose, by way of contradiction, that f(k) == 9 
for infinitely many points k of 8. Then surely f(k) = 0 for n + 1 points k; 
satisfying n < ko < kı Chel: < ka Now fork > 1, 


f(k) =A + p1/8 + pa/ (k —1) +: ++ pn/ (k — n 1): 


Then f(k) == 0 (t= 0,1,:--, n) is a system of n + 1 linear homogeneous 
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equations for À, p1, pa," ` `, pa With a determinant the value of which is readily 
calculated to be the ratio of 


isole) i ee); 
ii 153 4=0 


and therefore distinct from 0. Hence À == p, == pg ==: > : == pa = 0, that is, 
f= 0. | 

It might be objected that Condition IV could hold vacuously, in the 
sense that every maximal convex subgroup of GŒ is also maximal singular. 
We show that this can not happen for any characterizing subgroup G of C(Q) 
with a compact 2 consisting of more than one point. Let zı, %2 be distinct 
points of Q, and define for each feG, r(f) = 4f (21) + 4f (22). r is a 
homomorphism of G into the simply ordered additive group of real numbers, 
and, by KF, Lemma 3.4, the set M of all fe G satisfying r(f) —0 is a 
maximal convex subgroup of G. Were M singular, every element f of M 
would be the difference f = g — h of two positive elements g, h of M. But 
g = 0 and r(g) — 0 imply g(z1) = g(z:) = 0, and similarly for h. Hence 
f(z.) = f (z2) =— 0. Thus Af would be contained in the two distinct maximal 
convex subgroups Ms, and Me of G, contrary to its maximality. 


Ezample 2. Let H be the group of all essentially finite sequences 
(is Go, * +, Qn, 0,0, * +) with a+ Qe -+ -+ an= 0. Evidently H con- 
tains no properly positive sequence. Let G consists of all sequences Ae +h 
with A any real number and he H. We proceed to show P,—P, and Q, 
regarding G as a subgroup of BC(S). P, and P, are evident. 

Both P, and Q are evident when we exhibit, for each ke S, an element 
bx of G such that 5,(k) = 0, b,(1) = 1 for all 754k. But such an element 
is e + hy, where hy(j) mem — 1 if 7 =k, h(j) = 1 if j = k +1, and h(j) = 0 
for all other 7. 

To show P,, suppose that f = Ae + (a1, arn © + an, 0,0,-- +}, Du —0, 


$ 
is a non-Archimedean element of G. Were f(k) = 0 for every ke S we would 


have À > 0 and À + g; > 0 for every tm 1,2,- : n. This would contradict 
the condition inf f(k) —0 that f be non-Archimedean (KF, Lemma 6.1, 
p. 419). E 

To show P:, let ® be a set of positive functions of G with the stated 
property. Now a positive element Ae-+ h of G must have À > 0, and con- 
sequently can have only a finite number of zeros in S. Let foe, and let 
kı, - +, kr be its zeros in §. If the conclusion to P, were false there would 
exist in ® for each t+—=1,---,7 an element f; of G for which fi(ki) 4 0. 
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But then the finite set fo, f:,° * <°, fr would have no common zero, contrary 
to hypothesis. 

| It is instructive to note that G can be regarded as a subgroup of C(S*), 

but fails to be a characterizing subgroup thereof since Ma — H is not singular. 


Example 3 (independence of P,). Consider the group of Example 1 
as a subgroup of BC(S). Properties P, — P, are unaffected thereby. P, is 
false since a, is non-Archimedean but vanishes nowhere in S. P, follows from 
the fact that each element £0 of @ has only a finite number of zeros in 8. 
Q follows from the existence of the sequences by. 


Example 4 (independence of Ps). Let G be the group of all eventually 
constant sequences, regarded as a subgroup of BC(S). P,—P, and Q are 
all evident. To show the falsity of P, one may take for the following set of 
sequencies: fı == (1,0, 0,0,- - -), f= (1,1, 0.0,- +), fam (L11, :;:) °°. 

. Example 5 (independence of Q). Let T' denote the set S* endowed with 
discrete topology. Let G = C(S*), but regarded as a subgroup of BO(T). 
The properties P,— P, are unaffected thereby, but Q is false since there 
exists no fe G with f(co) =0 gad 10i ne | 
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A NOTE ON LIE ALGEBRAS OF CHARACTERISTIC p.* 


By N. JACOBSON. 


Let & be a finite dimensional Lie algebra over a field of characteristic p, 
let N be the universal associative algebra of & ([1] and [4]) and let © be 
the center of M. In this note we prove that if a is a linear element of A 
then there exists a non-zero polynomial ¢ such that ¢(a)e. We use this 
result to obtain the following: (1) a simple direct proof of Iwasawa’s theorem 
([2], p. 420) that every finite dimensional Lie algebra of characteristic p 
has a faithful finite dimensional representation, (2) a proof of a conjecture 
of Chevalley that every finite dimensional Lie algebra of characteristic p has 
a representation which is not completely reducible, (a) a proof that X can be 
imbedded in a division algebra. 


1. A polynomial of the form a A®™ + are +: ee is called | 
a p-polynomial. Aa 


Lemma. Any polynomial £ 0 18 a factor of a suitable p-polynomtal Æ 0. 


Proof. Let p(A) 40. For each i= 0, 1, 2,: -- write AP = p(A)qi(N) 
+ ri(à) where deg ri(à) < deg (à). Only a finite number of the ri(A) are 
linearly independent. Hence we can find £; not all 0 such that ZBiri(À) = 0. 
Then 37" = p (A) (SA: (À) ). 

PROPOSITION 1. Let a be a linear element of the universal associative 
algebra X of a fimte dimensional Lie algebra © of characteristic p. Then 
there exists a non-zero polynomial o(A) such that p(a) is in the center & 
of N. 

Proof. Let A denote the adjoint mapping z — [za] in 8. Since & is 
finite dimensional there exists a non-zero polynomial (à) such that (4) = 0. 
Let p (à) = 38?" be a p-polynomial divisible by a (àA). Then also (4) = 0. 
For any ze (regarded as the linear part of A): 

pt 


La, d(a)] — SBiCe, a] = BL + -[a, 6]: + à] — 2384 — 0 
Hence (a) e G. 


* Received April 28, 1961. 


p 


1 We have used here the identity [wa?] = [. . [0a]. . a]. Of. [3], p. 16. 
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Choose a basis (e1, €3,* © `, €n) for & and for each e; let ¢4(A) be a non- 
zero polynomial such that y; = Qu(m) € ©. Let d— deg hi(A). Let B be 
the ideal in M generated by the elements yi t == 1,2, >+, n. 


PROPOSITION 2. The cosets of the elements eMe- - eh OS < da 
Ou, Ag; ° x SiAn) z 0) form a basts for N/B. 


Proof. It is known that the elements ehet- - - ept", ky=~0,1,2,--°, 
(ki: © +, ky) 5&0 form a basis for W. Any polynomial in e; can be expressed 
as a linear combination of elements yes", 0 = Mu < d; Hence any element 
of M is a linear combination of terms of the form y,™y ™- - -y pme Me, - 
en, OZ X< di. It follows that every element is congruent mod B to a 
linear combination of the elements e,M: --e,". It remains to show that 
these elements are linearly independent mod B. Any element be is 
a linear combination of the terms y,™y,"* - - Yare eh. - . 6, where 
(Ma, Ma’ *, Mn) 0. If we write 


y= pe M+ + GA nem yahe ay Magsde > 
and express. y, in terms of & we obtain 
yim. ge Ms» «gman gN die damgl. + . o Arminda La 
where the * is of degree < 3(4 + mad). It follows that if b=<0, then in 
the expression for b in terms of the basis e,"¢,*- - - 6,* at least one of the e; 


has multiplicity > d. Hence no non-zero linear combination of the terms 
eu - + ey", À < di belongs to %. 


2. As a first application of Propositions 1 and 2 we prove 


Tueorem 1. ([wasawa) Any finite dimensional Lie algebra of charac- 
teristic p >< 0 has a faithful finite dimensional representation ([21, p. 420). 


Proof. Choose y == dif) of degree d; > 1 in Proposition 2. Then the 
cosets & == € + $ are linearly independent. Hence the natural imbedding 
of Q in W/B is 1-1. On the other hand A/P has the finite basis Me,» +» e, 
+B,0=X< d. Hence A/B and, a fortiori, & has a faithful finite dimen- 
sional representation. 


THEOREM 2. (Conjecture of Chevalley) Any finite dimensional Lie 
algebra of characteristic p has a finite dimensional representation which ts 
not completely reducible. | Oo 


Proof. We now take y; == he) where ¢4(A) = [yi (à) ]™*, deg (À) > 1, 
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die) € © for all 4, n > 1 for some 1. Then Z; = Ye) + B is a non-zero 
element in the center of A/B. On the other hand, 4% — 0 so that the center 
of U/ has nilpotent elements. Hence the finite dimensional algebra A/B is 
not semi-simple and therefore it has a finite dimensional representation which 
is not completely reducible. The same holds for &. 


THEOREM 3. The universal associative algebra of any finite dimensional 
Ine algebra of characteristic p can be imbedded in a division algebra. 


Proof. We can construct in the usual way the ring A of quotients ac”, 
aeW,cs40 in ©. A is an integral domain and contains the quotient field T 
of © in its center. If (61, @,: + +, €) is a basis for © and file) € © where 
deg du == d > 0 then we have seen that every element of Y is a linear com- 
bination with coefficients in © (polynomials in y; = ¢4(e)) of the elements 
ees: - en, OSA < dd. It follows that A is finite dimensional over T, 
Hence A is a division algebra. 
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ON THE LOGARITHMS OF BOUNDED MATRICES.* 


By AUREL WINTNER. 


Let capital letters denote (infinite) bounded matrices of complex numbers. 
Such a matrix, say A, is called non-singular if it has a unique (right- and 
left-sided) bounded reciprocal matrix. If the spectrum, sp A, of a bounded 
A is defined to be the set of those complex numbers À for which the matrix 
AT — A fails to be non-singular, then, as proved by me some time ago,’ 


(1) sp A is not vacuous 
(loc. cit., p. 243) and | 
(2) sp À is closed and bounded 
(loc. ctt., p. 242), finally 

(3) sp A is in {A} 


(loc. ctt., p. 245). Here {A} denotes the closure of the values attained by the 
bounded bilinear form, À (x, y), of A under the following pair of restrictions: 
y = Zand | z | = 1, where Z == (Z, %,---) and | æ | ==(| z, |?+ | z: +- È, 
if. == (T1, Ta, * *). Corresponding to the Toeplitz-Hausdorff theorem on 
finite matrices, | 


(4) {A} is os 


As pointed out loc. cit. (pp. 246-249 and p. 244, respectively), neither (1) 
nor (8) can be concluded, by a limit process, from the corresponding facts 
on finite matrices, whereas (4) readily follows by such a process. 

If A is any set of points in the complex plane, let A* denote its com- 
plement. Then (2) and (1) show that (sp .A)* is an open set containing 
a domain a < |à] <œ (if a is large enough) but not containing every point 
of the plane. Let A°, A*,: - - be the (finite or infinite) sequence representing 
the components of the open set (sp A)*, so that 


(5) | sp À == (3 A”), | 


* Received June 28, 1951. 
tA. Wintner, “ Zur Theorie der beschränkten Bilinearformen,” Mathematische Zest- 
schrift, vol. 30 (1929), pp. 228-282. 
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where every A” is a connected open set which, if m >£ n, contains no point 
of A. Let the notation be so chosen that A° is the (unique) unbounded — 
component of (sp A)*; so that 


(6) = A* is bounded . 
nyo 

(possibly vacuous) and, according to (8), 

(7%) | {A}* is in A. 


The following considerations will contribute to the question of the exis- 
tence of a bounded matrix function f(A) of a given A. While the method 
will be presented in the important case f(z) = log z only, its applicability to 
more general functions f(z) will be obvious. Incidentally, since it will consist 
of a process of analytic continuation, it will also apply to certain linear spaces 
more general than Hilbert’s space. | 


(i) Corresponding to every component A* of the complement X A* of 
the spectrum of a bounded matrix A, there exists a bounded, non-singular 
matrix C, which is commuteble with A and has the following property: There 
belongs to every point À of A” a bounded matrix A, which is commatable 
with A and satisfies the relation 


(8) | AI — À =m Oy exp Ay. 


In addition, A, can be chosen so as to be continuous (and, for that matter, 
analytic and regular) on the A-domain A*. 


The latter notions refer to that metrization of the space of all bounded 
matrices A in which the norm | A | is defined as the least upper bound of 
the vector length | Ax | when x varies over all vectors of unit length. 

Since ee? mm 6B+*C when B, C are bounded and commutable, it is clear 
that (i) contains the following corollary: 


(ii) With reference to every fixed component A* of (sp A)*, the matrix 
AI — A has a bounded logarithm either for every or for no À contained in A”. 


It is. understood that a bounded matrix © is called a logarithm of a 
bounded matrix if the latter is e©. Since eCeC = I == gCeC, only a non- 
singular matrix can have a bounded logarithm. If not every non-singular 
matrix can be represented as the square of a bounded matrix, then not every 
non-singular matrix has a bounded logarithm. ` 
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If |Z|<1, then I+ Z has a bounded logarithm. In fact, one such 
logarithm is supplied by the series 


(9) log(I + Z) — sm (— Zm if |Z) <1. 


This implies that if A is bounded and if the absolute value of A is large 
enough, then AI — A has a bounded logarithm (in fact, (9) is applicable to 
Z—=—nr'*4 if |A| > |A|). Since the matrix (9) is commutable with Z, 
it follows that (11) contains the following corollary : 


(iii) IfA is in A°, i. e., in the unbounded component of the complement 
of sp À (e.g., in the complement of {A}), then AZ— A has a bounded 
logarithm. E 


The parenthetical assertion of (äi) follows, by (8), Som the main 
assertion of (iii). 


If A is completely continuous, then sp A consists of the point À == 0 
and of a finite (possibly vacuous) or infinite sequence of points which can 
cluster only at A -= 0 (Hilbert). Since this implies that (sp A)* must be a 
connected. set, and therefore identical with A°, the first part of the following 
assertion is a consequence of (ii): 


(iv) If A is completely continuous, then A7—- A has a- bounded 
logarithm for every À not contained in sp A.- In addition, this logarithm 
can always be chosen so as to be completely continuous. 


The second part of (iv) will be clear from the proof of (1) ; cf. (II) below. 
The proof of (i) centers about the following fact: 


(I) If A and B are two bounded, commutable matrices the first of 
which is non-singular while the second is such as to satisfy 


(10) |B| < |45 


then there exists a bounded matrix O which is commutable with A and with B 
and which satisfies the relation 


(11) At B= A6. 


In fact, since À + B is the product of A and I + AB = I -+ BAT 
‘(in either order), a C satisfying all the requirements of (I) results by chosing 


(2) Z =m AB 
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in (9). For, since (10) and (12) imply that |Z|<|4-||B|<1, the 
proviso | Z | < 1 of (9) is satisfied. 

Since the product of a bounded and of a completely notes matrix 
is completely continuous, it is clear from this proof of (I), and from (12), 
that 


(IT) C in (I) can be chosen to be completely continuous if B is com- | 
pletely continuous. | 


It is easy to conclude from (I) the following lemma: 


(OI) Let À be a non-singular matrix corresponding to which there 
exists a family of non-singular matrices A(t), 0 S t S 1, satisfying the pair 
of conditions 
(13) A(0) ==], A(1) — À 


and the commutability condition 


(14) A(u)A(v) = A(v)A(u). 
Suppose further that 
(15) AE | A*(#) |" > 0 


and that A(t) depends on ¢ continuously. Then there exists a bounded matrix — 
C satisfying A = ec. 


By the continuity of A(t) is meant that, if e is positive, and if § == ô. > 0 
is small enough, then | A(u) —A(v)| < e whenever | u—v| <8. Hence, 
if a is any positive constant, and if 7 == fa is large enough, then there exist 
j +1 values 0 =t Ct <-+-<tj;==1 satisfying 


(16) | A(t.) —A(tea)| < a for k=1, <>, j. 


Choose a to be the greatest lower bound (15). Then it is seen from (14) 
and (13), where A (0) == exp (0), that (III) follows by 7 consecutive applica- 
tions of (I), namely, by identifying the matrices B and À in (I) with the 
matrices A (tx) —A(ty+) and A (tr), respectively. 

It is readily seen that (i), the first of the assertions (i)-(iv) sale above, 
is a corollary of (Tid): In fact, M — A and pl — A are always commutable, 
as are the reciprocals of A7 — À and A,J--A if A, and A, are not in sp À. 
On the other hand, since every component A*, to which (i) refers, is an open 
connected set in the A-plane, the existence of an appropriate continuous family 
A(t), 0S tÆ 1, having the properties specified in (III), is obvious. 
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| Remark. Suppose that A is a finite matrix. Then it has a logarithm, 
i. e., À = e? holds for some C, if (and only if) det Ab<0. In other words, 
AT — A has a logarithm whenever (A) 5£0, where (à) == det (Al — À). 
The standard proof of this theorem depends either on the existence of the 
_ Weierstrass-Jordan normal form of A, supplied by the theory of elementary 
divisors, or? (somewhat more directly, though in the main equivalently) on 
the Cayley-Hamilton theorem, ¢(A) == 0. The above considerations contain 
a proof which does not involve any such machinery. In fact, since sp A now 
consists of a finite number of points, the complement of sp A is A°, hence the 
proof of (iii) or (iv) is applicable. 
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aL. Schlesinger, “ Über den Logarithmus einer Matrix,” Journal für die reine und 
angewandte Mathematik, vol. 161 (1929), pp. 189-200. Cf. G. Pélys, “ Der Picardsche 
Satz für Matrizen,” Jahresbericht der Deutschen Mathematiker Vereiningung, vol. 40 
(1931), second part, p. 80. 


ON PARALLEL SURFACES.* 


By AUREL WINTNER. 


l. Let S:X = X (u, v), where X == (x,y,z), be a surface of class C°. 
Then, if S is sufficiently small, it can be assumed to be given in the form 
2==2(2,y), where z has continuous partial derivatives of first and second 
order, p = Ze, ' ' +, t= Zyy, and the total and mean curvatures, K = K (a, y) 
and H == H(z, y), of S are given by 


(1) Kåt = ri— s, where d= (1+ p° + gi, 
and 
(2) Hd? = $ (1 + p*)t— pgs +4 (1 + gr. 


The sign of the first, but not of the second, of the continuous functions K, H 
has a geometrical meaning (H contains an odd power of the square root of 
the two-valued function + d). 

Suppose that S is such as to make K(z,y) a positive constant, say 1.- 
Then (2) reduces to 


(3) Lestyy — Lay == (1 + 82 + Z°)’, 


a partial differential equation of second order which, according to 8. Bern- 
stein’s general theorem on analytic differential equations of elliptic type, has 
the property of possessing no C*-solution z= z(z,¥) which is not analytic 
as well. Accordingly, every surface of class C* having a constant positive 
curvature K is an analytic (for a more inclusive geometrical application of 
Bernstein’s general theorem, cf. [1] and the comments in [6], Section 3). 
This result contains, however, an unsatisfactory element which, along 
the lines of the preceding argument, would disappear only if it were known 
that Bernstein’s general theorem (on arbitrary analytic differential equations 
of elliptic type in a plane) remains true for all solutions of class C?, In fact 
those statements in differential geometry which require more than the mere 
existence of continuous derivatives of second order can hardly be justified 
for geometrical reasons. The restriction to the class C? (or, for that matter, 
C? (A), where À is a Holder index; cf. [6], Section 5) often proves to be of an 
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artificial or preliminary nature, that is to say, such as to be necessitated by 
the lack of appropriate analytical tools only. Suffice it to observe that every 
surface of class C? has continuous first and second fundamental forms, and 
therefore, in particular, continuous curvatures. It is therefore of more than 
just formal interest that the above-mentioned consequence of Bernstein’s 
general theorem can be freed of all of its non-geometrical restrictions, as 
follows: : 


(i) If the total curvature of a surface of class C? is a postiwe constant, 
then the surface must be analytic. 


The point in this theorem is that, in contrast to the lemma of Section 3 
(below) on which part of the proof of the theorem will depend, no data 
involving the second derivatives are subject to a Hülder restriction. 

Needless to say, the analogue of the theorem is false if K = const. = 0. 
This is obvious in the case const. == 0, since a torse can clearly be of class C°” 
without being analytic. Similarly, if const. =— 1 < 0, then, since (1) 
becomes an analytic differential equation of hyperbolic type, it will surely 
possess non-analytic solutions z == z(z,y) of class C”. 


2. If z(z,y) is a function possessing continuous second derivatives 
which are not subject to any restriction, then nothing but mere continuity 
can be claimed for the functions (1), (2). Similarly, if the second derivatives 
of z(x,y) satisfy a Holder condition (of some index A), then the same is true 
(with the same A) of both functions (1), (2). This makes clear the nature 
of the content of the following lemma: 


(ii) Jf a function z= z(x,y) 18 of class C*, and tf its derivatives 
P = (2,9), "st Zy (£, Y), besides being continuous, have the property 
that their combination H = H (x,y), defined by (2), possesses continuous first 
derivatives Ha, Hy and that the latter satisfy, for some pair of positive con- 
stants y, À, a Holder condition 


(4) | Zo’ — H,” | SyR, | Hy — HF,” | SyR, 
where Ha’ — Hala’, y), + and R? = (à — 2”)? + (y — y”), then z = x(a, y) 
must be of class C®?, “: 


In particular, the function K — K (2,4); being defined by (1) » must 
then be of class C1. 


(ii bis) The assertion of (11) becomes false if H (x, y) in the assumption 
- (4) îs replaced by K (a, y). 
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In order to see truth of this negation, (ii bis), let z(x,y) = f(x + y), 
where f(t) is a function of a single variable and has a continuous second 
derivative. Then S: z =m z(x,y) is of class C? and the function K = K (z, y}, 
being defined by (1), vanishes identically. Hence, (ii bis) follows from the 
circumstance that a function f(t) possessing a continuous second derivative 
need not have a third derivative. (Nothing like this can, however, occur if 
the partial differential equation (1) for z(z,y¥) is of elliptic type, that is, 
it K(2,y) > 0.) 


3. The proof of (ii) proceeds as follows: 


Let E, denote the three-dimensional Euclidean (z, p,q)-space, F, a 
(connected, open) domain in the (2, ¥)-plane, and Z a function defined on 
the product space of E, and J’, so as to satisfy the following conditions: If 
(x, y) is any fixed point of Fa, then L is fairly smooth (say, analytic) on Fe 
and has a Hessian Lppligg — Lpg? which is positive throughout; while, as a 
function of all five variables together, L is of class C1(A), for some Holder 
index À < 1 (by virtue of the first of these conditions, the C+(A)-condition 
means that (4) is satisfied by D= L and by a y which can be chosen 
independent of (z,p,q) on every bounded portion of #,). Under these 
assumptions, if [L] denotes the Lagrangian derivative of L, every function 
z =— z(x,y) which is of class C° and satisfies the differential equation [L] == 0, 
on F, must be of class C®. This follows from the proof, even though not 
from the wording, of a theorem of Lichtenstein [4]. In fact, although he 
assumes the analyticity of L in all five variables together, a glance at the 
proof shows what is actually needed is contained in the above conditions. 

Let H(z, y) denote a given function of class C1(A) on an (z, y)-domain 
F,. Then the conditions just required of L are satisfied by either of the 
functions 


D(z, p,q3%,y) = d — H (z, y)z, where d = +(1-+ p + ge). 


But the Lagrangian equation [L] = 0 for a z == z(x,y) then becomes pre- 
cisely the condition (2), where p = Za,’ * +, È == 2%. Hence every function 
z = 2(x, y) of class C? which satisfies the relation (2), belonging to any given 
H = H(z, y) of class C*(A), must be a function of class C°. This proves (ii). 


| 4 For a given n = 1, and for a sufficiently small piece, S, of a surface 
of class C”, let | 


-(5) 8: X — X (w, w’), 
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where X = (z,y,z), be a C"-parametrization of 8. By this is meant that, 
in the small (u*, u*)-domain under consideration, the (vector) function (5), 
besides being of class C”, is such that the vector product [X:, Xa] of the 
partial derivatives X, =— 90X /ðu* does not vanish. Thus there exists on S a 
normal vector of unit length, 


(6) | N = [X1, Xa]/| [Xn Xe], 


which is a function N (w7, u?) of class C**. Hence, if c is a given number 
distinct from 0, then the (ut, u*)-parametrization of the X-set 8% — S*(c) 
which, in the sense of Steiner [5], is “ the parallel surface of S at the distance 
c” (on one or on the other side of S, according as c > 0 or c < 0), that is, 
the parametrization 


(7) S*: X — X*(ut, u?) = X (ut, u?) + oN (ui, u?) 


of the “ parallel set ” S* == S*(c), is based on a function, X* (w, uè), which 
is of class C**. In fact, if the function (5) is of class C”, then, in view of 
the differentiations contained in (6), the given function (7) will not in 
general be of class C”. The following fact is therefore quite unexpected: 


Gili) Jf a surface 8 ts of class O° and is sufficiently small with reference 
to a given real number c, then the corresponding parallel surface, S* = S*(c), 
of 8 is again of class C?, provided that (with reference to the numerical values, 
K, and Ho, of the curvatures at that point of S the immediate vicinity of 
which is considered) two numerical values of c are excepted; cf. (19) below. 


This does not mean, of course, that, barring the excepted c-values, (7) 
is a local C?-parametrization whenever (5) is, but that (7) must then possess 
some local C?-parametrizations, 


(7 bis) 8t: X = Xt (vt; v?), 


in terms of certain parameters vi, v? (which, in general, must be distinct 
from the given ut, u*). On the other hand, both z(x,y) and 2*(x,y) in 


(8) S: z=z(xz, y) and S*: z= 2#(x y) 


must be functions of class C° in some circle z? + y° < b= b(a; c) if the 
local C*-parametrization (5) of S is replaced by the Cartesian representation 
z= z(x,y) in a circle z? + y? < a the plane of which is the plane tangent 
to S at (#,y) = (0,0). In fact, the normal of S at (0,0) then becomes the 
z-axis, and the same is true of the normal of S* at (0,0). It follows there- 
fore from (ii), and from a standard application of the C?-form of the 
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classical theorem on implicit functions, that both functions (8) must be of 
class (? in a vicinity of (x, y) == (0,0). 


5. The actual content of (iii) is revealed by the second part (n = 1) 
of the following assertion: 


(i1*) The © in (iii) can be replaced by C™ if n 2 but not if n — 1. 


While the first assertion of (111*) will be clear from the proof (iii) below, 
failure for n==1 can be concluded from the following example: For small 
||, let f(z) be a function possessing a continuous derivative, f(x), and 
let f(0) == 0 and F (0) —0. Then, if z(x, y) is defined to be f(x) for all y, 
the surface S: z == z(x,y) is of class C+ and, since f’(0) == 0, the plane z = 0 
is tangent to S along the y-axis. Hence, if a parallel surface S* == S*(c) of 
S:2— f(x) is of class Ct, then it must be representable, for small |z |, in 
the form z* == f*(z), where f*(z) has a continuous first derivative which 
vanishes at e==(. But it turns out that such is not the case if f(x) is 
suitably chosen. 

First, since § and S* are represented by z == f(x) and 2* = f* (x), it is 
seen from (6) and (7), where X = (a, y, 2) = (ut, u’, f) and X* == (ut, u’, f*), 
that the function 2* == f*(z) is the result of the elimination of x between 
the two equations 


cam u— f (U) (1 + F° (u) tom flu) + (1+ u) ya, 


if, without loss of generality, c = 1 in S*— S*(c). Here f(u) is any con- 
tinuous function vanishing at u == 0, and f(u) is its primitive vanishing at 
w=. Accordingly, if f = g, then for small |u |, 


(9) t—=u—g(u) (1+ g?(u))4, 


where g(u) is any continuous function satisfying g(0) == 0, and 


(10) M (1+ plu) t f goa 


The assertion is that, if g(u) is suitably chosen, and if 2* = f* (s) denotes, 
for small | æ |, the (continuous) function defined by the parametric equations 
(9)-(10), then f*(x) can fail to have a continuous derivative which vanishes 
at zr = Q. 

The square root, ( )+4, in (9)-(10) must be chosen positive if, corre- 
sponding to the choice c == 1, the value of the ordinate 2* == f*(z) at s = 0 
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is normalized to be +1. Then, since (1-+ g?) 5 == 1 — 497 + o(g°) as 
u— + 0, it follows that, in view of (10), the function z* =— ff (z) must 
satisfy the relation 


(11) Pa) —f*(0) =l) Holu) + J god 


by virtue of the relation (9), and that the latter is of the form 
(12) z == u — qu) + 0(| g(u)|*). 


Here g(u) can be chosen to be any continuous function which vanishes 
atu—0. But it is not hard to construct a (sufficiently “ wobbly ”) continuous 
function g{u) —=0(1) which has the property that the ratio of (11) to (12) 
fails to tend to a limit as u — 0 (even if u-values at which the denominator, 
(12), vanishes, are disregarded; these u-values can be confined to a sequence 
which clusters only at u == 0). For such a g{u), the ratio of f* (x) — f*(0) 
to æ fails to tend to a limit as z—>0. Since this means that f*(z) is non- 
differentiable at «= 0, the truth of the negative assertion of (iii*) follows. 


6. In order to prove (ii), suppose that 9 is of class C? (and that (5) 
is a C?-parametrization of 8). Then S, besides having a first fundamental 
form gagdu*du? in which the coefficients 


are functions of class C+ in (u, u?), possesses a second fundamental form 
hapdu*du? in which the coefficients 


(14) lux — Xi Ny = hu (hi == N° Xix) 


are continuous (possibly non-differentiable) functions of (ut, u?), the vector 
function (6) being of class C'. The first derivatives of (6) are connected 
with those of (5) by Weingarten’s identities 


(15) Ni == — hiag” X p, 


where, in matrix notations, (g%) = (gx) In terms of (13) and (14), 
the representations of the total and mean curvatures, K and H, are. 


(16) K = (det hix) / (det gix) H = #9 ap. 


With reference to any real number c, define the function Æ*{ut,u?) by 
(7). This vector function is of class C*, since (6) is. It is readily verified 
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from (13)-(16) and (6) that the vector product of the partial derivatives 
A*,(u*, u?) satisfies the identity 


(17) [X* Xt] = Q [Xn Xa], 
where Q = Q? == Q°(u', u?) is the (continuous, scalar) function 
(18) | Q == 1—2cH + eK. 


Let Ko, H, denote the values of K, H at any given point, (uto, uo), 
of the (u, u*)-domain and let, with reference to this point, the value of the 
arbitrary parameter c be chosen so as to be distinct from the roots of the 
quadratic equation | 
(19) 1 — 2cH, + cK, =0 


(which becomes a linear equation or no equation at all according as (uo, uo) 
ig a non-umbilical or umbilical parabolic point of S, i.e, according as 
K, == 054 H, or Ko ~= 0 = Ho). Then the function (18), being distinct 
from 0 at the point (ut,,u%,) of S, will be distinct from 0 in a vincinity of 
this point. 

Let (ut, u?) be confined to such a vicinity. Then (17), where [X,, X2]546 © 
by assumption, implies that [X.*, X:*] 540. This means that (7) defines a 
surface S* == S*(c) of class CT, But (17), where Q p£ 0, also shows that the 
unit normal vector at a point (ut, u?) of S* is identical with the unit normal 
vector, (6), of the § at the corresponding point (ut, u*) of S (with the under- 
standing that, since (6) contains the ambiguity of a square root, N and — N 
are not considered as distinct). Since (6) is a function of class Ct, ib 
follows that S* has a unit normal which is a function of class C1 in the 
(ut, u?)-parametrization of S*. It follows therefore by an application of the 
implicit function theorem that, if the plane tangent to S* at (uto, uo) is 
chosen to be the (x, y)-plane of the space X = (2, y,2), then a (sufficiently 
small) vicinity of the point (ul, uo) of S* can be represented in the form 
2—=2(z,4), where z(z,y) is a function of class C? (for details, cf. the 
corresponding argument in [3], p. 163). This proves (ii). 


7. Denote by g", h*u, K*, H* the functions which result if X (ut, u?) 
is replaced by X*(u*, u?) in the definitions (13), (14), (16), and refer by 
(j*), where j—6,13,---, to the formula which, on this replacement, 
results from formula (j). These definitions of the starred functions are valid 
even though X* (ut, u?) need not be of class C? in the (ut, u*)-parameters. 
However, ït is clear from the tensor character of the matrices of the first 
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and second fundamental forms that K* and H* are actually the total and 
mean curvatures, respectively, of S*, and that (g*x) and (A*œ) are the 
matrices which result by a calculation of the first and second fundamental 
forms in a C?-parametrization and then applying the standard transformation 
rule : 

It is readily verified from (15) and (13) that N; Np = g£hiaħhrp. In 
terms of matrix multiplications, this can be written in the form 


(20) (Ni: Nr) — (hin) (9%) Chix) 
(incidentally, if a == (g) and 8 = (hy), and if a prime denotes transposition, 


then the matrix product (20) can be written as aĝa’, since a’ =a). Since 
N* — N, it follows from (20) that 


(21) (BF ae) (9*=) (A*i) = (ha) (9%) (hix). 


The connection between the respective factors in (21) can be obtained as 
follows : 

Since (7) implies that X*; == X, + cN, it is seen from (13) and (13*) 
that g" is the sum of three terms, gu, CA" Ny + oX,- Ny and eNi Ny. 
In view of (14) and (15), this means that 


(22) . (ga) = (qu) + 2e (hir) + cè (hix) (9) (hi) 
and it is similarly verified, from (14) and (14*), that 
(23) (A*i) = (hix) — e (hix) (9) (Rae). 


Needless to say, the identity (21) could be verified from the relations 
(22) and (28). If the latter are combined with (16), (16*) and (18), 
there result the relations 


(24) K—QK*, H=—@(H*+cK*), 
While (24) is classical for a “smooth” pair 5, S* (in fact, for an 9 of class 
C®, the corresponding S* being of class O° for trivial reasons), the point in 


the following proof of (i) will be that (24) holds under the mere C*-assump- 
tion of (iii). | 


8. Let S be a surface of C* and of constant positive curavture K. 


1 Needless to say, the matrix of the second fundamental form behaves under (ut, u*)- 
transformations (of class 0*) as a tensor only if the Jacobian of the transformation is 
positive, acquiring the factor — 1 if the Jacobian is negative. This is precisely the 
reason why, in contrast to the case of the total curvature K, only the magnitude, and not 
the sign, of the mean curvature H has geometrical significance. 
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Then, with reference to any point (to, u.) of S, the quadratic equation (19) 
reduces to Q, = 0, where Qo = Q (uto uo; c) and, according to (18), 


Q = Q (w, u; c) == 1 — 2cH + e, H = H (w, u*), 


if the value of the positive constant K is chosen to be 1. Since the product 
of the two roots of Q, = 0 is 1, either c == 1 or c==— 1 is not a root (one 
of these c-values is a root if and only if the square of H, is 1, which, since 
Ky == K = 1, means that (u',,u*) is an umbilical point of 9). It can be 
assumed that c==1 is not a root, since, in view of the remark made after 
formula (2) above, H can be replaced by — H. Then c==1 is not excepted 
in (ili), and so 8* == S*(1) is of class C?. 

The assumptions, K = 1 and c = 1, reduce (18) to $Q —1—H (and 
H = H (u, u°) is distinct from 1 on S if g is a sufficiently small vicinity of 
its point (uto, uo), since Qos 0). Thus (24) reduces to the identities 


te=2Q(1—H)K*, Hw 2(1—H)(H*+ K*). 
But substitution of the second of these identities into the first gives 
H==2(1—H)H*+1, i.e, (1 — H) (RH* +1) =0 


and (since H £1 by the preceding parenthetical, remark) the last equation 
implies that the function H* of (ut, u?) must be the constant — $. This is 
the extension to the present case (of an S which is just of class C°) of a 
classical result of Bonnet (ch e. gy [2], p. 447). 


9. The truth of (i) can now be concluded from (i). 

First, if S and H in (ii) are replaced by S* and H*, then, since S* is 
of class C? and since H*, being a constant, surely is of class C*(A), 1t follows 
that 8% is of class C*, Consequently, if 9* is written in the form z = z*(z, y) 
(locally), then 2*(x,y) is a function of class C*. Since 2*(x,y) satisfies 
the differential equation which results if H == H (s, y) in (2) is replaced by 
the constant H* == 4, it now follows from the general theorem of S. Bernstein 
(concerning elliptic differential equations; cf. Section 1) that the surface 
S*: z* — 2*(z, y) is analytic. But the given S is a parallel surface of this S*. 
Hence, the analyticity of § follows from that of S*. This completes the 
proof of (i). 


10. A corollary is the possibility of reducing to a geometrically signifi- 
cant minimum the smoothness assumptions in Laebmann’s theorem concerning 
spheres, as follows: 
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If a closed, orientable surface is of (genus 0 and of) class C°, then K =1 
cannot hold on it unless tt ts a sphere (where, according to Hadamard [or 
just Gauss-Bonnet], the parenthetical restriction is superfluous). 


Because of the use lines of curvatures in his partial differential equations, 
Hilbert’s proof, as it stands, applies only under a C”-restriction of fairly large 
n (something like n == 5); in this regard, cf. [3], pp. 163-172. But (i) 
reduces this n to n == 2 (S. Bernstein’s reduction reaches to n == 3). 


Appendix. 


On tangential representations. 


Let the surface (5) or S: z = z(z,y) be of class O°, sufficiently small 
and free of parabolic points (ï.e., let either K > 0 or K <0 on 8). 
Then N, being defined by (6), is a vector function of class C#, and the 
(local) theorem on implicit functions shows that the correspondance between 
S: X = (x,y,z) and its normal image N: (& n, ¢) is one-to-one and such 
that 
(25) S: X— X(N) 


is a vector function of class CT (on the corresponding portion of the unit 
sphere | N | = 1). Hence the same is true of the scalar function p = N: X 
(Weingarten; cf. [2], pp. 135-137) and therefore of its homogenized form ? 


H = pp(t/p, n/p, €/p), where p= (f+ 7? +g)? > 0, 
N = (Ë/p, n/p, €/p).- 


Thus, if S: XY(u',u*) is of class C?, sufficiently small and of non- 
vanishing K = K (ut, u°), then H = H(£,n,t) is a function of class C° 
(within that infinite cone of the (¢,7, €)-space which corresponds to S in 
the spherical mapping of Gauss). But it turns out that, under the assumptions 
just stated, the function H = H (£, n, €), instead of being only of class OF, 
ts of class C? by necessity. 

This lemma, which in a certain sense is an analogue of (iii) in Section 4 
above, 1s unexpected, since it implies that, if parabolic points are excluded, 


(26) 


* This H, which is Minkowski’s notation for the supporting function (26) (if K <0 
is excluded and $ is closed and orientable), will not be confused with the preceding H, 
which is the mean curvature. | 
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then Minkowski’s applications of his general theory to differential geometry 
hold under the true assumption of the differential geometry of surfaces, 
which is the assumption of surfaces of class C?. In contrast, the literature 
consulted says or implies that Minkowski’s theory is applicable only under 
the artificial assumption that the surfaces considered are confined to the 
class C”. Suffice it to say that the mean curvature and the Gaussian curvature 
are expressible in terms of the second derivatives of H provided that H is of 
class (?, while the argument applied after (25) assures the C*-character of 
H (i. e., of the representation of 8 in plane coordinates) only if (5) (i. e., the 
representation of 9 in terms of point coordinates) is of class CF. 

Incidentally, it will be clear from the proof below that the last italicized 
assertion can be generalized, to every n Æ 2, in the same way as (iU*) in 
Section 6 generalizes (iii) in Section 4. In the excluded case, n—1, the 
assertion is now not only false but meaningless as well, since the curvature 
K = K(u',u*) of a surface of class O” cannot in general be defined if n = 1. 
On the other hand, it is clear (even in the case of an analytic 8) that the 
assumption K s£ 0 cannot be omitted. 


The proof (for n == 2) of the last italicized assertion proceeds as follows: 


Since the piece of surface (5) is supposed to be sufficiently small and of 
class C?, it can be assumed that S is given in the form S: z = z(z, y), where 
(x, y) varies on a small domain, say the circle z? + y? < <*, on which the 
function 2(x, y) is of class C?. It can also be assumed that the oriented unit 
normal N == (én, €) of S at (z,y) — (0,0) is in the positive half of the 
z-axis, hence £ > 0 on gz? y? < & (if «is small enough). Then, if 


(27) q = &/f, T = 7/2, | 

it 18 seen from (26), where p == X: N and X = (x,y,2), that 

(28) | qz + ry = H +L, 

where 

(29) H == H(q,1,1) and L==—z==—2(z,y) =I (2; y) 

are functions of class C1 and C°, respectively. But (28) and (29) imply that 
(30) T — H,, y om H,, 


which, together with (28), defines a Legendre transformation. 
In fact, in view of the involutory character of a Legendre transformation, 
(30) and (28) together are equivalent to 


(31) | q = La, T m Diy 
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and (28) together, provided that L == L(x, y) is a function of class C? and 
of non-vanishing Hessian (i.e., provided that the transformation (81) of 
(x,y) into (q,r) is of class Ct and of non-vanishing Jacobian). But the 
definition (29) of L shows that this proviso is satisfied, since the function 
z(x,y) is of class C? and has a Hessian which, being a positive multiple of 
the curvature K == K (x, y), does not vanish by assumption. 

It now follows from a known fact on Legendre transformations (cf. [7]; 
p. 6) that the transformation (30) of (g,r) into (x, y) is of class ©* (and 
of non-vanishing Jacobian). But this means that H == H(q,r,1) in (30) 
is a function of class C? in (q,r). It follows therefore from (27) and (26) 
that H(é,y, €) is a function of class C? in (£, 9, €) =Æ (0, 0, 0). 

From the formal point of view, the supporting function of a parallel 
surface results by adding a constant to the supporting function of the given 
surface. It is clear that, because of this formal circumstance, the fact just 
verified could be applied in the direction of (iii). 


THE JOHNS HOPKINS UNIVERSITY. 
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THE SPECTRA OF QUANTUM-MECHANICAL OPERATORS.* 


By ©. R. PUTNAM. 


1. Let A and B denote “ Hermitian ” operators (in a sense to be defined), 
satisfying the commutator “ equation ” 


(1) AB—BA = il, 


where, here, and throughout this paper, + is the imaginary unit, J denotes the 
identity operator, and all operators are to be regarded with respect to an 
underlying Hilbert space &. The justification for the appearance of the 
quotation marks above is that the unqualified relation (1) can never hold as 
an actual equation. Specifically, the identity operator appearing on the right 
side of (1) is defined for all elements f in § ; thus, if (1) were a true equation, 
then clearly both A and B would be defined for all f in § and hence would 
be bounded operators,’ in contradiction to known results; cf. [12], [8], [10]. 
What is needed, then, is the specification of a domain, say Q, of elements in § 
for which (1) does hold, that is for which 


(2) (AB —BA)f = if, 


for all f in Q. The statement that “(1) holds on Q” will then be taken to 
mean that (2) holds for all f in Q. It should be noted that Q belongs both 
to the domain of definition of the operator AB and to that of BA. 

This paper will be devoted to the problem of determining the nature of 
A and B and their spectra in relation to the domain Q. Certain results in 
this direction have recently been obtained by Rellich [8] under assumptions 
quite different to those of the present paper. In fact, the conditions imposed 
in [8] are such as to imply that the operators A and B are of the Heisenberg- 
Schroedinger type, and are therefore both unbounded; whereas in the case at 
hand, the fact that the boundedness of one of.the operators is not precluded 
is essentially connected with the nature of the theorems to be presented below. 
For other results bearing on problems somewhat related to those considered 
in the present paper, see [7]. 


* Received March 3, 1951. 
t If À is any symmetric operator for which ®, = & (cf. section 2) then necessarily 
A is self-adjoint and is bounded ([9], pp. 51, 59). 
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The significance of the role of Q in determining the spectral properties 
of A and B can perhaps be most readily demonstrated if A and B are 
defined by 
(3) ` Awntd/dt, B=r. 


If f denotes any differentiable function, then clearly (2) holds, so that in a 
sense, (1) can be regarded as a “formal” identity. First, suppose that © 
consists of all (complex-valued) functions f of class L? (—o, œ). Then (1) 
holds on a certain subset Q of §, and furthermore it is known ([5], pp. 66 ff.) 
that A and B can be regarded as ‘self-adjoint operators (as defined in the next 
section), and that each posssesses the whole line —co < A < œ% as its spectrum; 
in addition, neither A nor B possesses an eigenvalue. 

Next, let § consist of all functions of class L?[a, b], where [a, b] denotes 
a finite interval. If the boundary condition | f(a)/f(b)| ==1 (among other 
conditions) is required for the functions in the domain of A, it is known that 
again both A and B can be regarded as self-adjoint operators. In this case, 
however, the spectrum of A consists of a discrete sequence of eigenvalues 
Ai, A2,° © +, Which satisfy à >œ as n—œ, while the spectrum of B is the 
entire interval aS ASB. 

It was thought by Dirac ([1], p. 94) that the situation in which the 
spectra of A and B consist of every real number was a consequence of the 
equation ” (1). However, as shown by the last example (which has been 
cited in a quantum-mechanical connection in the physical literature; [2], 
p. 299) such is, in general, not the case. Moreover, as is shown in Appendix 
IT below, it is quite possible that A and B be formally Hermitian matrices 
(so that ay, = 4, and bye = bry) which satisfy (1); and are such that one of 
the pair is bounded (and hence possesses a spectrum contained in a finite 
interval). In fact, the matrix consideration referred to here reflects the 
situation for the operators (8) on the finite interval. 
| As previously remarked, the present paper will deal with the problem of 
characterizing the operators A and B (both of which, except in Theorem I 
änd the Lemma below, are self-adjoint) satisfying (1), in regard to Q. A 
different type of problem, concerning the nature of the spectrum of a certain 
self-adjoint differential equation and the concomitant boundary veus RER 
has been considered by Wintner [13]. 

The discussion of the cases bearing on (3) considered above, will be 
considered further in section 6. 


2. Terminology. The underlying Hilbert space will be denoted by $; 
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it is understood that & is not the trivial space consisting of the zero element 
alone. The definitions and terminology will be that of Nagy [3]. Thus, an 
operator A will be called symmetric if A is linear and densely defined, and if 
(Af, g) = (f, Ag) for all elements f, g in Da, the domain of A; hence A G A*. 
An operator A will be called normal if A is linear, densely defined, closed, and 
satisfies AA* = A*A ; in particular, A will be called self-adjoint if A is normal 
and A == A*. It is to be emphasized that the unqualified equation A == B 
entails both relations A C Band A D B. 

By Ra will be meant the range of the operator A, so that 4 consists 
of all elements g in & such that g == Af, f in Da. Finally, if Q denotes any 
set contained in Da, then A (Q) denotes the image of Q, that is, the set of 
all elements g in § such that g == Af, f in Q. 

All operators considered in this paper are linear. 


3. The theorems and some of the proofs will be given in this section 
and in section 5; the remaining proofs (those of Theorems I, II and III) 
will be given in sections 7-10. 


THEOREM I. Let A be symmetric and let B be an arbitrary linear 
operator in 9 satisfying the commutator equation (1) on a set Q of §. 
Then A cannot possess a real eigenvalue À with an eigenfunction belonging 
to Q. Moreover, the above statement remains true tf A and B are interchanged. 


It is to be noticed that the above theorem does not preclude the existence 
of eigenfunctions for the operators A or B; in fact, it is quite possible that 
both A and B are self-adjoint, satisfy (1) on a set Q, and that the entire 
spectrum of A consists of (real) eigenvalues (with corresponding eigen- 
functions which, by Theorem I, cannot belong to Q). Such an example is 
furnished by (3) with reference to the finite interval [a, 6]; cf. the remarks 
in section 1. The situation is readily explained in the present instance by 
the fact that if a function f(x) is in Da, it satisfies the boundary condition 
| f(a) /f(b)| =1. Since, however, O C Daz, all functions of Q necessarily 
satisfy this same condition ; in particular if f is an eigenfunction of A belonging 
to Q, then both f(z) and æf(x) would have to satisfy the boundary condition. 
This is impossible since | f(a)| = | f(b)| 40 for such fs. 

Theorem I is similar to a portion of Theorem III of [7]. 

The next theorem is 


THEOREM Il? Let A and B denote self-adjoint operators in $ satisfying 


? The author wishes to thank Professor Kodaira for several valuable comments and 
suggestions in connection with the formulation and proof of this theorem. 
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(1) on a set Q, and suppose that the set AB(Q) is dense in $. In addition, 
let A~ be bounded. Then (i) Da C Re and (ii) A ts unbounded. More- 
over, the theorem remains true tf A and B are everywhere interchanged. 


The next theorem is similar to the above but with a slightly altered 
hypothesis. 


THeorem III. The assertions of Theorem IT above remain valid if the 
assumption that AB(Q) be dense in © is replaced by the sa that 
© = BA(Q)Rar be dense in §. 


In the next section, a lemma will be proved which will be useful in 
deriving certain consequences of the above theorems. 

4. For an arbitrary pair of complex numbers À, p and an ela pair 
of operators A, B, define A, and By by 
(4) Ayam ANT, BB pl. 


It is readily seen that if À denotes a real number, then the operator À; is self- 
adjoint (symmetric) if and only if A is genna oin (symmetric). First, the 
following Lemma will be derived: 


Lemma. If A and B denote arbitrary operators (not necessarily self- 
adjoint or even symmetric) in a Hilbert space %, and if (1) holds on Q; then 


(5) ABe = BA == il (A and p, arbitrary complex numbers), 
also holds on Q. 


Proof. Since O C Daz C Dz, and A C Daa C Da, it is clear from (1) 
that . | | | | 
(6) AB— pA —dB + Aul — BA + pA +AB—Apl = tl 


holds on Q. Since AB + AC C A(B + C), and (A + B)C = AC + BC hold 
for arbitrary operators A, B, C (cf. [3], p. 28), relation (6) implies first that 


A(B—pl) —A(B—pl) — (B—pl)A +A(B—pl) il 
holds on Q, and then that 
(A —AI) (B—pl) — (B — pl) (A —Al) =i 


holds on G. As this last relation is simply (5), the proof of the Lemma is 
complete. 
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5. It is clear that if the role of (1) in Theorems I-ILI is played by (5), 
and if the role of the set Q is played by some set Qu, then theorems similar 
to I-III, but pertaining to Ay and Ba, where À and » are real, may readily 
be obtained. According to the Lemma, the set Ou on which (5) holds, 
contains the set on which (1) holds, that is, Q C Qu, Since another appli- 
cation of the Lemma shows that Oy C (Qu) (= ©), it follows, however, 
that even Q =O), (A, » complex, arbitrary) is valid. 

In addition it can be remarked that in order to prove, for instance, that 
A is unbounded, it is sufficient to prove that A, is unbounded for some (real 
or complex) value A. 


For the sake of application to the problem of locating spectra, the 


following theorem, which involves A, and Ba, and which is a corollary of 
Theorem IT, will be stated. 


Taxorem IV. Let A and B denote self-adjoint operators in § satisfying 
(1) on a set Q, and let Ay and B, be defined by (4). 


(1) Consider the set, S, of real values À for which there is a real value 
p= (A) such that the set A,B,(Q) 1s dense in § and Da, 18 not contained 
in Rex Then the set X is contained in the spectrum of the operator A. 


(ii) The above statement (i) remains true if the symbols A and B are 
interchanged throughout. 


Remark. It should be noted that if a self-adjoint operator A possesses 
the spectral resolution A == f adEa then A, = f (a — à)dEa Further- 


more, if À is not an eigenvalue of A, then the inverse of A, that is Axt, 


exists and is given by Ay“ = f (a — A) dEa, the resolvent of A. Since 


A is a self-adjoint (and therefore normal) operator, it can possess at most 
a denumerable set of eigenvalues À (for which values 41, of course, fails 
to exist). A point À is not in the spectrum of A if and only if A1 * exists 
and is bounded. In addition, it should be noted that if A is not an eigenvalue, 
then the inverse operator A)? (as well as Ay) as defined above is self-adjoint 
whenever À is real. 


In connection with the above remark see [3], p. 54. 


Proof of Theorem IV. Since an interchange of A and B in (1) is equi- 
valent to the substitution of — A for A in this relation, it is clearly sufficient 
to prove only part (i) of Theorem IV. By virtue of the Lemma, relation 
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(5) holds on Q. Let À be in S, and suppose À is not in the spectrum of À. 
Then A, exists, is self-adjoint, and is bounded. An application of (i) of 
Theorem II then implies D4, C Rea in contradiction to the hypothesis ; hence 
all points of § are in the spectrum of A. This completes the proof of 
Theorem IV. 


6. Examples. Consider the real axis — co < x <œ, and on it the self- 
adjoint operators À and B defined by (3) (cf. section 1). It is known) ([6], 
pp. 66 ff.) that both A and B possess the set —oo < À co as their spectra. 
A proof of this fact, as far as A is concerned, will be given as an application 
of Theorem IV. Since A is self-adjoint, the spectrum of A is contained on 
the real line — oo < à < œ. It will be shown that for any real A, the function 
p =p (A) = 0 suffices in part (i) of Theorem IV. Thus, it will first be shown 
that the set 4,8(Q) is dense for all real A. (It is to be noted that By = B.) 
This set consists of all functions g such that 


(7) FT +f = Af y 
where f = zF, and F is in Q. Multiplication of (7) by e* yields 
(8) ge xm (fera)? 


Let k =— k(x) be in [*(—o, œ) and satisfy 
(9) s kg dx = 0 for all functions g of (7). 


Consider only aon F with continuous first derivatives on —00 < g < œ 
‘and which, in addition, are such that f = 0 outside of a finite interval [a,b]. 
Clearly the functions F, as well as the functions f = zF, belong to the class Q 


b ò 
and are dense in §. From f kg dz == 0, one obtains 4 f ke te (fete) dx = 0, 
a a 


. ` b 
Put K(x) tke; then the last relation implies f fe®adK (z) = 0 for 
A | 


all functions f of the type considered above. This clearly implies that 
K == const. on [a,b]. Since a and b are arbitrary, K — const. on —00 < g < œ. 
Since K belongs to class L?(—-c, 0), K (and hence k) is identically zero. 
Thus the set A,B(Q) is dense for every À. The assertions regarding A will 
follow if it is shown that Da, is not contained in Ry for any real A. However, 
if a function f is in Rp, then f==cg, where g CDa, and consequently 
f/x C L?(—o, 0). But the existence of functions f in Da, for which f/z, 
is not in L?(—o, œ) is clear; in fact, one need only arrange that f (0) = 0, 
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so that (f being continuous), in f/x |?dx «co holds. Consequently, the 
spectrum of A contains the entire line —oo < À <œ, and is therefore just 
this line. 

The situation for the line —o< z <œ is to be contrasted with that 
for the finite interval [a,b]. In the latter case, as remarked in section 1, 
the boundary condition | f(a)/f(b)| —1; (among other requirements) must 
be imposed on the functions of D4. Since, among other things, all functions 
of Q must satisfy the boundary condition f(a) —f(b) = 0, one can readily 
see, by direct verification, that the set T'= A,8,(Q) is, in the present case, 
never dense (A, real, arbitrary), and that the set ® == B A (Q) is surely 
not dense if B,* is bounded. In fact, the function k — 6°% is orthogonal to 
all elements of T; while if B, is bounded, so that » does not belong to [a, b], 
then the function k == e*(¢— pu) is orthogonal to all elements of ®. 


ts Proof of Theorem I. It is sufficient to prove the theorem in the case 
that A is symmetric and B is arbitrary; cf. the above remark at the beginning 
of the proof of Theorem IV. According to the Lemma, (5) holds on Q 
(A and x arbitrary). Hence, if A possesses a real eigenvalue with an eigen- 
function f in Q, then Aaf = 0 for some real À, and if u = 0, then (5) implies 
A, Bf — BAyf — if, so that, since B is linear, A,Bf—if CO. In particular, 
since Q C Dear € Day, the element A, Bf CDa,. Since À is real, A, is sym- 
metric, and hence (g, Aah) = (Ag, h) whenever g, h belong to Da,. Clearly 
BfCDax Let g = A Bf and h == Bf; then (A Bf, ABF) = (4,4 Bf, Bf) 
= 0, since 4,A,Bf == A (if) = 0. Thus A,Bf = 0 and hence f = 0, in con- 
tradiction to the requirement that f be an eigenfunction. This completes the 
proof of Theorem I. 


8. Proof of (i) of Theorem II. As above, it is sufficient to prove the 
theorem as stated in terms of A and B (cf. the beginning of the proof of 
Theorem IV above). It follows from (1) that 23(ABf,f) — (f,f) so that 


(10) [ABf I = aif i, f in Q. 


In order to prove (i), it is sufficient to show that for any element g in §, 
there exists an element f of Dz for which Ag == Bf. Since AB (Q) is dense 
in ©, there exists a sequence fı, fz, ©, where fa are in ©, such that 
ABfa—> g as n—>o. By virtue of (10), frf, as n—>0. But At 
is bounded, so that Bf, —> Ag; since B is closed, f is in Dg, and Bf = A719. 
This proves (i). 
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9. Proof of (ii) of Theorem II. It will be shown that the assumption 
that A is bounded leads to a contradiction. Suppose, if possible, that A 
(as well as 4) is bounded. Since Da — and, by (i), DaC Rs, it follows 
that B-1 exists and is self-adjoint (cf. [3], p. 35, (c)). In addition, Bo is 
also bounded ([9], p. 59. See also the above footnote 1). Let f belong to 
AB(Q), s0 that f = ABg, where g CQ. An application of (1) to g == BA-Y 
yields f— BAB*A f= 4B1A"1f. Let a and 8 denote the bounded operators 
AB"? and B14A respectively. Then an application of the operator a to the 
last equation gives 
(11) af — | Bf = taff, 
which 3 is valid for all f in AB(Q) (and hence for all f in 8). Clearly a= B*; 
therefore if U is defined by 


(12) - U=ß +ü, 
relation (11) implies . : 
(13) | | U*U mn I. 


For any bounded operator C, let || C | be defined by | C | = 1. u. b. | Cf | 
when || f || = 1; since (Uf, Uf) — (f, U*Uf) = | f |? for all fC §, it follows 
that || U | —1 (and hence | U* || 1). Moreover, the spectrum of any 
bounded operator C is contained in the circle | z | = || C || of the complex plane 
(cf. [11], p. 143). Hence, by (12), the spectra of 8 and B* lie in circles of 
radii 1 with centers at z == — s and at z == 1, respectively. 

Since AB == 4-1(B A) A, it follows from the fact that A na A> 
are bounded that 8 and 8* (— a) have identical spectra (cf. [12]). Conse- 
quently, the origin z «= 0 is the only possible point in the spectra of B and pe: 
(Incidentally, that z = 0 actually is in the spectrum of 8 is clear from the 
fact that the spectrum of a bounded operator is never empty; cf. [11], pp. 
143-144.) Hence by (12), A—0 certainly is not in the spectrum of U, so 
that U is non-singular (possesses a unique, two-sided, bounded inverse) y 
since, as was seen above, U*U = I, it follows that UU* — I must also hold. 
Thus U is unitary and £ is normal, so that 8 == B-14-1 is the (bounded) zero 
operator. (It should be noted that the fact that z == 0 is the only point in 
spectrum of a non-normal bounded operator C is. not sufficient to guarantee 
that C is the zero operator.) It follows that 8 possesses À — 0 as an eigen- 
value with any f5<0 in § as a corresponding eigenfunction. One thereby 
obtains a contradiction to the fact that £ is the inverse of AB (cf. [3], p. 28). 
In fact, 0 = BABf == f for all f in Dag; the existence of some f s£ 0 in Daz, 
however, follows from the assumption that AB (Q) is dense in the (non-trivial) 
space §. This contradiction completes the proof of Theorem IT. 
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10. Proof of Theorem III. Since Rg is dense, B- exists and is self- 
adjoint; [3], p. 35, (c). Let fC; then f=. BAg,gCQ. An application of 
(1) to g=A“B"f yields ABA*B*f—f—=tA“*Bf. As in section 9, let 
a = AB and B= A+B (with the understanding that a and 8 need not 
be bounded in the present case). Since f is in 4, both elements f and 
ABA“B“f belong to Dg, so that A“*B“f must also belong to Dg. An appli- 
cation of 8 to the above equation gives 


af — Bf = iBaf, fin 


Since & is dense, both a and £ are densely defined and, consequently, the 
adjoints a* and B* exist. Since A is bounded, a* == 8 ([3], top of p. 29). 
Hence 8, being an adjoint, is closed. In addition, « C 8*; [3], top of p. 29. 
The last formula line now implies 8*f — Bf — i88*f, for all fin &. If, as in 
section 9, U is defined by (12), it is clear that U-is linear, closed, and: densely 
defined, that U* exists, and that (cf. [3], top of p. 29) U*—p*—ul. It 
follows that 


(14) UU* =f, f ind. 


Furthermore U** — U ([3], middle of p. 29). Since (14) holds for all f 
in $, $ C Doense CDye. Let'h be an arbitrary element in §; since ® is 
dense, there exists a sequence of elements fa in ® such that fa —> h as n —00. 
Clearly 


(U* (fn — fn), O* fa — fa) = (Ga — fu), DT — Fr) 


so that by (14) and the equation U** == U, U*(fa —fm)—>0. Thus U*},—> k, 
where k is some element of §. But U*, being an adjoint, is closed; hence, 
U*h = k, that is, U*h is defined for all k in §. Furthermore, it is readily 
seen that (U*f, U* f) — (f, U**U*f) = (f, f) for f in &. Thus | U*f| =| f | 
whenever f is in ®, and hence (by the above results) whenever f is in §. 
Consequently, U* is bounded; this implies that U (= U**) is bounded. It 
now follows from (12) that 8 is bounded, and therefore R4- C De, that is, 
Da C Rez. This proves the first part of Theorem IT. The proof of the second 
part, , namely that À is unbounded, is similar to that given in the latter part 
of section 9. Thus, the assumption that A is bounded readily implies that 
U*U = I as well as UU* = Į (the last relation having been obtained above), 
so that U is unitary. The existence of an fs“ 0 in Dur follows from the fact 
that  C Ras, and one obtains a contradiction as before. This completes the 
proof of Theorem IM. 
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Appendix. 


I. Certain formulations of the statement “(1) holds on 2” can even 
specify explicitly the set Q. For instance, if the assumption that (1) holds 
on Q is replaced by AB C BA + iI, then Q =— Das. Furthermore, if it is 
assumed that AB == BA + 41, then Q = Diy == Dga. Thus under such revised 
assumptions, the formulations of the various theorems of this paper can be 
stated more simply; these revised forms are clear, however, and will not be 
stated explicitly. 

Also, slight variations of the above theorems and even sharpened state- 
ments can be obtained in certain instances. Such a case in point is offered 
by part (ii) of Theorem II. In fact, according to Theorem III of [7], if A 
is arbitrary and B is normal (not necessarily self-adjoint), then the relation 
AB C BA + il implies, without further assumptions, that À is unbounded. 


II. The existence of a pair of matrices A = (amn) B = (bmn) satisfying 
relation (1), the Hermitian requirements 


| (15) (Amn) = (Gam); (Bin) = ial 
and 
(16) D | amn |? <, 2 | bma |? <, n= 1,2, 


and such that one of the pair is bounded, will be shown. According to (16), 
the rows (hence, by (15), the columns) of A and B belong to Hilbert space; 
as a consequence, the products AB and BA occurring in (1) (the latter relation 
being now regarded as an ordinary matrix equation) surely exist. Specifically 
it will be shown that the pair 4, B defined by 


= 4imn/x(m* — n’), m odd (even) and n even (odd) 
ane 0, otherwise 


(17) 


ar / à, m — n 
brm = l — 8mn/r (m — n*)*, m odd (even) and n even (odd) 
0, otherwise 

satisfies (1), (15) and (16), and that B is bounded. In principle, the 
verification of these claims can be made directly; however, the proof, which 
will be given below, will depend on a correspondence between matrices and 
operators. 

Consider the operators A = id/dz and B = 2, which satisfy the “formal ” 
identity 
(18) AB — BA =m 1, 
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as operating on the class, %, of functions f(z), which are absolutely continuous 
on the finite interval a = x S b and satisfy 


b 
a9 a= =o f IP Pae<@ =.’ = d/de). 
It is clear that the set 9 is dense in the Hilbert space © of all functions f on 
b 
[a, b] for which Í | f [dx <œ, and that, as is seen from (18) and (19), 
a 


D 2 b 
f fOis = f (Cf) gdz, where O = À or B and f, g are in § 


(cf. [5], pp. 66, 68, and [8], p. 111). I£ desired, the domain of definition 
of the (unbounded) operator A can be extended so that A becomes a closed 
operator (cf. [5], pp. 76, 79) ; it should be noted that B is a bounded operator 
(and is defined for all f in §). If ir), e(z), ©- denotes any ortho- 
normal complete sequence of functions of class %, and if the matrices A = (amn) 
and B == (bmn) are defined by 


b b 
Amn == 1 f bmn dT, Omn == f ThmPn AT, 
a a 


then A and B satisfy (15) and (16), and B is bounded (cf. [11], pp. 184 f., 
and [4], pp. 1228). In addition, as a consequence of (18) and (19), it is 
seen by direct verification, that (1) also holds. By choosing [a,b] to be 
[0,2] and a(z) == (2/r)5 sin ng, one obtains the matrices A and B of (17). 
Incidentally, it can be remarked that the spectrum of the matrix B defined 
by (17) is exactly the interval [0,7] ([11], pp. 184 ff.). 

By choosing different sequences #.(x), g:(x), : : - on fa, b], one can obtain 
various pairs À, B satisfying (1), (15) and (16), and such that B is bounded. 
All of the bounded matrices B obtained in this manner, are unitarily equi- 
valent to each other ([11], pp. 184 ff. and [4], pp. 122 ff.) and none, of 
course, 18 unitarily equivalent to either of the linear oscillator matrices 
occurring in physics (cf. e. g., [2], p. 370). It will remain undecided whether 
all bounded matrices B, which have identical spectra and which can occur in 
pairs A, B satisfying (1), (15) and (16), are unitarily equivalent to each 
other, or what amounts to the same thing, to a fixed such matrix, say the 
one defined by the second relation of (17), in case the spectrum is the 
interval [0, a]. 
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ON NON-OSCILLATORY LINEAR DIFFERENTIAL EQUATIONS 
OF SECOND ORDER.* .. 


Wa 


By Puinre HARTMAN.** 


1. Necessary conditions. In the differential equation 
(1) | y” + a(t)y = 0, 


let g == g(t) be real-valued and continuous on 0 S <œ. Only real solutions 
y == y(t) 5£ 0 will be considered below. The equation (1) will be called non- 
oscillatory if every solution has only a finite number of zeros on 0 St < ©. 


(I) If q(t) satisfies 


(2) q(t) 0, as t-o, 


or, more generally, if 
an 


(3) l. u. b. f q(t)dt|/ (1 -+ v)— 0, as u co, 
0 D< 0 
aes 
then a necessary condition that (1) be non-osctllatory is that either 
T 
(4) - f RT EEEE E 
0 
or 
w T 
(5) f q(t) dt = lim f q(t)dt exists 
T-® . 
9 0 


(as a finite limit). 


In the simple case where the assumption (2) or (3) is replaced by 
q > 0, it is known that (5) is a necessary condition (Wintner [9], p. 97). 
In fact, without any restriction on q(t), it is known that 


T É 


lim int T f f 9(s)ds) dt <o | 


* Received May 21, 1951. 
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is a necessary condition (Wintner [10]). The following theorem contains 
this result (but not that of (I)): or . 


(II) A necessary condition that (1) be non-oscillatory ts that either 


F É 
i e . f | _ 
(6) mint T+ f (f g(s)ds)dt—— 
8 8 , 
or 
A a | | 
(7) lim T= fc g(s)da)di = M exists 
He ; : : 


(as a finite limit). 


The proof of (II) will show that, in the case O, the mean value M 
exists “absolutely ” and, in fact, 


T 
(8) bare f 
where 
¢ 
(9) Q(t) —M— È a 


Using the methods of [3], where however it is assumed that (5) holds and 
(9) reduces to Q(t) = f q(s)ds, it can be shown that in the case (7) the 


function (9) must ee 
oo _ f | 
(10) f exp(— À f Q (8) ds) di =o 
0. 0 
for 0 < A = 4; but, according to Wintner ([11], $ 7), not necessarily for 
A>4. (That (10) must hold for A ==2 when (5) is assumed was first 
proved by Wintner [11], § 7.) 


(II bis) The case (6) of (IL) is compatible with each of the possibilities: 
T t i 
(11) lim sup T~ f qi q(s)ds)di is —-o, finite or +0. 
pn 
0 6 


Of course, (I) rules out the last two possibilities when (2) or (8) holds. 
These possibilities are also ruled out by somewhat milder assumptions. 
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(IIL) Jf q(t) ts half-bounded on 0 < 1 <œ, or more generally, ii there 
exists a positive constant « such that 


tuto 


(12) f q(t)dt is half-bounded for 0 =£ u <œ, 0 £v £ e, 


then a necessary condition that (1) be non-oscillatory is that either (4) or 
{7) hold. 


2. Auœiiary theorems. The proof of (II) will depend on the following: 


(A) If (1) is nor-oscillatory, then a necessary and sufficient condition 
that | 


(13) [rat <x 
hold for one (and/or every) solution y = y(t) of (1) 1 that (7) hold. 


This implies the result of Wintner ([11], § 6) that a sufficient condition 
that (13) hold for every solution of (1) is that (5) be valid. In view of (IT), 
it is seen that even 


(14) | Kim int Ts {Jf q(s)ds) dt > —o 


is sufficient (since (14) implies (7), when (1) is non-oscillatory). 
The proof of (I) will depend on the following: 


(B) If (1) ts non-oscillatory, then (3) is necessary and suficient tn 
order that 


(15) HOA wise, 
hold for one (and/or every) solution y == y(t) of (1). 


This implies the result of Wintner ([11], § 6) that a sufficient condition 
that (15) hold for every solution of (1) is that (5) be valid. 

The theorem (B) is an analogue of a theorem in [2], $ 11, where q(t) 
in (1) is replaced by q(t) — 1, and (15) by y/y— +1, as {> (but where 
it is asserted, not assumed, in one half of the theorem that (1) is non- 
oscillatory. ) 

Theorem (B) implies the result of Perron [6] that (15) holds for every 
solution of (1) if (2) holds and q(t) =0. Actually, Perron treats the more 
general equation 
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(16) + pty + a(t)y = 0, (p, q real) 
and his assumptions are that (2) holds, g(t) =0, | | 
(17) p(t) > 0, as t>o, 


and p(t) = 0. Since there is no loss of generality in assuming that p(t) 
is locally smooth, it follows from (B) -and the variation of constants 


t 
y—sexp(—4 J p(s)ds), 


which gives the differential equation z” + as p?/4— p'/2)z = 0 and the 
relation y//y «= 2 /z—p/2, that if (17) is assumed, then (B) remains true 
if “(16)” is read in place of “(1)”. 

Since (16) is non-oscillatory when q 0, it. follows that Perron’s 
assumption p < 0 is superfluous. This fact has already been noted by Hamel 
[1] who, under the assumptions (2) and (17), gave necessary and sufficient 
conditions that (16) be non-oscillatory and that its solutions satisfy (15). 
But it is clear from. the extension of (B).to the differential equation (16) 
that Hamel’s conditions must then be merely necessary and sufficient con- 
ditions that (16) be non-oscillatory. From this point of view, Hamel’s 
criterion, based on a variational principle, that (16) be non-oscillatory has 
nothing to do with his assumptions (2) and (17). This is clear from a glance 
at the first part of his proof. His criterion has been generalized by Putnam 
[7]. 


3. Proof of (B).- If y— y(t) is any solution of (1), then y(t) does 
not vanish for large ¢ and its logarithmic derivative 


(18) m z= y'/y 
satisfies the Riccati differential equation 
(19) + a+ q(t) —0 


(for those ¢ for which (18) is defined). Hence, (B) is a consequence of the 
case r(x) ==— 2? of the following lemma, which is an analogue of the theorem 
(TI*) in [2], 89. 

Lemma 1. Let r(x) be defined and continuous for —œo < x <œ and 
have the properties that | 
(20) .T(0)—0, . 
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and that there exists, on 0 x <a, a monotone (non-decreasing) function 
R(x) satisfying | 


(21) ra) = riisi for 0< | 21 <0 
and | | 
(22) | f ie /Rlay< ow. 


Let x = z(t) be defined for large t and be a solution of 
(23) | r = r(z)— g(t). . 
Then (3) is necessary and suficient in order that | 
(24) a | a(t) — 0, as to. 
Proof. The necessity of (3) follows from the inequality 


Lf g(t)dt|<]o(u+») —a(u)|-+ fret) at, 


where (20), (21) and (24) imply that r(z(t)) — 0, as tom. 
In order to prove the sufficiency of (3), it will first be shown that (3) 
implies l i 
(25) lim inf z(t) = 0 £ lim sup z(t). 
| to te 
Suppose, if possible, that the second inequality does not hold; so that 
(26) a(t) =—~—c<0 
for large t, say fora = t <œ. Then, by (21) and (23), for a£=u< +y<o, 


uw Si 
(27) J2(u+v)—2(u)|=R(o)v—| f aa 
Clearly, (3) implies that, if u is sufficiently large and fixed, then the right 


side of (27) tends to œ, as v—æœ. Hence (26) shows that z(t) > —oo, 
as t—»oo. From (23), 


s(t) =f r(2(s))as— f 9(e)ds + e(a). 


Since. (21) and (22) imply that | r(x(t))| >, as t —>%, the condition (8) 
and the last formula line imply r(z(¢)) >—o, as {->c0. Hence (3) gives 


9 ’ 
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at f R(—z(s))ds for large t. 
a ” 


Since R is monotone, it follows that 


- ¢ 
26’ = R(8), where S(t) =$ | B(—2(s))ds 
tend to œ, as t—>œ. A quadrature gives 
St}. - 
(28) Q f 48/R(8) = t + const. 


If too, this relation contradicts (22). This proves the second inequality 
in (25); the first is proved similarly. | 

Suppose, if possible, that the limit superior, as t-»0, of r(t) is 
positive, say has the value 3c > 0. Then, by (25), there exist large values 
of u and u+v(> u) such that cSa(t) <20 for u<t<u and that 
g(u+v) —a2(u)=—=-+c¢, where + is —sgnr(c). Then an analogue of 
(27) gives 

td 
| J Ot = e+ Rev a(t +»), 


H 
where ¢) = min(c, #(c)) >0. But this contradicts (3). Hence, the limit 


superior of z(t) is 0; similarly, it is proved that the limit inferior is 0. This 
completes the proof of (24) and of Lemma 1. 


4. Proof of (A). Ify—y(t) is any solution of (1), then its logarithmic 
derivative (18) satisfies the Riccati equation (19) for large t, say for 
a=t<oo. An integration of (19) gives 


(29) z(t) + f 2*(s)ds—2(a)— f a(s)ds 


for t= a. 


Suppose that (13) holds, it will be shown that (7) holds. The assumption 
(13) implies that (29) can be writen in the form 


(30) a(t) — | 2*(s)ds—M— f a(s)ds, 


t 
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where 


Les) 


(31) M == x(a) = f æ(s)de +f q(s)ds. 


a 

Since (18) implies 
, | s 7 X . i v : . 
7 po z (t)dt—> 0, as T0, 


1 ` è Fi Pa + . 
Û 1 n 
ro ere 1," - wt : e: i 


r fi f #0, u ini yey, 


_ 


the relation (8) follows from (9) and (30). In particular, (7). holds (Elder), 
as was to be proved. 
In order to prove the converse, note that (29) and a quadrature give 


(32) + f (8) ds ga J J O 


mento f f q(t) du) ds. 


a. 


The nr (7), or even (14), means that the right side j is bounded from 
above, as ¿—>œ. If (18) fails to hold, then 


t - t e ` ; . 
— ti MEGI = ği fof æ?(u)du)ds for large & 
Then Schwarz’s inequality | | 
t t a 
|r f o(syds| <0 TEOLO 
shows that 


a ae ` i t 8 
4t f r’ (u)du = ( ff x*(u)du)ds)* for large t. 
a ' a a . 8 


This is equivalent to 
, t « 
448’ = 8°, whore S(t) = f Cf (ui) du) ds 


' a a 
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tends to œ, as t¿—>œ. A quadrature of this inequality gives 
g(t) ; . ee 
4 af ds/ 8 = A i + ee 


Since this is impossible for large t, it follows that (7), or even (14), implies 
(13) for every solution y(t) of (1).. This completes the proof of (A). 


5. Proof of (II). Suppose that (1) is non-oscillatory and that (6) 
does not hold (that is, that (14) holds): It must be shown that the alterna: 
tive, (7), holds. By the proof just completed; (14) implies (13) for every 
solution y(t) of (1). But (18), for one solution, ee (7), by (A). This 
proves (IT). = 


6. Proof of (III). If (4) fails to hold, then the integral in (4) exceeds 
some fixed constant when t= ta, where é < t<: <- is some unbounded 
sequence of t-values. The half-boundedness of gq, or the more general condition 
(12), implies the existence of constants C and € ee 0 such that - 


(33) | fx a(s)ds > — 0 


for  <t<t,-e or eS A ee nee 1,2,---, and C, e are 
independent of n. The assertion (IIT) is contained, therefore, in the following: 

Lemma 2. If (1) is non-oscillatory and if there exists a constant O such 
that (33) holds for all t on a set E of infinite measure, then (7) is valid. 

Proof: By virtue of (A), it is sufficient to show that (13) holds for a 
solution y= y(t) of (1). The Ricatti equation (19) and its integrated 
form (29) are satisfied for z — y'/y for large t, say a = t <œ." By (38), 
' the right side of (29) is bounded from above if ¢ is on the set Æ. Hence, 
if (13) fails to hold, a modification of the arguments between (27) and (28) 
leads to the contradiction | 


2s dS (t)/S*(t) => measure of CA 
"+ B(T) : r 
where T is om E(T) denotes the portion.of E on T< < t < oo and 


soma feu as too, 


This proves Demiin 2. 
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= 7. Proof of (I). If (1) is non-oscillatory and (2), or more generally 
(3), hold then, either (4) or (7) holds, by (IIIT). It remains to show that 
when (7) holds, (5) is valid. . 


Suppose that (7) holds, then (13) is true for every solution of (1), by 
(A). In addition, (15) is true, by (B). The equation (30), which is valid 
for large ¢, then implies (5). This proves (I). 


8. Other necessary conditions. Changes of the variables in (1), followed 
by applications of the above theorems lead to different necessary conditions 
that (1) be non-oscillatory. For example, if the new independent variable, 
s—4{*, where y > 0, and the new dependent variable z = t#-y are intro- 
duced, then (1) becomes 


a a/ds? + y*[g(t) #227 — (1 — y?)t*7/4]2 = 0, where t = 31/7, 
An application of (II) shows that if 
T 
lim inf f q(t) dt > — o, 
T0 a i 


then a necessary condition that (1) be non-oscillatory is that the mean value 


T t 
(84) . lim 7 f pra( g(u)urdu) di = M exist - 
on n T0 - 


(absolutely). In particular, if q= 0, then 


ts 
face <oo for all y > 0. 


This result can be deduced from Wintner [9], p. 97; [10]; [11]; Hille [4], 
p. 248; and .Leighton [5].: If y > 0 is fixed and g(t)t*°7-> 0, as ta, 
q 


then (I) show that lim f q(t)t* dt, as T —>œ, exists either as a finite 


number or as —œ. Finally, if y = 1 and q(t)z*” is half-bounded, as t —>%, 
T 


then it can be shown, by (III), that either (34) holds or f q idt > —oo, 


when (1) is non-oscillatory. 


9. Proof of (Ibis). The first possibility in (11) is realized, for 
example, by g(t) ==—1. | 
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In order to obtain examples illustrating the other two possibilities of (11), 
suitable continuously differentiable functions w = q(t) will be constructed on 
O0<t<o. The function g(t) will then be defined, in terms of a(t), by 
the Riccati equation (19). It then follows that the corresponding differential 


equation (1) is non-oscillatory; in fact, y(t) — exp f æ(s)ds is a non- 


9 

vanishing solution of (1) for 0 Æ ¿ <œ. This type of construction of counter- 
examples in the theory of the differential equation. (1) has been given in 
[8], p. 394 and [2], g 21. 
_ The function g == g(t) to be defined now. will be smooth except for a 
sequence of discontinuities, which tend to œ. It will be clear.from the proof 
that these discontinuities can easily be avoided. 

Since (32) follows from (19), where a is arbitrary, it must be shown 
that if X(t) denotes the left side of (32), then for suitable choices of 
r= g(t), 


(35) . lim sup X(t) ms 00 
to .. 
and _ 
(36) o lim inf X(t) is finite or —oo. 
ta z 


The relation (35) is equivalent to (6) ; while the first and second alternatives 
of (36) are equivalent to the second and third, respectively, of (11). | 
Let &,6,: * + be a sequence of positive numbers satisfying i 


(37) a D> en — 0, as neo, E (a = 1/e). 


Define z(t), on (a == )1 — a St-< œ, by placing z(t) = T a ag 
or z(t) ==0 aia: as 2—aStcn—e or n—geicntl—a 
for n==1,2,--:. Then 


j i | $ 
7 


T 
(38) e z (t) dt = — T= $ log log es 1 for n—e ST Snp Ia. 


a 
6 


The identity 


(ef one f (F — s)z?° (s) ds | 
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and a simple calculation show that, for n— en S T S n + 1— g, 


T t 
(39) E 2?(s)ds) dt = $ (1—k/T)I (a) + T- Ÿ (1 + log a), 
i k=l | | k=1 | 
where 
(40) 10 = f dt/t? log? t~ 1/e loge, as «> 0. 


li T==n+1—a, then 1 — k/T = (1—a)/T for k= 1,: : -,n. Also, 
the second term on the right of (39) is positive, by (37). Hence, X(T), 
which is the sum of (38) and (39), exceeds | 


T 5 (1 — a)I (ex) — log log en 
k-1 
for T—=n-+1—a. In view of (40), this implies 


Lu.b. X(t) oo, a8 n—; 
(n-a,#+1-a) 


and 80, (35) holds. 

Let T —n, then the contribution of the interval n — a = t = n — en to 
X(T) is m1(1-+ log e, — log loge; t).. This expression tends to 0 or to 
—oo according as en tends to 0 sufficiently slowly or sufficiently rapidly, as 
n—>o. The contribution of a=t<n—a to X(T), where n—ast 
=n-+1— a, depends only on 4,- ` +, €n (and not on e„) and exceeds 


n-1 
Tt > [(1— «)I[ (ae) — log log est] >œ, as n> 0. 
rah . 


Consequently, if c1, Ca, ` © - is any given sequence of numbers, which is bounded 
from above, then there exists a suitable sequence ¢,,«:,: © * satisfying (37) and 


g. lb. X(t) ~ ca, a8 NO; 
(n-a,n+1-a) 
in particular, 
lim inf X (t) —liminfe,. 
t> n=O 
On choosing c, independent of n or C =— — n, the alternatives of (36) are 
realized. This completes the proof of (II bis). 
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ON THE DIRICHLET SERIES ASSOCIATED WITH RAMANUJAN’S 
+-FUNCTION.* | 


By GEORGE SHAprRo.t 


I. Introduction. The Ramanujan function r(n) is defined by the 
identity i 
x JI (1 — z") = X r(n)T*; 
n=1 n=1 
t(n), by the relation 
t(n) = r(n)n 112, 
It is known [7], that 


(1.1) i(n) = 0 (n37), 

while Ramanujan has conjectured that 

(1.2) t(n) == Ont) for every e > 0. 

The function t(n) is multiplicative; 1. e., 

(1.3) i(mn) = t(m)i(n) if (m,n) = 1. 

Also, 

(1. 4) t(p*) = i (p) (P=) —t(pe*), À== 2, 3t 
Put 

(1.5) Z(s) =E i(n). 


This series is known to converge for o > 2/5 and to have as abscissa of 
absolute convergence o == 1. Therefore, it follows from (1.3), (1.4) and 
(1.5) that the Euler representation of Z(s) takes the special form 


(1. 6) Z(s) ge roe ea ea for o > 1, 
and that the product is absolutely convergent there. 
Wilton [9] has shown that 
(1.7) (2r) T (s + 11/2)Z(s) = (2a)*L (18/2 —8)Z(1—s), 


* Received June 6, 1950; revised January 9, 1952. 


2 The author was a Predoctoral Fellow of the Atomic Energy Commission during the 
research leading to this paper. | 
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and that Z(s) has infinitely many zeros on the line o = 1/2. From (1.6) 
it follows that Z(s) has no zeros in the half plane e > 1; the functional 
equation, (1.7), then shows that Z(s) has “trivial” zeros at s == — 11/2, 
— 18/2,: > - and no other zero with negative real part. Moreover, Rankin 
[6] has shown that there are no zeros on the lines e = 0 and o—1. The 
“Riemann ” hypothesis for Z(s) is that all non-trivial zeros of Z(s) lie on 
the line o == 1/2. | 

Let G be the (simply connected) region obtained from the half plane 
o > 1/8 by deleting all horizontal segments | 


cit,  1/2<o<0 


where op + tto is a zero, if any exist, of Z (8) in e > 1/2. By LogZ(s) in 

o > 1/8 is meant the analytic continuation into G of LogZ(s) in o > 1, 

where Log Z is that branch of the logarithm which is real for real positive Z. 
Put 


Ze Ma — t(pe) pet + pr™)> for o > 1/2. 


In II it will be shown by a method similar to that used by Bohr in [1], 
that for every fixed o > 13/20, the sequences {Z,(s)} and {Log Z,(s)} 
converge in relative measure to Z(s) and Log Z(s), respectively. In III, the 
asymptotic distribution functions of Z and of LogZ will be investigated. 
(See [5] for definitions of the concepts used in III; much of ITT is analogous 
to the corresponding investigation of {(s) in [5].) It will be shown that 
both asymptotic distribution functions are absolutely continuous with densities 
of class 0”, and that for the former, the density vanishes only at z = 0 when 
13/20 <o < 1. This is an indication towards the Riemann hypothesis. On 
the basis of Ramanujan’s ene (1.2), the same results can pee obtained 
for o >.1/2. . . 


II. Convergence in'relative measure. In the-first part of II, we assume 
the Ramanujan conjecture. Let v(e) =g.1.b. A for which 


T 
Í, | Z (o + it) dt = O (TY, (T >o). 

Carlson [3] has om that v(a) is a convex function, and that if 

(2. 1) | q=g.1.b. P: 

then | 


ima fate + io e a 
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exists and is finite foro >q. From (1.7) and the ae formula for 
the T-function, it follows that ~ 


f> robe fi Zaoa — (T4), 
if 
T 
(2.2) f |Z —o—it) Pat = O(T). 
When o < 0, the Dirichlet series for Z (1 — s) is absolutely convergent, so 
that (2. 2) holds. Therefore, | | 
v(a) 2j 4. foro = 0, 


and in particular v(0) = 3, 80 that a. < 2/3. ‘Therefore, (2.2) is valid for 
o < 1/3, so that: . > ; 
y(o) < 8 — 4o for o < 1/3, 


and »(1/3) < 6/3, which implies that q = 8/6. On repeating this procedure, 
one obtains gS (n + 1)/(2n 4-1). Letting n—>00, we have gS Eu But 
q< ais — by a theorem of Carlson [2], that | 
(2. 3) T S P(nn La, 7 PEETA 
On the other hand, S 
$ i(m) ~an a0 
: : 
(Rankin [7]), so that the series in (2.3) diverges. Hence q — 1/2. 


If (1.2) is not assumed, then in (2.1), the number 1 must be replaced 
by 23/20; the corresponding result is that q <= 13/20. Put o ae or 
13/20 according as (1.2) is or ig not true. 

By virtue of the definition of Z,(s), , 


| Zato +) SIT + | EC) | pe + Pe”) = 0 (1), 


as | ¿| —>œ. Therefore, 
T ' , : 
J | Z(8)/Za(e) di = O(T) as T0, when o > o*. 
-T y ee © Be. es . 
From the inequality (a — 1)? < 2a? +°2, it follows that 


o S 2/2 —1 dt = O(L), when o > o"; 
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so that by the theorem of Carlson in [3] referred to above, 
T ) o . 
lim f | Z (8)/Zn(8) —1 [dt = E e (mym for o> o*, 
T-200 VY -T m=. 
where > Ca (Mm) m€ =m Z(8)/Z,(8) — 1 for o> 1, say. But for o> 1, 
m=i 


Z(s)/24(s) = IG — (pp + pr”), 
so that 
CR (1) = Cn(2) =; = Cn(n) = 0, 


while | cn (m) | < | t(m)| for all m. Thus, for ae fixed ¢ > 0%, 
. lim ef. |Z(s)/2Zs 6) - at 1 pat < À (m) m0 a8 np»... 
J my OX : 


Therefore, if meas r{| Z(s)/Z,(s) — 1 | > e} denotes the na. ‘Measure 
of the set of t- vaules for which —T<t<T and Z(s)/2,(8) —1| >s, 
then 

lim lim sup meas r{|Z(8)/Zn ils JET 0. N 


n> 
Since | Log Z — Log Zp | = | Log [1 + (Z/2,—1)1| <|Z/Z,—il|, when 
| Z/Z,—1| is sufficiently small, it follows that {Log 2. (s)} converges in 
relative measure to Log Z (8) for every: ‘fixed © > o*; furthermore, since 
Zn(s) == O(1) as | ¿|— œ, it follows as before, that 
lim 2, f 126) —Za(s) dt Sat(m)mt, o>o*; ` 
T00 -T nth 


so that for every fixed e > o*, {Z,(s)} converges in relative measure to Z(s). 


HE “The dotation funds. We elle 
TaroRem 3.1. Put ; . | : 
Py (2) = — Log(1— Li + 24) ; 
for fixed o, let 83 denote the curve s i 
x (8) — ér (0) + tm (0) = Fe (preet), 


and let px be the distribution function determined by this parametric repre- 
sentation of Sz; that is, of E is a Borel set in the x-plane, then p(E) ts 
the 0 measure of ES;. Leb A(y, px) denote the Fourier transform of dx: 


A (ysa) = J exp (igee(®)| y 1)d8 
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where y = = (| y | cos 2er, | y | sin Pr) and grr = éx(6) c cos Qarr + (8) sin Brr. 
Then, -for a > a*, 
A (y, x) == 0 (| y [*) as | y | >o, 
for infinitely many k. 
Proof. For convenience we drop the subscript k. We apply Theorem 12 
of [6]. Itis clear that $ and y poses continuous second derivatives ; we must 


show that S is convex and that gx’(@) has, for every fixed r, exactly two 
Zeros 6 on S. 


An application of the Study Rundungsschranke ([8], p. 109) gives the 
result that a sufficient condition that S be convex is that 


(3.1) 18p < | t(p)| S p*/2 and p is sufficiently large. 
In fact, the piney theorem states that S is convex if #”(0) £0 and 
RCI + 2k’/F’] > 0 for | 2 I- pe, 
Now F”(0) 35), while . 
-| GC) — 22)(1 — t(p)z + ” pr: + al” Pr = 
(#(p) + 36 (p)p e + 8p — 8p#) 
— (Cp) + 6t(p) + Epp + 8E(p)p** + Ri(p)p #)pe cos 20 
+-(8t2(p) + 167 ** )p 29 cos? 270 — Bé(p)p *e cos? rð, 


yine z = pe, Clearly it is sufficient to perce i(p) > 0 and cos 276 > 0. 
The last two terms of the preceding expression can be written in the form 
8p- (E (p) + Rp? —l(p) p cos 278) cos* 26. 
This is non-negative, since 2 | t(p)| p° = #(p) + p. The last two members, 
8p7?9 — 8prt, of the term independent of 8 dominate the last two members 
of the coefficient of cos 270, 

8p — 8p# = 8i(p)p + TOTE if p = 3, 


by virtue of the right hand inequality of (3.1). Similarly, the first member, 
t? (p), of the term independent of 0 dominates the first three members of the : 
coefficient of cos 276, for 


t?(p) — (t*(p)p-? + 6t(p)p* i (p) p) = (p)/2 — 25U(p)p-?7/4 = 0 


follows from (3.1). Thus (3.1) is sufficient to assure the convexity of 9; 
by a more tedious computation it may be shown that if 0 < |t(p)| & 
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and if 29° | t(p)| S.4p~ does not hold, then S is convex, The right 
hand inequality of (3.1) is superfluous i in view of (1.1) and o > oF = = 1/8; 
also (3.1) may be replaced by the condition 


(3. 2) | t(p)| = p™ and p sufficiently large. . o 


That. some such condition is necessary is shown by the fact that if ¢(p) = 8p” 
and z == p7, then P[1 -+ zF”/ F] <0. . 

Infinitely many primes satisfy (3, 2), for if not, the series (1. 5) would 
converge absolutely for o > 1/2. It remains to show that for those primes 
satisfying (3.2), gr” (6) has just two zeros. Put y =a y, = — 1 if t(p) < —2, 
and y = 1 otherwise. If y — +; i the real or purely i imaginary angle HUE 


2 cos Rary == vi (p) and 0<y<1/2 or ty < 0, 
then 


(3.3) F(z) — 2 À v9" cos ie MN ‘ices 


Furthermore, it is easy to see that P (pret) = — Log (1 — &) (1 — ta), 
where ay mam pp TETY), C3 = yp cert) ; so that Fa Re 


gr” (0) = — R [la (1 — 6) (LG) 
If p—o through the primes satisfying (3. *)> then 
£1, 2, (sert + terri) /COB Mary, | (pret - - tte tri) /cos 2ry 
tend to 0 uniformly for all 6, by virtue of (1.1) and e >o*. Therefore, 
gr (8) = — Ba yp cos Êry cos 2a (8 — r) + 0(1) 


uniformly for all 6 and r, as p—>c through those primes satisfying (3. 2). 
Hence, the zeros of [g.”(8)/vp cos ary] cluster only at 0 = r + 1/4, the 
zeros of cos 2r(@—r). (It is understood that p is restricted to those primes 
satisfying (3.2).) In the same fashion it may he shown that the zeros of 
g” are near 0 = vr, r + 1/2. Since there is a zero of g” between every two 
zeros of g”, it follows that if p is a sufficiently large prime satisfying (3.2), 
there is at most one zero of g” near each of 0 ==r + 1/4; inasmuch as a 
continuous derivative of a continuous periodic function has at least two zeros, 
it is clear that for all primes satisfying (8.2), g.”(8) has for every fixed r+ 
precisely two zeros 0 on S, which completes the proof of Theorem 8. 1. 

Next we show that for any fixed o > o*, the infinite convolution ¢,*¢: : : 
is absolutely convergent. Now %:(0) — 0 uniformly for all 6, as kow; 
hence, Sx, the spectrum of dx, is contained in a fixed circle. If c(¢,) and 
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M(¢x) are the first and second moments of dx, respectively, then c(¢x) = 0, 
so that the convergence of | 


à M ($x) = 4 > > Pr M0 cos? Qamy,/'m? | 


is necessary and sufficient for the CASE and absolute convergence of the 
infinite convolution ¢ == 91% D:%- - +, by Theorems 5 and 6 of [5]. The con- 
vergence of the double series is obvious ‘if Ramanujan’s hypothesis is true. 
Otherwise, cos? 2army, = O (p?™") as m —>œ, uniformly in k. Hence 


2 = px 29 cos? Qermyy/t? a -0(1) a $ D, 8/5-30) /m?, | 


ii last series being convergent for o > 11/20; also 


| Ep” cos? 2ryx = O (1) E P (p) p”, 


which converges for o > 18/20. Thus, the infinite convolution is absolutely 
convergent for o > o* 

Since | A(y, 4) |: < 1 for all k, and A (y, px) = O(| y |) for infinitely 
many k, we have A(y, $) = A (Y, dx) A (Y, $a) -© °= OC] y |) as |y]->, 
for every fixed m. Therefore (cf. [5], §3), is absolutely continuous, and 
its density D(x) has continuous partial derivatives of all orders. _ 

There is an essential difference in the spectrum of ¢ if o > 1 and if 
1 > o> o*. In the former case, the spectrum is a bounded set. This follows 
from Theorem 8 of [5]. On the other hand, it will now be shown that if 
15 o > o*, the spectrum of ¢ is the entire plane. First $, | t(p)| p7 =o, 
for if this were false it would follow from the product representation (1. 6) 
of Z(s) that S| t(n)|n* <æ, which is false. The following calculation 
of the spectrum for 1 > > o* is modelled on the proof of the second part 
of Theorem 14 of [5]. Let 1 >o > o* be fixed. If C is a sufficiently large 
constant, then 


| Pr(z) —t(px)2 | S C max (4, t° (pu) )| 2 |? for |z |= pe”. 
This follows from the representation (3.3) of Fa(e), since 


| cos 2rmy | = | periny | 
implies that 
| Fu (z) —t(pe)2 | S 2| ertz |3/ (1 — | ety |). 


Clearly, X max(4, #(px))pe% <c, since both Spe’ and Et (pi) p” 
converge. Let e > 0 be arbitrary, and fix m so large that 
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C 2 max (4, (Pr) ) pe? < e 


Let 2) be any point of the z-plane, and let z, be an arbitrary point of the 
form | 


Fy (press) D... Fi (p cer om) , 


Then, if n > m is large enough, Š | t(pr)| px > | To — x |, and none of 
41. 


the numbers | t(pz)| pr, = m-+t-1,m-+ 2,--+,n is greater than the sum 
of the others. Therefore, we may choose m1, mis,’ © * , On 80 that 


3 t( py) py er ae yo — 2, Which implies that | > Falp) — a, | <e 
m+i 


so that the spectrum of ¢ is the entire plane. | 
It ig true, moverover, that for any o satisfying 1 >o > o*, the density 
of œ is positive for all z. For a proof of this, cf. [5], p. 60. 


Remark. The same will be true for e =1 if $ | t(n) | [n m oo, If the 
latter series converges, the spectrum of ¢ for o ==] is a bounded set. We 
may sum up the preceding remarks in the following theorem. 


| Tenore 3.2. For any fized o > a*, the infinite convolution pı * pa? 
is absolutely convergent, p — ho =m $i *ġa*- -> 18 absolutely continuous, and 
tts density Do(r) possesses continuous aa derivatsves of all orders. If 
1>o0> o*, then Do(z) > 0 for all x. The spectrum ts symmetric with respect 
to the real azis; the spectrum of do ts a bounded domain tf o > 1, and is the 
whole x-plane if 1>o>o*. For any fixed À> 0, Do(x) = O (e^el) as 
| x | >œ ; thts appraisal ts valid for each partial derivative of Do(z). 


The syymetry of the spectrum is obvious; a proof of the last assertion 
may be obtained by modifying the proof of Theorem 16 of [5] in the same 
way that the proof of part of Theorem 14 was modified to verify that for 
1 >g > o*, the spectrum of ¢ is the whole plane. 

Still following [5] we define ġo by po (E) == ġo (log E) ; the following 
may readily be obtained: 


THEOREM 3.3. The distribution do is symmetric with respect to the 
real axis; tf 1 >o >of, tls spectrum ts the entire plane; sf o > 1, the 
spectrum is a bounded set not containing the origin. This distribution ts 
absolutely continuous with a density Da(x) which possesses continuous partial 
derivatives of all orders. For any fixed X>0, De(x) = O (eoe lel) ag 
[| or | z | — 0; these appraisals are valid also for each partial derivative 
of De(z). If 1 >o0> 0%, then Do(x) = 0 tf and only tf c= 0. 
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Finally, we have the analogues of Theorems 30 and 31 of [5]: 


THEOREM 3.4. The functions Log Z(o + i) and Z(o+4t) possess 
asymptotic distribution functions in the unrestricted case tf o > 1, and in 
the restricted case if 1= ao > o*. These are, respectively, the distribution 
functions po and ba discussed above. The spectrum of po is the closure of 
the range of Log Z(o-+ it), and the spectrum of o is the closure of the 
range of Z{o-+ it) for—w<t<o. 


THE JOHNS HOPKINS UNIVERSITY. 
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ANALYTIC FUNCTIONS OF BOUNDED TYPE.* 


By A. FRANOK. 


‘1. Introduction. An analytic function f(z) is called of bounded type 
in a region if it can be represented as a quotient of two bounded analytic 
functions in that region, i. e. f(z) — h:(2)/h:(2) where | hi(z)| < 1, (îi == 1, 2). 
The following theorem is fundamental for the characterization of the class of 
functions of bounded type which are analytic in the unit circle. | 


| OSTROWSKI-NEVANLINNA THEOREM.’ (i) A necessary and sufficient con- 
dition that a function F(w), regular in the circle | w | < 1, be B.T. in 
[uw | <1 is that: 


27 . 
(1.1) f log* | F (rett) | dd S M,  O0gr<iı 
0 ; 


where M is a constant? (ii) If P(w) is B.T. in | wi <1, then F(w) 
may be represented in the form F(w) —B(w)G(w) where B(w) is the 
Blaschke product “ae with the zeros w, Wa, > of F(w) in|w| <1, ie. 
B(w) = =1 an ta RE the product being uniformly and absolutely con- 
vergent in every circle | w| Sp <1; G(w) is a non-vanishing function B. T. 
in the unit circle and log | G(w)| is representable by a Potsson-Stieltjes 
integral in |w| <1 


(1. 2) log | G(w) | ve SN 1 + p? = Ce d$ (0), 


where w = peta and (0) is a function of bounded variation in 0 S0 = 2r. 
(iü) If the inequality (1.1) ts satisfied for F (w), then it ts also satisfied for 
G(w) [with the same constant M]. (iv) If F(w) is B.T. in |w| <1, it 


* Received March 8, 1950; revised May 4, 1951; presented to the American Mathe- 
matical Society, November 26, 1949. This paper contains a part of the results of the 
author’s doctoral dissertation [1]. The author wishes to express his indebtedness to 
Professor §. E. Warschawaki, under whose direction this work was done. 

+ Hereafter this theorem will be referred to as the O.N. Theorem. Furthermore a 
function of bounded type will be denoted by B.T. 

* logta == log a for a = 1 and logta — 0 fora < 1. 
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possesses boundary values for almost all 9, ae == €!9) on the unit circle for 
non-tangential approach. 


These results are due to A. Ostrowski [6] ; condition (1. 1) ana the result 
on the existence of the boundary values were also given in a joint paper by 
F. and R. Nevanlinna [4], p. 26. 

The concept of a function of B. T. can be applied to a function which is 
meromorphic (rather than just regular) in a region. In a subsequent paper 
[5], R. Nevanlinna extended part (i) of the above theorem not only to 
functions meromorphic in the unit circle, but also to functions meromorphic 
in-an arbitrary region. In the present paper we shall restrict ourselves to 
analytic functions. | | 

The criteria obtained by R. Nevanlinna were based on the use of the 
Green’s function for the regions considered. It would seem desirable to obtain 
criteria which are not based on a knowledge of the Green’s function, which in 
general is difficult to obtain, but rather are expressed in terms of the geometry 
of the region of analyticity of the functions considered. 

The purpose of the present paper is to.establish such criteria for a fairly 
general class of regions. Applications of our methods permit us to derive 
several results which hold for special regions (such as the half-plane). In 
particular our criteria contain some of the results of A. Wishard [11] for 
the case of analytic functions. | 


I. General criteria. 


2. Extensions of the O. N. Theorem for the Half-Plane. The following 
lemma is an analogue of the O. N. Theorem stated for the half-plane. 


Lumma 1. Suppose that f(z) ts analytic in Re(z) > 0,2—2-+ ty. Let 
Can be a sequence of circles, radii pa, which exhaust* x > 0, (n==1,2," °°). 
Suppose that for all n 


2 Other classes of functions which are regular in a half-plane were treated 
by W. Kryloff [3]. He studies the classes of functions for which (s= + ty) 
(a) fe | f(z) [dy = M? < © and (b) (ie log* | f(z)| dy S M < © and obtains “ para- 
metric representations” (in terms of certain Stieltjes integrals) for these functions. 

“A sequence of closed Jordan (i.e. simple) curves O, which are contained in a 
region R is said to exhaust the region R, if for any subregion R’ whose closure R’ is 
contained in R, there exists an integer N such that R will be contained in the interior. 
of 0, for all n > N. A similar definition is to be applied to the concept that a sequence 
of regions ewhaust a given region. 
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: log* | f(#)| 2 < 
(2.1) J. OL, dO IL? 

Then f(z) is B.T. in @ > 0; f(z) =b(z)g(z) where (i) b(z) ts the 
Blaschke product formed with the zeros z, Za: > of f(z) in æ >0; (i) 
g(z) £0; (i) for x > 0 there exists a constant À such that 


(2.2) og |o(@) => f APO te 


where p(t) ts a function öf bounded variation in any finite interval and the 
integral converges absolutely; (iv) there exists a constant N such that for 
any circle C of radius p contained in x > 0 


(2.3) J. me rey, WEN. 


Conversely if f(z) is B. T. in x > 0, then tt satisfies (2.3) with f replacing g. 


Proof. Our proof makes use of a theorem of R. Gabriel [2] for functions 
U (w) non-negative and subharmonic in the unit circle. Let C, and C2 be 
circles contained in | w | < 1 such that Ca lies in the interior of C,. Then 


J, Uw) ao |s2 f vw) de | 

3 Ca 

We map z > 0 onto | w | <1 by means of the transformation 

Z——] 

2+] 

carrying the circles Cn onto a sequence of circles T, which exhaust | w | < 1. 


Points on C, are given by Z= 2, + pne where z, is the center of C,. 
Employing the inverse of (2.4) and | dw | == 2pxd0/| 1 + z |*, we find that 


(2. 4) w = 





(2. 5) o PELIR od 4 f 108 | F(w)| | do 


where F(w) =f[(1-+w)/(1—w)]. Since the left side of (2.5) = 4. 
we have 


(2. 6) J logt | F(w)| | dw | 2M. 


Consider the circle | w | — ro <1. Keeping rp fixed, choose n so large 
that T, will contain this circle in its interior. Applying Gabriels Theorem 


5 As a matter of convention the letters Mf, Al,,Msy,-.-,N,Ni,Ns,- ++ will always 
designate constants. 
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(+2 
to log’ | F(w)|, we find from (2.6) that f Mogt | P (rat) | dé < 4M yr. 
0 * 
* ir 
Since f logt | F (rett) | dø is a monotonic increasing function of r, we have 
9 
2x 
for any circle | w | =r < ro: f logt | F (rett) | dọ = 4M/r,. Keeping r fixed, 


| 
let #1. Thus f logt | F(re)| dé < 4M for all r, OSr <1. Hence 
0 


by the O.N. Theorem F(w) is B.T. in |w| <1; F(w) = B(w)G(w) 
where G(w)=><0. Returning to s > 0, we find f(z) =6(z)g(z) where 
g(z) == G[(z—1)/(¢+1)]~0. By means of the mapping (2.4) and 
(1.2) of the O. N. Theorem, the representation for log | g(z)| is established. 

To establish (2.3) we map s > 0 onto |w | < 1 carrying a circle C in 
s > 0 into a circle T in | w| <1. Let r be the maximal distance of T from 
w==0. Construct any circle | w | =r > fa 0<r<1 Applying Gabriel’s 
Theorem to log* | G(w)| we have | 


(2.7) Je | G(w)| | dw [<2 f loge | Gre) lr dé. 


From the O. N. Theorem the integral on the right side of (2. 7). is bounded 
for al r, OS r<l. Transforming the left side of (2.7) by (2.4), we 
establish (2. 3). | 

To prove the converse merely repeat for f(z) =f[(1+w)/(1—w)] 
om F(w) the argument which we applied to-g(z) = G(w) in the HO 
paragraph. 

The following theorem is readily established from Lemma 1. 


Taxorem I. Let f(z) be analytic in >0. Let Cy be a sequence of 
circles, radu Ry, which exhaust x œ 0. Suppose that for all n 


og* | f(z) 
(2. 8) S S, TEER ae dy = MR. 
Then f(z) 18 B.T. in z > 0; f(z) = b(z)g(2) and ae any circle C 
in zw > 0 


(2.9) SITE ac ay <NR, (E == radins of 0). 


Conversely, tf f(z) ts B.T. tn z > 0. then f(z) satisfies (2.9) with f 
replacing g. 


Proof. Consider the annular rings Ar, : (Ra/2 = A Z — 2a | <= R,) where 
Z, is the center of C,. Employing polar coordinates about z == 3,, we find 
from (2.8) that ae 
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. (2.10) i [S TEO ao ]rar< MR, 


Applying the mean value theorem to the outer integral of (2.10), we have 


logt | f(z) 8R?, gr log*|f(£)] | 
os SJ. para ee [TE de 


where £ == Za +- pet” and R,/2 < pa < Rn. 
Since pa < En, We have from (2.10) and ma 11) 


J," TEE as = an 


‘Thus the conditions of Lemma 1 are satisfied for the circles | z— Zy | — pr 
and hence f(z) is B. T. in z>0. From Lemma 1 it follows that for any 


circle C in z > 0, we have Í, we |g) pd6=N. From this, inequality 


(2.9) follows. The converse also follows from the converse of Lemma 1. 


3. An area theorem for arbitrary regions. In the present section we 
shall extend our results to obtain conditions under which an analytic function 
will be B. T. in a region ° of a more general nature than a circle or a half- 
plane. The following theorem which is an extension of Theorem I gives a 
sufficient condition for an analytic function to be B. T. in a region R. 


THEOREM II. (a) Let f(z) be analytic in a bounded region R. Let k, 
be a sequence of regions which exhaust R. Let w = p(z) map R conformally 
onto |w|<1 so that a point z—a on the boundary of R correspond to 
w= 1, suppose that (b) | ¢’(z)| Sm in R where m is a constant and 





(e) => =N>0 in R, where w—p(z)" (d) Let d, == sup da (2) 


for all z on the boundary of R, where d,(z2) ts the minimal distance of the 
point z on the boundary of À, to the boundary of R. 





° By region we menu a 8imply-connected region. This usage will be applied through- 
out the remainder of the paper. 

. ™Hypotheses (b) and (c) of this theorem will, for example, be satisfled if R is 
bounded by a closed Jordan curve ©, with the following properties: (i) one can roll a 
circle on the exterior of O (Le. to each point f of ©, one can associate a circle passing 
through { such that its interior lies in the exterior of ©, each circle having the same 
radius); (ii) at the point g =a, the curve possesses finite curvature (by this we mean 
that O possesses a tangent at every point of a Hele sverneed of z — a and that the curva- 
ture exists and is finite at s = a). 

Conditions (i) implies (b), for example, see [9]; condition (ii) implies (c), for 
example, see [10], p. 433 or [8], Theorems 18 and 19. 
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Then f(z) 18 B.T. idk tf 


fal? 

Proof. Since w = re maps À onto | w| < r it also maps the regions 
R, onto regions W, contained in | w| < 1 which exhaust the unit circle. If 
n is taken sufficiently large, the regions W, will contain the point w = 0. 
Consider such regions which contain w == 0 and let r, be the minimal distance 
of the boundary of W, from w = 0. Let us consider a point on the boundary 
of W, for which the minimal distance is assumed. Designate it as w = rẹ et, 
Let z, be the image point in the z-plane as defined by rett — (Za). Consider 


the integral K | # (2)| | dz | along the straight line segment joining z, to 


the nearest point z, on the boundary of À. Transforming this integral to the 
w-plane by means of the mapping function, we have 


(3.2) S Irole] f wl [ol — $(20)] 


the last integral being taken over the image curve of the line segment from 
Za to Zo From hypothesis (b) and the fact that the length of any curve from 
any point w in | w | < 1 to the boundary is greater than or equal to 1— | w |, 
we find from (3.2) that md,(z,) = 1 —r, where d,(z,) is the minimal dis- 
tance from the point z, to the boundary of R. Thus, we finally have that 
(3.3) dn = (1—r,)/m. 

Now let F(w) = f[y(w)] where z= y(t) is the inverse of w = ẹ (2). 
On transforming the integral in (3.1) to the w-plane. we find from (b) and 
(c) that 


tog LC)! tog | F(w)| [1—wl*, ,, 
{i Tale da dy == FLE Jiu" Tone ¥(@)| du dv 


=f Eerste LE) du dv 


as | y (w)| = 1/| # (2)| Z1/m. Taking note of (3.1) and (8.8) we find 
that 


re | F(w)|/[1— w |? du dv = (m° M/N?) / (1 — ra). 


By means of the mapping w = (£—1)/(€+1) to Re(¢) = 0, one can show 
that condition (2.8) is satisfied. Hence it follows by Theorem I that 
f(z) = Flp(z)] is B. T. in R. 

As a converse to this theorem we establish the following corollary. 
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COROLLARY. Let f(z) be B.T. in a bounded region R. Let w= p(z) 
map the region R onto the unit circle | w| <1 in such a manner that a 
point 2— a on the boundary of R corresponds to = Pail that 


| ¢’(2)| Z m > 0 in R where m, is a constant and that 
where w = (Zz). 
Then there exists a sequence of ee Ry which exhaust R such that 


(3.4) S S DE ON at Pde dy E N/a 


where d, has the same meaning as in een II. 





in À 


Proof. Consider a sequence of circles T, in | # | < 1 which exhaust the 
unit circle. By employing an argument similar to that of the proof of 
Theorem II, one can show that the images, Ra, of the ee of the T, form 
a sequence for which (3.4) is satisfied. 


REMARK. If the dole R ts such that there exists two positive constants 
m, and ma for which m, S |$ (2)| S ma” then condition (8. 1) is necessary 
ang sufficient for f(z) to be B.T. in R. 


The following theorem can also be deduced from the 0. N. Theorem. It 
is merely stated here. For a proof of this results, see [1]. . 


Taxorem III. Let f(z) be analytic in the interior R of a closed Jordan 
curve. Suppose that w—¢(2) maps R conformally onto |w|<1 so that 
0< mS | ¢’(z)| = m," for all z in R where m, and m, are constants. Then 
a necessary and sufficient condition for f(z) to be B.T, in R is that there 
exist, some sequences of regions Ra which exhaust R, for which 


ff, Dos | F(2)[/d(2) Jae dy € M log 1/4, 
where d(z) ts the distance of the point z to the boundary of R and d, has 
the same meaning as in Theorem II. 
II. Applications. 


& A criterion for a circular sector. As an application of the general 
area Theorem II, we establish ? 
Terors IV. Let f(z) be analytic in the sector 


S:(0<r<1,—a<80< a). 


“This condition can be characterized in terms of the geometry of the boundary of 
R (see [8], Theorems 18 and 19 and [10], p. 433). 
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Suppose that f iog | f(pe**)| BEM, 0<p<1. Then f(z) is B.T. in 
the sector §.° | 


Proof. Let S, be a sequence of “truncated ” sectors 
Snll—t. Sp Sth < 1; — an SO— arg 2 E a,—a— (1 —rs)] 


where, for n—1,2,:::, O< TaZ Tu <1, 1—7r, <a, and limr, —1. 


#—> 00 


The sequence Sa clearly exhaust S. We note that d,—1 ss (see Theorem 
Ij.). Furthermore, conditions (a), (b) and (c) of Theorem II are satisfied 
where the point a = 1 os footnote 7). Now 


ff log* DE | indy — f2 Sse lft 
By 


| 1 — pet |? 


sfr be ito oe asu Saat 


the last inequality following by hypothesis. We now have 


J | DEON elada Mf i/a — o S M/A 1) = M/dy 
Thus, condition (3.1) of Theorem II is satisfied and hence f(z) is B. T. in S. 


5. Some criteria for the half-plane. In the present section we shall 
give two applications of Theorem J which are concerned with stating necessary 
and sufficient conditions for an analytic function to be B. T. in x > 0. Asa 
first example we shall establish the following theorem. 


THEOREM V. Let f(z) be analytic in x > 0. Suppose that for all 6, 
— TfR <8 < w/2, 


(5.1) Log | Fa) 1+z/rdr = MR, (z = ret), 


* This theorem is somewhat similar to a theorem due to I. Privaloff [7] for func- 
tions subharmonic in a sector, i. e. If o(#) is a subharmonio function in the open seotor 
a<arge<f, |ø] <1 and if SP ot (ret) d8 = 0(1), then at almost any point of the 
aro (a,B) of the unit ctrole the limit of v(a) ewists along any path not touching the aro. 
[vt (s) =v(2) if o(2) 20; vot (2) — 0 tf v(s) < 0]. 


j 
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Then f(z) ts B.T. in x > 0 and f(z) =b(z)g(z). Furthermore for all 6, 
—r/2 <L 8 < T/R, l 


R 
(5.2) f log | g(2)|/| 1 +z |? rdr £ NR. 
1/R 
Conversely, tf f(z) is B. T. in x > 0, then (5.2) holds with g replaced by f. 


Proof. We integrate (5.1) with respect to @ and find 
7 


w/2 
f f log* | f(z) |/|1 + 2 |? dr do =£ =MR. 
~w/i./ 1/R 


Consider the circles C, in the semi-circular ring A: (—2«#/2S6 7/2, 
1/R =|2)= R} which have their centers on the real axis and pass through 


the points z = 1/È and z == R. The radii of these circles are À — E . 
We see that R< 2k. Thus 


ff tose | (2) [1 +2 de dy & 28. | 


Since the circles © exhaust x > 0, the conditions of Theorem I are fulfilled. 
Hence f(z) is B. T. in x > 0. 


To establish the condition on g(z) assuming f(z) is B. T., we proceed as 
follows. From the representation for log | g(z)| given by (2.2) we see that 


(5.3) gg) Sf [e+ (y—1) "2 | de) + [ale 


Multiplying both sides of (5.8) by r/(1+ 71%) and integrating with respect 
to r, we find 


R log" | g{2)I . 
(5. 4) Soe EA rar 


s R Tr dr J? zr dr 
< ak — "2208000 LL nt a 
TIRER, cpa] lee la] yR 1 + 
Let us consider the integral in the brackets of (5. 4), i.e. 


| R Tr dr 
Pen i) oe ia 





To estimate this integral we consider two cases: 
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(a) 0< |t| <2R. We employ contour integration to estimate J. 
It is seen that 


oo) | rse[ f a 


Let us consider the complex integral Saws to a the contour over 


_& 
=i IFE’ 
which the integration takes place being specified below. 


(i) Fort > 0 we consider a contour in Im({) = 0 defined by the semi- 
circle Cp: (| E| =F) and the line segment —RX f= R. We thus have 


B k dt dt 
Jo, eaa 142 Jam iI 0 e 
where S is the residue of the integrand of the complex integral at its only 
R 
pole £——1 in Im({) 0. Thus f == m / (et + E) — f . Letting 
-R CR 


R — and noting that the integral over Cr vanishes, we have 


eee See ee 

Que \ 1+ e+e" 

Taking the real part of both sides of (5.7 ) we have from (5.6) that 
Is (cos 4 + t)/(1 + t + 2t cos 6) 


Ast > 0 and — r/2 < 0 < +/2, we see that t cos 8 = 0. Further as | £| < 2R, 
we find 
(5.8) PEN Os) 


(ii) Fort < 0 we consider a contour in Im(£) = 0 defined by the semi- 
circle Cr: (| ¢ | — 2) and the line segment —R S ¿5 R. An argument 
similar to that given in (i) will show that 


(5.9) IS N,R/(1+ #) 


(b) |t|/22R>1. We return to (5.5). Using polar coordinates 
we find 


0 I of. e A 
(5. 10) = CORO JL Eren6 Tp? 
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Now (r?+8—?risin6) = (|t| —r) 26/4 Since 1/7 S2/(1+ #*:. 
we obtain on estimating (6.10) 

(5. 11) IS 8R/(1+4 #). 

Since the second integral of (5. 4) Æ À, we have from (5. 8), (5. 9), and (6. 11) 
by splitting the integral of (5.4) into the cases discussed that 


R æ 
(5.12) fo dolla + mé SAR f laO +1 al B. 


But the integral on the right side of (5. 12) is convergent. Hence the result 
is established. The converse of the theorem follows from this result. 

As a second example we present a new and rather simple proof of a 
theorem due to A. Wishard [11], Theorem C, p. 672. This theorem was 
originally stated for a function meromorphic in a half plane. In this paper. 
however, we shall only establish this theorem for analytic functions. 


Turorem VI. Let f(z) Ve analytic inc > 0. Suppose that for all s > 0 
(5.18) S elote dySM, =e) 
Then f(2) is B. T. in æ > 0; f(2) = b(z)g (2) and for all £ > 0 
(5. 14) IRON EE: 


Conversely, if f(z) is B. T. in x > 0, then (5.14) holds with g replaced by f. 


Proof. Let us consider the sequences of circles Cn, radii Ry, whose 
centers a, — Ra + 8, lie on the real-axis and 6, > 0. If 8,0 and Ra >o, 
this sequence will exhaust æ > 0. Noting that the integral of 


(log* f(z))/|1 + z |? 


taken over the area of the circle C, is less than that over the circumscribed 
square, rewriting the integral over On as an iterated integral and employing 
(5.13) we find i 


Í, logt | f(z) |/| 1 + z |? dr dy LMP, 


Hence by Theorem I, it follows that f(z) is B. T. in z > 0. 
By means of (5.3) we shall establish (5.14). We find that 
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Flog | g(2)| 4 
(5.15) J- ET ay 
_ædy | 


JPEN _aidu(t)| dy 
Sr om + (y—t)? [1 +2)? -P Tr 


Interchanging the order of integration in (5.15) and noting that 
i „atl i — 2) 
lbs (1+22)?+P T) a (Hry P+ (y—?t)? 

we find 


*log* | g(2)| 3 
09 JE à | 
2x +1 | du(t) | ° «dy 
= ey way ctl for 


Le) 
We note from Lemma I that the integral f | du (t)|/(1 + t°) is convergent. 
ot 








®@ 
Furthermore f dy/| 1 + 2z |? =7/(1 +z). Thus, for all & > 0 and any 
nel 


Ts 
Í, log* | g(2)|/| 1 + z |? dy S&N. 


Now let T;—>o and Ta —>œ. Hence (5.14) is established. The converse 
follows easily from this result. For if f(z) is B. T., then |f| = |b| g|<|g|; 
but log* | g (z) | satisfies (5.3) and hence the conclusion follows.’ 


UNIVERSITY OF MINNESOTA. 


19 The O. N. Theorem states that if F (w) is analytic in | w| < 1 and 
[ST log*|F(re")| do SM 
for all r, O= r < 1, then F (w) —B(w)@(w) and 
1 log* | G (ret?) | dé M 


for 0<r< 1 with exactly the same constant M. If Theorem VI is restated for the 
unit circle, it is seen that the vertical lines correspond to a sequence of circles passing 
through the point w = 1 which exhaust the unit circle. From this point of view it 
would be natural to ask whether the constants 4f and N in (6.13) and (5.14) are the 
same also, An example can be given for which M < N (see [1]). 
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INTEGRAL GEOMETRY IN HERMITIAN SPACES.* 


By L. A. SANTAL6. 


1. Introduction. Let P, be the n-dimensional complex projective space 
with the homogeneous coordinates zt (t==0,1,2,---,2). Let x**- denote 
the complex conjugate of qt. 

We consider the group U (unitary group) of linear transformations 


(1.1) aft mm S Eta? 
k=0 


which leaves the form 


(1.2) (zz*) -5 gpt 


invariant. Here and in the sequel, a* denotes the complex conjugate (= à) 
of a. The coefficients of &,* satisfy, then, the relations 


(1. 3) (EE) — > Entei’ == dr, 
o ' 


where Sur 0 if #541 and = 1 if k=l. 


Since the coefficients éx* are complex numbers, the group U depends upon 
(n-+ 1)? real parameters. 

The geometry of P, with the fundamental group U of transformations 
is called the Hermitian geometry (more precisely the elliptic hermitian 
geometry) and the space P, itself is called an Hermitiaf space. The Integral 
Geometry in these spaces was initiated by Blaschke [2] who gave the densities 
for linear subspaces, without making applications to integral formulas. The 
case n == 2 was first considered by Varga [8] and eee in a more complete 
form, by Rohde [6]. 
| In the present paper we generalize to the cod case some of the 
results which Varga and Rohde obtained for the plane. The main results 
we obtain are the following: 

We first determine the explicit form of the left invariant denai of 
volume du of the group. U. If L,° is a fixed linear subspace of dimension r 
(throughout the paper we shall mean by dimension the complex dimension) 


| #* Received: August 27, 1951. 
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and T, is the subgroup of U which leaves L,° invariant, we determine also the 
~" explicit form of the invariant element of volume dL, of the homogeneous 
space U/T,.- Then, an easy. calculation gives the total volumes (6.3) and 
(6.4) of U and U/T,. - 
If the coordinates xt are normalized such that (æz*) — 1 it is well 
known that every variety Cp of dimension p (p < n) has an invariant integral 
of degree 2p, namely J,(C,) defined in section 4 Let Or and C, (r-+h =n) 
be two analytic varieties. Let uC, denote the transform of C, by the trans- 
formation u of U, and let CaN uC, denote the (k +r—n)-dimensional 
variety intersection of O, and uC, If the invariant element of volume du 
of U is normalized in such a way that the total volume of U is equal 1, we: 
prove the following integral formula: 


(1.4) f Tran (CaN UO, ) du = Ja (0r) T (Cr). 


If instead of C, we consider a linear subspace L,, and the invariant 
element of volume dL, in U/T, is normalized such that the total volume of 
U/T, is equal 1, we also have 


| f 
(1.5) f pral OAN Lr) dL, = (0h). 


We do not consider the case in which Ox is non-analytic. For n == 2 
this more general case has been considered by Rohde [6], and it remains-an 
interesting open question to extend the results of Rohde to the n-dimensional 
case. 


2. Relative components and equations of structure of the unitary: 
group. The coefficients ét of the unitary transformation (1.1) can be inter- 
preted as coordinates of the transformed points & (k= 0,1,---+,n) of the 
n- 1 vertices of the n-simplex of reference; according to (1.3) they will be 
the vertices of an autoconjugate n-simplex with respect to the fundamental: 
` quadric (££*) —0. These autoconjugate n-simplexes may be considered as 
the “ frames ” for the unitary group U (according to the theory of Cartan 31) 
and the relative components wy will then be defined by the equations 


(2.1) | Ke = S ts 
From (2.1) and (1.8) de deduce 
(2. 2) ogy (É*;déz), j 
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and the equations of structure, deduced from (2.2) by remembering that 
a (dé) = 0, are 


(2. 3) day, = È [oorr], 


where here and throughout the paper square brackets denote exterior multi- 
plication [3]. 

Notice that if »*,; denotes the complex conjugate of the pfaffian form wxj 
from (1.8) and (2.2) we deduce 


(2. 4) ony + eye = 0. 


3. Density for linear subspaces and cinematic density. We wish to 
define a measure for sets of r-dimensional linear subspaces Lr invariant with 
respect to U. If L,° is a fixed Le, and Ty denotes the subgroup of U which 
leaves L,° invariant, then the problem is equivalent to the determination of 
an invariant element of volume in the homogeneous space U/T,. 

We follow the general method [5], [7]. Let Z,° be defined by the 
points £,&,---,é&. If it is fixed, in the equations (2.1) we will have 


(3.1) op==0 for OSjSr, rLI<k<En. 


Since w are complex pfaffian forms, from wj == 0 we deduce wjp = 0. 
Consequently the number of forms wr, ofp (0=j<r,r+1<k<n) is 
2(r-+1)(n—r). The density for sets of L,, that is, the invariant element 
of volume in the space U/T, will be, up to a constant factor, 


(3. 2) aL, = [orots] 


where the exterior product is taken always in absolute value and the indices 
range between the limits 


(3. 3) OSjSrn r+1<k<n 


According to the equations of structure (2.3), it is easy to verify that 
d(dL,) —0, which is a sufficient condition in order that dL, be effectively 
a density [71. | 

The invariant element of volume du in the space of the group U 
(“cinematic density ” in the nomenclature of Blaschke) will be, up to a 
constant factor, 

(3. 4) du ES [Topo sx [Ions | 


where j < k,0 <j, k, hn, that is, according to (2.4), du is equal to the 
absolute value of the exterior product of all the relative components. 


11 
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4. The invariant integral J,(C,) of an analytic variety C, Let C, 
be an analytic variety of complex dimension r, that is, a variety defined by a 
set of n + 1 analytic functions tt == x'(¢,, ty, ts, - +, ty) (¢=—0,1,2,---, 2) 
of r complex variables t, ta: -,tp in a domain D. 

Assuming the homogeneous coordinates st normalized such that 


(4. 1) (ze) = DE == À, 
2 


let us consider the following differential form of degree 2r: 


(4.2) Of = Sfdrhdath +. datrde*y, 
the summation being extended over all the combinations of #,,12,' * ©, ty from 
1 ton. 


It ig well known [4] that Qr is the only differential form of degree 2r 
which is invariant with respect to the group U. 

The integral of O” over an r-dimensional linear subspace Ep has the 
value [4], 


(4. 3) f v- (ri) /rl. 


For a general analytic variety C, we introduce the invariant integral 
J,(C,) defined by 


(4.4) JC) =r !/(2ri)" for 
If C, is an algebraic variety, J,(C,) coincides with its order (Cartan [4]). 


For some purpose it is convenient to write Q" in another form. Let T, 
be the r-dimensional linear seal tangent to C, at the pone z, and take 


in T, r points % (p=1,2,-*-,7r) such that 
(4. 5) (ca*,) == 0, (aa Yo) == Soo. 
We will have 
T r 
(4.6) dat == azt +- D bapt, - dati atst + D ba at 
2 z 


where a and bp are pfaffian forms given by 
(4. 7) a= (z*dzx), bs m= (a*,dz). 


From (4.6) and (4.5) we deduce 


(4.8) È [deidat] — [aa*] + È [bob]; 
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Since a==-——a*, we have [aa*] = 0, and taking the r-th power of both 
sides of (4.8) we get Or == [b,b*,b.b*,- - - b,b*,1, or, according to (4.7), 


r 
(4. 9) QT is LI (ap*dx) (apdx*) J, 
a formula which will be usefal in the following sections. 


5. The invariant integral J, for the variety generated by the (r—1)- 
osculating spaces of a given analytic curve. As an example, we wish to 
evaluate J, for the variety generated by the (r—1)-osculating linear spaces 
of a given analytic curve of the n-dimensional complex projective space. 

Let C be an analytic curve defined by the n + 1 parametric equations 
yt = yt (t) (i= 0,1,28,: : -,n), where y‘(t) are analytic functions of the 
complex variable t. In order to evaluate J,(C) we must normalize the 
coordinates y* as indicated in (4.1). We set st = y'/(yy*)4; then 


dat = {2 (yy*) dyt — (dyy*)y* — (ydy*)y'}/2(yy*)*”, 
dre {2 (yy*)dy*t — (dy*y)y*t — (y*dy)y**}/2(yy*)*, 


and by exterior multiplication and addition, 


À [daidai] — {(yy*)% [yid] — [(y*dy) (yay*)13/(yy*)* 
Notice that 

(yy*) &[ dy'dy**] — [(y*dy)(ydy*)] 

= (Qu) at) — (yy NYY] = (yA y) Gt Ay") Edta], 
where the notation & Ab denotes the bivector with the components 

aif = aibi — gibi. 

Consequently we have 
(5. 1) ar — È [aride] — | yAY |*/| y |*Latat*] 
and finally, according to the definition (4. 4), 


(5.2) Ja (0) = 1/2 | ly AY 1/19 Mater], 


If C is an algebraic curve, then (5.2) gives the order of C (except the 
sign which depends upon the orientation assumed for C). 
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Let us now consider the variety C, generated by the (r—1)-osculating 
linear spaces of C. In order to evaluate f Qr we consider two consecutive 
c 


(r — 1)-osculating spaces, Lr(t), defined by the points y(t), y (©, -, y(t), 
and L,1(t + dt), defined by y(t + di), y (t + dt),---, y(t -+ dt), which are 
contained in the linear space L(t) defined by the points y(t), y (E), : : <, YÈ). 
The angle dr between L,_,(¢) and L,_,(¢ -+ dt) is equal to the distance Q* between 
the poles of L,;(f) and Lpa(t -+ dt) considered as linear subspaces of Le 
Choosing the coordinate system so that the equations of L, are yftt == yt? 
=: ."—##"—0, the pole of £,.(¢) in Z,(¢) will be the point Y, whose 
coordinates are the determinants of order r in the r by r+ 1 matrix (4*9), 
where i==0,1,---,r—3i, and k—0,1,:::,r. 

We now apply (5.1). The coordinates of the point Y’, are the deter- 
minants of order r of the r by r +1 matrix (y*), where t—0,1,---, 


r— 2, r, and k—0,1,- - :,r, and following a device due to Ahlfors and 
H. Weyl ([1], [9], p. 144), one can prove that 
(5.2) ENT |= | Vell Foa ls 


where Y, and Y,,, have a meaning analogous to that of Y,, i.e. they are the 
multivectors defined by (y, y, © =, y€) and (y,y,: : -+,y) respectively. 

The device consists of choosing a coordinate system in which y, y, -: -, y 
have the coordinates 


y(y°, Qi cium, 0), yy”, y}, 0, ::, 0), nds, y (y, yi, biiy y), 
In this system of coordinates the relation (5.2) becomes trivial. 


Therefore we have 
dr =r | Yes |? 7 | Faji LA Ve |*[dtdt*]. 
Since according to (4.8) fdr== f@ = 2m we have the relation 
dr /2ni = OF/ Í or 
and consequently we get 
(5. 3) J (0r) =rl/(Rm)r fo == 1/2ri f dr 
r C 
— 1/2ri Í, | Fpa le) Fra |?/| X, |*[dtdt*]. 


This expression is due to Ahlfors and H. Weyl [1], [9]. If C is an 
algebraic curve (5.3) give the classes of diferent orders. 
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For instance, for a plane algebraic curve y° == y(t), yt == y*(t), y? == y? (t), 
the class is given (except for the sign) by the integral 


Ja(0) = 1/2 È |y Plyg Pl yAy léCdtat*1, 


where | yyy” | denotes the absolute value of the determinant formed by the 
components of y, y’, y”. 


6. Total volume of the unitary group and of the homogeneous 
spaces U/I,. In order to calculate the volume fdu of the unitary group U 


with the invariant element of volume du given by (3.4), we put éf — ppe?” 
and consequently 


n 
Wo0 == (É*odéo) = 2 (pxdpx + tpr dOr) . 
Since (€*ofo) == D pz? = 1, we have © prdpx = 0, and therefore the 
0 0 
integral of woo over all possible values of the variables has the value 


f Woo "= 1 > f pxdOy a Qa. 
k=0 


The same proof gives 
(6.1) f an= eat 


On the other hand we observe that, according to (4.9), the exterior 
product 


[ TI Wr rih rrek] m L IT (EF a dËr) (ÉrdE*,) | 
A=1 A=1 . 


denotes the element 0*° relative to the linear (n—v71)-dimensional space 
defined by the points é, Ér * *, én Consequently (4.8) gives 


(6. 2) , Í [TT errs rn] = (rt) Lu (n—r) l. 
From (3.4), (6.1) and (6.2) we get 


f u= (2i) TT (xt) /(n— r)! 
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which can be written 
nri 
(6.3) f du— TT (2ni)*/(h—1) 1. 
U het 


This formula gives the total volume of the unitary group U. 

We wish now to calculate the total volume of the homogeneous space 
U/T,, or, what is the same, the total measure of all the linear r-dimensional 
spaces contained in the hermitian n-dimensional space. 

Let us write, for the moment, du == dus, in order to exhibit clearly the 
dimension n of the space. According to (3.2) and (3.4), we have the 
following relation between the elements of volume du,, dL, and the elements 
dür, duy+, of the r- and (n—vr)-dimensional unitary groups: 


du, == | du, du, aL, |. 
Integration of both sides of this equality over all possible values of the 
variables, taking (6.3) into account, gives 
n+l r+1 nr 
TT (@ri)"/ (h — 1)! = TI (21i) (h — 1) TT (2i) (h1)! f dEn 
A=1 =i A=1 U/Tr 
and consequently 


(6.4) J. dL, = (Qi) D1121 rl/[nln— 1)! : (nn 1. 
U/Tr 


This is the measure of all the linear r-dimensional spaces of the hermitian 
n-dimensional space, i.e. the total volume of the homogeneous space U/T,. 

The finite values (6.3) and (6.4) induce a normalization of the elements 
of volume du and dL, in such a way that the total volumes of the corre- 
sponding spaces are equal to 1. ‘These normalized elements will be 


nti 
(6. 5) du’ = TT (h —1)!/ (at) *du 
af A=1 
(6.6)  dLy = (Qrt)-O MFO (n — 1) + -(n—r)I/1121- + -riTaZ,]. 


7. Linear subspaces which intersect an analytic variety. Let C, be a 
fixed analytic variety of complex dimension A. Let L be a fixed r-dimen- 
sional linear subspace and L,=—wul,° be the transform of L, by we J. 
We assume r-+h—n= 0, and let CaN L, be the (r + A — n)-dimensional 
variety intersection of Ca with Le. We wish to evaluate the integral 


(7.1) Te f Fie Oo La oe 
U/Vr 
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Let & be a point of O N Ly. In order to define Z,, we may take the 
points £o, &:,: © *, nmr- on the linear (k + r—n)-space tangent to the inter- 
section CaN Lr at &, and the points @a.-n,° °°, @r such that 


(7. 2) CEE) = Sy, (Etam) == 0, (am) = Sim. 
Let yri’ ©. Yn be n—r points such that 
(7. 3) (y* ré) = 0, (y*p%) = 0, (y* svc) = Spe 


and let Bain, * * *, Ba be n—r points on the tangent space to Ca at é 
such that 


(7. 4) (B*o8v) Sav,  (B* oki) = 0. 

In (7.2), (7.3), and (7.4) we agree on the range of indices 
OS47Sh4+r—n, htr—nstisiimsr r4tispgqsn 
ht-r—n+1Sab<h. 

According to (8.2) and (2.2) we have 
(7. 5) AL, = [IV Cy" des) (yodd*s) II (y*pda:) (ypda*:) J, 


the product being extended over all y, £, œ. Since dé, is on the tangent 
k-space to Ca, we have 


déo aed 2 Ait + 2 Biba 


where, according to (7.2) and (7.4), A; = (&*:dé.), Ba = (B*adéo). 
Consequently 


(y*pd£o) ae 2(7"pBa) (B*adéo); (yndË*o) sn 2 (vPB°0) (Bad£*o); 


and 


(7. 6) LG 5dbo)(yed6"o) ] = I G7*5Ba) I> I CreB*a) ITLL (Bade) (Badé*o) ]. 


According to (4.9), the differential invariant Q* referred to C, and the 
differential invariant O°*** referred to CaN Le may be written 


(7.7) Oh mm [TI (É*idéo) (deo) TI (B* ado) (Bode*o) ], 
(7.8) Oia — [H (É*idéo) (é&idé*o) ]. 

Consequently, from (7.5) and (7.6) we have 
(7.9) [omea] — [02], 
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where 0 is a differential form which does not depend upon é. According to 
(6.6) the same formula holds, up to a constant factor, for dL,’ instead of 
dL;. The integral of 6 over all possible values of the variables gives a constant 
value c which does not depend upon Ca. Consequently, integration of (7,9) 
gives I == cJ,(C,). The value of c can be found by considering the case in 
which C3 is a linear subspace La. In this case we have Jaiyn(LaM Lr) 


at Ship a (Lire) = 1, Jy(Ln) = 1, and f dL; = 1. Consequently c = 1. 
We get the final result | 


(7.10) f rar (CaO Lr) ALe = Ja (0s); 


I£ r + h— n == 0, Jo(ChN Lr) denotes the number of intersection points 
of L, with Ch. 


8. Analytic varieties which intersect each other. Let Os, Ce (A +r 
— n = 0) be two analytic varieties of dimension h, r respectively. Let uC, 
be the transform of C, by we U. We consider the integral 


(8.1) i f Joss (CN uC) du’. 
U 


The frame which determines u may be chosen in the following way. 
Let é& be a point of the intersection O N uC, We choose the points 
é 42,° °°, Errn on the linear (h + r—n)-dimensional space tangent to the 


variety CaN uC, at &, and the points Gasnniz,' °°, % on the tangent r-space 
to C, at &, in such a way that 
(8. 2) (ETS) du, (Em) = 0, — (a*m) = Òm- 
ia Yru’ ``, Yn be n—r points such that 
(8. 3) (ypé) = 0, (y*pa1) = 0, (y* 7c) = pa- 


In (8.2), (8.3), and in the remainder of this section we agree on 
the ranges of indices 0S1] S5h+4r—m ht+r—n+1lslm<=r, 
rt+ispgqsn. 
The frame which determines u is the n-simplex &, &, yp According to 
(3.4) we have 
(8.4) du == [I (Eidés) IT (oder) I] (y* dyn) TL (Ed) (2: 6* II (a* dtm) (adan 
Ti (a* dé) (ard d* ) IT y* padya) Yody") I y*d&s) (yodé* i) IT Cy* pda) (ypda*,)], 


where 154), l=£m, pq. 
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Let Barn,’ °°, Ba be n—r points on the tangent h-space to C, at £o, 
such that | 


(8.5) (B*aBr) = do, . (Bob) =0, 


where h-+r—n+1Sab0Sh. 
Since we always take é on Ca, we have 


LE = 2 Ad + 2 BoBa 
where, according to (8.2) and (8.3), A; = (é*d&), Ba = (Bodo). 
Consequently we have 
CFrho) = 2 (7 pBo) (B*ado), (yodo) = Z(7rB*e) (Bodo), 
and by exterior multiplication, 
(8. 6) [HG 5460) Godéto)] = Il(y*eBa)ll > 1G28%e) I LIL Badge) Bade"). 
The differential invariant Q referred to C,, according to (4.9), is 


(8. 7) OF == LHI (é*idéo) (Edo) JI (aide) (a,d£",) |. 
From (7.7), (7.8), (8.4), (8.6), and (8.7) we deduce 
(8. 8) Larrndu] = [yora], 


where y is a differential form which does not depend upon o. Up to a con- 
stant factor, according to (6.5), the same formula holds for dw’ instead of du. 
The integral of y over all possible values of the variables gives a constant 
value c. Consequently from (8.1) and (8.8) we deduce F == cJ,(Ch)J,(C,). 

In order to determine the value of the constant c we consider the case 
in which Ca and O, are linear spaces DZ, and Z,. In this case we have 
Tarn (La uly) = 1, fdu'==1, Js(Cy) = Jr(C-)— 1. Consequently we 
have proved the integral formula | 


(8. 9) CAE 


If r4 h— num 0, Jo(C,MuC,) denotes the number of intersection 
points of C, with uCp. 

For algebraic varieties, since the invariant J coincides with the order of 
the variety, (8.9) is an integrated form of the theorem of Bezout. Therefore 
(8.9) may be considered as a generalization of the theorem of Bezout to 
analytic varieties. 
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If we have p + 1 analytic varieties Ch, Cru’ -, C3, such that fo + ii 
-+--+ hp Z np, from (8.9) we get immediately by recurrence 


f g J hothrsthg-np (CAN UCh N Usa e tpn, du dug > + duy’ 


= Jh (Ch) I m(n) °° Jr (Cn). 
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ON THE PARABOLIC GENERATORS OF THE PRINCIPAL CON- 
GRUENCE SUBGROUPS OF THE MODULAR GROUP.* 


By Emi GRosswa rp. 


1. The set of matrices + A} where the integers a, b, c, d satisfy 


(1) ad—be—=1 
and where we consider * 4 = (=! Z à) , form the modular group. We 


define T'(p), the principal congruence subgroup of I modulo a prime p, by 
the additional conditions a == d == 1 and b == c = 0 (unless otherwise stated, 
all congruences are taken mod p). For p > 3, H. Frasch has shown ({3]; 
see also [7]) that I'(p) ‘can be generated as a free group by the generators 


SP w= * ‘ ) and (p—1)p(p-+1)/12 other generators, depending on three 
parameters, identified by the symbols (A, p, vy} and defined as follows. Let 
— 1 
2 V == TS*T SPT Se = ( P ar ) , 
ss —(aB—1) —a(ap —2) 


where a and 8 are any two primitive roots (mod p) satisfying «B==1. Lei 
À, p v be any set of integers satisfying 0S AS(p—3)/2, 0S pS p—l, 
1<v< p— 1, and define 

o= indy,  Ag=À +o (reduced mod#(p—1)), 
(3) j 


Bpa = p? —y (reduced mod p), wẹ =— 1 (mod p}; 


so that Ax, u+, v, are in the same range, respectively, as A, u, ve Let us call 
“ reciprocals ” two numbers related as v and vẹ. Finally, let 


(4) R SET ITS "TG he 


— Gar. + 1) + Va By (wy + 1) — (pv pers) À. D | 
— (wa +1) palwa +1) —v | 


Then the generators (À, u,v) of l'(p) are defined by 


* Received January 12, 1961. 
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(5) - (A m y) = RVs, 


The object of this paper is to show that if the prime p satisfies a certain 
condition? to be stated later, the independent generators (A, u,v) can be 
chosen in such a way that none of them is ee so that the only parabolic 
generator of l'(p) is 8. 
| For our proof, we have to change slightly the process of elimination 
indicated by Frasch [3], whose method we follow, however, closely. Through- 
out the paper we consider only values of p > 7 (cf. a similar situation in [7], 
section I); in the other cases we would need sometimes special considerations, 
which complicate needlessly the exposition, as the corresponding generators 
are explicitly indicated in [3] and none of them is parabolic. A few inequali- 
ties will be meaningful only for some higher values of p and will be under- 
stood to apply only for them. 


2. We recall some results of Frasch [3], with some of their immediate 
consequences. The $p(p — 1)? generators (A, m, v) satisfy p(p —1)(5n — 7)/12 
distinct defining relations, each permitting the elimination of one generator. 
We use them in order to eliminate all generators with a same value v, of y, 
unless vo satisfies 


(6) °=—1 or (6°) vo (vo — 1) ==— 1. 


The defininig relations can be arranged in groups of binary and ternary 
relations. Following Frasch, we use the first group of binary relations to 
eliminate the generators with y == 1. The following ternary relations permit 
the elimination of y == p— 1. Using the second group of binary relations, 
y == and y = p— 2 are eliminated; and the corresponding ternary relations 
permit the elimination of their reciprocals, v==4(p+1). In general, 
for k 23, we use the binary group to eliminate y= k, y= p— k, and 
v = ${p +(2k—3)}, and the corresponding ternary relations to eliminate 
their reciprocals. The generators with the mentioned values of y actually 
appear in the defining relations in the stated order, as explicitly shown in 
[3]. The number of relations at our disposal is larger than the number of 
generators on which we have centered our attention, and we may use the 
remaining ones in the order suggested in [3]. The process of elimination 


1 It seems likely that all primes satisfy that condition; see last footnote. 


sA PRE property holds for the generators V, of T,(p}), defined in [9]. 
See [5]. 
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has to be modified for p £ — 1 (mod 12), when v takes on values satisfying 
(6) or (6’). Let y= k or y==p—k satisfy (6). Then k? + 1==0, so that 
k? —(p — 1) = 0, and k =(p— 1}. If y satisfies (6, then k(k —1) =— 1, 
so that k? — k — (p — 1) Z 0, k2 4+ (p— ł} > (p—1)$ In the same 
way we show that if v= ${p + (2k-—3)} satisfies (6) or (6), then 
k > 4(p -+ 1). It follows that all values of » belonging to any one of the 
three intervals 


(7) Isr sø#—l; to—p)+1<v<to+p)—I1; 
p—pti<vSp—l1 


are not affected by the difficulties arising from (6), (6’), and can be eliminated 
from the final set of independent generators, using only the binary relations. 
Whenever we reach any value satisfying (6), or (6’), we continue as in [3]. 
If v does not satisfy (6) or (6’), respectively, then the same is true of its 
reciprocal, and the generators with values of y reciprocal to those of (7) will 
also be eliminated, using the corresponding ternary relations. The values of y 
in (7) and their reciprocals form a set of at most 8 (pi -—1) distinct numbers. 
For the elimination of the corresponding generators we dispose (for some 
fixed A and u) of +,p(p —1) (5p — 7) /4p(p —1) = (5p — 7) /6 relations. 
For p > 7, (5p —7)/6 = 3(pi—-1), proving the previous assertion that the 
number of independent defining relations exceeds the number of generators 
which we want to eliminate. Finally, we remark that there remain in the 
generators only values of y, which satisfy, with their reciprocals, the inequalities 


(8) pi—1 <v, v< $p — ph) + 1, or lp + ph) — 1 <r << pii. 


8. From (3) and (5) it follows that 


PACA av) VA = BV, If aAato<t(p—l1), and 
(9) | 
VA (A, m v) VA = BV ORY, if A+oZt(p—l1). 


If (A, xv) is parabolic, then all its transforms M (À, u,v) M by any modular 
matrix M are also parabolic. In order to prove that (AÀ, u,v) is not para- 
bolie it is, therefore, sufficient to show that RV-* and RV-4@ are not 


parabolic. Let, generally, V" = & ) . Then it follows from Pr 


Ca. Da 
dh Bas) 
= n. Ke th t 
ii bn ee a 
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An = fån — (@8B—1)B, Brna = (48 ~1) 4, — a (a8 — 2)B, 
(10) 
Cau == BOn — (aB —1)D, Day = (G8 —1)C, — a (48 — 2) Dy. 


For n = 1, by (2), Aı — D, = Bi (a — (a — 8)/ (aß —1)) and B, + C = 0. 
Assuming that 


(11) An — Dy = 21B,, where t == 4(a— (a—B)/(aB —1)), 
(12) By + Crh = 0 
hold for n, it follows by induction on n, using (10), that (11) and (12) 


hold for n + 1; they hold, therefore, for all n. It follows from (1) and (12) 
that 


(13) AnD, + Br? = 1 
and, as B, is an integer, 
(14) A,D, = 0. 


Hence, by (11) and (12), 

(15) AnBa > 0, AnCn <0. 

For n == 1, by (2), Bı > A,; assuming that, for arbitrary integral n, 
(16) | | Ba | >| 4al 


it follows by induction on n, using (10) and (15), that (16) holds for n +- 1 
and 80 for all n. From (16) it obviously follows that (a8 —1)B,/A4,—B > 0 
so that, by (10), 4,,:4, < 0. Hence, using (15), (12) and (14), B, By. < 0, 
CnCnu < 0 and DD: 0. We shall see immediately that the equality 
cannot hold, so that we have, generally, with M standing for A, B, C or D, 


(17) '  M,Men < 0. 


Let, generally, a8—Kp+1, K21; then B,—Kp. From (10) it 
follows, by (14) and (17), that | B,:/B, | = a (a8 — 2) — (aß —1)4,/B, 
> a(aB—2) — (a8 — 1) = a(Kp—1)—Kp=Kp—2 so that |B, | 
> | B, | (Kp — 2)" = Knp"(1 —2/Kp)” and, for p > 7, | 


(18) | Ba | > (5p/7)". 
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Hence it follows in particular that | Bẹ | > 1 and the equality signs in (14) 
and in DyDysu < 0 may be suppressed. We have, consequently, using (15) 
and (12), 


(19) AgDn<0, BD <O, OnDy> 0 


We solve now (11) and (12) for A, and D,, using (16) and (19) to determine 
the signs of the radicals and obtain 


Ay = B,(t— (P — 1 + By*)!) 
Da = — Ba(t + (P — 1 + By*)!). 
As, by (11) and (18), 2 < 2t < B,, it follows that 


t—1/2t > (P —1-+ B°} > t—1/(2t—1), 
so that a 
Rt—1/(2t—1) < | Da/Bn | < 2t—1/2¢ 
(20) nu 
1/2t < An/Ba < 1/(Rt—1). 
. Da = Ba An 8, 
= -h = — . 
4, Let now, tor integral n = 1, RV R( * O À, ) P D,a) 
If this matrix is parabolic, then we have (see [2, p. 21]) | Qn + Da | = 2, 
where, by (4), 


Qn — — Durs + 1) — v4 | — Cal tthe (rvs + 1)—G@r+ bave) + 1] 
(21) | 
D p rm B;(vvx à 1) + Axl ugly + 1) Dei vj. 


Tf uua 5 0, all brackets are positive, as is obvious for all except the coefficient 
of C,. Let its value be N, and apply (1) to R. It follows that N > 0, and 
by (15), (18) and (19), we obtain | Q. + D» | >| Bn |(N + ms +1) 
> (5p/%)"(N + p) > 2, so that RV+ cannot be parabolic. If p= 0, then, 
by (3), py—=—p—y. From (15) and (19) it follows that | + D, | 
== | | @a|— | Da ||; and by (20) and (21), we have 1<|G,/B.| < L, 
H>|2D,/Ba| > h, with 


| == (p —v)v_g—1 + [2t — 1/ (2t — 1) Ira 
L—=—(p—v)vy — 1 + (2t — 1/2t)væ, 
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h = (wy + 1) + [(p —v) (wg + 1) —v|/2t, 
H = (w, +1) + [Pm +1) —]/@— 1). 


Consequently, 

(22) | Da |—] Ga | >| Ba |(h— L) 
and we assert that 

(28) = k—LY1/êt 

if 

(24) either BC aSv or aS v—1,8 >a. 


Proof. (28) is equivalent to 


40° — RRG + L/vy) — p] — [(p—v) + 1/3) — WL) ve +1] S 0, 
which is satisfied for 0 S t £ hy, or, by (11), fora <y + (a — B)/(aB — 1), 
proving the assertion. 

By virtue of (8), (24) is always satisfied for 
(25) ax pi—_2 
and also for 


(25) a ZE + pi) —2, if p+ p)—1<y <p—pe 1. 
Similarly, 


(26) | a| — | Da | >| Ba |G— E) 
where 
(27) t— H = 1/(2t—1) if (28) œ > y + 2. 


Proof. (2%) is equivalent to 
4 — BLR + 1/4) —p +1) 
— [(p—v—1) (x + Iu) — 0-2) rg + p—r +1] 20, 
which is satisfied for 2t = v + 1/v, + 1, or, by (11), for a2=v+i1/,+1 


— (a — 8)/(a8 —1) proving the assertion. In view of (8), @ satisfies (28), 
provided that 


(29) a= p— ph+t 3B 
and also for | 
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(29°) a = $(p— Pi) +3, pierres np) F2 


Combining (25’) and 29’ ), it follows that for any possible value of y either 
(23) or (27) holds, in case we have simultaneously * 


(30) 4(p—p) +8 <a < 4(p + pi) —2. 


We shall say that a prime p has the property C, in case “ at least one of the 
following three alternatives holds: j 


(a) the smallest primitive root of p does not exceed pi — 2; 
(b) the largest primitive root of p is not less than p — pt + 3; 
(c) there exists a primitive root of p in the interval (30). 


Let us choose for œ a primitive root satisfying either (a), or (b), or (c). 
From (22), (28), (26), and (27) -it TOLONE now, on account of (18), that 
if p has the property 0, then 


(31) | n+ Da | > | Ba |/2t > (5p/7)*/p. 


By (8) «= y and, by the choice of a, y £a; consequently, o 41 in (9), 
and it is sufficient to consider in (31) only values n= 2. As for n= 2, 
(5p/7)"/p > 2, it follows from (31) that | As + Da | > 2, proving that if 
p== 0, then EV~ is not parabolic. The case 4 —=( can be reduced to the 
previous one by interchanging v and v, which is possible without any further 
change of the argument or of the chosen value of a, since y and v, were both 
eliminated from the eas (7). This finishes the proof that AV is not 
parabolice. 
é # , 
Similarly, let Ry” = ( 8 , 


bolic, we obtain, proceeding as before, 


). Assuming that this matrix is para- 


* (25), (29) and (30) may be improved to a<pi, p—a = pi and |a — jp | = iph 
respectively, by sharper estimates in (20). We remark also that (30). is meaningful 
only for p= 29. For all smaller primes, however, either (25), or (29) hold. See also 
remark at the end of 1. 

t Although it seems likely, that every prime has the property O, the best that is 
known at present is a weaker result of Loo-keng Hua [6]; see also [1], [4], and [8]. 
In [7] J. Nielsen considers only primes p, admitting as primitive roots either 2, or 
p—2 (consequently also ¿(p + 1)). Property © represents a weakened Nielsen condi- 
tion and every prime, satisfying. Nielsen’s condition, obviously has the property ©. 


12 
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| AnH D'n | = — À, [us + 1) — vy] ` 
(277) + Onl epee + 1) — (er + pare) + 1] 
— By + 1) + Daloa(vrn + 1) —v] — 2. 


We observe that, except for its sign, (21’) is obtained from the values (21), 
interchanging the couples (u, v) and (ue, v). Consequently, | An + Dan | 542 
implies | 2’, + D’, | 42 contrary to (21°), and RV” is not parabolic, unless 

en==1. From 4(p+1)—o—1 would follow, however, by (3), e = 0 and, 
further, v == a° — 1, contradicting (7). Therefore, in (9), the exponent of 
V is different from one and RVä®+1)- ig not parabolic. By (9) we conclude 
that no generator (A, »,v) is parabolic, so that the only parabolic generator 
of T(p) is &, q.e. d. | 


Remark. A separate consideration of the cases p = + 1, + 5 (mod 12) 
_ yields some additional information and suggests that the above result holds 
for all primes, whether they have property C or not, with at most a finite 
number of exceptions. As an example, let p==—-1(mod12). Then no 
relations (6), (6’) exist, and all values of v of the form v = k, v = p — k, 
1 ks [(5p—7)/24], and their reciprocals can be eliminated from the 
generators. Erdös has shown [1] that every prime p has a primitive root 
a < (log p)*"p4; and the considerations of 4 hold, provided «a=yv—1, or 


(32) (log p)"pi= [ (5p — 7) /24] —1, 


which is true for all sufficiently large p. Im the same way, results of Fueter 
[4] could be used to improve our results in the cases p = + 1, and p = + 5 
(mod 12). The interest of such considerations is, however, considerably 
diminshed by the fact that “sufficiently large” means, for (32), p > 67°, 
Therefore, the additional results obtained do not seem to justify a detailed 
case distinction (mod 12). It is rather to be expected that the known results 
concerning the smallest primitive root (mod p) will be improved sufficiently 
(see [8]) to show that all primes have the property ©. 
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ON SOLUTIONS OF LINEAR PARTIAL DIFFERENTIAL 
EQUATIONS OF MIXED TYPE.* 


By STErFAN BERGMAN. 


1. Integral operators in the theory of linear partial differential 
equations. The realization that a number of relations between some properties 
of solutions of a homogeneous linear partial differential equation * 


(1.1) LU) = ya + Aps + Bla + Fy = 0, 
Z — E+ ty, Z = g — U, | 

(09/02) == (1/2) [ (84/02) — (34/ðy)], 

(84/82) == (1/2) [ (84/82) + è (8y/8y) 1, 
in the case where A, B, F are entire functions of their arguments, are either 
independent of the coefficients A, B, F of the equation L, or depend only 
upon some properties of A, B, F, has been one of the most significant achieve- 


ments of the theory of integral operators of the first kind. See [3, 5, 6]. 
By the operation 


(1.2) y—O(f) = Re[P (f; 2) ]; 


+1 
P(fst0) = | BEZ, Of —P))dt/(a— BY 
Z mm Z — Zo, Z os J — Zo, Re == Real part, 


where H(z, 7,t) (the generating function of the integral operator) is a fixed 
function, an arbitrary function f of one complex variable is transformed into 
a solution # of (1.1). 


Remark. The point (2), which appears as an arbitrary parameter in the 


* Received March 7, 1951. Research paper done under Navy Contract Nord 10-449, 
Task 3. 

The ideas expressed in this paper represent the personal views of the author, and 
are not necessarily those of the Bureau of Ordnance. 

1 For our purposes, it is convenient to use complex notation and sometimes to con- 
tinue w, y to complex values of the arguments, even if our final results refer to the 
behavior of the solutions in the real domain, i.e., for real values of œw and y. 

3 The numbers in brackets refer to the bibliography. A familiarity with previous 
publications except some portions of [9] is not assumed in the present paper, 
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operator, will be called its point of reference. Usually we set 20 = % == 0, 
unless, as in the case in section 5, it is of essential importance to have Zo, Zo 
arbitrary. The possibility of using an arbitrary point (zo) as a reference 
point becomes important if we consider functions f which are singular at the 
origin, or if the coefficients of the equation become singular there. (This is 
the case, for instance, for the equations considered subsequently). 

To every equation (1.1), it is possible to find a function E — Hy (the 
generating function of the first kind) which is determined in a unique way, 
so that the operator O, — Re[P,] preserves many properties of the operator 
st Re. 2? 

Using this approach, it has a osdi to show that various E 
of the theory of functions of a complex variable can be interpreted not only 
as theorems on harmonic functions, but also as theorems on HORS of 
equation (1.1) with entire coefficients A, B, F. 


In particular è it has been shown that relations between the properties 
of the subsequence {Axe}, n == 0, 1,2,- : -, of the coefficients of the series 
development y = 5 Amaz*2" of a real solution y of L(y) —0, and the 


m, nad 


location and properties of its singularities are independent of the coefficients 
À, B, F, provided that these latter functions are entire in z and Z.. 

It is of interest that the method of transforming functions of one variable 
into solutions of linear differential equations can be extended to certain 
equations of mixed type. This is of particular importance for the theory of 
compressible fluids, which is based on the study of equations of this type. 
In this theory we investigate the equation | | 


(1.8) M(4) = yam ++ UE) os = 0 
(1.4) IE) —Sax(—H)*, a >0, &<0, 


where 1(H)> 0 for H < 0, and /(H)< 0 for H > 0. Reducing (1.3) to the 
normal form, one obtains the equation 


(1a) Ly) =9er-+ NOs +0) 0, N= (1/8) Fri, 


(1.5) AH) =f nat 


t For other properties such as the existence of classes analogous to polynomials, 
approximation developments, summation theorems, the reader is referred to [3, 5, 6]. 
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where N (A) is now singular‘ for A==0. Assuming that / and therefore N 
is an analytic function of the variable A, it is convenient to continue our 
functions to complex values of the arguments. The domains [—00 < 9 <œ, 
H < 0] and [—co<# <o,H > 0] in the real plane correspond to the 
domains [—œ < 4 <œ, Re À, < 0, Im À = 0] and [~œ < 6 < œ, Im à > 0, 
Re À: = 0] respectively. Here à, == À + tA. 

Since the integral operator of the first kind is not defined at the sit 
where the coefficient N becomes singular, it is useful, in studying (1.1a) to 
introduce two integral operators Pa, and Pz: (see (5.8), (4.1), and (42)) 
of the. second kind, which are defined in two different domains of the À, 6- 
plane. Hach of these operators is defined only in subdomains of the regularity 
domain of N, but P}: is defined also on the ge a] line A= 0 of N. 
P, can be defined ë for A> —o. 
| As is the case of regular coefficients A, B, F, it is possible to show that 

for a class of equations (1.1a), namely those for which N (A) satisfies the 
conditions (8. 5a)-(8.5d), a number of relations are either independent of 
N(A) or depend only on some properties of N(A). Among equations of this 
type, it is possible to select one, to which we shall refer as the “ simplified 
case,” where the situation is particularly simple, and whose theory can be used 
as a pattern for the development of the theory in the general case of equations 
of this type. In the “simplified case” where 1(H) = — aH, a, a positive 
constant, the generating function ê Æ,f of the integral operator of the second 
kind is given by : 


(1. 6) Ey} = HYE,*}(Z,Z,t), Ht = S,(— 2a), Z= À +18, 
where #,*} is a hypergeometric function of the variable u — ¢?Z/2A, 
(1.7) Et = AF(1/6, 5/6, 1/2, u) + Biu/°F(2/3,4/3,8/2,u). 
Aı and B, are constants. | - 


By the transformation #,* = HE., equation (3.2) of [9] for Hy, is 
reduced to the somewhat simpler equation (4.9) for #,*. 


t The study of the equations of mixed type is in this and many other respects equi- 
valent to the study of partial differential equations of the form (1.1) with singular 
coefficients. 

5 These results are of importance especially in fluid dynamics. To À — — © corre- 
sponds in the hodograph plane (i.e., in the plane whose Cartesian coordinates are the 
components u,v of the velocity) the origin u = v = 0. 

è The generating function and some other quantities referring to the simplified case 
will be denoted by symobls with a dagger (f). 
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It has been shown in the general case that E,*-satisfies a partial difer- 
ential equation (see 4.9), which in the “ simplified case ” becomes an ordinary 
differential equation (the hypergeometric equation). ‘Equation (4. 9) possesses 
some features which can be considered a generalization of properties of hyper- 
geometric equation. 


In particular #,*+ can be developed into a series of powers of u (and 
v= 1 —u), converging in | Z/2| < 1, as well as into a series of powers 
of ut (and (1—-v*)) converging in |Z/2A| > 1. Continuing the inves- 
tigations of [9] in sections 4 and 6, we show that in the general case of 
equation (1. 1a) there exist generating functions Fs and Hz, representable in 
the form of infinite series, converging in | Z/2A| <1 and in | Z/2a| > 1, 
respectively. They can be considered as generalizations of the above-mentioned 
series developments for the hypergeometric function. Substituting Fz and 
Ez, into (1.2) instead of Æ, we define the integral operators Pe, and Pz, in 
| Z/24 | <1 and in | Z/2A | > 1, respectively. 

Thus in the course of our investigations, we introduce a variety of integral 
operators which are defined in different domains, and which preserve different 
properties of the function f to which they are applied. In order to be able 
to employ different operators simultaneously, however, we must determine 
relations which exist between the associate functions of the same solution 
(A, 8) of (1. 1a), but with respect to different integral operators. In section 
5 we determine the associate of Pa. This result solves the initial value problem 
in the large, with the data y (À 8), ya (À, 0) given on a segment À == Ay, Ap < O, 
i.e. im the domain of elliptic behavior. In section 7 a similar problem is 
considered with #(0, 6), m (— À) Sa (à, 0) = Cia (E, 6) n= (see footnote *? 

-> 


on p. 468) given, i.e. with data on the transition line, À—0. Our results 
give information about the behavior of the solution in regions lying in the 
domain of validity of the corresponding operator. We also clarify the extent 
to which these results depend upon the coefficient N of equation (1. 1a). 

Solutions of linear differential equations with analytic coeflicients are 
analytic functions of two variables. When.the y’s are continued to complex 
values of the arguments, they represent important subclasses of functions of 
two complex variables. As indicated in section 8, the results obtained in 
sections 5 and 7 can be interpreted from this point of view. They comple- 
ment in a natural way that portion of the theory of functions of two (and 
several) complex variables which is devoted to the study of the relations 
between the coefficients of the series a of a funtion, its growth and 
value distribution. 
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The theorems of sections § and 7 illustrate the application of the operator 
method. The results of the present paper can be employed for the study of 
various other questions in the theory of differential equations of the type (1.3), 
in a manner similar to that of the case of regular coefficients. 

The author wishes to express his thanks to Dr. Philip Davis for his 
assistance in the preparation of this paper and various valuable suggestions 
which have been incorporated. 


2. Solution of the initial value problem in the small. In this section 
we shall, by using a set of particular solutions introduced by the author’ 
(cf. [4]), solve the initial value problem in the small for US (1.8) with 
the data given on the transition. line. 


The above-mentioned solutions are 

n H 

(2.1) dai(H, 6) = 1! (je f dH 
0 


n H H Hy 
(re f am f enam f dH+--:-, 
H EL | | 
(2.2) Yn, =e ("Vor f au, f 1(H,) dH Le. 


In this section, we assume that (H) is bounded in some interval 
—H<H<H, From this assumption it follows that all the functions 
Ying (n= 1,2, +--+ j k = 1,2), are twice-differentiable over [— H’ S H S H; 
—«o < <æ]. These solutions have the further property that 


(2. 3) ini (0,8) == 0,  ÿn2(0, 0) == 67, 
(2. 4) [Ovni (H, 6) /OH | no == n0t; [One (H, 0) /0H] yup = 0. 


THROREM 2.1. Let the eee xx(0) (k=1,2), possess a a 
of the form 


(2. 6) aa Sanov, [9| <6. 
Then | 
(2.7) w (HH, 8) = 2 N'an- On (H, 8) +3 On bins (H, @) 


These functions were introduced independently in a joint paper [12] (see also 
[13]), by L. Bers and A. Gelbart, who term them o-monogenic functions, 
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converges in a domain 
(2.8) D—El|6|+o|H|<&]; o—0({(H))> 0. 


The series (2.7) represents a solution of equation (1.2) for which 


(2. 9a) y (0, 0) = xı (8), 
(2. 9b) [Wy (H, 9) #0 axa (9), Ya = OW /0H, 
holds. 


Proof. From the convergence of the series in (2.6) it follows that 
(2. 10) | | a, | = p1/017 5 | dat) | <= pe/ 01", (n == 0, 1, 2, San ap 


for some conveniently chosen positive constants u, and wise Inasmuch as 1(H) 
is assumed to be bounded, we have for some positive constant c, 


(2.11) [I(H)I< 06° for | H| =H’. 
Now select 
(2.12) o > max [6,/H’, c]. 


From (2.1), (2.2), and (2.11), it follows that . 
(2.13) [yal (olea ps for | H| SF 


If (H, 6) e D, then | H| S (8/0) < B’ by (2.12), so that (2.13) holds for 
(H, 8) in this domain a fortiori. Thus, for (H,4) e D, the series (2.7) is 
dominated by 


(2. 14) (m + oa) Z [C8 | + e | HL) /61 


But by (2.12) we have |0| +c] H|< 8, for (H,6)e D, and therefore 
(2.7) converges absolutely and uniformly in D. By a similar argument, it is 
clear that the first two derived series also converge absolutely and uniformly 
in D, and therefore (2.7) is a solution of (1. 1a). From (2.8) and (2.4) 
it follows that this solution satisfies the initial conditions (2. 9). 


Remark. Let A be a class of functions of H and 8 which are infinitely 
differentiable, and which possess the further property that any function of 
A is uniquely determined by the derivatives [0™*™)(H, 6) /0H™00"] H-0, #0 
(m,n—0,1,2,- ::) (as, for example, the class of functions analytic in a 
neighborhood of H==0, 0 == 0). If {(H) is infinitely differentiable over 
—H<H<Y/, and the solution (2.9) of the partial differential equation 
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is required to belong to a class A, then it is unique. For since y(0, 0) =x. (0), 
and W,, (0,4) = x2(6), it follows that (4™/(0, 6) /00™) ,.,—=x.™(0), and 
[oY (H, 0)/0H087] t-o, gag = X20 (0) (m = 0,1, 2,- > -), while the remaining 
mixed derivatives may be obtained from x:(4) and /(H) by recursion through 
the repeated differentiation of poy + 1(H) ve, = 0. 


3. Reduction of the equation of mixed type to normal form; the class 
N of differential equations of type (8.1). The function 1(H) given by 
(1.8) will now be assumed to satisfy some additional conditions, the precise 
formulation of which will be given below. Our aim is to show that certain 
properties of solutions of (1.1) are independent of the special form of 1(H), 
provided that (H) satisfies these conditions. : 
- In order to formulate these conditions, it is convenient to reduce (1.1) 
to the normal form 


(3.1) Yor + Yoo + AN (A) = 0; N = (1/8)0*lq, 


by means of the transformation 
-H 
(3. 2) —a(— H) = f [u(y rae. 
n i=0 : 
A formal computation shows that —A(—-H) has an expansion of the form 
(3.3) —A(— H) = (2/3)a,*(— E) + (1/8) (— E) +, 


valid in a neighborhood of H == 0, while N has an expansion of the form 
(3.4) FA) = (~A) + E Bs (— a), B > 0, 
y= 


valid for — às < À < 0, ào > 0. If * is the radius of convergence of the 
xe 
series $ 8,2", then we have À = m. 
. vil : 


We now impose the following requirements ® on the function N (à). 
We shall say that a function N(A) of the real variable A belongs to the class 
N, if 
(3.5a) N(A) is an analytic function for —o< À < 0, and is real for À < 0; 


8 These requirements, of course, may be replaced so as to give conditions directly 
on the function 1(H) ; however, such a formulation would be more involved than that 
given above. ` | 


# 
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(3.5b) in the neighborhood of A==0, N(A) possesses an expansion of the 
form (3.4), valid for —A,<A<0;0<rA Sm; 


| I 2 
(3.50) the integral” exp[— I 2N (t)dt] = H(A), exists for allà < 0. 


Under these assumptions, it may be shown that lim (—A)/*H (A) = 2 
Set So equal to the value of this limit. We ee assume further ** that 


(3. 6a) — 8 > 0. : 


en If (3.1) possesses a coefficient N (A) € N, we shall say that the 
differential equation is of class Jt. 


Before investigating the general equation (3.1), it is useful to consider 
the special case 


(3. 6) (H) = — aH, | + 0: 


to which, following [9], p. 862, we shall refer as “the simplified case.” In 
this case N(A) = (12a). If the lower limit appearing in the integral in 
(3. 5c) is replaced by any a for which —w<a< 0, it will be found that 
conditions (3. 5a)-(3. 5c) are satisfied. In the simplified case, the generating 


° In compressible fluids this integral equals [1/4 = {p° (1 — A7) )1/4, 
19 The existence of S, may be established as follows. Select À such that —y)<A,<0. 
Then H(A) == exp [ f^ (—2N (t) )dt + fo (—2N(t))dt]. Introduce 


P(A) =-—(1/6)log(— A) + 5 (6B,/(2» — 3) ) (— A)? A, 
p= 
(—A,p<A<0); then (independently of À), 
H(A) = expl f *[—2N (t) Idt + T(A) —T(A)] 


= expl FA (— 2N (t) )dt— T(m) (— A) OTL + I, 
Thus | | 
oe A 
So = expl f Y (— 2N (t) ) dt — T (M )]. 

It should be pointed out that (4.3) of [9] should be corrected to read as (3. 5c) 
above. Also on p. 860 of [9], line 4 from the bottom, “+” should be omitted. On p. 871, 
lines 12 and 11, Hs*t, Hs,*t, and Wss*t should be replaced by Hy *t, Hit, and Bis*t. 
On p. 872, formula (4.9’), the exponent “ — 2/3” should be replaced by “ 2/3.” 

11 The value of S, in the case of compressible fluids is given in (4.3} of [9]. A 
detailed derivation of this formula can be found in the appendix p. 898 to the Technical 
Report No. 10 of the series “ Operator Methods in the Theory of Compressible Fluids,”. 
Harvard University. e 
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function of the second kind Ef of the integral operator is the hypergeometric 
function of the variable u == Zt?/(Z + Z) = #Z/2d, Z ma à +10, Z=—A— ib; 


(3.7) Batt = AF (1/6, 5/6, 1/2, u) + Byw*F (2/3, 4/3, 8/2, u), 
and it is possible to represent it in the form 


(3.8) Butt) — X (PZ) DWAAN (2A) (k—=1,2), 
holding for | 2/2 | < 1, and 

(3.9) Byg*#¢® = È gti (BX) / ee i a (41,2), | 
holding for [Z/2d | > 1, dase X | 


(8.10) Qt (2) 
= OA CCA) EU UA) en REG I) TE [6/5)+0—1] 
n1(1/2)[(1/2)+11 - TOS n TGN 
QOD (2A) =1, 


and where *3 


(8.11) gt (à) 
_ (1/6)[1/6)+1] -: - [(1/6)-+-n—1] (2/8) [(2/3)+-1] : eD 


~ ai/)0/3)+1] [0/3 Fn 1] 


and | 

(3.12) gta) E 

 (5/6)[(5/6) +1]: -- [(5/6)-+-n—1] (4/3) [(4/3)+1] : -- COENEN 
n !(5/8)[(5/3)+1]- : - [(5/8)+n—1] | 


4 The integral operator of the second kind for the general equation. 
In this section we shall show that for the general case there exist two series 
developments which are analogous to (3.8) and (8.9). They may be written 
in the form + 


13 Q%™® (2X) has not been listed here inasmuch as the corresponding operator, after 
integration, yields zero identically. 

18 Formula (5.22) of [9] should be corrected as above. Formula (4.14) of [9] 
should read “ -+ (by8,/(2A)?/*) (2A/ (2A — {A + 6)))24F(...2? On p. 880, formula 
(5.20) should read “for 2 | A| <Z, and | A [5/8 <a.” 

14 In addition to developments in powers of w and (1/u), the hypergeometric series 
has other representations. ' In section 5 we shall derive representations corresponding 
to developments in powers of 1 ——u and 1 —(1/u). 
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(4.1) Hy FO) me X (BZ) C/E) (2A) (k= 1,2), 
n-0 1 
(A< 0,10 |? <3/A|?), 
and 
(4.2)  Byk® — Sgt (2,)/(— PZ) ects (k= 1,2), 
ax | 
(|? > 8 IA FIAT < A), 
where +’ 
(4. 8) (2n +. 1)Q) (44) + Ox») + 4FQ™) = 0, Qin 1) (— ) as 0, 


Q = — 4B; F(A) = — N? (à) — (1/2) (a) 
QOk) = (22) APE, 
while the g) are given by the recursion relations 
(4.4) a HAFA) m 0 (k =1,2), 
aln + (86/8) Jqr + que? + AF (A) get) = 0, 
and satisfy the initial conditions which are implicit in (4. 5). 


THEOREM 4.1. Let g(r) (n—0, 1, 2,- - -; k = 1,2), be a set of 
functions which satisfy the relations (4.4) and in the neighborhood of the 
origin have developments of the form 


(4. 5) qi) (À) = > CE (— A) D/E), 
where 7 

(4. 6a) OCD mm 28, OD = gt (— 1), 
(4. 6b) C,@0 = 0, ' 


(4. 6c) OCD = 28/8, CD = gi (— 1), 
Then the serves a 


i © (nk) 
gi (A) 
(4. 7) E:*® — £, (— 82) Aak) 


(k =1, 2), 
converges uniformly and absolutely for Z belonging to any closed subdomain of 


(4.8) - Bl2|al<]Z|,aso] ond |tl=1. 


15 The conditions Q" (a) = 0, a>— œ, could also have been imposed. 
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The series (4.7) then represents a solution of the partial differential equation 


(4. 9) l Ez" — Egt + 22¢ FEzz* + 2t FE* == 0, 
where 
(4. 10) Z=\+0, “4=A—W, à= (Z + 2)/2, 


and is, therefore, when multiplied by H(A), a generating function of the second 
kind defined in the domain (4.8) for the differential equation (3.1). 


Proof. As has been shown! in [9], the series (4.7) converges abso- 
lutely and uniformly for |t| 21 and for À, Z belonging to the region 
E2 |à |< [Z], à <0, ]—Aà]| < Aol, and represents a solution of the differ- 
ential equation (4.9). It remains to show that the convergence holds for 
à < — ào We shall first establish several lemmas. It is convenient to 
introduce the variable s == (—-)*/*, noting that — À is positive and choosing 
. the real branch. In this variable, we shall have 


(4.11) F(\(s)) — s8 (8), 


where S(s) is regular for |s| < | A» |°. Moreover, in this variable, the 
relations (4.4) become 


(4. 12a) 87 qa — (1/2) sq.” +98 (8) 70) == 0, 
(4. 12b) — 8[n + (24/8) Js g + sqr 0A 
— (1/2) sq. + 98 (8) qt” =u 0, 
Remark. We note that for g(A) and g(A(s)) the same symbol q is used. 
Lemma 1. Let | 


œ 
(4.13) w (g) == s891 S COW gr (k = 1,2). 
y0 


Then we have 


qin#t#)(s) 3 [n + (24/3) Jw (8) J "Tw® 2s, (1/2) ( f “w) q,(" daz) ds:, 
0 0 
(n == 0, 1, 2, ' "k= 1,2). 


1° The special case of this theorem where N is that which appears in the theory of 
compressible fluids, i.e., when it is given by (2.16), has already been stated on 
p. 878 of [9]. However, the proof given there is only for A belonging to the domain 
E[2|A]<j|Zj,—A<A <0]. The generalization of this part of the proof to the general 
case, i.e. N(A)e, is immediate; the main content of the present section is the removal 
of the restriction —A,<A=0. For Ay, see (3.4). 
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| Proof. It has been shown on page 879 of [9] that, w®(s) = g®™® (s), 
so that by (4. 12a), w® (s) (k— 1,2) are two independent solutions of the 
differential equation. 


(4.14) swa — (1/2) 810, + 98 (8) w = 0. 
Introduce 


(4.15) wht (e) == 3[n + (2k/3)] f wose 2 ( Jf "w%qPds,) de, 
so that it is necessary to prove that 

(4. 16) QU) (8) = w®) (3) ul (3), | nom — 1,0, 1 2, Ea 
Substituting the right-hand side of (4.16) into (4. 12b), we obtain 


(4.17) SPU Lu, D SwA = (1/2) sw] 


— 3[n + (2k/3) Jg, 
or 
(4. 18) Due Lu HET 240,0 — tew | 


= 3[n + (24/3) ]s¥2q,. 


Now it may be easily verified by differentiation that (4. 15) is a particular 
solution of (4.18), and therefore that (4.16) is a solution of (4. 12b). 


The first terms in the expansion of w®(s)u0?*)(s) are given by 


[(30/2)—(6/) HENEN oups 
[(3n/2) + 2h —(3/2)][(n/2) + (3/2)] 
[(8n/2) + (1/4) + k] (8n + 2k) 0,00 
+ ) En) + %— (1/2) |[Bn/2) +672] 
4 GrW F [(8n/2)—(3/4) +] 
AC) [Gn/2) — (1/2) F 2k] [(3n/2) F 6/01 
: 2[(3n/2)— (3/4) +E] 
LEn/2) — (8/2) F 2k] [(n/2) F 6/91 | 
[(8n/2)— (8/4) +k] Bn /2)+k4+(7 /4 ss 
+ Tone) + 6/91 [Gn/2) F 2k —(8/2)][(an/2) F 6/2] pat Sos: 


(See (4.18), (4.5) and (4.15)). From the coefficients in this expansion, 
it may be verified by induction that the conditions (4.6) are satisfied. Thus 
we have shown that g###(s) and w®(s)u® (3) are both solutions of 
(4.12b) and are such that their first two coefficients coincide. Our lemma 
now follows. | 
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Lemma 2. The functions 


À 
(4. 19) wy exp [ f 2NA] — (1/H),. 
(see (8. dc)) and 


A 
(4.20) wa = — V8 (39,H) 7 f HAa, 
9 
À 
Be lim (— 1) expl—2 f M(t) dt], 
h0- o 


both satisfy the diferential equation (4.14). 
Proof. We have 
(4.21) A= — s,  dà/ds = — (8/2),  @A/dS? =a — (3/4). 
go that | 
(4. 22) dw, /ds = — 35/2 N, 
and 
(4, 23) d*w/ds* = IswoN? + (9/2) sw, — (3/2)s7*70N. 


Substituting these values in (4.14) and simplifying them, we obtain 
(4. 24) a 2N; LAN? + 4F = 0, 


which, by condition (4.3), is satisfied identically by N. 


To prove that (4. 20).is a solution of (4.14), we may proceed as follows. 
Let 
(4. 25) p= Aor, 


Then we obtain the following condition on r in order that (4. 14) be satisfied. 
We have 


(4.26) dw,/ds = (1/H)r; +r(1/H)};s, 
d’wa/ds? == (1/H) Tes + 2re(1/H) s+ r(1/H) s 
so that (4.14) becomes 
(4.27) ST(res/H) — 2ra (H/B?) + r(1/H) ss] 
l — (8/2) [ (to/H) + r(1/E).] + 99(8)] (*/H) = 0, 


Or : 
(4. 28) 8 (Teg — 21,(H,/H)) — (1/2)7, = 0, 
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since (1/H) is a solution of (4.14). The quantity r, must therefore satisfy 


(4.29) (ru/rs) = (2Hs/H) + (1/28), or 
(dlog(r,)/ds) == (2d log H/ds) + wG log s/ds), 


so that pie cHist/%, and r= o f ‘side ——(2/3)0 f Hd). 
| 0 ie 0 


Lemma 3. | 
(4. 30) w® (s) = w (8), 
(4.31) `. DO (8) = 2/90 (3) + 22/8w (8), 
where 8: == 38,, and So has already been given in .(3. 5c); and hence 
(4. 32) w) (8) = 289, H + SE, 1H L H 11/45, 
(4. 33) w (3) = 2/29, H fi Hs /ds. 
0 


Proof. As we have shown, both sides of (4.30) and (4.31) satisfy the 
linear differential equation (4.14). Hence, by classical theorems, it suffices 
to show that the first two coefficients in the expansions coincide. It has been 
shown in [9], page 870, that in the neighborhood of Aw=0, H(A) has an 
expansion of the form 


(4.84) H(A) = B(A) + HS (— A) + BB (— A) + 
Hence | | 
À sdb oad 
HS (— A) +++, e: (8/2) 89(—A) +, 
; G ? 
(4. 34a) 7 | k 
TO l 

— emeas) f Hdd = 2°/¢(— A) 3/6 Aa 

0- | > 
Therefore, from (4.13), (4. 6c) and (4.20), since the series development of 
w® and w, begins with s*/4, both w® and w, coincide in the first two coefficients 
Qı == 0 and a= 25/8 of their series development a,(— A) + a g 
+--+. We have, furthermore, from (4.19) and (4.34), ` 

KoWo = (— à) V6 —.S; (— NA) ~e tta 


and from (4.20) and (4.842) 8:10, == 25/69, (— A) -+:--, so that 
QU Scan + 22/88, 0a = 2/8 (— A) 4.0 - (— A) + const (— A) + 
Therefore, by (4.13), (4. ce) and (4. dee the first two aie. of this 
sum and w) coincide. 


13 
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Lemma 4. For an arbitrary 8. > 0 there exist three posttive constants 
C1(82), Ca(sa), Ca(s ), such that 


(4.385) Cyst @O/) = w®(s) S Cys? 6/9, for 0 Es < s Lo, (k mm 1,2), 
(4. 36) | w |S Cas, OSs 8. 
Proof. We note that since S, and S, are both positive, it follows from 


(4.19), (4.32), and (4. 33) that w® (s) = 0, and w®(s) =. 0 only if 8— 0. 
By (4.13), 


a 
(4, 37) w)ge+(8/4) ra ORSA |8 | < 80, 


so that w“s*+@/4) ig regular in |s| < so. Since, in addition, the integrals 
(4. 82) and (4. 33) are valid for all real s = 0, the existence of constants for 
which (4.35) holds, now follows. Again, since 


(4.38) weg) — X (v + ke —(8/4) )C,O8?, |s| < 8, 
y=0 


0,08 #(7/# is regular in |s |< 8, so that the existence of C4 with (4. 36) 
follows. | 

We are now in a position to prove our theorem. Recalling that in (4.15) 
u (s) was defined by 


a t 
(4.15) WH (s) = 3[n + (2k/3)] (use S “wOy,,"ds,) ds, 


we wish to show that for all ss, s, > 0, and for all «œ> 0, there exists a 
C = C (82, €) such that 
2T[n +(2k/3)] | 
(rx) di Pr PE NS ed 98/2 «Le 
(4.39) | u*)(s)| = Gr re +1) (1 + €)7389/2, OESS g 
Since, according to page 879 of [9] and (4.18), w® (s) == g0% (s), we have, 
by (4.16), u(s) — 1, so that statement (4. 89) is obviously true for n == 0. 
From (4.5), (4.13), (4.16), the series development for u has the form 


a) 
(4. 40) utk) (s) == COURT C0] 83/2 (1 ET a, er), OSs. 
y=1 


Let e and sz be fixed. In view of (4. 40) and the fact that w = 0 and equals 
0 only when s = 0, it follows that for every finite n we may determine C so 
large that the inequality is valid for p == 0,1,2,---,n. Fora fixed s., choose 
n so large that | 


(4. 41) C20,0:[ (8n/2) + 2k — (3/2)]1<e, 
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where Cı, C2, Cs are constants introduced in Lemma 4. Assuming the 
inequality (4.39) for » <n, we shall show that it holds for p2=n-4+1. If 
we integrate the inner integral in (4.15) by parts, and note that w® (0) = 0, ` 
we have, by (4. 16), 


(4.42) UIE = BER + (2k/8)]. f "ug dg 
: } 0 
— Bin +(2/3)] f (usn | "wen, Ouds) ds. 
o 9 
Therefore, using (4. 35), (4. 36), and (4. 39), 


aei | <x cy SE ee) Jerr n + 2a) ken 
T'(2k/3)T(n +1) 
x [ s5(n+1)/2 à O,C,s2D/2 
(3/2) (m-+1) ° 18/2) I (80/2) + 2k —(3/2) ] (m+ 1) 
c Ohm + 1 + (24/3) JA + e)" 
: T(2k/3)T(n + 2) 
C0; 
x [3 a O?[ (3n/2)+ ne | 


and in view of (4.41), 


| ume) | < a ar ml C7) AC L, 


























T'(2k/3)T(n + 2) 
which is the inequality for u = n + 1. 
Finally, we have 
ay ay (rx) 
(4. 43), #0 — 5 È (BD) OT’ 
and . 
w ayn) = w® a u |. 
2 ied tZ) [n{1/2)+{(3%/3) | TT (— 127) E(2k/8)~{2/2)] | a, (= TAK ; 
by (4.39), | 
= wre) < Tin + (2k/8) 10| (1 + €) "s02 
AC Pay | Arr ED re |? 


which converges for | 2A/#Z | <(1-+<«)7. Since € is arbitrarily small, the 
theorem is proved. 


5. Inversion formulae. In this section we shall determine the inverse 
of the various integral operators under consideration, i.e., the analytic func- 
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tion f(Z) which, when substituted in an operator of the form (1.2), yields 
the given (real) solution #(Z,Z) = O(f). The determination of the inverse 
reduces such questions as the determination of the domain of regularity, the 
determination of the character of the singularities, ete., to the corresponding — 
problems in the theory of analytic functions of one complex variable. 

As we stressed in section 1, it is sometimes of interest to consider the 
integral operator of the first kind with the point of reference different from 
the origin. Such an operator may be written in the form *7 





(5.1) P(g, Zo) = R(Z’, B)y* (2’, 2’), 

where 

(5.2) y*(27,27) = g(27) 
2 (2n)1 or an (Z... (7y , 

Fa jinn 2 (2, 27) nur JZ n)an * : 47”, 

nel - 0 ir [E 

and | 

(5. 8) Z =Z—Zo Ter D, : 


and the functions P™ satisfy the recurrence relations, 


(5.4) Pp) 42P—0; (n4 IPED 4. 2Prp® 4 OPPO — 0 
(n ==], ay * Js 


and are such that 


(5.5) PW)(Z/,0) — 0 (n=1, 2). 


Here F = F[(1/2) (7 + 2’) + (1/2) (Zo + Zo) ] is the function introduced 
in (4.3), where À == (1/2) (Z + Ē), see (1. 1a). 


THEOREM 5.1. Let y(Z, 2) be a real solution of (1. 1a) which is regular 
in the neighborhood of Z == Lo, Z == Zo, and is such that 


(5.6) ` 84(Z, 2) = pı(9; Zo) + PU Zo). 
Then 


(5.7) 2y(Z, Zo) = g(2’) + R(0, Zg), .2y(Zo, 2) = RCO, 2’) g(0) + (7). 
Proof. This follows immediately from (5.1), (5.2) and (6.5), by the 
substitution of Z’ == 0 and Z’ = 0, respectively. 


17 (5.1) is somewhat altered form of P(f), see (1.2). Im (6.13) the relation 
between the corresponding f and g is given. 
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Similarly, we now consider the integral operator of the second kind with 
an arbitrary reference point Zo. Such an operator is defined by ** 


(5.8) -Pa(f3Z0) = f Ba, 2’, DEZAN — #)] ay — P) 
(see (1.2)), sime | | 
(5. 9) En(2, 231) = HON) + X (PZ OMEN) 

2A =Z LT; WomZo+%: HQ) = api f NA + A)dx], 
and where the ie Qu (2A) are given by the recursion formula 


(5.10) (èn+1)[400/ax] + [d°Q/AN*] + 4F(N + )Q™ = 0, 
[dQ /an’] + 4P (X + do!) = 0, 


and are such that 

(5. 11) © QM (XN) = 0, for X =0 , (n=1, 9e), 
Remark. The domain of regularity Æ of this operator is given by 

(A—Ao)*? + 85 < 44%, This may be established by. the method of [7], pp. 


86-39, replacing À by A’ = à — ào throughout. The operator (5.8) may be 
written in the alternate form | 


(5. 12) pai (9; Zo) = H(2N)y* (2', 2), 


where y*(Z’Z’) has the same form as that given in (5.2), except that 
P™(Z’,Z’) are to be replaced by Q(2)’). Furthermore, f and g are 
related by 


(613) 92) | AZA aea, 
THEOREM 5.2. Let there be given a (real) solution 
y(Z, Z) = E(X, 0) =H 20) y* (2, 2) = HAN) 4% (N, 0) 


= (1/2)(pai(g 3 Zo) + Pat: 20), 
where | 


œ : f ‘ 
9(2) = 2 pn”, | wo Ha == fini F Wine. 


18 The operator P,, with the reference point Z = 0 has been considered in section 4. 


i 
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Furthermore, let 


(5.14) v* (0,0) — BE", 
= 


P 
Tn (0, 8) == [H (0) J x (0, #) — Ex (0) [E (0) 128 (0, #) = E y8". 
Then ua are related to Ba and y, as follows: 


(5.15) wont = (—1)*Bon, Heni 2 = (1) Ben (= 0,1, 2,- ++), 


D® D® +--+ D,.® D,® 
(5 16) Goo do) ++ = üni an (n == 0, 1,2,°° à 
. -k k = | 
sa k = 1, 2), 
0 0 -t lona Auni 
where doy = — 1, v == 0,: : +, n— 1, and where 


(5. 17a) D,0 om (—~ 1)*(2n + 1)“ yen 
—[(2n +1) I] > (—1)"4CajAos[(2n — 25) 1] Bants 


(5.17b) Anm ™ == — [(2 + 1) Con om 14 an-2m1 (2m + 1) 1, 
(5. 17c) Ca == (2n) 1 2°*(n1)4, An = Q(X) 
and 

(5.18a) D,@ (— 1) Zin Yer 


3 
À=0 





— [(2n) = © CuyAa (On — 2j — 1) 1](— 1)" Baa 


(5. 18b) Anm” == — [(21) [Con m1 4 an-m 1 (2m) I. 
Proof. 


(5.19) 2w*Q’, 6’) — = an(X’ + 16")* 
+ QOR) È (n + DS aA ps 
+ S pa — 197" + OQ’) > (m+ ITAA — 187) Le ee, 
and cae i 
(5.20) 20*(0, 0) = © (a [O + (D + meal" + (O 


re 
= 2 > Bs ie 
n=0 
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Equations (5.15) follow immediately from this. Furthermore, 
(5.21) BLAUE, 0)/dn"] = À MA + i090 CON) FE wal’ + 18)" 
$C, QO Y/N] F (n+ D mN + PME + 
+S na CN — 19)" QON E pax’ — 9)" 
+ CALdQO(A)/ANT È (n + SCA — He > 
Whence, by (5.11) and (5.17d), 
(5.28) BLN, V/A] = È ma (ire 
O m=O 
+ OA, Sn + DA g 
n=0 
+ Cada Z (n + 1) (m+ JA E 
+ È nm (— i)m ig/n1 + 0. A, > (n + 1}+ (— 1) nti Dam! 


+ Oaka À (n+ D + 2) E fe > 


From this it follows that 


(5. 28) Re{*| (n -4 lp + C An uni + Cidaln(n — 1) [une 
+2 + Crdapo(n 1) 7] 
= Vs (n == 0, Le ° J 


It follows from this that 
(5.24) ym 19 = (2n + Lima x + LON) I] È (On — j) Orhans: 
(5.25) -yonin(— 1)" (n—0,1,--:) 


== (3n + ise s+ [n+ 1) DE n+ TFG Aves 
| (ren, dre) 
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From the first of these relations and (5.15), we obtain 
nl . 
(5. 26) Krmi 1 = È ly pap à + Dy (n= 0, ees), 
while from the second, we obtain 
a-1 
' (5.27) … ss =7 anD ua + Da | (n==0,1, e). 


The expressions (5.16) now follow. 


Theorem 5.2 gives us the coefficients of the associate of the second kind 
in terms of the initial values xı, y The connection between the coefficients 
Bn; Yn OD one side, and y, on the other, can.be interpreted as a projection in 
the coefficient space. While the associate of the integral operator of the first 
kind of y = 2% Awn2™Z", Aam — Amn, can be determined in terms of the 4,8 
independently of the equation, the above-mentioned projection depends upon 
the equation, since the elements of the determinant (5.16) depend on the 
Qs, (See (5.1%b), (5. 17c)). à 

Our result represents much more than the solution of the initial value 
problem. All properties of the associate g (a function of a complex variable), 
or f (see (5.13)), can be “translated” into theorems on the behavior of y 
in the domain R (cf. the remark on p. 461) of the regularity of the operator. 
For details, see [6], p. 299. As an example, it is of interest to formulate 
the results which follow from the Hadamard theory of coefficients of entire 
or meromorphic functions. If the coefficients of f satisfy the well-known 
- Hadamard conditions, so that f has in a domain BCR, poles as its only 
singularities, then y will, at the corresponding points, have certain branch 
points of order n + (1/2), n integer. If f= f1/f2, where fı and f: are 
functions which are regular in B, the representation 


1 
(5.28) WZ, D) = f Bal, 2, DAZA —#)/2)at/ — BM, 
t=- | 
holds in B. 
Remark. yw is an infinitely many-valued function possessing branch point 


at the point p, where f, has zeros, and we have to specify what branch of it 
is represented by (5. 28). 


If on the other hand g satisfies the Hadamard conditions, so that we can 
write g = (91/92), where g, and g: are regular in B, then we can write 
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(5.29) 4(7,2) =) S Eal, 2,8) 
X S AZE AE AAMA — A) RTC — Bradt 
or 7° | 
HZ’, 2) = HONTI) 
+ È [PTA QORN) S (Z — O gO]. 


The above formulas can be used for the study of the growth and value distribu- 
tion in the neighborhood of a point of accumulation of singularities of y. 
Thus, the theory of integral operators gives us insight into the structure of 
the singularities of a solution of a differential equation. — 

In this connection it will be of interest to clarify the possibility of the 
representation of single-valued solutions of (1.1) in the neighborhood of a 
point of accumulation of single-valued singularities. 

It is well known that the only singularities of linear differential equations 
of elliptic type with analytic coefficients which are single-valued in the real 
plane are fundamental solutions, say WED (Z, Zo) = A (log f+ log Ë) + B, 
AS A(Z, Z; Zo Žo), B= BZ, Z; Zo Žo), {== Z — Zo C= FZ — Gp, and their 
derivatives with respect to the parameters Zo, Zo. (See [8], p.473). Let Z, 
be an infinite set of points in a domain B. The question arises whether there 
exists an infinite sum 

a | 
DA 2 [e (2,2,) + H,(2)1, 
of such singularities with conveniently chosen solutions H,’s, which are regular 
in B and possess the property that D() = SJ, bi dr dy <œ. Here w 


is some (positive) weight function. In order to answer this question, we can 
repeat the considerations carried out in [2], p. 143-147, where we introduced 
fundamental solutions which are normalized with respect to the domain B. 
(They possess the property that they are orthogonal to every regular solution 
œ with finite D(¢p) of the differential equation). The considerations of [2] 
can. be repeated in this case, and we get necessary and sufficient conditions for 
the existence of functions ¢, D(¢) <œ, possessing the above singularities at 
the prescribed points Z, If sufficient conditions are satisfied, the above 
considerations will also give us a representation of the function ¢ in terms 


19 If g, is a polynomial, the above integral can be evaluated i in terms of elementary 
{i.e., algebraic and logarithmic) functions. 
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of the kernel function of a complete orthonormal system with a weight 
function w. 


6. Other representations of the integral operator of the second kind. 
In the simplified case, in addition to the representation (3.8) for Pa, and 
(3.9) for P22, we can obtain two further representations of (3.7) in powers 
Of v == 1 — u and (w—1)/u. We shall show that similar developments hold 
in the general case. | 

The function °° E* == H/H, considered as a function of 


(6.1) wom l?Z/24, and s= (—A)?/, 
satisfies the differential equation 
(6.2) u(t —u)E* uu + (1/2 — 2u) B*, — (5/36) B* + (28/3)(2u — 1) By, 
+ 9-19(2 + 38u-")H*, — (4/9)s?H*,, — 4(8 (8) — (5/144))E* = 0. 
If we now introduce 
(6.3) ES = Bey, 
we find that #* satisfies the differential equation 
(6.4) u(l—u) Eu + ((3/2) — Bu) E*u — [48(s) + (8/9) ] 2" 
| 4- (8/9) sB*, + (28/8) (2u — 1) Buy — (482/9) P*a — 0. 
and upon introducing the variable 
(6. 5) v == | — U = 1 — ÉZ (2d)7, 
we have 
(6.6) v(1—v)B*, + [(8/2) — 8v] B*, — [48(8) + (8/9) ]B*s 
+ (88/9) B*, + (28/3)(20 — 1) B* os — (48°/9) B%55 = 0. 
It will be observed that equations (6.4) and (6.6) are identical, except that 


the role of u and v is interchanged. It therefore follows that (6.6) has 
solutions of the form 


(6.1) BY a (00-00 A D (QA) (k= 1, 2), 
and a 


(68) BP oS [UA] w] (han, 2), 

whence, in the original variables, 

(6.9) E* == tZ1/2(2) — PZJ [ (— A) 01/23) LE D (PZ — 21)"0M(22)] 
m (k == 1,2), 


*° In this section we consider both H, and En, but the subscripts have been omitted. 
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valid for |(#Z— 2A)/2A | < 1, and 


(6.10)  E* = ¢2?7 (24 — PZ) S [ g(a) ] (CZ — 2d) rG/9)+ 2/817 
n=0 


(k = i 2), 
valid for | (tZ — 2A) /2A | uli: 


7. On solutions of the initial value problem in the large. One of our 
aims is to consider the problem of the solution of the initial value problem 
in the large. More precisely: if on a segment of the transition line, the value 
of a solution and of its derivative in a direction normal to the line are given, 
how far can the solution be continued into the elliptic region, what are the 
locations and the character of its singularities, etc.? In the present section, 
we shall obtain a partial answer to these questions. The properties thus 
obtained are, to a certain extent, independent of the function F (à) (or N). 
We shall now obtain a sufficient condition which will guarantee the existence 
of a solution y(à, 0) of equation (3.1) which is regular in a subregion B 
of the elliptic region, and which satisfies given initial data on the transition 
line A= 0. The problem is reduced to the determination of the domain of 
regularity of an analytic function of a complex variable in terms of the coeff- 
cients of its Taylor development. This question can be answered by a number 
of results in the theory of analytic functions, and we shall not enter into it here. 

Let I be a simple curve which connects the points — 1 and + 1 of the 
complez t-plane and lies completely in 1 < | 4] S A <œ, A sufficiently large. 
For each point ¢, we denote by c(£;1) the curve traced out by the values 
(1/2)¢(1 — t) as t traverses I from — 1 to + 1. Furthermore, we denote 
by 71(B) the domain 
(7.1) T(B) = $ e(t; 1). 

feB 


If, for instance, I is the upper half of the unit circle, then c({;1) is the 
circle |z— ¢/2 | == | €/2|, so that 71(B) consists of the union of all circles 
passing through the origin and points Pe B, and having the segment OP as 
diameter. More generally, as ¢ traverses an arbitrary curve from — 1 to + 1, 
the expression (£/2) (1 — t?) varies on a closed curve c which passes through 
the origin. Thus 71(B) consists of the union of closed curves c(£, 1), each 
passing through the origin, and each obtained from the fixed curve c by a 
dilation of amount | £ | and a rotation of amount arg ¢. It is clear that any 
closed curve passing through the origin may be selected as the fixed curve c, 
and that the origin will be a boundary point for all domains 7;(B). 


’ 
THEOREM 7.1. Let xi (0) and x2(9) be two functions of 6 which possess 
representations of the form 
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(7.2) x(8) — È 0,0, 0S 0S 6,6, > 0, (71,2). 


Let a function F(t) be defined by 
(7. 3) f(t) — ev È Crh”, 
where . ` | 
(7.4) Cp = —(— 2i) /[8/%780%Im(A24;)]* 
X [= Oy dod yt = >> (— 1)*a,® dx] 9], 
with Im[A,4.] =< 0, and ™ a 
(7.5) dy =m —(2/3)1978,Aa, dy = — (2579/3) PSS Ay de == — 1/68,4:. 
7, om (1/2) or 0/8 (a PS — 1)[E(— 1/8 )P + 1)/ (+ 2/8) 
(n = 0, £ 1), 
(7.6) 
FACE Bert — 17/87 + D/T6 + 4/8)] 
| (n == 0, +1). 


If a domain B Foi in [3812 |à | < 8,8 >0,AS 01, contains the segment 
0 = 0. 4, and tf f(g) is regular in T1(B), then 


(1.7) y(A,8) =mi f BZ, Z DHA — P20 t) dt], > 


where E — A,E® + [Z(1—+#)/2]#%4,E0), is a solution of the differential 
equation (2.8), which ts regular in B and is such that * 


(7. 8a) lim y (a, 8) = xı (8), 
(7. 8b) lim (— A) [y (A, 8) /0A] = xa (8). 


' Proof.’ With t on I and ZeB, by Theorem 4,1, E(Z,Ž, t) is regular. 
By assumption, f[Z (in) /2] is also regular there. Hence, (7.7) is a 
solution of the differential equation (3.1). The boundary relations (7. 8a) 
and (7.98) follow * from Theorem 6.1 of [9]. 


21 The three independent possibilities in (7.6), are covered w n=0, n=], 
n = — 1, respectively. 
Tt follows from (3.3) that Rous (— A) dA/dH = (3a,/2)1/4, 80 that the limit 


in (7. 8b) essentially coincides ot im Vies 8). 


git should be further noted hat the initial value venta for the equation 
Yorn + (—H)*y,, == 0, 8 > — 1, has been studied in the papers [10], [15], [18], and 
formulas for the representation of the solution have been obtained for these particular 
Cases. 
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THEOREM 7.2. Let xı(0) and x:(0) be two real functions of 6 which 
are regular in 06 6,, and which possess expansions of the form (7.2). 


IF the function g(€) == Eeft) = p> Cyt”, where c, are the linear combinations 


of the a, given by (7.4), possesses a the point f= a, (4/3) x < arga < 2n, 
an expansion of the form 


(7.9) g(t) =t+ 3a(t—a)*, 
valid for 0 < | č— a| <0, then there exists a solution w(d, 0) of the differ- 
ential equation (3.1) which is regular in H[38¥? |a| <|0|,8>0,|a| 0], 
and such that . 
(7. 10a) lim (A, 8) = xı (8), 

À 707 


(7. 10b) lim (— A) 4 (A, 8) = x2(6); 


and which possesses a singularity at the point of infinity. 


Proof. We consider the function 


(7.11) y(à,8) =Im[ Í E(Z, Z, t)f[Z(1 — #)/21dt/( — #)*/7] 


~~ Im[Ps2(f)], 
where Į is the upper half of the unit circle, and 


(7.12) - E(Z,Z,t) 
— {expi— f “oN (E)dt]} [A.B*® + [Z(1 — #9) /2]92 A, BO]. 


For Ze R= W[8¥? || < | 6|,0>0,AS0] and tel, it is clear that the 
points ¿= Z(1— #?)/2 will be confined to the sector 0 < arg {<= (4/8). 
Hence if @ is confined to the sector (4/3)a Sarg £ < 2r, and g(£) possess 
the expansion (7.9), then f[Z (1 — £) /2] will be regular for Ze R, tel —0 
(the endpoints, t == + 1 give no trouble in the integration). Thus, by the 
preceding theorem, w(à, 0) is a solution of (3.1) which is regular in 
E83 |v] <0,0<6<0,A 0], and is such that the initial value rela- 
tions (4.10) are valid. 


Now F(E) == 678 + ov" > GE — a)? = E" ER (E), where (4) = -0(1) 
for £30. 

Also y(A, 6) == Im[Pos(f)] == Im[Psa(¢*/*)] + Im [Poo(¢/*h(2))]. We shall 
show that on the line A4==0 the first integral becomes infinite, while the 
second remains bounded. From (7.5), (7.6) and (7.7), it is clear 
that on A==0, E (Z, Ž, t) becomes Æ (18, — 16, t) — const (— 1i*9) 7. Thus 
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Pa (4) Da const (10/2) Í [(1 — £) (— ¢)-/*]dt. Depending upon the 


determination of the root, we have *5 





[A KORI 2) (— be) dt = (— 1)2/8g~(4/8) na t ( g-(4/8) x4 ate 1) 
[r(1/3)r(5/6 + 4/6) ][P(14+5/6)]* (n= 0, +1) 
(see [9], p. 889). Thus Im[P,.(€7*)]) = 6:9, 8 540, so that 


Azo 


. lim [Im Paa (&"/°)] | me 





Furthermore, 


Tm [Pao(t*R(6))]| = Im 1 (— 1/91 — PRCO (1 — #)/2) dt. 
Thus 
| IPAM] E JO GE — EEGA — t)/2) | | at | — 00), 
for @— 00. 


In (2.1) and (2.2) of section 2, we have considered a set of particular 
solutions yny (introduced in [4]). In [7], the operator R: was introduced ** 


transforming the analytic function (an + tEn) é", == 0 L 4H as follows: 
n=0 

(7.13) RTS (an + ifn) 07] = S[a,(6 + 1H) Li O 8,(0 + 1H) i} 1. 

Here Im(9 + tH)! == Yn, Im(9 + tH) {*} = wae, For the symbol © see 


[8], p. 455. It is of interest that the operator Im R, coincides in certain 
cases with the integral operator Re P., considered in section 4. 


THEOREM 7.3. Let yi(£) and x2(f) be regular for | €] < ĉo, and let 
I(H) be regular at H—0. Then 


(114) Im Rif [td + aO] 


— Re J “Bab, 0, t)f(Z(1 — t) /2) )dt/(1 — t), 
where f (¢) 18 given by 7 


(7.15) F(E) = — { (~ 200) 19/344 Sy* Im[A:d:]} 
x [— do Í, n .(o) dt — à, jie" .(o) dt 
+ (2/8a,)/*dz Jt" (o) dt], o = — Wi (1 — t), 
and where the constants appearing here have been defined in (7.6). 


1 See footnote 21. 3t In [7] the operator Ra was designated by Py. 
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Proof. It is easily shown that 
t . 
(7.16) ImR[ f x(t + (0) 
a 2 (1/n) On Wns (H, 0) + © nO (H, 0) m (HE, 0), 


w 
where xe (0) = > ae” (k= 1,2). 
y=0 


If we assume that /(H) is an analytic function of H, it follows from 
Theorem 7.1 that y(H,#) is a solution of the differential equation (1.3) 
which is analytic in H and @ in a sufficiently small neighborhood of, 
say, N — [— 0 <0<6,H<H<O0], 6,>0, and is such that y(0, 6) 
— xı (0), d(H, a ie x2(9). By Theorem 6.1 of [9], the expression 


1 
Re f Ez (à, 0; ¢)f(Z(1 — #) /2) (1 — t) dt is also a solution, possessing 
-1 
the initial values ¥(0,6) —»:(8) and dy(H, PER) eke) on the line 
=0 


H—0. We shall now show that this solution must also be regular in the 
neighborhood N. From this it will follow by the uniqueness theorem (cf. the 
remark on p. 449) that the two solutions considered must be identical. 

It is clear, first of all, that the function 


J Ba (A, 0; DF (Z (1 — P)/2) (A — #) dt 


must be regular in st, where s ==(— à)? (see (5.7) of [9]). Since by 
(3.3), H is a regular function of s in the vicinity of s = 0, it suffices to show 
that this integral must be regular in s. 

If we replace in the differential equation (1.1a) the variable À by 8, 
we obtain 


(7.17) 48(0ap/883) + 9 (874/007) 
— RAS TT B1 + Bos +: > +] (84/88) = 0. 


Since the above solution is known to be regular in st/?, we have 


œ 
(7.18) — y = E ans” + yps DE F yp 8? ++ +, p even, = 2. 
n=0 


In view of the fact that the fractional powers do not combine with the integer 
powers, we need merely substitute the second portion of (7.16) into (7.17). 
When this is done, and when we compare the coefficient of s®-5)/2 we obtain 
4((p +1)/2) ((p—1)/2)y¥p = 0. Hence yp = 0, and this shows (by induc- 
tion) that fractional powers cannot appear in a solution of the form (7.18). 
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8. Connection between the results obtained by the operator method 
and the general theory of functions of two complex variables. It is of con- 
siderable interest that the results obtained by the operator method can be 
considered as complementing an important portion of the general theory of 
analytic functions of several complex variables. While in the case of functions: 
of one complex variable, the methods of Nevanlinna, Ahlfors, and others. 
establish relations between the growth of the function and value distribution 
in the whole plane, generalizations of these methods (by exploiting the idea 
of the distinguished boundary surface and that of the extended class) lead us 
to relations between the growth and value distribution in certain (non-analytic) 
three-dimensional manifolds of the (four diemnsional) space of two complex 
variables. These investigations in two variables can be complemented by 
results establishing relations between coefficients of the series development, say 
of an entire function, and its growth, so that from properties of the coefficients 
we can draw conclusions about the growth and the value distribution in certain 
three-dimensional manifolds of the 2,, z,-space: 

As it has been mentioned in [2], one of the aims of the theory of functions 
of two complex variables is to investigate the relations between the properties. 
of coefficients, growth and value distribution in certain non-analytic two- 
dimensional manifolds, e. g., in the real plane y, = 0, Y: = 0. 

The fact that a function f == >) Qn,z"z" of two complex *# variables z, Zz 


CPE 
satisfies a linear differential equation with entire coefficients, 


A =— 5 Aoa B Les > B22, F lamaa ` C paz” ZK, 


ri Vf Pek 


can be expressed by requiring that the a», satisfy infinitely many relations 
M” tid | 

(8.1) (m+ n)fn + 1)@mer nu + 2 2 Aum — p + Lau ng 
le 


m n m n 
+> DR —  — 1) Byyudn-s, nana + à >, Conan 0 
x=0 ji=0 y=) u=0 
(m = 0, 1, 2,° n= 0, 1, 2, J; 


where Ayu Bva, Cra go to Zero in a certain way as y—->0, p >o. 

On the other hand, the class of functions which we obtain in this manner 
has a number of interesting properties which sharply distinguish it from other 
analytic functions of two complex variables. The method of integral operators 
indicates that this class of functions has very many properties in common with 


38 We note that when f{z,2) is continued to complex values of œ and y, 2 and 8 
are two independent variables. 
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the class of functions y (z, 2) = fı (z) + fa(#), i. e., sums of two functions of 
one variable. For instance, these functions can have singularities only on the 
surfaces z = const., Z = const. If, on the other hand, our function satisfies 
a differential equation with singular coefficients, say (3.1), with N satisfying 
the conditions indicated in-section 3, then the character of these solutions, 
when continued to complex values of the arguments, changes considerably.?f 
Thus these functions of two complex variables, in addition to the surfaces 
3 == const., Z = const., can have singularities on the singularity surface of the 
coefficients, in our case on 2 + Z= 0. 

These results can be generalized to the study of pairs of functions. If 
we consider a pair of solutions yı, yz of the differential equation (1.1) (or 
(3.1)) in the real space, it is natural to pair the two real solutions whose 
series developments have the form 


Ya = 2 p (ar cos n — by sin np) + BLD p™ (Cran cos nb + dunn“ sin ng), 
mn 

Je = E p” (bn cos mp + dy sin np) HE E p™(Cma® cos np + dna sin ng), 
mn 


z = pe, Z == pa *?, 


(We note that the coefficients a, and bẹ can be given arbitrarily, while the 
coefficients Cna®™, dan® (k = 1,2), are uniquely determined by the require- 
ments that y» satisfies th equation (1.1) or the relation (8.1). 

The theory of integral operators has been applied in some cases (ré, 
pp. 321-330, and [14]) to obtain theorems on value distribution in the real 
plane yı = 0, y: == 0, and leads to similar results in the case of other non- 
analytic surfaces. The theory of integral operators indicates that the above 
theorems represent only special cases of relations which exist for functions 
whose coefficients satisfy relation of the type indicated in (8.1). In particular, 
from the integral representation of functions satisfying a differential equation 
of order 2n, n > 1, follow similar theorems for solutions of linear differential 
equations of higher order. The author hopes in the future to return to the 
investigations of these questions in greater detail. 


Division oF ENGINEERING SCIENCES, 
HARVARD UNIVERSITY. 


** These considerations may also be regarded as a generalization of investigations 
of solutions of ordinary differential equations with singular coefficients (Fuchs theory) 
to the case of two variables, in which case a partial differential equation arises instead 
of an ordinary one. 
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ON THE APPLICABILITY OF LINEAR DIFFERENTIAL OPERATORS 
OF INFINITE ORDER TO FUNCTIONS OF CLASS Z*(B).* 


By PHILIP Davis. 


1. Introduction. In the plane of the complex variable z = x + ty, we 
shall designate by L?(B) the class of functions f(z) which are regular and 
single valued in a fixed domain B and such that 


(1) | ff 110 Pasay <o. 
By introducing the integral 
(2) ha) f f, 1 dry 


as an inner product, and | f ||? == (f, f) as a norm, the class £?(B) becomes 
a Hilbert space. This space is intimately related to problems in conformal 
mapping, and has been studied extensively. Reference is made to Bergman [2] 
where a systematic theory will be found. 

In the present paper we study the class of bounded linear functionals 
defined on L*(B) considered as differential operators of infinite order. We 
show that such an operator is generated by an entire function of exponential 
type, and is a member of a class of functions, designated by #?7(B) which are 
transforms of the functions of 07(B) arising from a Laplace kernel. The 
properties of #?(B) are investigated, and there is obtained a generalization of 
a theorem due to Muggli [7] on the applicability of linear differential 
operators where the case of functions analytic in a circle has been considered. 
In later sections, the inversion of this transform is discussed, and these 
considerations are applied to the question of the completeness of sets {ee} 
for £7(B), and to the coefficient problem for functions of exponential type 
with a preassigned indicator. This extends a familiar theorem of Lindelüf. 

We shall find it convenient to recall a few basic facts about the space 
L? (B). To every B, there corresponds a complete orthonormal system of 
functions {¢,(z)}, and a “strong” Riesz-Fischer Theorem holds. Moreover, 
there is a function of two complex variables Ka(z, F), known as the Bergman 
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kernel of the domain, which has proved to be of prime importance in the 
theory. The kernel belongs to Z2(B) in both z and f, and may be defined by 


(3) Ka (a, E) = E bn(2) (a(t) 


but is independent of the particular choice of complete orthonormal system 
used in (3). Here (¢„(t))- designates the complex conjugate of ¢n(t). 
.In the present paper we shall restrict our domains B as follows. It will 
be required that B be schlicht, bounded, and simply connected. Moreover, if 
the boundary of B is b, it will be required that all the points of the plane 
which do not lie in B + b form a single region whose boundary is precisely b. 
Thus a slit circle would be ruled out. It has been. shown by Farrell [5] that 
for such domains, the set of powers is complete. If, therefore, B is such a 
domain, there exists a unique complete set of orthonormal polynomials 


(4) . Dn(Z) — 2 ant ; Re (ann) = 0, dan >£ 0, 


where the coefficients ang have been determined by the familiar Gram-Schmidt 
orthonormalization process. Although a number of our theorems go through 
for more general domains, we shall find it convenient to restrict B as above 
so that a complete orthonormal set of polynomials is available. 

In addition to the class £?(B), we shall be dealing with linear differential 
operators of infinite order 


(5) L(a) = 3 Bad”, 

where the symbolic d” is thought of as having the force of an n-th derivative 
où 

evaluated at the origin: L(d)f— $ B:f#(0). It is convenient to replace 
a 

the din (5) by the complex variable z and to think - the operator L(d) as 


being generated by the formal power series? L(g) == > Bnz”. Our initial aim 


is to distinguish a class of operators (5) which will he ab to functions 
of L’(B), and to characterize their generating power series. 


2. On the applicability of linear differential operators. At the outset, 
we make the following definition. Suppose that L(d) is given by (5), and 
that f(z) e L?(B) has the Fourier expansion 


+ On the utility of this device for the discussion of certain problems arising in 
interpolatory function theory, see, e.g., Boas [3], Buck [4]. 
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(6) f(t) =E apl), an = (fs Pa). 
We shall say that L(d) is applicable (B) to f if and only if the series 
(7) > An >) BxPn® (0) zm >) An D Gaz Brk | 

n=0 k=0 n=0. k=0 


converges. If the sum in (7) is r, then we shall write L(d) sf =r. 
Let us observe that if p(z) is a polynomial of degree N, then 


p(z) — $ anpa (2), so that 
n=0 . : A | à 
a SREO k=0 kn 
== D B:p@ (0) = L(d)p. 
k=0 


| N 
Moreover, if L(z) has a positive radius of convergence, and if p(z) == $, ¢,2", 
n=0 


then we shall also have 


i w æ N 
(9)  L(d)sp = 2 Bip (0) = È Back! == D ob (0) = p(d)L(z). 
k=0 k=O k=0 
By virtue of this observation, we may say that L(d) is applicable {B} to f(z) 
if and only if 5 An (d) pn{2) converges. 
n=0 | 


Trorgm 1. L(d) is applicable (B) to all functions of L*(B) if and 
only 1f 


œ n 
(10) | È | È ansk! |? <o. 
Š n=0 k=-0 
In this case, the operator is bounded. 
| ald n 
Proof. By our definition, the series 3) @n >) ank8rk l is required to con- 
n=0 k=0 


: œ 
verge for all sequences {æn} with X | an|? <œ. A familiar theorem of 
n=% ' 


Landau [6] telle us that (10) is a necessary and sufficient condition for this. 
If we set 


an E BPS] Eau fe 


then, by the Schwarz inequality, | L(d)nf |? = K? S| a, |? = K? || f |}, estab- 
2-0 
lishing the boundedness of the operator. 
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For the circle C,:|z| <r, the orthonormal polynomials are given 
explicitly by 
(12) Pn(z) = h(n + 1) hen yr (n==0,1,°° yy 
and as a result of their simple structure, we see from (7) that if L(d) is 
applicable to f(z) e L(C,), then L(d)o,f-=L(d)f. Thus for the case of 


the circle, applicability as defined by (7) reduces to ordinary applicability 
(cf. also (49)). For the circle, the criterion (10) becomes 


(13) S| Be |? (n+ 1) ira oo. 


In his connection, cf. Muggli |7]. 


For a fixed domain B, we shall designate the class of power series L(z) 
whose coefficients {8,} satisfy (10) by #7(B). It will appear shortly that 
the power series in this class have more than formal meaning; indeed, they 
are entire functions of exponential type. The exact scope of the linear 
differential operators of class #?(B) is indicated by the pare converse of 
Theorem 1. 


THROREM 2. Any bounded linear functional defined on L?(B) may be 
represented as a linear differential operator of infinite order and of class E?(B). 


Proof. From the general theory (see, e.g., Stone [9], p. 62) it is 
known that if L is such a functional, there will exist an A(z) e L?(B) such that 


(14) Lf — (f,h) for all fe L°(B). 

Suppose that A(z) has the Fourier expansion h(z) — Ð Gapn(z). Set up 
#=0 

the infinite system of linear equations in the unknowns 8x (k == 0,1,: : :), 

(15) Š anal! — a; : nds). 


Inasmuch as the system (15) is triangular, and amn 0, k will be possible 


to arrive at a solution in a step-by-step fashion. Since 3 | on Peo, the 
power series L(z) = > But has the property (10). Thus, L(z) e E*(B), and 
L(d) ig applicable (B) to all féz) eL*(B). If now f(z) = $ yapa (z), then 

| n=0 


(4) af(2) = E yn È impit! But . 
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G= fS, Erp (E cup (2)) dry 


G, w n 
= > YnAn "= > Ya > AnkBrk | = L(d)pf. 
#=0 n=0  X-0 


We next give an explicit construction for the function A(z) associated 
with the functional L(z) through the relation (14). It is obtained by 
operating on one variable of the kernel Kg (z, $) by L(d). In this connection, 
see also Aronszajn [1]. We shall merely state the result. 


THEOREM 3. Let L(:)eE*(B). Then the function 


(16) RDS (L(4)pa(2))-Pa(t) = (Z (da) ans, D) 
belongs to L?(B), and ts such that 
an L(d) af = (f, h) 


for all fe L?(B). The subscript in L(d,) indicates that the operation is to 
be performed on the variable z. 


The quantity (h, A)? is the norm of the operator, and we have explicitly 
(18) | L(d) |° == È | Ld) pa (2) |? = E | E ann Bak | |? 
n=0 n=G =o 


The norm of L(d) depends, of course, upon the domain B, and when we 
wish to emphasize the role of B we shall write | Z(d){|». 


3. The class E?(B). In this section we characterize more closely the 
class of power series #?(B) whose Maclaurin coefficients {8,} are subject to 
(10). First we shall find a representation for functions of this class, showing 
that it is identical with the class of transforms of fe L°(B) arising from a 
Laplace kernel. 


THEOREM 4. g(z) e H*(B) tf-and only tf 
(19) ge) = f f, Gw) duv; w=ut in, 
with F(z) eL?(B). 


Proof. Let f(z) eL?(B) and have Fourier coefficients a, = (f, Pn)- 
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Then we have 
g(2) = J fe" (F(w))-dudo — -Í Í, È zwr (f (w))-/n! dudo 


= > But", 
where Bx = (n!)*(w", f(w)), Therefore, 


È Fee = >» Onn (207, f(w)) = (Pa f) = a, 


@ 
so that condition (10) holds. Conversely, given a g(z) == > 8.2" with (10) 
n=0 
holding, there exists by the Riesz-Fischer Theorem an f(z) e L*(.B) such that 
the quantities (3 dax6,k!)- are its Fourier coefficients: 
k-0 . 


(20) È ampik! = (Pr f) (n= 0,1," +°). 


We now claim that g(z) = D By = JS. e“w(f(w))- dudv. To show this, 
k=0 : 


it suffices, as above, to prove that 
(21) Ark la (wt f()) (E= 0,1,- +). 


From (20), we have 
(22) © È ampik! = ( È amè, f(W) ) = È (1, F(w)), 


(n == 0,1,- - -). This triangular system may now be solved PeP oy Fiep, and 
yields (21) as its solution. 

It will be convenient to abbreviate the transform (19) as g == Rp( f), and 
when this notation is employed, it will be understood that fe L2(B). We 
shall now characterize the growth of the transforms 22 (f), but before doing so, 
it will be useful to recall a number of definitions and theorems which are of 
importance in the theory of entire functions of exponential type. For this 
material, reference is made to Pólya [8]. By the Phragmén-Lindelôf indicator 
of an entire function of exponential type Fe) in the direction 6 is meant the 
quantity 


(23) h(9) = lim sup r log | f (re) | 


If we have h(@) So for 06 2r, we shall speak of an entire function 
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of exponential type at most o, a class es by (Lo). Lf f(z) = > an2" 


is an entire function of none type, then the associated series 


(24) B (f) — Son l/r, 


is known as the Borel transform of f. An entire function f(z) is of class 
(1,0) if and only if the radius of convergence of (f) is at most o. : The: 
closed convex hull of the set of singularities of. B(f); known as the conjugate 
indicator diagram of f, will be designated by D(f). ‘If fel, o) , then it 
possesses a representation of the form : yoy AS 

(25) A ae ie a J Oo d, 

where C is any simple closed curve containing D(f) in its interior. If Bisa 
bounded convex domain, its supporting function k(0) is defined by 

(26) k(8) = nr (z cos 6 + y sin 8). 
The indicator of an entire re of exponential ae and the supporting 


function of its conjugate indicator diagram are related intimately by the 
formula 


(27) h(8)—#(—0) 00 9. 


Tunormm Š. Let B designate the closed convex hull of a given domain B. 
Every function g(z) of the class E?(B) ts an entire function of exponential 
type. If h(0) is its indicator, and if k(6) ts the supporting function of B; then 


(28) h(8) <k(—8), EES 
Furthermore, we have D(g) CB. 

Proof. With g(z)e E(B), we have, by Theorem 4, g == Qp(f) for some 
fel*(B). Applying the Schwarz inequality, we obtain 
@9) g(re) SUFI Gf [exp rete) |? dude 


= || f |? f J exp(2r(wcos 0 —" sin 6) }dudv. 
Now for (u,v)e B, and hence for (u, v) e B, we have by (26) 
u cos 0— v sin 8 <k(—8), 0S S 2d, 


80 that (29) becomes | g (ret) |? < || f ||? exp{2rk(—9)} area (B). Therefore, 
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h(6) = lim sup r` log | g(re##)| <&(—6). Finally, by (27), h(—6) is the 
roe 


supporting function of D(g). By virtue of the last inequality, we have 
h(— 6) = k(8), and this implies that D(g) © B. 

While D(g) © B, the former need not be interior to the latter. We shall 
give an example which shows that in certain cases the boundary of B may 
contain a boundary point of D(g). Take B as the unit circle. For this 
domain È = Ê, and (z", i == 770mn/ (n + 1) (m, n = 0,1,:;- +). Consider 


the function (2) =m m1 > a*/(n-+-1)#. œ is regular in the unit circle, and 
| P= Xin +1)? <e (ef. (12)), 80 that ¢¢1*(B). Now y(z) = 2a (¢) 
— > 2/n!(n +1)%3, so that B(y) = > (n +1) #21, This last series 


converges at points exterior to B, and (y) possesses a singularity on the 
circumference of B. 


A. basis for the space E?(B) is provided by the functions 


(30) g(a) = f f, er (p.(w))- dudo (n= 0,1, +). 
By Theorem 5, the g’s are entire of exponential type. Since also 
nl œ 
et" mm ( D + 2 w/k, 
A0 =n 
and each p,(z) is orthogonal to all polynomials of lower degree, we have 


(81) me) = barmi + bua npp (m—=0,1,--°). 


It is easily shown that all functions of the class Æ?(B) may be expanded in 
a series of g’s, convergent uniformly in every bounded domain. 


4, Inversion formulas for the s transform. In the present section, 
we derive a number of formulas for inverting the &g transform (19). 


THEOREM 6. Let g=s(f). Then 


(82) (2) — È (9 (å) pals) )-pal2), 
(33) f(2) = 3 (9 (de) aK (w, 2))>, 


(34) HG) = E pals) (ri J 9(2)B (Pale) dey 
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where C is any simple closed curve containing the origin in tts interior. If tt 
ts assumed, in addition, that D(g) lies in the interior of B, then we have. 


(35) (F(2)) = (ri) | Ka(w, 2) (g(w)) aw, 


where Cı is any simple closed curve lying in the interior of B and containing 
D(g) in tte interior. 


Proof. With p,(2) = Onx2®, we have by (9) 
k=0 


(36) I(T) Pa #2) = È amg® (0) — È am (0è, f) = (pm f). 


Hence the Fourier coefficients of f are (g(d)pa(z2)), and (32) follows. 
Equation (33) follows from (82) by Theorem 3. To arrive at (34), we 
notice that by Cauchy’s theorem and (24), 


(37) (mi) f g(z)B(Pale)) dz — È omg (0) — (Pm f). 


To establish (35), we proceed as follows. Let C designate a circle centered 
at the origin and of radius sufficiently large so that D(g) is contained ìn its 


Los) Le) 
interior. If g(z) == Si yn2", then the function B(g(2)) == Dyan!/e~ is 
n=0 n=0 


regular on Cı, while its Laurent series converges absolutely and uniformly on 
C. Thus we have | 


(mi) f pa(2)B (G(s) (i) f (e)B (Ce) ds 
== (271) a Pn(z) S yrk l/z dz — 5 Ongynk | 
C k=0 k-0 
— È amg™® (0) — (2i) fg) B(Pa(2) ) de 
k=0 CG 
The last equality follows by (87). By (84), therefore, 


FED = È (Pal#))-(2ai)* fe (2) (7) D 


Since Kg(w, Z) is given by (3), and for fixed z converges uniformly for wD 
in any closed subset of B, we arrive at (35) easily. ` 


COROLLARY. Let g= &s(f). Then for all h(z)e L*(B), 
(38) g(4)sh(2) = (By f). 
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: ` Proof. This follows directly from Theorems 3 and 6. 
COROLLARY. If g(z) =0, then f(z) ==0. 


Two functions whose Qs transforms are identical are therefore themselves 
identical. It should be observed that this result has been derived on the 
assumption that B is a domain for which the powers of z form a complete 
system. It will be shown in a later paragraph that there exist bounded 
simply-connected domains for which the Xp transformation is not one-to-one. 

We next record a number of identities relating the orthonormal poly- 
nomials and their Lg transforms qn(2). 


COROLLARY. The sets {ps (2)} and {ge (2)} are biorthonormal in the 
sense that: 


(39) dm (2) pa(2) = Pn(d)Qm(z) = Bam _(m,n=0,1,° - -). 


This results from the first corollary above and the orthonormality of the Pr’. 3 
The biorthonormality relations (39) may also be expressed in the following 
two ways. Let A and B be the © by œ matrices of coefficients 


(40) Ame (da), © Bem (Dnt); 
with lnk given by (4) and bas by (31). pu 
(41) AB = pa I. 


Alternately, the following identity holds for w ee and uniformly for z 
lying in a closed subdomain of B. ` 


(42) | ces ga(10) pa (2). se 


In section 3 we proved that if g(z)e E*(B), then D(g)C B. In 
addition, we gave an example showing that the boundaries of D( g) and of B 
may have points in common. In the reverse direction, we shall-show in 
Theorem 7 that if D(g) is contained in the interior of B, then g(z) is surely 
a member of E*(B). But if we know only that D( 9) C B, it may not follow 
that ge E*(B). 

As an example of this behavior, let B bé selected as the unit circle. For 

g(z), choose the entire function g(z) ==.(6®-—1)/2. It is easily verified that 
B(g) =log(1 — 21). Therefore D(g) has a point which lies on the boundary 
of B, viz. 2— 1. Again, we have Pn(2) = (x) fn + 1)42*, and assuming 


that g = 22(f), where f =u X op we find that a == (m(n + a Thus 
|| f || == œ, and g is the n of no fe L? (B). 
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THEOREM 7. Let g(z) be an entire function of exponential type and 
such that D(g) CB. Then g(z) e E?(B). 


Proof. Let C, be a simple closed rectifiable contour lying in B and 
containing D(g) in its interior. Construct the function 


(43) f(2) = $ npa (2), 
where | 
(44) En (Bi) fi P(B) de (n=0,1,: +). 


Applying the Schwarz inequality to (44), we obtain | 


(En)? | hy |? S (03) max |B(g(2))|* fe | pe (2) ds, 
so that p 
(2) 3 | by | S1(C,) max | B(g(2)) |" J Ko eee 


inasmuch as O, is interior to B. Therefore fe Z*(B), and we have 


g(a) = (2ni)* f” eB (g(w)) do = (Br S E an(2)pa(w)B (g(a) aw 
= È g (e) he = W (f (2) 
by (25), (42), (43), and (30) successively. 


COROLLARY. Let Bı and B, be two domains such that B, CB, Then 
E*(B,)C E?(B;). In particular, the conclusion holds if B, C B, and at 
least one of the two domans ts conven. 


Proof. Let g(z) e E?(B,). Then D(g) C B,C B, by Theorem 5 and 
our hypothesis. Therefore, by the present theorem, g(z) e E*(B:). 


Under the hypotheses of Theorem 7, an alternate expression for g(d)2f(z), 
fe L?(B), may be found. From (38) and (35) we obtain 


(45) Da = ff fe) Gn) f Kaw, 2)(9(w)) dw dedy, 


where Cı is a simple closed curve lying in the interior of B and containing 
D(g) in its interior. Thus we have | 


(6) DFO — CD Sf B(a(w) yaw f f f(2) En (w, 2) dedy 
= (Bri) PO TO) 
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If it is further assumed that- B is a star domain with respect to the origin, 
then by the well-known theory of Mittag-Leffler summability of Taylor series 
we have. . 


(47) f(w) lim Z f(0)w*/n E(t + (n—1)8), 


uniformly on every closed subset of B. With (46) this yields | 
(48) 9(d)of —lim X (Bri) f wB (g (w) ydw FOOT +(n — 198) 
— lim & anf (0)/T(1 + (n — 1)8), 
60 R= 
where we have assúmed that g(z) == © dz”. This may be written 
i n=0 


be ad 
(49) 9(d)af(2) = (M) E af (0), | 
the symbol (M) indicating a process of Mittag-Leffler summation. If it is 
known from independent considerations that > af (0) converges, then 
#=û . 


‘since (M) is.a regular method of summation, we have. í 
(50) 9(d) af (2) = E taf (0) = g() (2). 


5. Completeness of the set {e}. In the present section, we employ 
the inversion formula just derived plus the well-known device of Szász [10] 
to obtain conditions on the distribution of the complex values A, under which 
the set of functions {e*} (n= 0,1,- : -) will be complete for L*(B). By 
this device, the completeness is referred to the possible distribution of zeros 
of the entire functions of class #*(B). 


_ Taxorem 8. Let À, Au, è be a sequence of distinct complex numbers 
with An >œ. Let n(x) denote the number of Vs for which |A, | Sa. Let 
c(B) designate the circumference of the conver hull of B. If 


(51) — lim sup ri ("(n(2)/z)de > c(B) /2n, 
row i 
then the set {em} will be complete in L*(B). 


Proof. Suppose that the sequence of X’s satisfies (51) but that the set 
is not complete. Then there will exist an fe L?(B) not identically zero, such 
that (e=, f(z)) =0 (n—0,1,: : -). Consider now the function g = &2(f). 
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The entire function g(z) is not identically zero by the second corollary to 
Theorem 6. The points z—A, form a subset of its zeros. If, therefore, 
n*(x) denotes the number of zeros of g whose moduli do not exceed x, we 
shall have n(x) Æ n* (x). By Jensen’s Theorem (see, e. g., Titchmarsh (11) 
we have | 


(52) " (n(z)/2)dx < [(n()/2)d2 < (27) f “Tog | g(ret)| do +e, 


where c is a fixed constant which depends solely upon g. Now from Theorem 5 
we have log | g(re*)| = rk(— 6) + log | f | + 4 log Area (B), so that 


lim eup r* |” (n(0)/2) da £(2)2 fk (—0)d0 — o(B)/2m 


(on this last equality see [8]). This contradicts (51). 

It is possible to show that for convex domains possessing a center of 
symmetry, the constant c(B) /2r is the best possible. This fact falls out as a 
corollary to a more general theorem which we shall now prove. 


THEoREM 9. Let the domain B contain tn its interior a convex polygon 
P whsch posesses a center of symmetry. Then there exist systems {e} with 


(53) lim r f” (n(0)/2) da = o(P)/2m 
T 30 1 
which are not complete in L?(B). 


Proof. We assume that z == 0 is the center of symmetry of P. Select a 
vertex of P, denote it by z,, and, proceeding counterclockwise, let the remaining 
vertices be denoted by 22, 23,° °°) Zm — Z — 22," © ',——-2n. Set 


Wi == $ (Z3 — Z), Wa = $ (Z3 — 22), © 1) Wna = $ (Zn — Zai) 
(54) 


Un = $ (— 2% — Za). 


Then the circumference of P is c(P) ~4(|wi| + [wa | +: + [a |). 
Consider now the function 


(55) $(2) = TL sin (w/t) = (—i/2)" Ht Coe 
== (— 1/2)" Ste a 104% 


where the first sum is to be extended over the 2* possible combinations of + 
in the second sum. It follows from (24) that the singularities of B(¢(z)) 
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are located at the 2” points 5 +w; Now it may be easily verified that the 
4=1 ~ - 3 


n 
2n vertices of P are located at points $, + w; for some 2n selections of +, 
fal | 


while the remaining 2" — 2n selections give rise to points which are interior 
to P. Thus the conjugate indicator diagram of ¢ is precisely P: D(o) == P. 
Since P is interior to B, by Theorem 7, (2) = Qp(y) for some pe L?(B). 
If AX == mri/w; (m==0,1,2,---; j==1,2,- + -, n), then we have by (56), 
(eM, y) == 0. Let A; denote these points arranged in order of non-decreasing 
absolute value. For this set it is-clear that 


(56) n(x) = (22/7) (fus) + | w| +--+ | en + 00), TOO, 


Hence for the function y we have 


lim (rt) f"(n(@)/2)de— (2/7) (| ws | +> > + | we |) = o (P) 2r: 


COROLLARY. If B is convex and possesses a center of symmetry, then 
there exist systems {e8} for which 


(57) lim (17) IOO ieac 
Tromp i 
and which are not complete in L*(B). | 


Proof. In this case we may find a polygon posséssing the same center of 
symmetry, and lying in the interior of B, whose perimeter differs from that 
of B by arbitrarily small amounts. 


Throughout the present work the assumption has been made that the 
domain B is such that the powers of z are complete for L?(B). Under this 
assumption, the Sg transform has been shown to be one-to-one. However this ` 
transform may be defined for any bounded domain, and the order conditions 
of Theorem 5 will be preserved. But it is possible to show that in general 
the transform will not produce a one-to-one mapping of L*(B) on E*(B). 
To show this, suppose that the domain B, assumed to satisfy our -usual con- 
ditions, is slit. That is, let a Jordan arc issuing from a boundary point of B 
and penetrating into its interior be added as a part of its boundary. Denote 
the resulting slit domain by B4 The following theorem now holds. 


THEOREM 10. There exists a function f(z) e L*(B,) which is not iden- 
tically zero, and ts such that 


(58) 2s, (f) =. 


; 
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Prooof. Assume that the conclusion is false and that the only function 
for which (58) holds is the null function. If a sequence of constants A, 18 
selected so that condition (51) is satisfied, then the proof of Theorem 8 will 
go through word for word, and we will have proved that the set {eh} is 
complete for the class L?(B,). Now this is impossible, for if we orthonormalize 
the set {el} with respect to Be, the resulting set of exponential polynomials 
will be complete and orthonormal for B itself, inasmuch as the slit does not 
affect the values of the area integrals which occur in the orthonormalization 
process. If, then, f(z) e L?(B,), it would have an expansion in orthogonal 
exponential polynomials converging in the interior of B, and we would have 
every function of L?(B,) regular in B. This is a contradiction. 


6. Application to a coefficient problem in the theory of entire func- 
tions of exponential type. Let f(z) be an entire function of exponential type. 
As we have already mentioned, the indicator of f is essentially the supporting 
function of the convex domain D(f) :h;(8) == kpi (— 9), OS 9S er. Con- 
versely, it is known that for any given convex domain C there are entire 
functions f such that D(f) = Č. We now pose the following problem. Let 


a 
L(z) = 8.2". What are necessary and sufficient conditions on the sequence 
n=0 


of coefficients {8,} in order that L(z) have a preassigned indicator, or what 
is equivalent, in order that D(L(z)) be a given convex domain. Such a con- 
dition is conveniently given in terms of the norm of the operator L(d). 


THEOREM 11. Let the domain B be conver and kp(6) denote its 
supporting funciion. In order that the indicator h(6) of D(z) satisfy 


(59) R(8) = ka(— 8), 0S0S on, 
tt ts necessary and sufficient that 

(60) | L(d) fae < œ for all B* with B C B*, 

and 

(61) | Z(d) ps == co _ for all B* with B N ExtB* 0. 


Proof. Let (60) and (61) hold. By (60), L(+) e E?(B*) for all B* 
containing B in its interior. Select a sequence of convex domains B*, 
(n = 1,2,-- +), such that B*, > B*,,., and which converge to B. If kp+,(6) 
are the supporting functions of B*,, then we have lim kge, (8) = ep (0), 


06520, 80 that since h(0) = kne,(— 0), we have h(6) = kn(— 0) 
(0OZ80Z 2r). If now h(8) < kg(—6) for some 6, then by the continuity 


16 
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of h(6), the inequality would hold over a range of values, and therefore B 
would have interior points which are exterior to D(L(z)). It would then be 
possible to find a domain B’ containing D(L(z)) in its interior but such that 
B has points exterior to B’. Since D(L(z)) is interior to B’, by Theorem 7, 
D(z) « #?(B’). This is impossible by: (61). Therefore h(8) == kg(— 90), 
0 S O S Pr. 

© Conversely, suppose that (59) holds. Then D(L(z))—B. Let B* 
contain B in its interior; then by Theorem 7, L(z) e H?(B*), so that (60) 
must hold. Suppose that B contains an interior point exterior to a domain, 
B*, and that (61) does not hold. Then L(z) e #*(B*), From Theorem 5, 
D(L(z)) must lie in B* and we have a contradiction. | 

If the orthonormal polynomials of a domain B* are given by 


p*n(%) == D a*n (n=0,1,°--), 
0 . 


‘then conditions (60) and (61) become 
(62) D | DS ak*acbik! |? <0 or = o. 
a=0 À=0 . 


Since a*»x depend solely upon B*, we see that (60), (61) are, in reality, 
conditions to be satisfied by the coefficients of L(z). 

As a special case, we may obtain the familiar Lindelöf relationship 
between the coefficients of the series development of an entire function of 


exponential type and the type. Let g(z) = Ð 8.2” be an entire function of 
n=O 


exponential type o. A necessary and sufficient condition for this is that D (g) 
be contained in the circle |z| oc, and that at least one boundary point of 
D(g) lie on |z| =o. If C, designates the circle | z | — r, then it is necessary 

and sufficient that 


(63) Hg(d)lo <% for r>o, 
(64) Hg(d)lo, =% for r<o. 


Referring to (13), || g(d) llo, = © | Bn ln l(n -+ 1) 1r”, while the radius of 
n=0 
convergence of this series in r is 
(65) o == lim sup (m/e) | Bm [7/7 
0 


Theorem 11 can therefore be regarded as a generalization of Lindeléf’s 
Theorem. 
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UNIQUENESS THEOREMS FOR TWO FREE BOUNDARY 
PROBLEMS.* 


By JAMES B. SERRIN, JR. 


An important new approach to the Helmholtz problem of plane wakes, 
based upon general results in the theory of conformal representation, has been 
developed by Lavrentieff [1]. In his paper Lavrentieff considered the general 
existence and uniqueness for a certain class of obstacles; however, the essential 
simplicity and elegance of his method in the case of the uniqueness problem is 
obscured by his recourse to results of the complicated existence theory as well 
as by the difficulty one experiences in understanding his proof.’ 

It is the purpose of this paper to present an adequate and simple account 
of this uniqueness theory and to extend its validity. In Part I we develop 
the function theoretic basis for the theory. ‘Theorem 1 is Lavrentieff’s basic 
result, but the proof we give is new; on the other hand, Theorem 2 was neither 
stated nor proved by Lavrentieff, although he apparently made use of the 
result. In Part IT the uniqueness theory proper is presented. In its exposition 
we have used, outside of Theorems 1 and 2, only one well known property of a 
flow solving the plane wake problem. The class of obstacles we consider 
includes as a special case the class considered by Lavrentieff, while it neither 
includes the class of obstacles discussed by Leray [2] nor is it included in 
that class. 

Finally, in §6 we show that flows solving the so-called finite cavity 
problem exist, while in § 7 we indicate certain generalizations. 


Part I. 


1. A corollary of Julia’s theorem. Julia’s theorem may be stated in 
the following form: * Let f(£) be regular and | f(£)| < 1in | £| < 1. Suppose 


* Received February 26, 1951. Prepared under Navy Contract N6onr-180, Task 
Order V, with Indiana University. 

1 The present author states frankly that he is unable to follow many of the argu- 
ments. Also see Weinstein, Proc. Symposia on Applied Math., vol. 1, Am. Math. Soc., 
1949, pp. 1-12. 

* Bieberbach, Lehrbuch der Funktionentheorie, Chelsea, 1946, vol. 2, pp. 112-121. 
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that f(1) = 1 and lim f’(£) =a, where £—1. Then a is real and positive, 
and 


(1) (1—9 a — | FO) S a | 1—F 7A — 15651. 
The equality holds if and only if f(£) ts linear. 


COROLLARY. Let f(¢) satisfy the hypotheses of Julia’s theorem. In 
addition, suppose that f(—1) =—1 and limf (t) =, where £35 —1. 
Then B is real and posttive, and aß È= 1. The equality holds if and only if 


(2) KO =G +0) /(al + 1) 
where a is a real number, | a | <1. 


Proof. The bypotheses of Julia’s theorem are satisfied by the function 
9 (f) = — f(— ¢) ; in fact pry —tim fe == 8. Hence B is real 


and positive, and 
G) Jl + f(—O}?/A—| fC O|) seg] t]. 


Putting == 0 in (1) and (3), and multiplying the resulting inequalities 
together, we obtain 


aß = | 1—f(0)? [7/(1— | f(0)|*)? = 1. 


Obviously, the equality can hold only if f(g) is linear. However, the 
only linear function satisfying the hypotheses is (2). For this function, 
aB = 1, which completes the proof. 


2. Applications to hydrodynamics. By a flow we shall mean a steady 
irrotational plane motion of an ideal incompressible fluid. We suppose that 
the motion occurs in a closed simply connected region R (which may be many 
sheeted) over the complex z-plane. The fluid may not penetrate the boundary 
of R (that is the boundary consists of streamlines), although a finite number 
of sources and sinks are allowed on the boundary. Let w(z) == D + iy be 
the usual complex velocity potential; then w(z) is regular in the interior of 
R and maps the boundary of R into straight arcs y = const. of the w-plane. 

Without exception; each flow we consider will occupy an infinite region 
and have a well defined velocity at infinity of fixed magnitude U.” A flow 
of this type will be called an admissible flow if w(z) maps À onto the upper 
half plane y= 0. If in addition the inverse of w(z) is single valued and 


* By this we mean aes the complex velocity w (g) =u + 40 appr a limit at 
dan and | w {(%)]| = 
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regular for y > 0, then the flow will be called a simple flow. The speed at a 
point P in R of a flow in R will be denoted by V(P, R); ie. 


Y (P, R) = | w' (zp) | 


Since only one flow will be considered corresponding to a given region R, this 
notation will cause no confusion. 

Let R, and Fa be two regions of the type described above. Tf each point 
P of the surface À; may be set in correspondence with a point P’ of E, such 
that zp == zp, and if this correspondence is continuous for P on Rs, then we 
say that R, contains Ra. We shall often be dealing with several flows simul- 
taneously; although these flows are considered as occurring in the same plane 
(z-plane), they are independent of one another. Our results will depend on 
the following theorems. 


THEOREM 1. Let R, and R, be two closed simply connected regions over 
the complex z-plane, such that K; contains R,. Suppose that there exists an 
admissible flow in R, and a simple flow in Ry. If the streamlines y = 0 have 
a common point M, then V(M,R,) = V (M, Re), the equality holding if and 
only if the flows are identical, or V (M, Ry) æ 0. 


Proof. Let w,(z) and w,(z) denote the complex velocity potentials of 
the flows in À, and Re respectively. Without loss of generality we can take 
Wy (Zu) =o W (Zu) — 0, 

Define 


tœ) = Gi — Do G+ Dw + D). 


' This function maps the upper half plane, which we shall denote by A, onto 
the unit circle C such that £(0) = 1, £(oo)—--1. If the unit circle O is 
' mapped upon the upper half plane A by the inverse of {(w), A onto R by the 
single valued regular function which is the inverse of w,(z), E into a sub- 
region of A by w,(z), and this subregion into C by {(w), we achieve a 
conformal mapping f(£) of the unit circle into itself. Clearly f(1) — 1, 
f = 1) =— 1, ; | | 
rO = Ewa] wG) _ wra) TG — Dw) — (i +177 
L'Tw:(z)] w (2) w (z) L(t — 1)w:(e)— (i + 1) 





‘The complex number corresponding to a point P in the flow plane will be denoted 
by s». If P is on the boundary of R, w (gp) does not necessarily exist. However, by 
writing the symbol V(P, R) we shall imply that the derivative in question does exist. 
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Hence, recalling that « and B are real, 














_ in LE) | | G— Deit] 
am lim | P(O] = Jim | Be ee Co 
=~ V(M,R;)/V(M, Ra) ; 


B= lim | f(C)| = lim | wa(2)/w: (2) |? 


To evaluate the limit, we fixe > 0. For z sufficiently large, | wi/(2) — U | <e, 
| wa’(z) —U | <e Using these inequalities, we obtain for sufficiently large 
Z, ZA: 


(U — o) |2 — za | — | wa(za)| — | wa(2)| — (U +e) | z—za | + | waza) | 
(U +) | 2z— za | + | wi(za)| — | wilz) Jane le 


Hence (U —e)/(U + 9) S lim | we(z)/wi(z)| = (U + e)/(U —e). Since « 


can be made arbitrarily small, the limit is 1. Thus, 8 = 1. 

Applying the corollary, we get «aß == V(M, Rı)/V (M, R) 21. The 
equality holds if and only if f(£) == (£ + a)/(a{-+1); that om if and only 
if the flows in R, and R, are identical. 

The following lemma will be useful in proving Theorems 2 and 3. 


Lemma 1. Let R, and R, be two regions whose boundaries have a 
common arc MN, and which lie on the same side of MN. Suppose w,(z) and 
(2), respectively, map R, and R, onto the upper half plane. If P ts an 
interior point of MN and lim | w.’(z)|, where z — zp, exists, then lim | wz (2) | 
exists, where z— zp. 





The simple proof, which we uit depends on the Schwarz reflection 
principle. 


Tasorexm 2. Let R, and R, be two simply connected closed regions over 
the complea-z-plane. Suppose that there are admassable flows in R, and Rs, 
and let Sı and S, denote the respective streamlines y — 0. Let 8, and 8; 
have an arc MN in common such that the direction of each flow on MN is 
from M to N. Furthermore let an arc QM of S, and an arc NQ of. S, bound, 
together with MN, a simply connected region MNQ == R; which is contained 
in both R, and R:. Then the tnequalrty 


(4) _ V(M,B.) < V (N, Bs), 


implies that V (M, Ri) < V(N, Bi). 
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FIGURE I 


Note. Figure 1 shows a particularly simple case of the theorem when Q 
is the point at infinity and the flows in both R, and R; are simple. It is 
convenient to think of this situation rather than the more general one during 
the course of the proof, although the argument is identical in any case.” 


Proof. Let w2(z) be the complex potential of the admissable flow in Ka. 

We may take we(za) == 0. Let w,(2) map Es conformally onto the upper 

half plane A such that wa(zr) — 0, we(zy) == wo(2y), Ws(zq) = ©. By virtue 

of Lemma 1, lim {| w,’(z)| and lim | w,’(z)| exist; we shell denote these 
EP 3, tty 


limits by V (M, R) and V (N, Rs). The proof rests on two auxiliary inequalities. 
First we shall show that | 


(5) V(N, B2)/V(N, Re) <1. 





Let £(w) map A onto the upper half unit circle T such that £(0) == — 1, 
{[wo(zw)] —0, É(o)—= +1. The image of the positive real axis of the 
w-plane is then the segment (— 1, + 1) of the real axis in the £-plane. 

If T is mapped onto A by the inverse of {(w), A onto A, by the inverse 
of ws(z), Es into a subregion of A by w.(z), and this subregion into T by 
f(w), we achieve a mapping f(£) of T into itself. Now f(0) — 0, and f(£) 
is real and continuous on the real axis. Consequently, f(£) may be analytically 
continued, by reflection, throughout the entire unit circle. Then by Schwarz’s 
Lemma, ¥ (0) =1. But 


PO) = {L’[wa(zw) Je (aw) }/{ 8 [wal aw) ]2"(2w)} == VON, Ra)/V(N, Be). 
Secondly, we shall show that 


(6) {V (M, Be) /V (M, Bs) HV (N, Ra)/V (N, Rs)} = 1. 


8 Theorem 2, as well as Theorem 1, is stated in more generality than is necessary 
for the purposes of this paper; in particular, the flows we consider in applications will 
all be simple. However, the increase in generality does not alter the proof, and in a 
later paper [3] it will be of the utmost importance. 

It may be remarked here that if equality holds in (4), then equality holds in the 
conclusion if and only if the flows are identical. 
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Using a series of conformal mappings very similar to that already exhibited, 
we may define a function g(£) such that |g(£)| <1 for | £| <1, and 
g(1) = 1, g= 1) =— 1, finally g (1) ai V (4, Ez) /V (M, Ba), gt) 

— V(N,R:)/V(N,R:). The required result follows from our corollary. ` 


Combining inequalities (5) and (6) we obtain 

(7) V(N, Ra)/V(N, Rs) S 1S V(N, Bs)/V(N, Ri) S V(M, Ba)/V(M, Ro). 
Hence, using (7) and (4), 

(8) V(M, Re) < {V(M, R:)/V(N, R:)} Y (N, Bs) < V(N, Bs). 


Now a duplication of the preceding argument, this time with respect to 
the regions R, and R, leads to 


(7) V(M, Rı)/V (M, Rs) = VN, B:)/V(N, Bs); 


{it is sufficient to interchange the roles of M and N, and to replace R: by R,). 
From (7) and (8) we obtain 


VM, Ry) = {V(M, R5)/VN, Ra) VN, R) < V(N, R,), 
which completes the proof. 


The following theorem is essentially due to Lavrentieff. Although no 
use will be made of its result, it is an interesting corollary of the preceding 
theorems. Let R be a region occupied by a simple flow, and let S be the 
streamline y==0. We may assume without loss of generality that 9 has zero 
tangent at infinity and that R is “above” §. Let S contain an are M*PN* 
having the following properties: 


1. If g 18 given parametrically by Z = 2(D), then the points — o, M", 
P, N*, + correspond in that order to increasing ¢; | 


2. M*PN* has a continuous tangent; 


3. P is an inclination point of S, and the inclination of 8 is monotone 
on M*P and PN*; 


4. The straight line L tangent to 8 at P does not intersect 8 other than 
at P, and is not horizontal. | 


5. The speed V(Q,R) exists at all interior points Q of M*PN*. 
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A direction is assigned to L to correspond to the direction of increasing œ 
at P; Figure 2. 


L(N;) 





L(M,) 


FIGURE 2 


THEOREM 3. Under hypotheses 1-5, there is an arc MPN of M*PN* 
such that, if L is directed into R, V(N, E) > V(M,R), or of L ts directed 
out of R, V(N,R) < V(M,R). 


Proof. We note here that no attempt has been made to obtain a minimal : 
list of hypotheses for the validity of the theorem, or even to state the present 
hypotheses in the shortest possible form. It is sufficient to consider ony the 
case that L is directed into &. 


Let Ny be any point of PN*, and denote by y LU o) the ray tangent to 9 
at No, directed in the sense of increasing ¢ at No. Similarly let M, be any 
point of M*P, and denote by L(M,) the ray tangent to S at Ma, directed in 
` the sense of decreasing db at Mo. 

In virtue of hypotheses 1-4 there exists an arc M,PN, of M*PN* such 
that L(N;) is entirely in À, L(M.) is entirely outside À, L(.Ni) and L(M;) 
have the same inclination, and the inclination of S on both M,P and PN, 
is monotone. See figure 2. 

The simple closed curve consisting of the ray L(M,), the arc M,PN,, 
and the ray L(N,) divides the plane into two simply connected regions; let 
R, be that one containing the arc (—œ, M,) of S. By Lemma 1 we deduce 
easily that Ra contains a simple flow. Moreover, by the same lemma, V(Q, Ra) 
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exists for interior points Q of M,PN,. We shall prove that there is a subarc 
MPN of M PN, such that | 


(9) V(N, Ba) > V(M, Re). 


Assuming for the moment that this is true, then the hypotheses of Theorem 2 
are satisfied by R and R, (compare figures 1 and 2). It follows that 
VIN, À) > V(M,R), proving the theorem. 

Before proving (9) we shall introduce a useful notation: any region 
which is congruent to a given region R will be denoted by R. If a point in 
hk’, when considered as a geometrical entity of the configuration À”, corresponds 
under the congruence to a point Q of R, it will be denoted by Q’, etc. 

Now we can place (or more precisely, construct) a replica R,’ of Re such 
that Rx’ is contained in À, and some interior point W’ of M,/P’ coincides with 
some interior point N of PN.. Then by Theorem 1, F(N, Rd) > V(M’, By’) 
— V (M, R:), proving (9). 


Part IL 


3. The problem of the wake. Consider a fixed obstacle (arc) AB 
immersed in a uniform flow ($2) having a velocity U at infinity. It is 
assumed that the flow separates from AB at its endpoints, leaving a wake or 
cavity behind AB. Thé streamlines 3 and 3* which bound the cavity are 
not given geometrically, but by the condition that the flow speed on $ and X* 
` is to be constant; this constant will be called the cavity speed. The problem 
of the wake is to determine such a-flow past the given obstacle AB (a fuller 
discussion of this well known problem is readily available in nearly every 
treatise on hydrodynamics). We shall consider the uniqueness problem for 
two characteristically different wakes that an obstacle might produce. 

First we consider the usual Helmholtz wake problem.’ That is, % and 3* 
are required to extend downstream to infinity; it is well ss that this can 
occur only when the cavity speed is U. 

The second problem is the so-called finite cavity problem.® As the name 
implies, it is required that the cavity be finite in extent, so that i) the free 
streamlines meet and end at a point Æ behind the obstacle, and ii) the point 
at infinity is an interior point of the flow. 

Let the flow take place in the complex z-plane. There is obviously a 
stagnation point O of the flow on AB; O will be taken as origin and the 
positive z-axis in the direction of the do flow. For the purposes of this 


* À fuller discussion of the finite cavity problem is contained in [3]. 
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paper tt ts necessary to restrict our consideration henceforth to symmetric 
flows past symmetric obstacles. Because of this we need only look at the 
“upper half” of the complete flow and, indeed, this point of view will be 
adopted consistently. We shall assume that AB has a continuous tangent; 
the inclination of the tangent vector will be denoted by the variable ¥.7 A 
symmetric obstacle will be called a regular obstacle if there exists a number a, 
n/2 = ar, such that a — r = Y = g holds along OB. 

Regular obstacles will be our main interest. Clearly a line whose 
inclination is « intersects the arc OB of a regular obstacle in at most a single 
point or along a straight segment. The following lemma shows that $ enjoys 
the same property. | | 


_ Lemma 2. In a symmetric solution of either the Helmholtz problem or 
the finite cavity problem for a regular obstacle, the inclination 6 of 3 satisfies 
a —r L0 <a. 


A proof of Lemma 2 is given in [3]. The following result is well known. 


Lemma 3. The free streamline % tn a symmetrid solution of the Helm- 


‘holtz problem may be represented parametrically by the equations, 


a = a(t) = a[i? + (0)? log | & | + Pi(é*)], 
y = y(t) = a[2w’(0)E* + Pie], 


where —1<€<0. Here a and w’(0) are certain constants, and P,(f) and 
P.(€) are analytic functions in the unit circle. Hence the free streamlines 
are analytic curves. 


Remark, If w(0)540, the free streamlines approach the parabola 
y? [4aw’(0)2]x. If o’(0) < 0, X approaches the upper branch, and 3* the 
lower. If w’(0) > 0, & approaches the lower branch, and 3* the upper. This 
overlapping of the flow region in the latter case, although physically unrealistic, 
is not objectionable mathematically. If o’(0) == 0, then the free streamlines 
asymptotically approach a curve y? = const. 2**"1, where n is a positive integer. 

In the finite cavity problem a corresponding lemma exists, and the free 
streamlines are analytic curves. We note finally that the “upper half” of a 
flow solving either of our problems is a simple flow. This fact is important 


in the application of Theorems 1 and 2. 


TIn determining Y, the tangent vector is considered to be directed from A to B; 
inclination is measured in a counterclockwise sense from the positive w-axis. 
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4 The Helmholtz problem. We recall that it is only necessary to 
consider the “ upper half” of a flow. 


THEOREM 4. There can be no more than one symmetric flow solving the 
Helmholtz problem for a regular obstacle AB. 


Proof. Suppose for contradiction that there exist two flows solving this 
problem. Let R, and R, be the regions occupied by these flows, and let 3, 
and X be the corresponding free streamlines. It is apparent by Lemma 3 
that one of the free streamlines, say $, is below the other at infinity. 





FIGURE 3 


Figure 3 illustrates the situation arising from a suitable translation of 
a replica Ry of Re. (In figures, we represent a replica of a given region by a 
dotted curve. The prime notation associated with a replica is explained 
‘on page .) Here À; contains £z, and X, and 3,’ have a common point 
M. It will be proved in a moment that such a translation always exists 
(provided only that AB is a regular obstacle). Assuming this result, however, 
we obtain an immediate contradiction. For on one hand, by Theorem 1, 
V(M, Ri) > V(M, Ry), while on the other hand, V(M, R;) == U == V(il, Re’), 
since M is on both the free streamlines 3, and $7. 
To complete the proof, we begin by noting a property of the curves J, 
and X, which follows from Lemma 2. Namely, let A be the line passing 
through B whose inclination is «a. Then any line parallel to A, 





i) cannot intersect either X, or X, if it is on the same side of A as OB; 


ii) intersects both %, and X, in exactly one point if it is on the other 
side of A. 
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Now let ¢==2(s) be a parametric representation of X}. Let d(s) be the . 
distance between the point z(s) of %, and the curve X,, measured along a line 
parallel to A. (We take d(s) positive if the distance is measured into Ra 
and negative otherwise.) In virtue of ii), the function d(s) is well defined, 
and by Lemma 3 it is continuous. d(s) is zero at B and negative at infinity ; 
therefore, it attains a maximum value d. 

If the replica Rz’, originally in coincidence with Ra, is translated a dis- 
tance d parallel to A, the required situation is evidently obtained, q. e. d. 


5. The schlicht cavity problem. Given an obstacle AB, the following 
problem will be called the schlicht cavtty problem: find either a solution of 
the finite cavity problem for AB or a solution of the Helmholtz problem for 
AB ; in the latter case it is required that, sufficiently distant from the obstacle, 
_ the free streamlines do not overlap. Evidently a uniqueness theorem for this 
problem will account for the finite cavity problem as well. Before stating 
our main result, we prove two preliminary theorems, the second justifying 
the name “schlicht cavity problem.” 


THEOREM 5. In a symmetric flow solving the finite cavity problem the 
cavity speed V ts less than the speed at infinity U. 


Proof. Let R be the “upper half” flow region. Obviously there is some 
point M on X% with a non-positive minimal ordinate yy. Let R, be half plane 
above the line y == yar. The uniform flow w(z) == Uz in R, is a simple flow, - 
and À, contains À. Therefore from Theorem 1, 


V (M, R) < V(M, R) =U 


THEOREM 6. In a symmetric flow solving schlicht cavity i the 
free streamline X stays entirely above the real aats.* 


Proof. Let R be the “upper half” flow region. We prove separately 
case I, when the flow solves the Helmholtz problem, and case H, when the flow 
solves the finite cavity problem. 


Case I. Suppose the theorem is false. Then there must be some point 
M on Z with a non-positive minimal ordinate ya. Let Æ, be the half plane 
above the line y == ya. Then by Theorem 1, V(M,R,) > V(M,R). But 
this is impossible, for V (M, E) = U = V(M,R;). 


Case IT. Let M, be the point of = with minimal ordinate, and let N, 


8 Except, of course, at E if the flow solves the finite cavity problem. 
i 
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be the point of the arc ME of X with maximal ordinate. Let Ra be the region 
above the curve consisting of the arcs L(M,), M-N., and L(N,) in figure 4. 


(Ny) 





. FIGURE 4 


Now by Theorem 1, there exist two points M and N of the are M,N, such that 
V (A, Ri) < V(N, Rz); (see the proof of Theorem 3). The hypotheses of 
Theorem 2 are satisfied by À and Ra (compare figures 1 and 4). It follows 
that V(M, R) < V(N,R). This is impossible since V(M, R) — VN, R) = F, 
where V is the cavity speed. 


THEOREM 7. There can be no more than one symmetric flow solving the 
schlicht camty problem for a given regular obstacle AB. 


Proof. Suppose for contradiction that there exist two flows solving this 
problem. Let kı and ÆR; be the regions occupied by these flows, and let X, 
and X: be the corresponding free streamlines. If both flows solve the Helmholtz 
problem we contradict Theorem 4.. There remain two cases. 


Case I. The flow in À, solves the finite cavity problem, while the flow 
in À, solves the Helmholtz problem. Figure 5 illustrates the situation arising 





FIGURE 5 
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from a suitable translation of a replica Rg’ of Ry. Here R, contains Ry, and 
3, and ž; have a common point M. A rigorous justification of this assertion 
is readily obtained by the same reasoning already employed in the proof of 
Theorem 4, and need not be repeated. 


By Theorem 1, V (if, Rı) > V(M, R7). This is impossible, however, 
for (Theorem 5) V(f, R) = V < U and V(M,R;) =U. 
Case II. Both the flow in R, and the flow in Æ, solve the finite cavity 


problem. We shall suppose the endpoint Æ, of the streamline X, is to the 
right of the endpoint FH, of the streamline 3,. 





FIGURE 6 


Figure 6 illustrates the situation arising from two suitable translations 
of replicas BR; of Re. Consider first the replica À’ which contains R;. Here, 
V (M, Be!) > V(M, Bı). However, since M is on both the free streamlines 
3’ and 3, we have V (MZ, Ry) = V: and V(M, #,) = Vi, where F, and V2 
are the cavity speeds. Hence 
(10) Ve > Vi. 


On the other hand, considering the replica R? inside R,, we have 


(11) V(N, Bi) > V(X, Er). 
Now N is on X, so that _ 
(12) VIN, By) = Vi 


However, considered as a point of Ry, N may be on either the free streamline 
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3,’ or the arc (H2’,o). (The latter possibility is shown in figure 6.) If N 
is on 3.” then 
(13) Vie RST, 


From (11)-(13) it follows that V, > V2 This contradicts (10), so that N 
must be on (#,’,0). If we can show that in this case 


(14) VON, Be’) > Va, 


then it will follow again that V, > Va, contradicting (10) and completing 
the proof. 

To prove (14), it is sufficient to show that V(N, Ea) > Va, for any point 
-N on the arc (2,0). Thus, let the region À, be the upper half plane. If 
the common are EN of the boundaries of R, and À, is associated with the arc 
MN of Theorem 2, then the geometrical hypotheses of Theorem 2 are satisfied 
by À: and Z, Moreover, 


(4°) V (#, Rs) = V (N, Rs) =U. 
Hence Ve Y (E, Ra) < V (N, Ra). q.e.d. 


6. Existence of finite cavity flows. Consider a simple closed curve T 
symmetric about the z-axis. Let O and O’ be the two points of intersection 
of T with the z-axis, with O to the left of O’. Let T have the property that 
any symmetric arc BOB* of T is a regular obstacle. 

It can be shown [3] with the help of the Schauder-Leray fixed point 
theory that there exists a solution of the schlicht cavity problem for any 
symmetric arc BOB* of T. If B, B* are sufficiently near O, then any line 
parallel to the z-axis can intersect BOB* in at most one point. In this case 
it is well known (see Leray [2], p. 157) that the (unique) solution which 
does exist is necessarily a Helmholtz flow. Conversely, we can guarantee that 
if Band B* are sufficiently near O’ the solution which does exist is necessarily 
a finite cavity. 


Proof. Consider first the symmetric classical flow, with uniform velocity 
U at infinity, past the obstacle T. The real axis exterior to T is a streamline 
of this flow, while points O and 0’ are stagnation points. Since O’ is a 
stagnation point there is some arc NO’N*.of T along which the speed is every- 
where less than or equal to U. We assert that if BOB* is a symmetric arc of 
T and B,B* are points of NO’N*, then the solution of the schlicht cavity 
problem cannot be the Helmholtz flow. For, upon supposing the contrary, 
essentially the argument used in the proof of Theorem 7, Case I, leads to an 
impossibility. 


16 
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7. Concluding remarks. The results of this paper.carry over as well to 
symmetric flows past obstacles with corners. More important is the following 


generalization. 
A curve will be called starlike if 


i) there exists a point o in the lower half plane y= 0, such that any 
straight line passing through o intersects the curve in at most one point or 
along a segment, or if | 

- ii) there exists a number a, 0S a 7, such that any straight line whose 
inclination is a intersects the curve in at most one point or along a segment. 


A symmetric obstacle with a continuous tangent (a finite number of 
corners may be allowed) will be called a starlike obstacle if the curve con- 
sisting of the negative real axis together with OB is starlike. It is apparent 
that the regular obstacles discussed in the body of the paper are also starlike 
obstacles. The proof of the following lemma is indicated in [3]. 


LEMMA 2’. In a symmetric solution of the schlicht cavity problem for 
a starlike obstacle AB, the steramline y= 0 consisting of the negative -real 
azis, OB, and Z ts a starlike curve. | 


With the help of this lemma, Theorems 5-7 may easily be shown to hold 
for starlike obstacles.. The proof need be modified only to the extent that 
our auxiliary translations of replicas of given flows regions be replaced by 
suitable magnification of replicas, the center of magnification being o. Such 
a magnification, it is noted, leaves flow velocities unchanged at geometrically 
similar points. 
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EXTENSIONS OF DIFFERENCE FIELDS.* 


, By Riowarp M. Conn. 


1. Introduction. By an (abstract) difference field [4]? we mean a field 
with an endomorphism. The algebraic theory of difference equations has led 
to the discovery of two surprising phenomena concerning difference fields. 
J. F. Ritt [5], § 3, showed that a difference field 4 may have extensions & 
and © which cannot both be embedded in any one extension of %, and which ` 
we shall therefore call incompatible. In [1] it was shown that a difference 
field 3} of characteristic 0 may have a proper extension which does not permit 
two distinct mappings into any extension of %. We call such an extension a 
monadic extension of %. A corresponding phenomenon occurs in the theory 
of algebraic fields, that is, fields in the ordinary sense, only if the characteristic 
p exceed 0. In this case an extension which is monadic in the sense just 
described may be produced by adjoining a p-th root not already in the field. 

Our purpose in this paper is to present in organized form the still rudi- 
mentary theory of these phenomena, and to point out their decisive importance 
in the algebraic theory of difference equations. They seem, in fact, to mark 
a point byond which one can no longer use the theory of polynomial ideals 
or the algebraic theory of differential equations as a guide to the study of 
difference equations, but must expect phenomena which'are sui generis. Our 
results also suggest interesting questions concerning field structure. It would, 
for example, be desirable to characterize those fields which possess incom- 
patible or monadic extensions. Our principal result is a first step toward 
such a characterization; fields which are algebratcally closed have no finite 
extensions of these types. | 


2. Definitions. By the (first) transform e, of an element e of a 
difference field {} we mean the element into which e is carried by the endo- 
morphism in virtue of which % is a difference field. By the transform of 
order k, or the k-th transform ex of e we mean, of course, the element into 
which e is carried by the k-th iterate of the endomorphism (hence & —e). 

* Received April 28, 1951. 

1 This paper was written while the author held a university research grant from 
Rutgers University. 

* Numbers in square brackets refer to papers listed in the Bibliography. 
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For the difference field @ to be an extension of the difference field %, 
it must be an extension of % as an algebraic field, and the operation of taking 
transforms in @ must coincide for elements in & with that of taking trans- 
forms in %. The difference field resulting from the adjunction of a set S of 
elements of Œ to % is by definition the least extension of %} containing the 
elements of S and their transforms of all orders. Such an extension will be 
called a finite (countable, etc.) extension of the difference field Ẹ if S is finite 
(countable, ete.). Hence a finite extension of the difference field 3 may well 
be an infinite extension of % considered as an algebraic field. The extension 
just described will be denoted by <56>, while the algebraic field resulting 
from the adjunction of the elements of S without their transforms will be 
denoted by (8). 

We define two extensions @ and © of a difference field % to be incom- 
patible if there does not exist an extension & of % containing a subfield ©, 
isomorphic to ©, and a subfield §, isomorphic to ©, these isomorphisms 
leaving each element of % fixed.’ 

Let © be an extension of such that not every element of ® has a 
transform of some order in 3}. We then define © to be a monadic extension 
of the difference field %, if there does not exist an extension §& of % into 
which © has two distinct isomorphisms both preserving the elements of %.* 

All fields occurring henceforth in this paper will be supposed to be of 
characteristic 0. 


3. Examples and applications. Æxample 1. Let % be the difference 
field consisting of the real numbers, with the identity as endomorphism, Let 
© be the difference field consisting of the complex numbers, with the identity 
as endomorphism, and let § be the difference field consisting of the complex 
numbers, with the transform of a number defined to be its complex conjugate. 
Since an extension of 7% can contain at most one subfield isomorphic as an 
algebraic field to the field of complex numbers, it is evident that © and § 
are incompatible. i 


Let us consider the systems of difference polynomials ë with coefficients 


in à 


* Henceforth, when we refer to isomorphisms of extensions of a difference field &, 
it will be understood that we mean isomorphisms which leave each element of fixed. 

‘In other words no extension of #§ can contain two distinct subfields each isomorphic 
to @ by isomorphisms which leave every element of % fixed, nor does @ have an auto- 
morphism, other than the identity, which leaves each element of # fixed. 

5We deal here with a difference ring {y} consisting of all polynomials in 
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A) y? + 1, y: — y, and B) 2? + 1, a +2. 


It is evident that A) has a solution, the square root of — 1, which generates 
© when adjoined to %, while B) has a solution, again the square root of — 1, 
which generates ©. Hence it is possible to solve the system A) or the system 
B), but not to solve these systems simultaneously, even though they have no 
unknown in common. 

We may put the matter in a more basic, if less striking, form by saying 
that the manifold of the algebraically irreducible difference polynomial y? + 1 
consists of two irreducible manifolds € M, and WM. Wt, is the manifold of 
the reflexive prime difference ideal X, with characteristic set * y? + 1, y, —#, 
and St, is the manifold of the reflexive prime difference ideal 3, with 
characteristic set y? + 1, yı + y. No extension of % contains generio zeros 7 
or, indeed, solutions of both 3%, and X.. As suggested by this example, we 
define a set of reflexive prime difference ideals (or their manifolds) tò be 
incompatible if there exists no extension of the coefficient field containing 
generic zeros of all of them. We say that an algebraically irreducible difference 
polynomial has an inconsistent general solution, if the manifolds of its general 
solution (see [1], p. 152) are incompatible. We shall later see that if a 


Vo = Y: Yu Ya: - >, With coefficients in #. The endomorphism of the ring is defined by 
the stipulations that elements of # shall have the same transforms as in # itself, and 
that the transform of y, shall be yrs” $= 0,1,- - -. To solve a system of polynomials 
of {y}, we must find a difference field @ which is an extension of #, and contains an 
element a such that when y is replaced by a (which means, of course, that, for each ¢, 
y, is replaced by the #-th transform of a), the polynomials vanish. The extension of 
these concepts to rings in two indeterminates y, #, or rings in n indeterminates, is 
obvious. In the latter case we shall generally designate the indeterminates by 
Yo Vas -Ya Then y:, will denote the j-th transform of y,,#—=1,-.-,%;f/—0,1,-.-. 

è The manifold of a system of difference polynomials is the set of its solutions in 
all extensions of the coefficient fleld. It is proved in [3] that every such manifold of 
solutions is the union of a finite number of irreducible manifolds, that is of mani- 
folds which, if they annul a product AB of difference polynomials, annul one of 
the factors. The statement in [3] does not refer to abstract difference fields, but the 
work of [4] makes it evident that the result applies to them also, The set of all poly- 
nomials vanishing on an irreducible manifold forms a reflexive prime difference ideal. 
Conversely, the solutions of a reflexive prime difference ideal constitute an irreducible 
manifold. This correspondence is one-to-one. 

T Characteristic sets of difference polynomials are defined in [3], where they are 
called basic sets. In this paper we have brought the terminology for difference poly- 
nomials into accord with the new terminology for differential polynomials adopted by 
Ritt in [6]. We list here the terms used in earlier papers, each followed by the term 
which is to replace it: arbitrary unknown, parametric indeterminate; ascending set, 
chain; basic sequence, characteristic sequence; basic set, characteristic set; general 
point, generic zero, 
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difference field has a finite extension which is incompatible with some other 
extension, then there is an algebraically irreducible zero-order difference 
polynomial with coefficients in the field, whose general solution is inconsistent. 

As a result of the existence of incompatible extensions, the dimension or 
order è of a reflexive prime difference ideal may be reduced when the coeff- 
cient field is extended. Thus the system A), which is of zero order in %, 
has no solution if § is taken as the coefficient field. The system 


C) | Ye HY Yen — Yrkt 


is the characteristic set of a prime ideal Z of order k with coefficients in %, 
as we know from Theorem IV of [1]. If a is any solution of 4 except 0, 
then since a satisfies C), a,/a@ is a solution of A). Hence %}<a> is an 
extension of Œ. It follows that 0 is the only solution ° of the polynomials 
of 3, considered as a system of polynomials with coefficients in §. Hence 
the order of this system is reduced from & to 0 when the coefficient field is 
extended to &. 

Incompatible extensions also lead to difficulties when we try to replace | 
parametric indeterminates by special values. From the analogy with systems 
of algebraic or algebraic differential equations, we should expect that if 
IX is a reflexive prime difference ideal in the indeterminates t, Ue, © `, tg} 
41, Y2" © +» Yp, the t4 being parametric indeterminates !° it would be possible 
to find a solution of II in which the u have any assigned values not annulling 
a certain difference polynomial U in the u. But this is not true for the 
reflexive prime ideal I in indeterminates™ u, y, with characteristic set 


D) uy? HT, whys + uy. 


Here u is a set of parametric indeterminates for II, and the coefficient 
field is 3 above. Suppose a U of order m exists. Let a be a generic zero of 
a system C) with k >m. Then Theorem IV of [1] assures us that a does 


*“ Dimension ” corresponds to the heuristic concept of the number of indeterminates 
whose values can be chosen arbitrarily (parametric indeterminates), “Order” corre- 
sponds to the heuristic concept of the mumber of arbitrary periodic functions in the 
solution. See [1], p. 141 and p. 162. 

* That 0 is a solution of Z can be shown by an easy application of the technique 
used in our paper “Singular manifolds of difference polynomials,” Annals of Mathe- 
matios, vol. 53, pp. 445-463. Let ¢ be a generic zero of Z. Adjoin to ¥ an element o 
which is its own transform, and which satisfies no algebraic equation over %. Then 
go annuls the polynomials of C) but not their initials. Hence ġe annuls the polynomials 
of Z. It follows readily from this that 0 is in the manifold of Z. 

1° Here single subscripts do not indicate transforms. 

4 Single subscripts do indicate transforms here. 
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not annul U. Now <a> is an extension of ©, while every solution of II 
lies in an extension of §. Hence there cannot be a solution of If with u == a, 
Thus the assumption that U exists leads to a contradiction. 

The existence of incompatible extensions also has implications for the 
analytic theory of difference equations. We consider difference polynomials 
in a field 8 of functions of the complex variable z meromorphic on a line & 
which contains z + 1 if it contains z. ‘The transform of a function f(z) is 
defined to be f(z +1). If 8; and S, are systems of such difference poly- 
nomials with the property that no extension of 8 as an abstract difference 
field contains both a solution of S, and a solution of Sz, then obviously at 
most one of these systems has solutions meromorphic on %. Of the systems A) 
and B) the latter has, of course, no meromorphic solutions whatsoever. 


Example 2. We consider the field of rational functions of s with com- 
plex coefficients. This becomes a difference field #, if we define the transform 
of any rational function f(x) to be the function f(4x). Consider the differ- 
ence polynomial A == y*?—~z which is algebraically irreducible in %. Its 
transform A, is y1? — 42. Then A, — 44 == y,? — 4y? = (y; — 2y)(y1 + 2y). 
Hence every solution of A annuls either | 


E) Yy” — T, Yi — 2y Or F) y? — T, Yi + 2y. 


We know from Theorem IV of [1] that both E) and F) have solutions 
in suitable extensions of %. We shall show that no one extension contains 
solutions of both, so that A has an inconsistent general solution. 


Let a be a solution of E). The only other solution of A lying in an 
extension of <a> is B==—-a. From E) we have a, = 2a. Now Bi == — a, 
= — 2a == 28. Hence 8 annuls E), and no extension of %<a> contains a 
solution of F). 


Example 3. We now define the transform of a rational function f(z) 
with complex coefficients to be f(z*), and let % be the difference field con- 
sisting of all such functions of æ with transforms defined in this way. We 
find that every solution of the algebraically irreducible difference polynomial 
y? — x annuls either - 


G) 2, yı — ye or H) y—2,%-+ ye. 
As before we see that the manifolds of G) and of H) are incompatible. 


Example 4. If we define the transform of a rational function f(z) with 
complex coefficients to be f(x?}, we get a difference field & which has monadic 
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extensions. For example, every solution of the algebraically irreducible differ- 
ence polynomial y? — z annuls one of the systems 


I) y? — T, Yı — 4Ž, J) y? — T, Yı — of”, 
K) y° — T, Yı — w°4”, 


where w is a complex cube root of unity. All these systems have solutions 
in suitable extensions of %. Let a be a solution, say of I). Then wa, wa, 
are the only other solutions of yŸ— v in any extension of <a». It is easy 
to see that they annul the systems K) and J) respectively. Hence no 
extension of {<a> contains a subfield other than <a> itself which is iso- 
morphic to <a> by an isomorphism leaving each element of % fixed; nor 
does <a> have any automorphism except the identity which leaves each 
element of % fixed. No transform of æ is in %. Hence §<a> is a monadic 
extension of 3. J) and K) likewise furnish monadic extensions of %. 

It is interesting to note that if we define the transform of a rational 
function f(x) with complex coefficients to be f(æ°), where f is the function 
obtained by replacing each coefficient in f by its complex conjugate, we obtain 
a difference field © in which the systems I), J), K) define not monadic 
extensions, but rather extensions any two of which are incompatible. 

We define a reflexive prime difference ideal %, not containing 1, or its 
manifold Nt to be monadic, if no transform of a generic zero of X lies in the 
coefficient field, and if there exists no extension of the coefficient field con- 
taining two generic zeros of %. We shall see that if a difference field % has 
finite monadic extensions (and consequently monadic prime ideals), it has a 
monadic extension which is obtained by adjoining a solution of a zero order 
difference polynomial in one indeterminate. In fact, the situation with finite 
monadic extensions is even stronger than with finite incompatible extensions— 
every finite monadic extension is of zero effective order.” 

The proof that finite algebraic extensions of a field of characteristic zero 
are simple, and the proof of the corresponding theorem for differential fields,*8 
are based on the fact that such fields do not have monadic extensions. For 
fields of characteristic p the proof fails and the theorem does not hold. In 
the case of difference fields of characteristic zero, however, the difficulty 


1 The concept of a quasi-linear system, defined in [1], p. 164, includes monadic 
prime ideals and the uninteresting prime ideals whose generic zeros or their transforms 
lie in the coefficient field. The result we have just referred to is essentially Theorem XT 
of [1], which we prove again in slightly altered form in the corollary to Theorem II 
below. | 

13 See [6], pp. 41 and 86. 
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caused by the existence of monadic extensions can be circumvented, and a 
completely analogous theorem can be proved.** The corollary to Fheorem II 
of this paper (or Theorem XI of [1]) is required for the proof. 


4 Preliminary lemmas. As stated above we shall see that all difference 
fields which have finite incompatible extensions, or a finite monadic extension, 
_ have incompatible or monadic extensions of the types shown in the examples; 
i. e., extensions formed by adjoining solutions of a zero order difference poly- 
nomial in one indeterminate. For both incompatible and monadic extensions 
the proof depends essentially on Lemma III of this section, which in turn 
depends on Lemma IT. It is convenient before considering these lemmas to 
make some conventions regarding notations. 

Let a set of indeterminates 1,‘ - -,% be adjoined to a difference field 
3- The least. difference ring containing % and these indeterminates will be 
denoted by %{y1,-°-, Yn}. We denote by yy the j-th transform of 44. 

Let S be a set of difference polynomials of S{1,::°-,yn}. The least 
difference ideal containing the polynomials of § will be denoted by [8], while 
the perfect difference ideal which they generate is indicated by {S}. 

Now let % be any field, not necessarily a difference field. Let indeter- 
minates Ya," ‘+ Ya be adjoined to % to form a ring, which does not, of 
course, contain transforms of the yı. We denote this ring by [41 © ©, yn]. 
Let 8 represent a set of polynomials of this ring. The least ideal containing 
the polynomials of S will be denoted by (8),. For definiteness, ideals in 
lus: -,Ynl will be called polynomial ideals. The set of all polynomials 
of which a power is in (8) is the perfect polynomial ideal {S}). It may 
happen that % is a difference field, and the indeterminates of this paragraph 
are a finite subset of transforms of the indeterminates of a difference ring. 
Then (S), involves only these transforms. 

We shall sometimes want to indicate that one of the ideals just described 
is to be formed from g in an extension 6 of %. In such a case the symbol ©. 
is placed in the brackets after S, and separated from it by a semicolon. We 
write, for example, {9; @} for the perfect difference ideal generated by poly- 
nomials of § in the field G. 

From this point on we depend TE on the results of [1], [8], [4], 
and [6]. We remind the reader of the changes in terminology listed in 
footnote 7. 


14 The proof is given i in our paper “ On extensions of difference fields and the regol- 
vents of prime difference ideals,” to be published in the Proceedings of the American 
Mathematical Society. 
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Our first lemma is a restatement of a well-known theorem concerning 
algebraic, not difference polynomials. | 


Lemma I. Let II be a prime polynomial ideal with coeficients in a 
field %. Let © be an extension of %. Then {U; ©}, ts the intersection of 
prime ideals I, Ma: © +, I, which are such that any set of parametric 
indeterminates of II ts a set of parametric indeterminates of each Uy. 


Proof. Let I involve the indeterminates tu, Ua, ©, Uai Yn Ya’ a Yp 
the u; forming a set of parametric indeterminates. We form a resolvent ** 


p I 
for I using w =— $ uy, The m may be chosen as integers. Let @ be the 
1 
prime polynomial ideal {II, w — ` mai}, and let 
{=1 


L) A; 41°"; 


be a characteristic set for Q, with A introducing w, and A, introducing y, 
4#—=1,:--,p. Each A, is then of the first degree in y 


_ Let the irreducible factors of A in the field @ be By,---,B,. Hach 
B, effectively involves w, for otherwise A would not be irreducible in à. 

We adjoin to G a set of elements a, 1—=1,- --+,g, which annul no non- 
zero polynomial with coefficients in ©. 

B, has a solution u.—a@, t—1,---,g;w—= fs This solution can 
annul no initial of any A,; for these initials are not multiples of B, and hence 
some linear combination of an initial with B is a non-zero polynomial in the 
wu, alone. In each A; we replace the t by the æ, and w by Sr, forming a poly- 
nomial A;™ of first degree in y, By solving A,;™ we find the value y, 
for Yj. 

Let OQ, be the prime polynomial ideal consisting of those .polynomials 
of Gl, `- Ug W; *,Y9] Which vanish when we put 404, 
i=l,- +, q; W= Br; y= ys, pomed,:-++,p. Evidently Qx contains no 
polynomial in the u; alone. We claim that ee @}, is the intersection of 
the Qy. 

We see that the solution of Or given in the preceding E annuls 
the polynomials of the characteristic set L), but not their initials. Hence 
NC Og, and therefore {0; ©}, C Q,. 

Let P be a polynomial which is in every QG. We form the remainder 
R of P with respect to the chain 4,,-- -,4,. È is a polynomial in the u; 
and w alone, which vanishes for the solution 4 = a, i= 1, - ~, q; w = fr 


16 See [6], p. 86. 
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of Oy. Hence R is a multiple of By. Since this is true for:each & from 1 to r, 
FR is a multiple of A. i ; 

It follows that P has zero remainder with respect to L). We may write 
P as a finite sum $ &Æ:, where the & are elements of @ which are linearly 
independent with respect to %, and the E; are polynomials with coefficients 
in %. It is easy to see that each F; has zero remainder with respect to L). 
Hence the Æ, are in Q, and therefore P is in {Q; @},. This proves our state- 
ment that {Q; ©}, is the intersection of the Qx. 

Now {I1; @}, consists of those polynomials of {Q; G}, which are free 
of w. For we may write any polynomial with coefficients in @ in the form 
S àE, where the & are elements of © which are linearly independent with 
respect to Y, and the F; are polynomials with coefficients in %. The set of 
all polynomials which have a representation of this form in which every Ær 
is in IN forms an ideal, and it can easily be seen that this ideal is (IX; Go. 
Those polynomials having representations of this form in which every Æ; is 
in Q form the ideal (Q; 6). Now IT consists of those polynomials of Q 
which are free of w. A polynomial of (Q;@), is free of w if and only if 
each Æ; is free ofw. Hence (IL; Œ), consists of those polynomials of (Q; G), 
which are free of w. Finally {11; G}, consists of polynomials of which a 
power is in (I; 6),; and {Q; @}, consists of polynomials of which a power 
is in (Q;@6),. Our statement follows immediately from this. 

Let H, be the prime polynomial ideal consisting of those polynomials of 
Q which are free of w. Then it follows from the preceding statements that 
(IT; G}o is the intersection of the I. The Uy are prime ideals, and the u, 
form a set of parametric indeterminates +° for each M. This proves the 
lemma. 


Lemma IT. With the notation of Lemma I, if every element of G not 
contained in % ts transcendental over %, then {11; G}, ts itself a prime poly- 
nomial ideal, and a characteristic set of I is a characteristic set of 10; G}o. 
In particular, if & is algebraically closed and © is any extension of %, then 
{11; ©}, is prime, and a characteristic set of II is a characteristic set of 
(11; Go 


Proof. To show that (I; G}, is prime, it is sufficient to show that A 
is irreducible in G; for then k — 1 in the proof of Lemma I. Now a poly- 


18 This is so because Q, contains no non-zero polynomial in the u, alone. Hence M, 
contains no non-zero polynomial in the u, alone. On the other hand H, and hence each 
Th, contains a non-zero polynomial in t,- --,u, and y; for each- j from 1 to p. 
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nomial § in one indeterminate has the same factors in © and in %, if we 
consider two factors to be identical when their quotient is an element of the 
coefficient field. For first of all, it is possible to restrict S and its factors to 
polynomials with initial coefficient 1. Secondly, S has a factorization into 
linear factors with initial coefficient 1 in some algebraic extension of %. All 
factors of S in any field which meet our restriction are products of these 
linear factors, and therefore have coefficients algebraic over 4. Hence if such 
factors have coefficients in ©, then they have coefficients in %. i 


By a device due to Kronecker’ the factors of A can be formed from 
those of a related polynomial S in one indeterminate. It is easy to see from 
Kronecker’s method of obtaining the factors of A from those of S that, since 
8 has the same factors in G as in %, the same is true of A. Hence A is 
irreducible in ©, and {0; G}, is a prime polynomial ideal. 

Let B,- - >, Bp be a characteristic set of I, and C;,- - >, Cp a charac- 
teristic set of {IG}. Suppose some C; is reduced with respect to B,,---, Bp. 
We let k be the least integer such that Cy is reduced with respect to this chain. 
We may then take Ci = By, 1S1 < k. 

We adjoin to © elements a, t— 1," - -,g, annulling no polynomial with 
coefficients in ©. Replacing the wm by a, we solve B, for y,. Substituting 
the a, for the u in B:, and the solution just obtained for yı, Bz becomes a 
polynomial in 4, alone. Solving this and substituting in a similar way into 
B, we obtain a polynomial in y, alone. Continuing in this way, we find all 
the y At no point are we unable to solve; for each ideal (Ba + +, By, Iai D)o 
where J;,, is the initial of Bin, contains a non-zero polynomial in the t 
alone," so that Z, cannot be annulled by the solution obtained for B,,---, Bh 
In the same way we see that a solution obtained in this manner annuls no 
separant of any B; Hence when we come to solve Bp, we can find as many 
distinct solutions as its degree in yx. In particular, then, we may choose a 
solution of By which does not annul’ Cg. (Since the chain B,,: - -, By, is a 
characteristic set of a prime ideal of polynomials with coefficients in ©, the 
initial of C cannot be annulled by the solution obtained for the u; and y, 
j <k.) | 

The solution we obtain in this way annuls I. Hence it annuls {TH ; G}p. 
This contradicts the fact that it does not annul Cy. Hence no C; is reduced 
with respect to B,,---,By. This proves Lemma II. 

The discussion of Example 1 shows that there is no possibility of obtaining 


17 See Van der Waerden, Moderne Algebra, lst ed., vol. 1, p. 129. 
18'See [6], Chapter IV, $9. 
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a complete analogue of Lemma I for difference polynomials. We can, however, 
obtain a result analogous to Lemma IT. 


Lemma III. Let % be a difference field and I a reflexive prime difference 
ideal of. polynomials with coefficients in %. Let Œ be an extension of %, 
which is such that every element of © not contained in & ts transcendental 
over %}, considered as an algebraic field. Then {O; G} ts a reflerive prime 
difference ideal. Any set of parametric indeterminates of TI is a set of para- 
metric indeterminates of {I1; ©}, and the effective order of IL in the rematmng 
indeterminates equals the effective order of {11; ©} in those tndeterminates. 


In particular, if Ẹ is algebraically closed, and © is any extension of %, the 
statements of the lemma apply. 


Proof. Let uz, Us," > +, Ugq3 Yip Ya, * *y Yp be the indeterminates of OH, 
the tų forming a set of parametric indeterminates. 


The set of polynomials of order not exceeding k in each w and y; will 
be denoted by My, k==0,1,---. I, is not empty for k sufficiently large, and 
it is a prime polynomial ideal in the indeterminates ww, t = 1, © +, q; Mm = 0, 
-- yk, and ym, gmd, ++, pjn= 0, k, 

By Lemma II, the polynomial ideal A, == {M}; G}, is evidently a prime 
ideal in the same set of indeterminates as I. The union A of the A, is a 
prime ideal in the infinite set of indeterminates tm, Ym, Where now the second 
subscripts have the range 0,1,---. We shall show that A is actually a 
difference ideal in the w and y. 

Let C be in A. We write Cas D y;C; where the y; are a finite number 
of elements of © linearly independent with respect to %, and the C; are 
difference polynomials with coefficients in %. 

Now C has zero remainder with respect to the characteristic set of some 
Ay. By Lemma II we may use a characteristic set of I as a characteristic 
set of Ay. Then each C; has zero remainder with respect to this characteristic 
set. Hence each Ci is in Ty, it first transform is in Us, and the transform 
of C is in Az, and therefore in A. | 

We shall show that the reflexive prime difference ideal {A} is {11; G}. 
On the one hand, since every Uy is in II, every Ax is in {11;@}. Hence 
A C {K; G}, and therefore {A} C {11; ©}. On the other hand, since IC A, 
{1l; G}iC {A; G} = {A}. 

No A, contains a non-zero polynomial in the im alone. Hence the t 
constitute a set of parametric indeterminates for {A}. It remains to show 
that {A} and I are of equal effective order in the t. | 
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Let A; be that leader of a characteristic set of IZ which introduces yy. 
By the result of [1], p. 149, we see that II is held by no non-zero polynomial 
in y, and the wù, alone which is of lower effective order than A, in yı. By 
Theorem IX of [1] and the result of [1], p. 149, we see that I is held by 
no non-zero polynomial in yı Yz and the tu, of lower effective order than A, 
in ¥,, and of lower effective order than A, in ys. Continuing, we have the 
following result: Let T designate the set of yj, such that, for each j, n takes 
those values, and only those, which are less than the effective order of À; in Y; 
and let T, designate the set consisting of the g-th transforms of the yj, in T. 
Then II contains no non-zero difference polynomial in the tym and the y» of 
any T, By [1], Theorem X, the number of ym in T is the effective order 
of I in the y. To prove the lemma it suffices to show that {A} contains 
no non-zero difference polynomial in the Y of any T, and tų. 

No I contains a polynomial in tm and the ym of a To. Hence for all 
sufficiently large values of k, T and the tum present i in Il, form part of a set 
of parametric indeterminates for Uy. By Lemma IT, they form part of a set 
of parametric indeterminates for A4. Hence A contains no non-zero polynomial 
in any set T, and w. Then {A} contains no non-zero polynomial in any set 
T, and u. This proves Lemma III. 

We shall need one more result of.a different sort, analogous to Gourin’s 
Theorem for differential polynomials.?® 


Lemma IV. Let IX and Il be reflexive prime difference ideals such that 
_ IL ts properly contained in I’. Then either W ts of lower dimension than I, 
or tt is of the same dimension as IL, every parametric set for I’ is a para- 
metric set for IT, and I’ ts of lower effective order than TI relative to any 
parametric set. 


Proof. Since II contains no non-zero polynomial in a set of parametric | 
indeterminates of II’, only the last statement of the lemma requires any con- 
sideration. Let us assume then that w,,-- +, ug is a parametric set- for both 
II and D’, the remaining indeterminates being 41,° * *, Yp- 


For non-negative integers a, b, c, let Mabo represent the prime polynomial 
ideal consisting of all difference polynomials in I which involve no transform 
of any y; of order less than a or more than a+ b, and no transform of any u, 
of order more than c. For a, b, and c sufficiently large, the dimension of 
Habeo is the sum of the effective order of II in the y; and the number (c + 1)q 
of tig, With ME c. 


1°. Gourin, “ On irreducible systems of algebraic differential equations,” Bulletin 
of the American Mathematical Society, vol. 39 (1933), pp. 693-596. 
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Let polynomial ideals Ws be defined for I’ as the IL, were defined 
for I. For all sufficiently large a, b, and c, the dimension of I’,4 is the 
sum of the effective order of I’ and (c+1)g. Now Ier contains War. 
TY’ contains a polynomial P.which is not in H. For all sufficiently large a, 
b, and c, Maso contains a transform of P, and hence contains Igy, a8 a proper 
subset. Then We» is of lower dimension than Has, when a, b, and c are 
large. The lemma follows from the relation above between effective order 
and dimension. 


CorozLary. Under the hypotheses of Lemma III, {0; ©} contains no 
polynomial with coefficients in D except the polynomials of I. 


Proof. The polynomials of {11; G} with coefficients in % constitute a 
reflexive prime difference ideal A. Since IC A, evidently {11; G} = {A; ©}. 
By Lemma III, a set of parametric indeterminates for IT is a set of para- 
metric indeterminates for (a; ©} — {A; G}, and hence is part of a set for 
A; by another application of Lemma III, it is a set for A. The effective 
order of II relative to this parametric set equals that of A by the same lemma. 
Then, by Lema IV, A cannot contain II as a proper subset. Hence I and 
A are-identical. a | 


5. Incompatible extensions, 


Taxorem I. Let the difference field % have the incompatible extensions 
G and §, of which at least one is a finita extension. Then there is an 
algebraically irreducible difference polynomial of zero order with coefficients 
in % whose general solution ts inconsistent. . 


Hence, if % is algebraically closed it has no incompatible extensions one of 
which is finite. 


Proof. Let G, say, be a finite extension of %, and let it arise by the 
adjunction of elements @:, %,° - -,@, to %. Let X be the set of all difference 
polynomials in unknowns Yı, 2,‘ * °,¥,r, With coefficients in %, which are 
annulled when each 44 is replaced by the corresponding an % is not the ideal 
[0], for otherwise we could find an extension of § containing a subfield iso- 
morphic to @ merely by adjoining to $ r elements annulling no algebraic 
difference polynomial with coefficients in ©. Evidently 3 is a reflexive prime 
difference ideal. | 


In terms of the ideal X we have the following condition for an extension 
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& of % to be incompatible with @:8 is incompatible with © if and only if 
{3; &} contains a polynomial with coefficients in & which is not in 3. ` 

For suppose, first, that & and © are not incompatible. Then an extension 
§ of Q contains a subfield isomorphic to Œ. Let a be the element of Y 
corresponding to a The & must annul the polynomials of 3, but no other 
polynomial with coefficients in %. Since every solution of X in an extension 
of & is a solution of {%; À}, it follows that {3 ; À} contains no polynomials 
with coefficients in % except the polynomials of 3. ; 

Next suppose that {%; 8} contains no polynomial with coefficients in ÿ 
except the polynomials of %. Let IL, Oa, > <, N, be the reflexive prime 
difference ideals whose intersection is {3; @}. At least one IL; contains no 
polynomial with coefficients in %, except the polynomials of 3. For other- 
wise there would: exist for each i, i=~1,---,7, a polynomial B; of I, with | 
coefficients in $$, which is not in X. The wd of the B, would be a poly- .. 
nomial with coefficients in % which is in {3; R} but not in 3. This would 
contradict our assumption. Let IL, say, contain no polynomials with coeffi- 
cients in % except the polynomials of 3. We adjoin a generic zero of I 
to & forming &. The subfield of & formed by adjoining the generic zero 
of I, to § is isomorphic to @. Hence & and Œ are not incompatible. This 
proves our statement of the condition for incompatibility. ; 

Returning to the consideration of the extension §, we let §* consist of 
those elements of § which are algebraic over We claim that $* and G 
‘are incompatible. 

Suppose that $* and © are not be Then, by the condition 
just given, {3 ; $*} contains no polynomials with coefficients in % except the 
polynomials of 3. It follows as before that, among the reflexive prime 
difference ideals IM,- -, Il, whose. intersection is {3; @*}, at least one, 
-say H, contains no polynomial with coefficients in except the polynomials 
of 3. ; 

Let A denote {II ; $}. The corollary to Lemma IV shows that A con- 
tains no polynomial with coefficients in $*, except the polynomials of Il... 
Hence A contains no polynomial with coefficients in %, except the polynomials 
of 3. Since {3; $} C A, our criterion for incompatibility shows that © and 
§ are not incompatible. This contradiction shows that © and j are 
incompatible. 

$* may be an infinite extension of a. but @ must be dr de with 
a finite zero-order extension ? of %. For. {%;§*} contains, by the above 


2° A finite zero-order extension of ff is an extension of the form FEV 5 YD 
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criterion, a polynomial B with coefficients in Ẹ which is not in 3. As shown 
. in [4], p. 449, B can be obtained from a finite number of polynomials of % 
| by a finite number of shufflings.24 These operations involve only a finite 
number of elements of §*. Let & be the difference field formed by adjoining 
` these elements to %. Then {3;%’} contains. B. Hence. © and §’ are. 


incompatible. 
| & is a finite zero order extension of %. But this implies that it is a 
simple extension. For let ¢,,- --,¢, be the generators of §’. There is an 


element c, a linear combination with integer coefficients of the c, such that 
the algebraic field %(c) contains the c. Then the difference field j}<c> con- 
tains the ¢, and hence is 9’. 

Since §’ is a finite extension monde with @, a repetition of the 
preceding argument shows that © contains an element d algebraic over % 
such that © = <d> is incompatible with &’. 

We now know that the existence of the incompatible extensions © and § 
implies the existence of simple extensions algebraic over % which are incom- 
patible. It only remains to show that two such simple extensions can 
be produced by adjoining different solutions of one irreducible zero-order 
difference polynomial. 

Let P and Q be the algebraically irreducible node da poly- 
nomials annulled by c and d respectively. Considering % as an algebraic 
field, we adjoin to it a solution y of P and a solution 8 of Q, forming the 
algebraic field o. There is an integer k such that (y -+ kè) is Yo Let R 
be the algebraically irreducible polynomial wae coefficients in % which is 
annulled by y + kô. 

Using Theorem IV of [1] in place of the fundamental theorem of 
algebra, we adjoin to §’ solutions of the difference polynomial Q equal in 
number to its degree. Among these solutions there must be a d such that 
the mapping c — y, d—> ô carries %(c, d) isomorphically into %». We denote 
by ZX, the reflexive prime difference ideal consisting of all difference poly- 
nomials in the unknown y, and with coefficients in %, which are annulled by 
c-+-kd. Now $(c-+ kd) must contain §(c). Hence <c + kå contains 
&<c>. In other words, the field %, obtained by adjoining to % a generic zero 
of %, contains a subfield isomorphic to §’. 


where each y, is the solution of a zero-order difference polynomial with coefficients in %. 
It must not be confused with a finite algebraic extension of # considered as an algebraic 
feld, that is, with an extension of the form ¥ (By - -, 8), where the 3, satisfy algebraic 
equations with coefficients in %. 

#1 A shuffling, as defined in [4], aires taking transforms, donnie linear com- 
binations, and factoring difference polynomials into products of transforms. 


17 
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'- The difference polynomial P has a solution © in an extension of <d>, 

which is such that the mapping ¢—-y, d—8 carries (6, d) isomorphically 
into $o. Let % be the reflexive prime difference ideal consisting of all 
difference polynomials in the unknown y, and with coefficients in #, which. 
are annulled by č + kd. : We see as above that the field a obtained by 
adjoining to % a generic zero of %, contains a subfield isomorphic to G. 
Hence {şı and z are incompatible. Since 3, and X, are essential prime 
ideals in the decomposition of {R}, Theorem: I is proved. 


COROLLARY. If the difference field % ts algebraically closed, there ts an 
extension & of % such that every reflexive prime tal nen ideal with coeffi- 
cients in F has a generic zero in Re. 


We suppose that the reflexive prime difference ideals with coefficients 
in & have been well-ordered. The proof is then easily carried out by induction. 
We produce a correspondence between the ideals and certain extensions of %, 
such that the extension corresponding to a reflexive prime difference ideal X 
contains a generic zero of X, and such that if 3, precedes %, in the well- 
ordering, then the extension corresponding to $, includes that corresponding. 
to 3. Evidently the extension corresponding to the prime ideal which is 
first in the well-ordering can be constructed. Suppose we have constructed 
such a set of extensions for all the reflexive prime difference ideals preceding 
an ideal A. Then the union © of these extensions is itself an extension of %. 
By Theorem I, there is an extension § of G which contains a generic zero 
of A. We let § be the extension of % corresponding to A. The union of all 
the extensions of the set is the extension & of the corollary. 


6. Monadic extensions. 


THeorem IT. If the difference field % has a finite monadic extension, 
then it has @ monadic extension <a>, where a is a solution of a zero-order 
difference polynomial with coefficients in %. 


Hence, if & is algebraically closed it does not have a finite monadic extension. 


‘Proof. Let Œ be a monadic extension of % formed by adjoining to & 
the elements æ, +=-1,---,n. The a annul some non-zero difference poly- _ 
nomial with coefficients in %; for otherwise, if we adjoined to G a set of 
elements Bi, t=. 1,--:,# annulling no non-zero difference. polynomial with 
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coefficients in ©, the resulting extension of @ would contain an extension of 
& isomorphic to @ and distinct'from @, namely $<fi,: * -, Bad. 

Let G* be the subfield of © consisting of all elements of @ which are 
algebraic over the inversive extension ** % of %. We shall show that © 
coincides with @*. We assume the contrary and obtain a contradiction. 


An element of @ whose transform is in ©* is itself in @*. Hence, by 
our assumption, @ contains elements no transform of which is in @*. Then 
© must be a monadic extension of @* formed by adjoining the a. Let 3 be 
the reflexive prime difference ideal consisting of all polynomials in 41,° © - ,Yn, 
with coefficients in @*, which vanish when the y, are replaced by the corre- 
sponding œ. ZX is not empty. Since there is an a, no transform of which 
is algebraic over ©*, 3 either has a set of parametric indeterminates which 
is not empty, or is of effective order different from zero. 


Let A denote {3;@}. By Lemma III, A is a reflexive prime difference 
ideal which, like 3, either has parametric indeterminates, or is not of effective 
order zero. Hence a generic zero 81, * +, 8, of A is not contained in ©. 
By the corollary to Lemma IV, A contains no polynomial with coefficients 
in G* except the polynomials of X. Hence the extension G<B:,- ` -, Bad 
contains a subfield G#*<B:,: ° :,B,5 isomorphic to and distinct from ©. 
This contradicts the fact that @ is a monadic extension of @*. Hence 
© — GX. 

_ From what we have just shown, every œ; has a transform a; algebraic 
over F. eur," "> is a monadic extension of y. For first of all, 
there is some &, and hence some &*, no transform of which is in $. Secondly, 
if there existed an extension & of Y such that %<a,*,- --,a,*> had two 
distinct isomorphisms into ®, then <a, : <, a> would have two distinct 
isomorphisms into the inversive extension of §, which is impossible. 


As we showed in the proof of Theorem I, a finite zero-order extension 
of a difference field is simple. - Hence there exists an element « such that 
Dla = cat, + +, a,"5. aœ is the solution of a zero-order difference poly- 
nomial with coefficients in %. This proves Theorem II. 


22 An inversive extension of a difference field is an extension which, if it contains 
an element h, contains an element g whose transform is h. In particular, we mean by 
the inversive extension § of a difference field ÿ, that unique inversive extension all of 
whose elements have transforms in #. It existence is shown in [2]. The inversive 
extension & of © contains §. Those elements of G which are elements of G and which 
are algebraic over are the elements of G which we call algebraic over the inversive 
extension of #. 
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COROLLARY. Jf & is a finite monadic extension of the difference field X, 
then every element of & is algebraic over the inversive extension of à. 


Proof. This is equivalent to the statement © — ©*, proved in the pre- 
ceding demonstration. 


An examination of the proof of Theorem II will show that we have made 
no use of the fact that the monadic extension @ has no automorphisms onto 
itself except the identity. We have used only the fact that @ cannot be 
isomorphic to two distinct subfields of an extension of %. Hence, if © ts a 
finite extension of % which has thts property, then there is a simple zero-order 
extension of % which contains a transform of every element of @. 

Conversely, if @’ == <a> is a simple zero-order extension of 3%, there 
is an extension Œ of G’ which has the property just stated. For let P be 
the algebraically irreducible difference polynomial whose solution is «. P is 
of zero order in an indeterminate y, and of degree n= 1 in yo. Using 
Theorem IV of [11] in place of the fundamental theorem of algebra, we may 
adjoin n— 1 additional solutions of P to @. The resulting field is ©. 

This property of zero-order extensions is in no way surprising; we find 
quite the same situation in algebraic fields and differential fields. What is 
anomalous is that some of these extensions have no automorphisms except 
the identity, i.e. are monadic. We have found no other way of characterizing 
those zero-order extensions which are monadic. At the end of this paper we 
give a conjecture which, if correct, gives a somewhat narrower class of exten- 
sions which includes the finite monadic extensions. 


7. Infinite extensions. We obtain conclusions somewhat weaker than 
those of the preceding sections when we deal with countably infinite exten- 
sions of a difference field which are incompatible or monadic. To study these, 
we must first consider the following situation. 


Let $ be an extension of the difference field $*, such that every element 
of § not included in §* is transcendental over $*. Let a set of elements 
Qi," * +, Ans Enu be adjoined to §. Let Zn» denote the reflexive prime difference 
ideal consisting of all polynomials in ¥,;--:-,¥,, with coefficients in §*, 
which vanish when these y, are replaced by the corresponding œ. Let Sas 
consist of all polynomials in #:,° > -, Ys, Yai, With coefficients in §*, which — 
vanish when these y; are replaced by the corresponding a; Of course %, 
consist of those polynomials of Zan, which are free of Yu. Let An = {25 9}, 
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and let Amı = {fm1; 9}. We shall show that A, consists of those polynomials 
Of Any which are free of Ymi. 


We denote by Sanz and Saiz, k= 0,1," + :, the polynomial ideals con- 
sisting of those polynomials of 3, and X%,,:, respectively, which contain no 
transforms of any y; of order exceeding & Let Asr = {3x5 O}o, and let 
Ana 8 = {2na k; Oo. We see from the proof of Lemma III that A, consists 
of those difference polynomials a transform of which is in some A,4, and that 
„Ann consists of those difference polynomials a transform of which is in some 
Ån k 

Xxx consists of all polynomials of %n.,, which are free of transforms of 
Yn We choose a complete set Tay of parametric indeterminates for nz. 
(Tux may be empty, or may consist—when „x is the ideal [0]—of all the 
indeterminates of 3,4.) Since Zan x contains no non-zero polynomial in the 
indeterminates of Tax, we may select a complete set Tas x of parametric 
indeterminates for Zw y Which includes Tux Z's; and Tny + are also sets of 
parametric indeterminates for Aq, and An x respectively, by Lemma II. 


Let II be the prime polynomial ideal which consists of those polynomials 
of Anz x Which are free of Yn, and its transforms. Then ID A,x. Since IL 
contains no polynomial in the indeterminates of Tay, it has at least as large 
a set of parametric indeterminates as Anz. Hence A,; cannot be a proper 
subset of I. Then I = Ang. In other words A,; consists of those polynomials 
of Ani Which are free of Yn, and its transforms. | 


Let P be a difference polynomial in Amı which does not involve Ym 
Then for some k, a transform of P is in Amı g, and therefore in Ang. Thus P 
is in A,, which proves our statement. 


Let yi,° °°, Ynn be a generic zero of Anz. By the result just proved, 
Yı’ ` ‘> Ya 18 à generic zero of Ay. Conversely, let &,- : -,@, be a generic 
zero Of An. Since & = <a, - -,a,> is isomorphic to <yn" © -,yn>, We 
can find an extension of §’ which is isomorphic to <yn: + <, Yn Yne1d. Let 
Gai: be the element corresponding to yns in this isomorphism. Then 
M1," * * ; An, Ama 18 & generic zero Of Any. Hence any generic zero of An can 
be extended to a generic zero of A». It is in this form that our result will 
be used in studying countably infinite extensions. 


THEOREM III. Let a difference field % have the at most countably infinite 
extensions @ and © which are incompatible. Then % has incompatible 
extensions G* and $*, at most countably infinite, every element of which ts 
algebraic over %. 


526 RICHARD M. COHN. 


Proof. Let @* and $* consist of those elements of © and §, respectively, 
which are algebraic over %. We shall assume that © and §* are not incom- 
patible, and show that this implies that © and § are not incompatible. 


By our assumption, there is an extension §’ of $*-which contains a 
subfield isomorphic to @. This subfield must be formed by adjoining to $ 


a set of elements a,1—=:1,2,---. There is no loss of generality in assuming 
that there are an infinite number of æ, since they need not all be distinct. 
For each n, n==1,2,: : :, let &, denote the reflexive prime difference 


ideal of polynomials of $*{y,,---, Yn} which vanish when each 4 is replaced 
by æ Let A, be the reflexive prime difference ideal {3,; $}. We shall adjoin 
a set of elements B, t = 1, 2,- -., to $ such that, for each n = 1, B1,°--, Ba 
is a generic zero of A,. If A, is [0], this is to mean that B,,: : -,B, annul 
no non-zero difference polynomial with coefficients in §. 


For 8, we choose a generic zero of A,;. Suppose we have adjoined 
Bo’ Br. Then B;,: +, 8% is a generic zero of Ay. Now Xz consists of 
those polynomials of 34. which are free of yi. By the result obtained at 
the beginning of this section, we may adjoin an element to the set B,,: © -, Bx 
to obtain a generic zero of Ax. Let Bn be this element. By induction we 
construct the set Bi 2—1,2,- -:. 


For any n, Bi, © `, BA annul no polynomial of #{y1,' © `, Yn}; except 
those annulled by a,---,a,. For, by the corollary to Lemma IV, A, 
contains no polynomial with coefficients in §* except the polynomials of 3,. 
Hence A, contains no polynomial with coefficients in 3, except the polynomials 
of 3, with coefficients in %. It follows that <A, B2,- * -> contains a sub- 
field isomorphic to ©, namely <81, 8:,: + ‘>. Then © and § are not incom- 
patible. Since we have obtained a result which contradicts the hypothesis of 
Theorem III, it follows that @ and §* are incompatible. | 

We can find a countable set of elements y:,y:,° © +, such that the field 
D (Y1 Yz’ ` `), formed by adjoining the y; to % considered as an algebraic 
field, is $. We need merely take for the y; all transforms of the elements 
which produce § when they are adjoined to %, considered as a difference field. 
It follows that when § is considered as a linear vector space with % for 
coefficient field, its dimension is at most NS. Hence §* is a linear vector 
space over %} of dimension at most No. Therefore §* is an at most countably 
infinite extension of #, considered as a difference field.. By a repetition of 
the demonstration above, we see that §* is incompatible with G*, This proves 
Theorem HI. 
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THEOREM IV. Let a difference field % have a monadic extension © 
which is an at most countably infinite extension of %. Then every element of 
© has a transform which is algebraic over à. 


Proof. Let @* be the set of elements of © which have transforms 
algebraic over &. We shall assume that @ contains elements which are not 
in @* and obtain a contradiction. @ can be obtained by adjoining a count- 
able set of elements a, aa >, to %. Of these elements, at least one is not 
in @* because of our assumption. Changing the subscripts if necessary, we 
arrange matters so that a, is not in @*. Then a, annuls no difference poly- 
nomial of effective order zero and with coefficients in @*. For otherwise, n 
transform of œ, would be algebraic over i}, and, a, would be in @*. 


Let %, denote the reflexive prime difference ideal consisting of those 
polynomials of G*{y,,---°, 4} which vanish when the y, are replaced by 
the a, Let A, be the reflexive prime difference ideal {%,; G}. 

We shall adjoin a set of elements f,, Ba * to @ such that, for each 
n = 1, Bu’ +, Ba is a generic zero of Ay. For 8, we choose a generic zero 
of A,. Suppose we have already adjoined £,,:--, fx. Then B.,: - >, Be is 
a generic zero of Ax. By the result obtained at the begnning of this section, 
we may adjoin an element p+ to the set B:,: - -, Bx so as to obtain a generic 
zero Of Agi. By induction we construct the set 8i, += 1, 2,- - 

By the provision above concerning %, %, is either [0] or of effective 
order different from zero. Hence A, is [0] or of effective order different 
from zero. Therefore its generic zero £, is not in the coefficient field G. 

For each n, A, contains no difference polynomial with coefficients in %, 
except the polynomials of 3, which have coefficients in %. Hence <1, 827° > 
is isomorphic to © Then G<:, Bs, - > contains two subfields isomorphic 
to ©, namely Œ itself and %}<B1,82,-* >. These subfields are distinct, 
because 8, is not in @. Therefore G is not a monadic extension of %, and 
we have obtained a contradiction. This proves Theorem IV. 


8. Conclusion. We have seen that if a difference field & permits finite 
incompatible extensions, or a finite monadic extension, then there is a single 
algebraically irreducible difference polynomial A of zero order in its indeter- 


33 As noted after the proof of Theorem IT, we have actually proved a theorem con- 
cerning a class of extensions wider than the class of monadic extensions. For it is only 
necessary to assume that @ is such that no extension of § contains two distinct sub- 
fields isomorphic to @. 
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minate y, such that a monadic extension of %, or incompatible extensions of 
&, can be obtained by adjoining solutions of A. 


Now for a single difference polynomial of zero order the two cases 
of incompatible extensions and of a monadic extension represent opposite 
extremes of a range of possibilities. Let us consider such a polynomial A, 
algebraically irreducible, and of degree n > 1 in y. We suppose that {A} 
is the intersection of two or more reflexive prime difference ideals II,,- © - , Hp, 
whose manifolds we denote by h, - -, Dt, respectively. 


We show as in the proof of Theorem I that there exist extensions of & 
containing n solutions of A. In fact any difference field containing k <n 
solutions of A can be extended to a field containing solutions of A. Not 
all such extensions of §} need be isomorphic, as we see from Example 1 above. 
It may be that for a particular polynomial A, the solutions in any one such 
extension all lie in the same manifold Jt (where + depends on the extension). 
In such a case all the manifolds are evidently incompatible. Examples 1-3 
all illustrate this. If, on the other hand, every such extension of 3} contains 
one solution in each W (so that we must have r= n), then each Yù is a 
monadic manifold. Example 4 illustrates this. 


For an example of a distribution of the solutions among the manifolds 
which is intermediate between these extremes, and which results neither in 
monadic nor in incompatible extensions, we consider the field © which is 
formed by adjoining a transformally transcendental element u to a difference 
field %. 


We consider 2 momentarily as an alegbraic field and adjoin a sequence 
of elements @,@,,°--, such that af = tp 1—0,1,::-, Evidently 
© (Go; M, °°) becomes a difference field («)® if we define the transform of 
a, to be aan t==0,1,---, where each e is either +1 or — 1. All the 
difference fields (e)X are isomorphic. There is no other way of extending 
the endomorphism of © to T(%, a,° °°). 

Let A be the algebraically irreducible polynomial in y, with coefficients 
in À, whose solutions are a < a, o — a1, —G@) F Qi, —-@—a@,. We con- 
sider A is a difference polynomial. Let y be any solution of A. Since a 
can be expressed rationally in terms of a -+ au: or any of its conjugates, 
Téy> is isomorphic with one of the fields (c€)® and therefore contains four 
solutions of A. Since the fields (<)& are isomorphic, all fields formed by 
adjoining solutions of A to © are isomorphic. Hence the four solutions must 
be distributed in a fixed manner among the essential irreducible manifolds 
of A, and there must be at least one of them in each of these manifolds. We 
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shell show that there are actually two essential irreducible manifolds of À, 
and that two of the four solutions lie in each of them. 

For convenience, let y be a solution in one of the fields (e)&. Thon yo 
is a conjugate of & + a. We form the algebraic field 2, — (y) which 
must contain a and a. Gy, is of second degree over $a. Hence y, is of 
second degree over Tı. Then the transform A, of A: factors in ©, into two 
irreducible polynomials of second degree. Let Ta denote (ao, &1, © >, G1). 
It follows as with A, that the k-th transform A, of A factors in Za into two 
algebraically irreducible polynomials of second degree. Theorem IV of [1] 
now shows that A has two irreducible manifolds M, and Mt. 

From our previous discussion’ we know that if we adjoin a solution of 
either Yt, or M, to T, we obtain a field isomorphic to any (€)X, and con- 
taining a solution y” of Yt, and a solution y” of M. But the mapping 
which carries each a; into — a, or the corresponding mapping in a field 
isomorphic to (e)£, is easily seen to be an automorphism of the difference 
field (e)%. It carries y into — +, and y” into — y”. Hence — y" and — y” 
are solution of Mt, and M, respectively. This proves that there are always 
two solutions in each manifold. Evidently Yt, and Wt. are not incompatible, 
nor does either furnish a monadic extension of &. 

We may duplicate this example in the field R of rational functions of z 
with complex coefficients, the transform of a function f(z) being defined as 
f(z -+-1). We simply replace the u» in the preceding example by x + k. | 

It would be interesting to know whether the fields R or Z have finite 
monadic or incompatible extensions (other than those obtainable from incom- 
patible or monadic extensions of 3} by adjoining x or uv). It would follow 
that they do not if we could establish the following conjecture: If an essential 
irreducible manifold W of an algebraically irreducible zero order difference 
polynomial A with coefficients in a difference field % is monadic, or if it is 
incompatible with another manifold of A, then a solution of Dt is contained 
in an extension of % which, considered as an algebraic field, is a finite exten- 
sion. In other terms, we conjecture that the characteristic set of A which is 
annulled by WM terminates in a polynomial which is of first degree in the 
highest transform of the indeterminate present in it. 


RUTGERS UNIVERSITY. 


(580 RICHARD M. COHN. 


i 


T2] 


BIBLIOGRAPHY. 





[1] R. M. Cohn, “ Manifolds of difference polynomials,” Transactions of the American 
Mathematical Society, vol. 64 (1948), pp. 133-172. 

“ Inversive difference fields,” Bulletin of the American Mathematical Society, 
« - vol. 55 (1949), pp. 697-603. | 





13] J. L. Doob and J. F. Ritt, “ Systems of algebraic difference equations,” American 


Journal of Afathematica, vol. 55 (1933), pp. 505-514. 
(à EH. W. Raudenbush and J. F. Ritt, “ Ideal theory and algebraic difference equations,” 
" Transactions of the American Mathematioal Society, vol. 46 (1939), pp. 
- 445-452, 
[ET J. F. Ritt, “ Complete difference ideals,” American Journal of Mathematics, vol. 63 
(1941), pp. 681-690. | 
, “Differential algebra,” Oolloquium Publications of the American Mathe- 
~ matical Society, vol. 83. 


[6] - 





ON THE COHOMOLOGY THEORY FOR ASSOCIATIVE 
ALGEBRAS.*1 — i 


By I. H. Rose. 


1. Introduction. Cohomology theory in general (cf. [1]) concerns | 
. itself with the following situation, which arose originally in topology: 


O°, C1, ++, C%,-- + is a sequence of abelian groups, 8°, 8°: : ,8,: -> 
a sequence 7 homomorphisms such that ô” maps O” into Cr ini such that 
818% ome Q), l i 


In this situation the elements of.C* are called n-dimensional cochains; ` 
the kernel of 8" is denoted Z* and its elements are called n-dimensional co- 
cycles; the image of 8” is denoted B”! and its elements are called (n -+ 1)- 
dimensional coboundaries; B° is defined to be the zero element of C°. < 

Since 5197 — 0, it follows that B*CZ". We may therefore define. the 
“eohomology” group H*-=2Z*/B"; two n-dimensional cocycles are called 
cohomologous if their difference is a coboundary. The symbol & is used to 
represent any of the homomorphisms 5", since this leads to no ambiguity. ar 

The cohomology theory for associative algebras specializes the ee 
situation as follows. i 

Let F be a field over which are defined an associative algebra A ‘ea a. 
vector space P. Suppose further that P is a two-sided A-module, i.e. for each 
ae À, pe P there are defined elements a: p, p-aeP which are bilinear func- | 
tions of a and p such that 


h` (42: p) = dado" p, (PM) ta = p' Mas —*(P* a) = (mp) as. 
Now for n > 0 define C* == C*{ A, P) as the vector space of all n-linear 


functions of n variables mapping A into P, and define C° = ° (A, P) =P. > 


Furthermore, for n > 0 and fe@"(A, P) define ôf such that: 
Bf (diy © `, Ann) = Gi f(Ge,* > * 3 Ansi) — F (Gide, Gas" * * ; Omri) 


n-1 
zg 2 (— 1)*f(a, Oe ty Aters Biens Gira’ ° '3 Any) 


+ (= DA, + +, anas näna) — (— 1)"f (a © +, An) * nat 
Finally, for n = 0, define 8p(a) == a ` p — p` a. 


* Received May 16, 1951. f | | 
1 This paper is based on a portion of the author’s doctoral dissertation at Harvard 
University. 
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It is then easily proved (see [4], p. 60) that 8 is a vector space homo- 
morphism such that 88 — 0, so that.we have here a special case of the preceding 
general situation. In this case we denote Z” by Z*(4, P), Br by Br(A, P) ete. 

This paper is concerned with several problems suggested by Hochschild. 
We consider first a problem proposed in [4]. After introducing for a given 
algebra. the condition Cm: “All m-dimensional cohomology groups vanish,” 
the statement is made (p. 58) “ Theorem 3.1 implies that Cai is a conse- 
quence.of Ca for m = 1. But it is an an open question whether or not Cm and 
_ Oma are equivalent.” | 

We denote by Km, Mm == 0,1,2,- -- the class of all algebras over F 
whose m-dimensional cohomology groups are all zero, or in other words 
cocycles are all coboundaries. (It-is easily proved that K, is the null class.) 
One may then paraphrase the question concerning the condition C,, as follows: 
For m = 0 we have Em C Km; do we actually have Km == Kma? 

For m = 0,1,2 Hochschild has proved that the answer to this question 
is in the negative. The proof for m == 0 follows from his demonstration that 
the algebras in K, are a well-known non-null set, namely the set of algebras 
separable over F ([4], Theorem 4.1). For m ==] an algebra (which we 
denote H’) is produced such that H’ e K,— K, ([4], section 9). The case 
m == 2 is disposed of by first proving that adjoining an identity to an algebra 
does: not affect its K-class ([5], section 2); then, letting H be the algebra 
formed by adjoining an identity to H’, it is proved that the Kronecker product 
HX He K,;—K, ([6],Theorem 9.2). 

Immediately following Hochschild’s proof of this last result he dt 
“conjecture which we shall call Conjecture 1. 


CONJECTURE 1. The n-fold Kronecker product H x H X- -X H does 
not belong to K,. 


We prove Conjecture 1 in Prop. 6.1. There easily follows (Theorem 6. 1) 
the answer to- the first = raised, namely: Km =~ Km; for although the 
n-fold product H X H X:- +X H does not belong to Kx, it does, as a conse- 
quence of Theorem 5.1, belong to Kays. 

Conjecture 1 is followed in [6] by another conjecture: 


CONJECTURE 2. If Ae Ky— Ky. and Be Ky — Ky, then the Kronecker 
product A X Be Koig1— K pa-s 


We shall consider in this paper the following two conjectures which 
together imply Conjecture 2. 
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CONJECTURE 2a. Ae K,, BeK, => AXB £ Rey 

CONJECTURE 2b. AgKp BEK; => AX BE Kyo 

A special case of Conjecture 2a, namely that in which A and B have 
identities and q == 2, is a consequence of the following theorem in [6]: - 

THEOREM 9.1. Lei A and B be algebras with identity elements, and 
suppose that all two-dimensional cohomology groups of B are zero. : Then 
for every A X B module Q and n= 1, we have 

HA, 2°(B, Ci(A X B, Q) = A (A X B,Q). 
In [6] the proof of Theorem 9.1 is followed by another conjecture: 


CONJECTURE 3. If A and B have identities, and Be Kpn, then - 
H(A, 2°(B, C?(A X B, Q))] = H(A X B, Q). 

We prove Conjecture 3 in Theorem 4.1. There immediately follows 
(Theorem 5.1) that Conjecture 2a is true for algebras with identities. 
(Conjectures 2b and 2 are definitely not true for algebras A, B without iden- 
tities; a counterexample will be exhibited in a subsequent paper on the 
classification of algebras by means of cohomology theory). For the case 
p —0, A with an identity we prove Conjecture 2b in Cor. 5.1, while in the 
case p==1, A and B with identities, a proof is given in Theorem 5.2. It is 
likely that Conjecture 2b is true for algebras A, B with identities, but a proof 
covering all cases remains to be found. 


2. Notations and conventions. Except where otherwise indicated, the 
following notation and conventions will be assumed. 


F: A field over which all algebras in the sequel are defined; all algebras in 
the sequel have identities. 


AX B: The Kronecker product of algebras A, B. If 1a, 1g are the identities 
of A, B respectively, we identify a X 1g with ae A and 1, X b with 
be B in situations where these identifications lead to no ambiguity; 
also, we denote 1, X 1g by 1. 

S;: The element a, X be À XB. 

rag: The sequence ar, ar’ t, ag TEN, 


Lp: The class of algebras Kpn — Kp p= 0,1,2,- - ; note that Do = K. 
3. The D-modules M, and M’,. (n=—=0,1,2,:--). Let D be an 


algebra, M a D-module. We shall find it useful to make the vector space 
C*(D, M) into a D-module in two ways. 
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(I) For n>0, C*(D,M) ts made into a D-module M, as follows: 
Let d,.d,e D, geC"(D,M). Then we define d-g and g-d such that 

{d-g}(adx) = d` gids) and {g- d} (idn) = d> (dr) — 8g(d, rdn). 

(II) For n> 0, C*(D,M) ts made into a D-module M”, as follows: 
Let d,.d,e D, geC"(D,M). Then we define d-g and g-d such that 

{d+ g} Gdn) — (— 1)"Sg lidn d) + 9Gdn) d and {9° d} (Gda) = gids): d. 

The definitions are completed by setting M= M’, == M; to verify that 
M,, M’, actually are D-modules involves only straightforward computation. 

The usefulness of these modules lies in the following two propositions. 
_ Proposition 3.1. Given feC™"(D,M), m20, n>0, define 
feO™(D,Mn) such that f(ids) =f(idn) for m=0, {f(1dm)}(m1dm) 
= f (idman) for m>0. Then {8f(1dms) } (mizami) = Of (sdminis)- 


Proof. Note first that for m > 0, 
{F (1d) À Ama eamin) 


= dini {Fhdm)} (madmen) — (SEF ldm) 1} (ns1dmans: ) 
sli (f Gla) Cm) daa Gin) ) aadu) 
+ fGdm, Amr14m+2) mes lanti) -+ E + (— 1)"f(1dmin) À dmn 
Therefore, for m > 0, 


{8f(sdmi2) }(msadmonsa) 
=m dy A f Ga) “ie Í (did, sdmans1) -+ ` g : ~- (— 1) Gdn- même mi2dmint ) 
a (— 1)™{f( din) i deat (misaman) Fe OF dean), q. e. d. 


For m = the result follows immediately from (I). 


_ Proposition 3.2. Gwen feCm"(D,M), m20, n>0, define 
feCm(D, Mn) such that f (idn) = (—1)"f(ida) for m = 0, {F(nerEnsm) } Gdn) 
= (— 1)"f (idm) for m > 0. 

Then {8{(n14msns1)} (dn) = 5f(1dminn). 


Proof. Note first that for m > 0, 
{dust j fi (naanin) Gadna) 
ms (— GG Gaia) (dues) + onian adn) * du 
aa (— 1)*[di | Gade E Er 
+ (~1)"{flsiadnrmes)} (dna, dadan)] 
= dy f (sdmin+1) rae eae + (— 1)"f(.de-, dn dns, pier): 
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Therefore, for m > 0, 


(farm) } dn) 
— {dna i f (se0 nies idn) = (— 1)*f(.da, Ensidnss, Anyg@nemei) -+ eo 
+ (— D= 1) f Gaam) * dmm = Sf (idman) q. €. d. 
For m =— 0 the result follows immediately from (II). 
COROLLARY 8.1. H™"(D, M) == H"(D,M,) for m>0, nẹ=Q0. 
COROLLARY 3.2. H™*(D, M) = H™(D,M’,) for m>0, n= 0. 


4. The cohomology group of a Kronecker product. 
Lemma 4.1. Suppose p> 0, fe C(A X B, M ) and that 
(i) f ts a coboundary on B, 1.e. there exists ge Cr(B, M) such that 
tf — 89} (abp) = 0. | 
(11) i > p, Spe B = f (9p) — 0. 
Then there exists he C?(A X B, M) such that 
1t >p, Sie B = {f — dh} (Spn) = 0. 
Proof. Adopting the notation 
[Sf (15p+2)]x: the sum of the first k terms of the expansion of ôf (18p2), 
11 8f (18p+2) |: the sum of the l-th term and its successors in the expansion of 
Sf (19542), 
anp: the product anan’ ` ‘Gp, (n=p), 
and defining the cochains 
U(15p) = lip ' g (1bp) — f (tip, 109); 
vap) = (— 1)? (189 1), 
fr (199) = F (Smi Grp, rbp), (i<rSp), 
we derive the following relations: 
(1). buf Sa ba) == Sa > u(bz) — u(Sib2) + u(S:) bz 
== S1 ` (bz) — 81° FCL, b2) — a1 g(b1b2) + f(a, P1da) 
+ a, * g(bi) > ba — fda, b1) * ba 
= h °39(b3, ba) — [Si fC, Da) ] + f(a, b1) * ba 
a= Sf (Q1, bis b2) + F081, b2) — [8f(S2, 1, b2) — FSi, 1) * b2] 
= f(8 1, b2) — f(91, 1) - de. (p = 1) 
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(2) Susp, bpa) == 8; ` Ulap, bpr) — U (818a; ap, bpn) tr 
+ (— DPu(8 5 3 Sobra) — (— 18s) ` bpn | 
= Silap" G(2bpi1) — Gap * 9(01bs; sbor) + ° + 
+ (—1)?aag * glabris bobon) 
— (—1)Paip* (ab) * bps — S1 ` fCasps ebo) | 
+f (dip, bibas sbo) —" © — = 1}rf (ip; 10, bpbpu) 
= a 1)ef (ip, 10p) * bpn 
Up: 89.091) — S1 ° fap, 201) + Sf (taps 1D p41) 
_ — dip * f(.Bps1) + f(Gipds, 2B p41) 
= f (Sidep, eDpir) — Sa ` f(Gep, adpat). (p > 1) 


(3). bv (55, bys) == 81 © V (238p, bp) — 0 (8182, 399 bpa) +° °° 
+ (—1)?0(1Sp-1, SpBper) — (—1)?0 (8p) ` bori 
== (— 1)?[81 : f (289, Opis, 1) — (S82, pa, Op, 1) +o: 
+ (— 1) (Spa, Sobe 1) — (—1)?f (199 1) bon] 
m (— 1)P[8f(18'p, byes, 1) + (— DPI bor) — (— 1)?FGSp, bon) * 1 
— (— 1)?f85, 1) > bpn] 
= f (5p, bpa) — f (8p, bp) * 1 — (1995 1) * bpn. 
(4). - Sfp (19 ps bpr) = Sı ` fo (2Sp, byt) — fo (S182 8p bpa) to 
| — (—1) fp (1892 Sp-sSp, bpn) + (— 1) fp (Spa, Spbpir) 
— (—1)?fp (8p) + bpn | 
== Sa ` f(28 ps 1, bpr) — F (S182, 899 1, bo) °° 
a (= 1)*f (1992, Sy-19p) 1, by) 
+ (—1)?f (Spa, Gps bobo) — (—1)?f (18r Gp bp) ` Dorr 
aed sf (199 1 Op) 1)?f (Sp; 1) bp 
+ c= 1)?f (Spa, Op, bobo) —(—1)?f (Spa, lp, bp) * Oper 
= (= 1)*[f (18-13 Bp, Dpbpss) — fGSp, 1): bpa — (89-13 Op, bp) * bpn]. 


| (5). Sfr (1p, bpr) == 8a fr (82, bp) — fr( 8182 Spy bp) +: 
K (= 1) f+ (187-2, Spar, r19p; bpr) 
+ (— 1)"fe (1952 Sy 7415 padres) + ee (— 1)?fr (192) : bou 
or Si | f (295, U (r+1) ps r+10 p41) came f (8,82, sr; B(r+1) py rbp) —- EE 
ds G 1f (8-2, 8,187; Œ(rs1)p5 pOr) 
EN (— 1)f (Sra, Grps Ordres r+20p41) 
He (1) Ff (Sra arp rp) + Opes 
oa [8f (187, Girsi) ps ri Opa) |p — r+2 [8f (SH; arg, rbpu) |. 
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(6). Case 1. p=2. $ (—1)*8f; (8p, Dyes) — èfa (1Sa be) 
= f (Si, Az, 0203) — (192, T) -bs — f(s, Qa, bz) ` bz 


=A df (Si, Aay 203) + 8: f (Ge; 203) = f (814s, 203) 
+ f(:82, ba) — f (18a, 1) Ds 


== Da ` f (dap, 2bpa1) — F (Sidap, 20941) + FCS p bye) — F (18, 1) + Bon 


(6). Case 2. p>2 S(—1)3f (Sh bpn) 
= {8f2— dfs +H: + (—1)?8fp} (Sp, Opri) 


mR i LSF (152, asp, sbor) Ja — alef (81; Gop, 2Bpsr) ] 
— [8f (153, Gap, bpi) la + slLêf (105 Asp, sbpn) | 
+ Lôf (194 Asp, 50p+1) | ~~ e [87 (188 Bap, 40911) | 


+ (—1)?[8f (1892, @(p-s)p pO pss) Joa —(— 1) p[8f (25 p-2, @(-2)p5 p-2bpe1) ] 
—(— 1)? [8f (18r dp, pbp) Tps + (— 1) Pos [Sf (1992 Gp» pbp) ] 
+ (— 1)? (—1)?[f (185p Gp, Dobor) — f (8p, 1) * Boas — f(r, Gps by) * Ops] 
= — 4[8f (84, lap» 2054) | : 
=f (83, DENT s0p11) + f (Ss, SsQap, bpr) 
— f (18s, Sat 44) + F (18s, Sadsp 50p+1) 


— (1898 Sp-28(p-1)p, pbp) + (10 p-2 Spadp, phprs) 

— (1)? [Ff (8p, ps pP par) Ips 

+ (5-2 Gps bpbpri) — F (Sp, 1) ` Opis — f (19-13 Aps bp) * bon 
= 81° f (aap, sbpis) — f (S10ap, 2bpa1) + F (81, S2dep; pu) 

— f (Si, Sedsp, s0pir) + F (1952 Spry, pbpir) 

— f (Spa, Sprdp, pbp) + (199 per) — f (Smis ap, bobori) 

+ f (15r ap, bp) ` pas | 

+ f (Spa, Op, Opbpir) — (99) 1) * Bou — f (a8 p41) Gps bp) ` bosi 

= 81 ` f (dep, 2bpu) — F(S1G2p obp) + (19h; Ops) — f (8p, 1) bpr 
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It may now be verified by straightforward computation that the following 
definition of A will satisfy the requirements of the lemma: 


For pam 1, h(S,) = {Ru — v} (8,) — u (S) «1. 
For p > 1, (199) = (2u—v +2 È (—1)"f) (55) 


— u+ È (1) fe} Sp) 1. 
This completes the proof of the Jemma. 


Lemma 4.2. Suppose p=0, Be Kyu, feCr'(A X B,M), and that 
t>p, Sie B => ôf (185p) == 0. Then there exists he Cr(A X B,M) such 
that t >p, Se B => {f — êh} ( par) — (), 


Proof. ‘The result is trivial for p—0, and follows immediately from 
Lemma 4.1 for p > 0. 


Lemma 4.8. Suppose p= 0, r = 1, Be Kyu, fe Cre (A X B, M) and 
that 


(1) i > p, Spe B = df (Srp) = 0, 
(ii) 1>p+1, ke B= f (Snp) = 0. 
Then there exists he C'?(A X B, M) such that 

i> p, 9e B = {f — h} Smpn) = 0. 


Proof. We apply section 3, setting D = A X B, n=r and (in Prop. 
3.1) m==p -+ 1. We have, then, a cochain fe Cr1(4 X B, M,) such that 


(a) (BF Spa) } (pis Srpse) — 8f (Srapsa): 

Now let N, be the submodule of M, consisting of all ¢ such that 
(b) t>p+l, Sie B= t(p2S rp) = 0, 
(c) © t > p+2, Spe B=> {t Spe} (marp) = 0. 


We assert that fe Ce(A X B,N,); for (b), in this case, follows imme- 
diately from (ii). To verify that f satisfies (a), we note first the following 
equality occurring in the proof of Prop. 3.1: 

(F(a8 ps1) ` Spa} (oo Srepen) = (— IPI GSren) — S1 ` f(2Srapre) 

+ F882, srap) —* °° + (— LG Sr Sp pra pr39 repaz). 
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Now if t > p + 2 and S,e B, we have the first term in the brackets zero 
by (i) and the remaining terms in the brackets zero by (ii), q. e. d. 

Next we show that if we replace f and M in Lemma 4.1 by f and W, 
respectively, then f satisfies the hypothesis of Lemma 4.1. First observe that 
(i) and (a) imply that f is a cocycle on B. But then, since Be Kpn it 
follows that f is a coboundary on B. Next, note that the requirement i > p, 
Bye B => 8f(1Sp.2) == 0 also follows from (i) and (a). 

We may therefore conclude that for p > 0 there exists he Co(A X B, N+) 
such that i > p, Se B => {f —8h} (18p1) = 0; the same conclusion is trivial 
for p =Q. 

Now we define heCr?(A X B, M) such that for p> 0: AC Srp) 
= {A(S (pSr); for p == 0: AS) = h(18,): To show that À satisfies the 
conditions of the lemma, we assert first that i > p + 1, Sie B => ôh (8mp) 
== 0; for we have 8h (8mp) = {0h (18 ps1) } (pr28repar), and our assertion then 
follows from the definition of Np 

Referring to (ii) we see that this proves the lemma fori > p +1, Sie B. 
There remains to prove only the case t=. p + 1, 9e B. But 


Sh (199 boris prarepa) == {8h (1993 Byer) } (m2 rage) 
= PO bra) nlnm) =T Gin leopar qal 
LEMMA 4.4. Suppose r= 0, p È 0, Be Kpn, feCr#(4 X B, M) and 
i> p, Spe B= 8 (Srp) = 0. 
Then there exists he Cr*?(A X B, M) such that 
1 > p, Se B => {f — êh} (Bupa) = 0. 


Proof. We use induction on r. For r==0, the lemma coincides with 
Lemma 4.2. Suppose, then, that the lemma is true for r = k = 0, and that 
r=k+1. Replacing D in Prop. 3.2 by A X°B, and setting n = 1, 
m =r -+p=k-+p-+1, we have defined a cochain fe Chr(d X B, W) 
such that {8f(eSrepss} (91) = 8f(19xpis). But then f satisfies the hypothesis 
of the lemma for r=, so that there exists by the inductive hypothesis a 
cochain h, € O% (A X B, M’) such that . 


i> p, Sse B = {f — 65h} (Seip) = 0. 


We now increase the dimension of h, by defining h, e Cr? (4 X B, M) 
such that hi (Sept) == {h(S rp) } (S) for k + P > 0, and h(S) = hy(8;) 
for k + P maA 0. Then Shy (1Srip+2) QUES {Shy (Drp) } (Si). 
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The cochain kh, does not quite satisfy our requirements, since we now 
have only: 4 > p + 1, S£ B => {f — Shi} (Sespiz) = 0. However, this result 
means that f — Sh, satisfies the hypotheses of Lemma 4. 3 for r = k + 1, with 
f replaced by f —8h,. There exists therefore a cochain h, e C*#?"(A X B, M) 
such that i > p, Se B => {f —5h1) — dhe} (18 rip) = 0. 

Clearly, h == h, + he satisfies the requirements of the lemma. 


Lema 4.5. Suppose r, p = 0, Be Kpn, feCr(A X B, M’,) and that 


i> p, Se B= ôf (paS pra) — 0. 
Then there exists he C(A X B, M’) such that 


i> p, Be B => {f— 8h} (m8r) = 0. 


Proof. If p= 0 the lemma is a special case of Lemma 4.4. Suppose, 
then, that p> 0. We define f as in Prop. 3.2, replacing D by A X B and 
setting m == r + 1, n= p. Then we have (f (pipes) } (195) = 8f (1mp). 
Therefore i> p, Se B — ôf (Brp) = 0. | 

But then f satisfies the hypothesis of Lemma 4.4. Therefore there exists 
he C(A X B, M) such that t > p, 81e B => {f — êh} (185r) = 0. 

The cochain h defined as follows will now satisfy the requirements of 
the lemma: for r>0, {h (11S rap) } (192) = (— ORNE ; for r—O, 
h (Sp) = (—1)h (185). 


THEOREM 4.1. Be Ky.—>H™*(A AS, M) = H™[A, Z° (B, M’,)], 
(m>0,n= 0). 


Proof. In Lemma 4.5, change the notation by replacing f by f, h by g, 
M’; by P and r+1 by m. The result will be Lemma 3 of [5], (p. 574). 
As an immediate consequence of this lemma Hochschild proves ([5], Theorem 
6, p. 575) the following result: H™[A, Z° (B, M’,)] = H*(A X B,M’,), 
(m>0,p=0). Theorem 4.1 now follows from Cor. 3. 2. 


5. The K- and L-classes of a Kronecker product. 


THEOREM 6.1. AcKn, BeK,— 4X Kmipa (m, p> 0). 


Proof. Let M be any A X B module, p—n-+-1. Then the hypothesis 
of Theorem 4.1 is satisfied, so that H™'**(A X B, M) = H*[A, Z° (B, W'a) ]. 
But since Ae Kw we have that H*™[A,2Z°(B,M’,)|]—=0. Therefore 
H™»(A X B, M) =0, i.e. A X Be Kmi = Kmp, q. e d 


With reference to determining a lower bound for the K-class of A X B, 
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only the two simplest cases are settled here. The result for the simplest case 
is given in Cor. 6.1. Lemma 6.1 introduces a general construction which 
seems to yield a result (Theorem 5.2) only for the next case. 


Proposition 5.1. Let M be any B-module (B with or without an 
identity). We make P, the underlying vector space of A X M, into an 
A X B module by the following definition: 

(a, Xb) - (a2 X m) = Ma X Bm, (a X m) (a X b) = au X mb, 
where t, 4€ À, be B and me are elements of a. pre-chosen basis for 


A, B, M respectively. This defiration is then extended linearly to cover all of 
À X B and P. 


Now let b be the homomorphism of CF(B, M) into CF(A X B, P) defined 

such that {hf} (193) == Gin X f(ibe) for k > 0 and p(m) — 1 X m for k =Q. 
Then induces an isomorphism of HB, M) into H(A X B, P), (k = 0). 
Proof. First we show that ¢8== 8. For k > 0, 


{8( Df) } (19x44) = 81° Of (8ra) — GF (8182, Seu) f° * : 
+ (—1)* bf (Sea, Sans) — (—1)*bf (18%) * Si 
— die X [bi f (zbran) — f (bide, brn) + °° | 
+ (— 1)" (bras Ordres) — (— 1) (abr) < brn] 
= dhe X 8f (sda) = {p (8f) } (1824), 


proving our assertion for k > 0. 


For k = 0: 8{(6m)}(S)==9 - pm— pm: S—{(a Xb) (1 K m)—(1 X m) 
== a X 8m(b) = {¢(8m)}(8), proving our assertion for k == 0. 

Now consider the mapping f—/fmod B¥(A X B,P). Since 45 = &¢, 
this mapping carries cocycles into cocycles and coboundaries into coboundaries. 
Thus all that remains to be proved is that the kernel of this mapping consists 
only of B*(B, M), in other words that if ¢f = ôg, then there exists h e C*(B, M) 
such that f == 8h. 

Let 1 == to, °°", be a basis for A. We define a projection m of 


AXM into 1X M as follows. If ceA XM and ee let 
420 


~ 


we== 1 X mp. Now, supposing ¢f == 8g, let 1 X h — rg. Then 
Of (abe) = 1 X fabe) = 89 (abr) = 1 X Sh (ibr). 
Therefore f = 5h, q. e. d.. 
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COROLLARY 5.12 BéK,=> AX BÉK,, (B with or without identity, 
n = 0). 


COROLLARY 6.2. Aels, Bel, => AXBeL,, (n=0). 


Proof of Corollary 5.2. A X B¢ XK, follows from Cor. 6.1; by Theorem 
5. 1 we have A x Be Kamani mn Kaas g. £. d. 


We now define an algebraic “ cup product ” analogous to the cup product 
defined for groups by Hilenberg and MacLane. ([2], section 4). 


Definition 5.1. Let A,B be algebras with or without identities, 
feCr(4,M), ge CS(B,N), (r,s > 0). Consider the vector space under- 
lying MX N as an A X B module such that (a X b)-(mXn) = (a:m) 
X (bin), (mX n)- (aX b) = (m:a) X (n-b). 

Then the cup product f U g e C(A X B, M X N) is defined as follows: 


TU Gag) a a eeo] X aaia. 


It may be verified by straightforward computation that the cup produet 
is associative, and we have 


Proposition 6.2. 8(fU g) == df U g + (—1) 7 U 8g. 


As a consequence of the associativity of the cup product we may extend 
Definition 5.1 inductively to any finite sequence of cochains; we note also 
that Proposition 5.2 imples that the cup product of cocycles is a cocycle 
and that the cup product of a cocycle and a coboundary (in either order) 
is a coboundary. 


Lemma 6.1. Let feZ"(A,M). geZ*(B,N), AX Be Kens (7,8 > 0), 
and suppose the identity elements of À, B act as identity operators on M, N 
respectively, and that f is “ normalized ” i.e. 1 St Sr, a1 => fht) = 0. 

Then given sequences a==10e À, B= bae B, there exist cochains 
fae C#1(B,M X N) and fgeCr*(A,M X N) such that 


f (10r) X 9 (aba) == Sfp (10r) + 8fa(102). 


Proof. Let h=fU g. By the remark preceding this lemma, h is a 
cocycle; hence, since A X Be Kr h is a coboundary. Therefore there exists 
he Crt1(A X B, M XN) such that h = 5h. Now consider 


3 For algebras A, B both with identities, this result is derived in Hochschild [5] 
as a consequence of Theorem 7, tbid. 

* Although we shall not find it necessary to do so in the sequel, Def. 5.1 may be 
extended to include the tases r = 0, 8 = 0 also. In fact the cochain @f of Prop. 6.1 
may be considered as a cup product in which r= 0, 8 > 0. 
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(I) | 
h(1đr, 1Ds) m (Ly * h( sar, 1b.) ares eels + oe 1)'A (an, Oe X b;, 204) en + 
= Ra, bı, Ory 30s) ee s has, b:, ay, 03)+- 2 ee (—1) hlari, GX bis 203) == 


The arguments of A in the first column of (I) are to consist of the 
(r + s) l/rls! permutations of the sequence (14,,,5,) which do not alter the 
order of the a’s or the order of the b’s. The signs at the extreme left of the 
rows of (I) are + or — according as the argument of h is an even or an 
odd permutation of (:@,1b4). - 

Now we define fp = A(1b,) for r= 1 and fa = (— 1)"h (i4) for s = 1. 
For r,s > 1 we let fg(iam1) = h(104, 1b) — > +, where the terms on the 
right are of the form + A(;8,,1), with the sequences (:Sr4a1) consisting of 
all permutations of (14,-1,15,) which do not alter the order of the a’s or the 
order of the bs; the sign preceding À is to be + or — according as the 
argument of À is an even or an odd permutation of (141,104). Finally, let 

fa (—1)*[h (a, 10e1)— + + -J, with a similar convention as to the argu- 
ments of h. 

We assert that the sum of the right hand sides of the equation in (I) is 
8fe(sdr) + 8fa(1bs). For firstly, if a summand on the right has an argument 
in which a term of the type a, X b; appear, then that summand appears pre- 
cisely twice on the right and with opposite signs, so that all such summands 
disappear in adding the rows of (I); secondly, the remaining terms each 
occur precisely once and are clearly the terms of the expansions of 8f,(1bs) 
and dfg(1ds). | 

Finally, from the hypothesis of the lemma and the definition of A, it 
follows that A(1a,, 10s) = f (1dr) X g(1b4), while all the other terms on the 
left hand sides of the equations in (I) are zero. The sum of the left hand 
sides of the equations in (I) will then be Paar) X g(.bs), which completes 
the proof of the lemma. . 


Lexma 5.2. If Af Ki, then there exist an A-module M, feZ*(A, M) 
and ae À such that the identity of A acts as an alae operator on M, 
f(a) £0 and me M => a m = m: ty. 


Proof. Case 1. R50 is the radical of A and A/R is separable. Then 
Å == A/R + R as a supplementary sum, i.e. each element ae A may be 
uniquely expressed as a == a’ + Ta- where g'e A/R and re R. Let x be the 
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projection of A onto R such that r (a) =— fa let M = R/R*, denote r/R? by f, 
where re R, and define a'f == ar, P: a= ra, f(a) = ra. | 
Then 1-F==#:1—#; if we let a be any element of R— k? then 
f (40) = Toy == Go 0; Bf (a + Pa Da + 72) = WaT — (dira + T102) né. 
= 0, so that fe Z*(A, M); finally, a: FOF @. Thus all the require- 
ments of the lemma are satisfied. 


Case 2. R—0. 


In this case A is semisimple and inseparable. Let A, be a simple com- 

ponent of A of dimension m over its center C. It is shown in Hochschild [4], 
Lemma 4.1 that we may make the matrix algebra C,, into an A-module such 
that the identity of A acts as an identity operator on M, and such that there 
exists a) £ C and fe Zt (A, M) with f (ao) 4 0 and ay: m == M: dy for all me M. 
By allowing the other simple components of A to annihilate M and defining f 
to be zero on the other simple components of A, we make M into an A-module 
and extend f to A. The requirements of the lemma are then satisfied. 

Case 3. R40 and A/R is inseparable. 

Since A/F is semisimple, there exists by Case 2 an A/R module # and 
a cocycle fe Z (A/R, M) satisfying the requirements of the lemma, with 
A/R, M,f replacing A, M, F respectively. ‘Letting 4 represent a/R, we may 
achieve the desired result by defining the vector space underlying M to coin- 
cide with that undeïlying Ñ, and for me M, ae À defining a-m—a-m, 
m-a==m-d, f(a) — f(a). 

Touorm 5.2. AK, BéKx=>AXBEEKaa, (n> 0). 

Proof. Let M,f,a@) be as in Lemma 5.2, ge Z*(B,N) — Br(B,N), 
10, € B and suppose A X Be Ky. Then by Lemma 5.1 there exist cochains 
gaeC"(B,M XN), fae C°(4,M X N) such that f(a) X g(1ba) = 8f5(a) 
+ 8ga(1bn). | 


We may assume (cf. Hochschild [5], section 1) that the identity element 
of B acts as an identity operator on N. Consequently Lemma 6.1 implies 
that 8fs(a) — 0. Now if we let (ao) X h(1b»1) be a projection of ga(1b44) 
into f(a.) X N, we have g = 8h, a contradiction which proves the theorem. 


COROLLARY. Ae Li, Bel, => A X Belay, (n= 0). 


6. The existence of algebras in L,, (n = 0). 


We now prove that none of the classes L, is null. J, is not null, of 
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course, since Lo = K, is the class of algebras separable over F. As for Ly, 
it is proved by Hochschild ([6], section 9) that H’ e K, where H’ is an algebra 
with basis a,r such that a is a left identity and r a left annihilator. Since 
every separable algebra has an identity, it follows that H’ £ Kı. Let H be the 
algebra formed by adjoining an identity 1 to H’. Then H e Jy, since adjoining 
an identity to an algebra does not affect its K-class (ef. Hochschild [5], 
section 2). 


PROPOSITION 6. 1. 
H, = H; ==: : = Ha = H => H, X AX: j -X Het Ka 


Proof. Let R (with basis r) denote the radical of H. Let R = Rs 
=: : = Ra = k. We make RX- X R, into an H; X:::X H, module 
by defining (X> © -XR) (1X © oX Ta) =h X" © e X Aaf 
(11X -X rm) (mX > -X ha) =h X: * `X Tanha Next define 
fe (H, À) such that f (1) = f(a) == 0, f(r) ==r. Then it is easily verified 
(either directly or from Lemma 5.2, Case 1) that fe Z*(H, R). 


Now let g be the cup product f,U---Uf,, where fi ==; > -==f, =f. 
Then by the remark following Prop. 5.2, g is a cocycle. If for hye H we 
denote An x Gs ASG x hin by U; and Ch is henii (hu) ITR: me has | by 
Va, then g(1Un) = Vi X'e X Va | 

In particular, if ha =r and hy == 1 for t54 7, then we denote U; by W4. 
Now, supposing that g = êh, consider the following set of equations (for 
convenience we let W =— W,W,— W.W,): 


(IT) 
gt W, Wa, sWa)= Wih Wa a Wa) —hCW, a Wn) + g -+(—1)"h(Wi, Wa, sW aa) W 
—g( Wa, Wi, sWn) = Wa h(W:, 3 Wa) + h(W, 3 Wn) Eaa -—~(—1)*h( We, Wai, s Wn) 


The arguments of g in the first column of (Il) are to consist of the n! 
permutations of the terms of the sequence (,W,). The signs at the extreme 
left of the rows of (II) are to be + or — according as the argument of g 
is an even or an odd permutation of (:W,). 

We now note that each term in the first and last columns on the right 
hand side of the equations in (IT) is zero, since each of these terms is equal 
to a Kronecker product with a factor in R?==0. Secondly, note that each 
term in the columns between those just mentioned occurs precisely twice in 
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(II), but with opposite signs. The sum of the right hand terms of (IT) is - 
therefore zero. On the left hand side of the equations of (D, it is easily. 
verified that all terms are zero except g (Wn) =r X rX: X r. 

We are therefore led by the assumption g== 8h to the contradiction . 
rXT x -X r= 0, Thus g is a pons but not a coboundary; hence 


Hy X Hat Ky qed 
THEOREM 6.1. La ts not null, (n= 0). 


Proof. We have already noted that Lo =~ K, is not null. For n > 0, as 
an immediate consequence of Theorem 5.1 and Prop. 6.1, it follows that the 
algebra Hi X <- X Hye Ln where H,—-+:-=—H,—H. | 
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ON RELATED PERIODIC MAPS.* 


By E. E. FLOYD. 


: f 

1. Introduction. Consider a class of periodic maps defined on a topo- 
logical space XY. We are concerned with special cases of the following problem. 
Suppose the maps of the class are all related in some specified fashion. Are 
_ there, then, any implied relationships between the fixed point sets of the maps 
of the class? 

À notable example of a problem of this sort has been solved recently 
by 8. D. Liao [5]. If X is a finite dimensional compact Hausdorff space 
which has the homology groups of an n-sphere over the group J, of integers 
mod p with p prime, and if T is periodic of period p on X, then, as P. A. Smith 
has proved ([8], p. 366), the fixed point set L has the homology groups of a 
r-sphere for some —1=<r=n. Liao settled a problem proposed by Smith 
by proving that if X also has finitely generated integral cohomology groups, 
then n — r is even or odd according as T is orientation preserving or orientation 
reversing. 

In section 1, we generalize Liao’s result by proving that if X is a finite 
dimensional compact Hausdorff space with finitely generated integral co- 
homology groups, and if T is periodic of prime power period p° on X, then 
the Lefschetz fixed point number of T is equal to the Euler characteristic of 
L (defined using J, as coefficient group). We also extend a result of Smith 
([9], p. 162) concerning the non-existence of certain types of periodic maps 
of arbitrarily large period on n-manifolds with negative Euler characteristic. 
The methods of this section depend heavily on recent results of Liao [5] and 
of the author [4] which in turn are based on the special homology groups of 
Smith [8]. | 

In section 2, we consider a periodic map T of prime power period q° 
and then consider the class of all periodic maps T, of the same period which 
are “sufficiently close” to T. Under these circumstances, we prove that the 
fixed point set L, of T, is close to L in the sense of Begle’s metrice [1]: 
induced by the regular convergence introduced by Whyburn [11]. 

The author has read a pre-publication copy of Mr. Liao’s paper [5], and 
wishes to thank Mr. Liao for that privilege. ` 


* Received August 24, 1951; revised October 25, 1951. 
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2. The Lefschetz fixed point number of T. A periodic map on a space 
X generates a periodic linear isomorphism on the rational homology groups 
of X. We require later in the section an analysis of the latter. We dispose 
of this first, using a procedure similar to one used by Smith ([9], pp. 161- 
162) for a similar purpose. 

Suppose V is a finite dimensional vector space over the rationals FR. 
If W is a subspace of V, let dW denote the dimension of W. Let T be a 
linear transformation on V with T? == identity. There are associated with T 
the linear transformations e == 1 -4 T -+ > -+ Tř and r==1— T. Clearly 
or == ro == 0. We use the following preliminary remark (cf. [5], 4. 11). 


(2.1) Image o = kernel +. 


If m is a matrix presentation of T, then we call its characteristic equation 
f(t) the characteristic equation of T. The characteristic roots of T are 
p-th roots of unity, for if | m — AI | = 0, then 0 — | m? — API | = (1 — #4”, 
' Moreover, if no Tt, 0<1t< p, has non-zero fixed points, then every 
characteristic root À is a primitive p-th root of unity. For if A? == 1, then 
| I — m? | = | AI — mt|—0. Hence there exists re V, 7540, with Tir =z. 
But then {== p, 80 À is a primitive p-th root. 

Since f(t) has rational coefficients and all its roots are p-th roots of unity, 
then f(t) == f., (é) > -f,(t) where f,,(t) is the cyclotomic equation of 
degree #(8), and œ is Euler’s ¢-function, whose roots are the primitive s,-th 
roots of unity. Moreover it may be seen that s; divides p. In the following, 
we use V(S) to represent the fixed point set of the linear transformation 8. 


(2.2) Let T be a linear transformation on the fintte-dimenstonal rational 
vector space V with T? == identity. Then 


(a) sf pts prime, there exists a non-negative integer k with dV == dY (T) 
-+- k(p— 1); moreover, trace T =d VY (T) — k; 


(b) tf p= q where q ts prime and a>1, then trace T = trace 
T|V(Te"). 


Proof. To prove (a), decompose V into V(T)@ Vi, where T(V:1) = Vi 
(cf. the proof of (2.1)). The characteristic equation of T | F, has as roots 
only primitive p-th roots of unity. Hence its characteristic equation is of the 
form (fp(#))*. Since the degree of f,(#) is p — 1, dV =å V (T) + k(p—1). 
The trace of T |F, is then k(a,-+-:---+a,.,), where the as are the 
primitive p-th roots of unity. Hence the trace of T | Vi.is —k. So (a) 
follows. 
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To prove (b), decompose V into V(T"")@ V,, where 7(V,) = Vj. 
Then the characteristic equation of T | V, is of the form (f,(t))*, and the 
trace of T | Vi is k(a,-+-- ° + as), where the «rs are the primitive p-th 
roots of unity. It may then be seen that the trace of T | V, is 0. So (b) 
follows. 

Suppose now that X is a compact Hausdorff space, and let T be a map 
of X into X. Let H,(X;F) denote the Cech homology group of X over 
the field F, and T,, the induced linear transformation on H,(X;F). Define 
x(X; F) = 2%(—1)*dH,(X; F), in case the right hand side is defined and 
finite, and call x( X; F) the Euler characteristic of XY over F. Also define 
AT; F) mm 3(—1)* trace Tux, in case y(X; F) exists, and call a(7; F) the 
Lefschetz fixed point number of T over F ([6], p. 319). 

We suppose now that X is a finite dimensional compact Hausdorff space 
with finitely generated integral Cech cohomology groups. Let T denote a 
periodic map on X of prime period p. Let L denote the fixed point set of T, 
and Y the orbit decomposition space of T. We have occasion to use the 
following recent results. Of these, (2.3), (2.4), and (2.5) are due to Liao 
[5], and (2.6) to the author [4]. 


(2.3) (L4ao). Y has finitely generated cohomology groups. 


Liao ([5], Theorem 5.5) has given a proof for this in case X has the 
groups of an #-sphere over Ip. The proof used the extra assumption only to 
insure that L has finitely generated groups over Ip. Since this is true in 
the general case ([4], Theorem 4.2), the proof then holds. 


(2.4) (Liao). x(X3 Ip) = x(X; B), x(¥3 Ip) =x(V; B) ([5], Theorem 2. 8). 


(2.5) If 4: X —Y denotes the orbit decomposition map, then ny maps 
[z | ze H(X; R), Tx == 2] isomorphically onto H,(Y; B). 


This result is more or less implicit in the work of Liao (cf. [5], 4. 3, 
4,11, 4.13). Because of its importance here, we outline, using the notation 
of [5; §4], a direct argument. For each baeC,(0(Ky, 7); 2), let 
üp € Cs (K R) be such that nr (Gs) = bey. Define (bn) m Ga: it may 
be verified that é is uniquely defined, that 06 == 0, and that myuréu = ropa: 
Moreover, &, — 0x, and mé (ba) == pbs. Hence there is induced 
É:H,(0(X,T);,R) = H,(X; ER) with x€(c) = pr, ce H,(0(X,T); E), 
Enl) =—o (z), xe H(X; R). Since yé is an isomorphism onto, y maps 
image é isomorphically onto H.(0(X, T); E). Since » is onto and & =v, 
we have image £ = image a. But by (2.1) image o = kernel r. The assertion 
follows. 
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(2.6) x(X5Lp) + (p—1)x(L3 Lp) = px(Y; Ip). [4] 
We are now in a position to prove the main theorem of this section. 


(2.7) Taroręm. Let X be a finite dimensional compact Hausdorff 
space with finitely generated integral Cech cohomology groups. Let T bea 
periodic map on X of period q%, q prime. Let L be the fixed point set of T. 
Then a(T; R) =—x(L; Il). . 


Proof. We prove the theorem first for a == 1. Consider T,,:H,(X;R) 
—> H,(X;R). According to (2.5), the fixed point set of Tẹ» is isomorphic 
to Ha(Y; E). Hence by (2.5), 


dH,(X; R) == dH, (Y; R) + [dH,(Y ; R) — trace Tes] (p — 1) 


so that dH,(X;R) + (p — 1) trace Tyn = pHa (Y; R). Taking the alter- 
nating sum, we get x(X; E) + (p—1)a(T; R) = px(Y; R). Using (2.4) 
and comparing with (2.6), we get a(T; R) =x(L; Ip} 


Suppose a > 1 and suppose the theorem has been proven for a—1. 
Consider To == Te", Let Y, denote the orbit space of the map Te on Z, 
and f: X — Y, the natural decomposition map. Define a map 8: Y, >Y, 
by Sf = fT. Then S is of period ọ°* on Y,. Also, by (2.3), Y, has finitely 
generated integral cohomology groups. Hence, by the induction hypothesis, 
a(S; R) =x(L; Iı), where L’ is the fixed point set of 8. 

We point out that L and I’ are homeomorphic. Clearly, f(L) C I’ and 
fis 1-1 on L. We prove that f(L) == L’. Let ye L’, where y = f(z), ze Z. 
Then f(z) = Sf(z) fT (xz) so T(z) =T,*(x) for some k. But then 
kg — 1 is a period for x, so &g**—-1 divides g*. Hence k==0, so that 
Tz =g, and se L. So x(L’3;Ig) = x(L;3 lo). 

Finally, a(S; R) —a(T;R). Let F,=[r;ceH,(X;R), Togt == z]. 
Then, by (2.3), f, maps J’, isomorphically onto H,(Y,;#). Moreover, since 
Safe == fT We have trace (Syn; H,(Y,;:R)) = trace(T,,F,). But by 
(2. 2), trace(Z',, Fa) = trace(T y, H,(X : R)). It follows that a(S; R)— a(T'; R) 
and the theorem follows. 

We now turn to some results concerned with properties of periodic maps 
of large period. 


(2.8) (Smith). Let V be a finite dimensional rational vector space. 
. There exists a positive integer r associated with V so that if T ts any linear 
transformation on V with T? == identity where p> 1, then there exists 
LSj<p with TI == identity. 
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Proof. We shall outline the proof ([9], pp. 161-162). Suppose 
p= ppm: > - pee, where the pfs are primes with pı < p: <`- < Pe. 
Define 


®(p) — Xo (pi) if pi AR or a, 1; B(p) = > p(ps*) otherwise. 


Then ®(p) >œ as p—o. We point out that if # (p) > dV, then there exists 
1=j<r with TI = identity. For suppose this is not the case. Using the 
notation preceding (2.2), we have. f(t) = fa(#): : -fa(t), where s |p. 
Now each p45* divides some s}. For if not, each 8; divides p/p; = q, 80 that 
Ta— identity. But if each p,* divides some s,, it may be checked that 
dV —= 2 $ (sı) = (p). Hence #(p) = dV, and the assertion follows. 


(2.9) As a consequence of (2.8), let X be a compact Hausdorff space 
wiih each H,(X ; R) of finite dimension and = 0 for all but a finite number 
of ws. There exists a positive integer r so that if T is any periodic map on 
X, then Tt: H,(X; R) > H,(X;R) is, for some 1S} Sr, the identity 
for all n. 


We denote the least such r by r(X). 


(2.10) THEOREM. Let X be a finite dimensional compact Hausdorff 
space with finitely generated integral cohomology groups. Let T be a periodic 
map on X of period p>r(X). There exists 1 = 1 < p such that p/i =q 
is a prime, and such that if L, denotes the fixed point set of Tt, then 
x(X 5; B) =x (Ly La). 


Proof. There exists, by (2.9), 1S 77 with Pani — identity for all n. 
Suppose p = j: k:q, where k and q are positive integers with q prime. Let 
t=-j'k. Then Tnt = identity for all n. Hence by (2.7), a(T*;R) 
— (X45 E) = x(Ls lo). 


The following is an extension of a result of Smith [9; 162]. It also 
generalizes the well-known theorem [11] that the periodic maps on a compact 
2-manifold with negative Euler characteristic have uniformly bounded periods. 
It does not, however, provide the upper bound known for that case. 


(2.11) THEOREM. Let X be a compact manifold with x(X; R) < 0. 
Suppose T ts a periodic map on X of period p, and such that if 1 = į <.p, 
then the dimension of the fixed point set of Tits <1. Then pSr(X). 


Proof. Suppose p>r(X). Let + be the number given by (2.10). 
Then x(X; R) =x(L;; I) <0. But dim L 1, so that by a result of 
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Smith ([10], p. 704), LZ, is the union of a disjoint collection of points and 
simple closed curves. Hence x(Z,; Io) = 0, which is a contradiction. 


(2.12) The above theorem ts not true tf the restriction on the dimension 
of the fixed point set of T1 is removed. 


As an example, let X be a 2-sphere, and let Y be a 2-manifold with 
x(¥) <0. Then x(X X Y) = x(2£)x(VY) < 0. But since X admits trans- 
formations of arbitrary period, so does X X FY. 


3. Convergence properties. We begin section 8 by stating an important 
result due to Smith [7] which is the basis for the work of this section. The 
result is stated and proved in the proof of Theorems I, II in [7]. 


(3.1) (Smith). Let X be a locally compact n-dimensional Hausdorff 
space, n <œ, and let T be a periodic map on X of prime period p. Denote 
by L the fixed point set of T. Suppose0 4A ASC A:C- ++ C Am Mm = pn + p, 
is a sequence of compact subsets of X, with T(A:) == Ay and with every Cech 
cycle in A; over I, bounding in Ain. Then LN Am 560 and every cycle in 
LN À, over I, bounds in LA Am. 


We use also the concept of regular convergence introduced by Whyburn 
[12]. We shall phrase the definition in terms of Cech theory instead of 
Vietoris theory ; these are interchangeable, as follows from the full equivalence 
of the two theories ([6], p. 27%). Let X be a locally compact metric space, 
and let G be an abelian group. Let | A,] be a sequence of closed subsets of X, 
with A, converging to a closed subset A of X. ‘Tf nis a non-negative integer, 
then À, converges n-regularly to A over G if and only if given ze A and a 
compact neighborhood U of x in X, there exists a closed neighborhood F of x 
(in X) with V C U, and a positive integer I, so that every Cech cycle in 
V N À, over G of dimension <n bounds in U N A, fort > 1. It may be 
geen that X is łe” (i. e., homologically locally connected over G in the dimen- 
sions from 0 to n), if and only if the sequence X, X,- - - converges n-regularly 
to £. 

Let X and Y be metric spaces. Let A; be a sequence of closed subsets 
of X which converges to a subset A of X. Let fi: A:-> Y, f: A F be con- 
tinuous. We shall say that f; converges continuously to f if and only if 
whenever t; —> T, me Aj, then (z) — f(x). This specializes, in case A; — A, 
to the notion of continuous convergence introduced by Carathéodory ([2], 
p. 58). i 
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(3.2) THEOREM. Let X be a locally compact n-dimensional metric space, 
n <o. Suppose [A1] ts a sequence of closed subsets of X converging n- 
regularly over Ip, p prime, to the subset A of X.' Let T, be a continuous 
periodic transformation of period p on Aj, such that [Ti] converges con- 
tinuously to the continuous function T on A. Then the fixed point set [F;] 
of T, converges n-regularly over I, to the fixed point set F of T. 


Proof. The reader may verify that if re F and U is a neighborhood 
of x (in X), then there exists a neighborhood V of x and a positive integer I 
such that if t > J, then UyTY(V N Ai) CU. 


Let ce F and let U be a compact neighborhood of z. There exists a 
sequence U = Usmi D Um D * * D Uo, m= pn + p, of compact neighbor- 
hoods of z (in X) and a positive integer J, such that U, N A4 0, for i > J, 
and (a) if +> J, then [JT (Ur D Ai) C Urn for k = 0,- - -, 2m, and (b) 
for i > I every cycle in U, N A; over Ip bounds in Uma N Aj. 

For each 0<k<m and each i> 1, define Vase UTi (Uax N Ai). 
Then Vii C Uren O Ay and Ti( Vas) == Vri Moreover, since Vpn, D Jones 
N A, every cycle in Vy, bounds in Fyn, Hence we may apply (3.1) to the 
sequence Vo, C Vi, CC Vay, and the transformation T1 It follows 
that Vn N FE 0, and every cycle in Vo, Fi bounds in Vm, N Fi Hence, 
for i > I every cycle in Uo N F; bounds in U N F, and U N Fi 0. 

To finish the proof, the reader has only to note that if £m, € Fm, and 
Lm, > L, then se F. This follows easily from continuous convergence. 


(3.3) CoRoLLARY. Let X be a locally compact n-dimensional metric 
space, n <œ, which is le” over Ip, p prime. Let [T;] be a sequence of periodic 
maps on X of common period p*, which converges continuously to the con- 
tinuous map T. Then the fixed point set F, of Ts converges n-regularly over 
I, to the fixed point set F of T. 


Proof. ‘The proof is a straight-forward combination of (3.2) together 
with a procedure used often by Smith for extending proofs from period p to 
period p° ([8], p. 367). 

(3.4) Comozzary. Let the hypotheses be those of (3.3) and suppose tn 
addition that X is compact. Then there exists I such that fort > I, we have 
H,(Fi;1,) = H,(F;1,) for all j. In particular, suppose X an n-sphere. 
Then there exists an integer r so that Fi, 1 > I, and F are all homological 
r-spheres over Ip. 


Proof. This follows from a theorem of Begle [1]. 
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(3.5) CoRoLLARY. Let X be an n-dimensional compact metric space, 
n <œ, which is lce” over Ip p prime. Let T be a periodic map on X of 
period pt with fixed point set L. There is ane > 0 such that if Tı ts periodic 
on X of period p*, p(T (z), Ti(æ))< e for all xe X, and L, denotes the fixed . 
point set of Ti, then H,(L;1,) = H,(L;1,) for all 7. 


UNIVERSITY OF VIRGINIA. 
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: TOPOLOGY OF METRIC COMPLEXES.* 
By C. H. DOWKER. 


The metric complexes (polyhedra) discussed in this paper are metric 
spaces with a cell decomposition and an affine structure for each cell. These 
complexes are subject to certain mild conditions (section 9, conditions a and b’) 
which, for example, ensure local connectedness. The complexes are not, how- 
ever, required to be finite or countable. They may be curved and they need 
not be locally finite. 

If a complex is star-finite, and if the closed cells are given their usual 
topology, then the topology of the whole complex is uniquely determined. 
However, if the complex is not star-finite, there is no longer a unique topolgy. 
J. H. C. Whitehead has chosen for his topological polyhedra ([11], pages 315- 
321) the finest topology consistent with the usual topology for the closed cells. 
This is a very convenient and useful topology, but with it all complexes except 
star-finiteones become non-metrizable spaces. 

In connection with his studies of local connectedness, S. Lefschetz ([9], 
Chapter I) has chosen two particular ways of giving a complex a metric. If 
the complex is not star-finite, the topology induced by each of these metrics 
is necessarily less fine than the Whitehead topology. In general, the two 
different Lefschetz metrics induce different topologies. 

In this paper, instead of choosing some particular metric, we take a 
somewhat axiomatic point of view and state conditions which should be satisfied 
by any metric complex. Our theorems are then shown to be consequences of 
these conditions. However, our method is not one of proof directly from the 
axioms. Instead, we use the method of comparing each metric complex with 
the corresponding Whitehead complex, that is, the same complex retopologized 
with the Whitehead topology. 

In the first chapter, we discuss affine complexes. These are sets which 
have a cell decomposition and an affine structure for each cell, but they have 
no topology. These affine complexes have homology and cohomology groups, 
and the theorem on invariance under subdivision holds. 

In the second chapter we add topology to the affine complex, and state 
conditions on the topology in order that the complex may be called a topological 
complex. 


* Received Auguat 10, 1950. 
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In the third chapter we discuss Whitehead complexes, that is, affine com- 
plexes with the Whitehead topology. Since the method of investigating metric 
complexes is that of comparison with the corresponding Whitehead complexes, 
we give a rather complete resumé of the known theorems on Whitehead 
complexes. 

The fourth and main chapter contains the results on metric complexes. 
A metric complex is defined to be a topological complex whose topology is 
induced by a metric. Given a metric complex we construct (sections 10-18) 
a sequence of locally finite coverings of the complex by open sets, and using 
this sequence of coverings (sections 14-15) we construct a homotopy of the 
identity mapping of the complex. Then (section 16) by means of this homo- 
topy, we prove that each metric complex has the same homotopy type as the 
corresponding Whitehead complex. It follows that any two isomorphic metric 
complexes have the same ‘homotopy type. In section 17 we discuss the 
mappings of a space in the nerve of a covering when this nerve is a metric 
complex. In section 18 we show the topological invariance of the homology 
and cohomology groups of metric complexes. 


I. Affine Complexes. 


1. Definition and properties of affine complexes. By a convex cell Ẹ 
of a Euclidean space we mean an open bounded convex cell; its closure É is 
called a closed convex cell. 

Let a set X be the union of a family {ea} of mutually disjoint subsets ea 
of K. Let each gea be associated with a 1-1 transformation a of some closed 
convex cell #, into X such that (i) pa maps the convex cell Fa onto & and 
(ui) if K’ is any face of H, then ġa( E’) is an eg, and da *dg is an affine 
(linear) transformation of Hg onto Æ. Then the set X, together with the 
decomposition {ea} and the family {ġa} of transformations, is called an affine 
complex. 

Each of the subsets & with the linear structure given by the trans- 
formation da | Ha: Ha — £a, is called a cell of the complex. The dimension of 
the cell ea is defined to be the dimension of Fa. Each cell of dimension zero 
contains a single point which is called a vertex. If eg = ġa( E’), where E’ 
is a face of Hg, eg is called a face of eg; we write es e,. If E’ is a proper 
face of Ha, ep is called a proper face of ea; we write eg < eg. By a finite affine 
complex we mean one with only a finite number of cells. By a star-finite 
afne complex we mean an affine complex which, for each cell eg, has only a 
finite number of cells eg with eg = ea 
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If K is an affine complex, the cells ea of K may be oriented by assigning 
orientations to the corresponding convex cells Ea. If eg is an (r—1)- 
dimensional face of an r-cell ea, the incidence number [ea: eg] is defined to be 
the incidence number [Æ,:Æ£"], provided gps: Eg- F is orentation pre- 
serving, and to be — [Ea: E] otherwise. With such a definition of orientation 
and incidence numbers, the affine complex becomes a closure finite oriented 
cell complex ([8], page 89). Thus, given a topological abelian group @ and 
a non-negative integer p, we may define the p-dimensional cohomology group 
HP(K, G), and if G is discrete we may define the p-dimensional homology 
group H,(K, G). 

The elements of the underlying set X of an affine complex K are called 
the points of K. A closed cell & of K (the closure of ea) is defined to be the 
image set b(E.)together with the transformation a. If s and y are points 
of ëa, the closed segment [r, y] of é is defined to be the image by & of the 
closed segment of Fa joining da t(x) to dat(y). If OS tS 1, the point 
tz + (1—- t)y which divides the segment from x to y in & in the ratio t: 1 — t 
is defined to be the image by # of the point dividing the segment from 
da *(z) to pa (y) in the ratio t:1— +. Similarly, a convex set in ča is 
defined to be the image by ġa of a convex set of Ea. If A is a subset of &, 
the convex hull A* of A in ĉa is the image by ġa of the convex hull of ¢,74 
in #,; thus A* is the least convex set of é containing À. 

Note that [z, y] may depend on & as well as on x and y. However, 
if eg is a face of eg, and if z and y are points of és, then the segment [z, y] 
in ég is the same as the segment [z, y] in ëa, and the point te+(1—t)y 
in ëa is the same as the point tz +-(1—J)y in 6g. In. fact, since ba tps: 
Es — E, is affine, the affine structure of ég is that induced by the affine 
structure of ča. | 


It is clear that the set & is the union of all the faces of ea; fa == |] ep. 
Opta 
The star Ste, of a cell eg of K is defined to be the union of all cells eg 
such that ea is a face of eg; St ea = |] eg. Note that e, C a, 6a C Sta, 
é 


a és 
Ea == 64,11 St 6a. The following three statements are equivalent: (i) eg = éq, 
(11) égC ëa, (iii) St 6 C St eg. 

If z is a point of K, e(x) is defined to be the unique cell ea containing z, 
and &{z) is defined to be the closure of e(x). The following five statements 
are equivalent: (i) zeé(y), (ii) é(z)Cé(y), (iii) e(r)<e(y), (iv) 
St e(y) CSte(z), (v) yeSte(zx). 

Two affine complexes K, and K, are called isomorphic if there is a 1-1 
order preserving correspondence between the set of cells of K, and the set of 
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cells of K}. The correspondence is called an isomorphism. It can be shown 
(See [1], page 127) that under an isomorphism, each cell corresponds ‘to a 
cell of the same dimension. . | | 
Suppose there is given a subcollection -of cells of an affine complex K 
such that if any cell e, is in the subcollection, so is each face of eg. Mhen 
the union Z of the cells ea of the subcollection is a set of points decomposed 
into cells ea which are associated with transformations ¢,:#4-—>L. In fact 
L is an affine complex which is called a subcomplex of K. In particular, if ea _ 
. is a cell of K, the set & with the obvious cell decomposition is.a subcomplex 
of K. Also, the union of the closures of the cells contained in Ste, with 
the obvious cell decomposition, forms a subcomplex which we call Ste. | 


If K and L are affine complexes, the product set K X L can be decom- 
posed into cells eag == 64 X eg. For each eag let Fa X Eg be the closed convex 
cell which is the cartesian product of Fa and Hg, and let pos: Ba X Ep 
-> K X L be defined by ¢ag(z, y) == (alt), op(y)). It is easily verified 
that K X L thus becomes an affine complex. This complex is called the 
product complez of K and L. o 

An affine complex K is called stmplictal if (i) for each &, Ea is a 
simplex, and (ii) each non-empty intersection 6,9 ëg of two closed cells of 
K is a closed cell ë. For a discussion of simplicial affine complexes see 


(EST § 4). 


2. Subdivision. A subdivision of an- affine complex K is a 1-1 trans- 
formation Sd: K —> K’ of K onto an affine complex K’ such that (i) the 
image of each cell of K consists of the union of a finite number of cells, and 
(ii) the inverse transformation is linear on each closed cell of K’. We shall 
also say that the affine complex K’ is a subdivision of K. 

By condition (i), for each cell 6, of K’ there is a unique cell eg of K 
such that esc Sdeg. Condition (ii) means that, if e, and eg have affine 
structures given by da: Ëa —> ča and og: a ëp, then ds Sd to: B, > Eg 
is linear. 

(2.1) Isomorphic affine complexes have isomorphic simplicial: sub- 
divisions. 


Proof. The barycentric subdivision ([1], page 135) of an affine complex 
is a simplicial affine complex. Isomorphic affine complexes have isomorphic 
barycentric subdivisions. 


(2.2) If K and L are isomorphic simplicial affine complexes, there 
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or | 
exists a map f of K.onto L which. maps each cell of K onto a corresponding 
cell of L, and which ts linear on each closed cell. | 


_Proof. The natural barycentric mapping (LS, p. LE [11, p. 188, § 6) 
has the required properties. | 


Given a subdivision Sd: K — K’ of an affine a K, let a diaii 
transformation pp: Cp(K)—> C,(K’) be defined as follows: If eg? is an elemen- 
tary p-chain of K, let ppep? == Xese?, where the summation is over all a such 
that 6? is a p-cell of K’, eaP C Sd eg, and ea == 1 if dg Sd ba i 18 ‘orientation | 
preserving, €a == — 1 if it is orientation reversing. 

It is assumed known that, in the finite complex Sd ëg, pôep? — dpeg?. 
Hence pô <= dp: Cy(K) — Cp1(K’) ; thus p is a chain mapping ([6], p. 411; 
[8], p. 145). It is to be shown that p is a chain equivalence ([6], page 414). 

If egC Sd eg, let T 6, be the finite subcomplex és of K. We define chain 
transformations r, :.C,(K’)—» C,(K) such that (i) r,10 — Ary: CKY > Cpa K), 
and (ii) rpéa? is a chain of the subcomplex T ea? of K. For each elementary 
Q-chain ¢,°, T 6a? is chosen to be any elementary 0-chain in T 64°. If eat is an 
elementary 1-chain, rô e,' is a bounding 0-cycle in T e,*, and we chose as r 4! 
any 1-chain in T eat bounded by rô et. If p > 1, asstme that r has been © 
defined for dimensions less than p. Then rê e? has béen defined and is a 
chain in Te. Since Ord eaP = 700 6,? mm O, 70 €a? i8 a cycle in T eg”; hence, . 
since T ea? is acyclic in dimension greater than zero, rô 6g? is a bounding cycle 
in Teg’. Let re? be chosen as a chain of T eg? whose ‘boundary is rô ep. 

In particular, if K and K’ are simplicial, there ‘is a simplicial map 
r: K’ —K, called a projection, which maps each vertex v of K’ into a vertex 
of Tv.. Then + induces chain mappings rp: C (K’) > CE ) such that rp €a? 
is a chain of T eaP”. We may then take ry == ap. 

Tt is to be shown that rypp,:C,(K) — C,(K) is ne identity. This is 
clear for p—0. Assume that p > 0 and that it is proved for dimensions 
less than p. Then rp e? ig a chain of TSd ea? = EP, and Orp 6g? — TpÎ Ca? == 8 eq? 
by the induction hypothesis. But the only chain of ëf with boundary ô ep is 
the chain ef. Hence rp ep == 6a”. It follows that rp is the identity chain 
mapping. 

We now show that the chain mapping pr is chain homotopic to the 
identity. We define a homomorphism Dyas: Cy(K’): > Cou(K’) 80 that 
aDc? + Dôc? == e — pro, and so that Dea? is a chain ‘of SdT ea”. If ea? is 
an elementary 0-chain, €a? — pres — Diea? = e,° — PTE is a bounding 0- 
chain in SdT e°. Let D,e,° be chosen as a 1-chain in sat €a? whose boundary 
is €e? — pra. Suppose that, for p> 0, D has been defined for chains of 
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dimension less than p. Then Dée,? has been defined. Let Cp == eaP — preg? 
— Dée,®. Then c, is a p-chain in SAT er, and by computation one finds that 
ĝcp == 0. Thus cp is a p-cycle in SdT e,?, a subcomplex which is acyclic in 
dimensions greater than zero. Hence cp is a bounding cycle in SdT esp. Let 
Dyaes? be chosen as a (p + 1)-chain in SdT ea? bounded by cp. 

Thus zp is the identity and pr is chain homotopic to the identity. There- 
fore, p is a chain equivalence, and we have 


(2.3) If K’ ts a subdivision of an affine compler K, the homology 
group H,(K’) is isomorphic with H,(K), and the cohomology group H?(K’) 
is isomorphic with Hr(K). If K and Kk’ are simplicial, ihe homomorphisms 
Ta: Hy(K’) > H,(K) and r*: HP(K) — H?(K’) induced by the projection. 
m: K — K are isomorphisms onto. 


II. Topological complexes. 


3. Definition of topological complexes. An affine complex K is called 
a topological complex if its underlying point set is a topological space, and if 


(a) each pa: Fa — ĉa is a homeomorphism, 
(b) for each neighborhood U of each point s of K, there is some neigh- 


borhood V of x such that, for each point y in V, ze é(y), and the segment 
[æ, y] in &(y) is contained in U. 


From condition (b) it follows immediately that as a space, K is locally 
connected. Also by condition (b), each point x has a neighborhood V such 
that, for each ye V, ye Ste(z), hence such that VC Ste(z). If ea is any 
cell of K, and if we St ea, then eg = e(z), and Ste(x)C Steg. Thus each 
point x of St ea has a neighborhood VC Ste ; hence St ea is open. Thus the 
star of any cell is an open set containing the cell. However, as the example 
below shows, one can have open stars and local connectedness with condition 
(b) not satisfied. 

The complement in K of a closed cell & is the union of the stars of the 
cells in the complement; hence K — é, is open, and & is a closed set in K. 
In fact, & is the topological closure in K of the subset eg. By condition (a), 
ča 18 compact. 


Example. Let X be the subset of the cartesian plane with the following 
cell decomposition. The 0-cells of K are Ay:(1,0) and 4,:(2,1/n) for 
n = 1,2, :. The 1-cells of K are the segments A,A,,, and the broken lines 
Ao, (—1/n,—1/n), (—1/n,1/n),4, The 2-cells of K are the regions 
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AoAnAnx bounded by the 1-cells AnAnu, Aodn and Asa. Some suitable - 
choice of the maps ġa is to be made. 


It may easily be verified that the space X of the example is locally con- 
nected, and that the star of each cell is an open set. However, condition (b) 
is not satisfied at the point A , and hence the complex is not a topological 
complex. 

If K is any topological complex, an affine subcomplex is a topological 
subspace. Clearly conditions (a) and (b) hold also for the subcomplex. 
Thus a subcomplex of a topological complex is a topological complex. 

If K, and K, are topological complexes, then K, X K: is an affine com- 
plex and is also a topological space, the topological product of K, and Kz. 
Clearly pag: Ha X Eg — bag (= ča X Gp) is a homeomorphism if pa: En ča 
and g: Es — és are homeomorphisms. Thus condition (a) is satisfied. Any 
neighborhood of a point (z1, £a) of K, X K: contains a neighborhood of the 
form U X Uz. Let neighborhoods V, of z, in K, and V, of x, in Ky be 
chosen as in condition (b). Then F, X F: is a neighborhood of (£1, £2) 
such that if (41,42)eVi X Vo, then æeë(y:), tee ë(y:), and hence 
(T1, Ta) € &(y:) X E(Y2) == Z(Y, Y2), and the segment [ (21, 2%), (Yu ¥2)] in 
é(41, Y2) is contained in [z:, y1] X [@a,¥2] CU X Uz. Thus condition (b) 
is satisfied, and we have 


(3.1) the product of two topological complexes is a topological complez. 


III. Whitehead complexes. 


4, The Whitehead topology. An arbitrary affine complex K can be 
made into a topological complex by giving it the finest? ([2], p. 9) topology 
consistent with condition (a). That is (cf. [11], p. 316), a set of K is called 
open if and only if the intersection with each closed cell & is the image by a 
of an open set of Ea. If U is any open set containing a given point v of K, 
let V be the set of points y of Ste(x) such that the segment [x, y] in é(y) 
is contained in UY. It can be seen that the intersection of V with each closed 
cell & is an open set of &,; hence V is open. Clearly xe V. Thus condition 
(b) is satisfied. This finest topology will be called the Whitehead topology, 
and the resulting topological complex will be called a Whitehead complex. 
It is known ([11], p. 320; [12], p. 225) that a Whitehead complex is a 
normal Hausdorff space. 


4 Fine” in the sense of Bourbaki means “ weak” in the sense of Whitehead or 
“strong ” as used in functional analysis. i 
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An equivalent description of the Whitehead topology is tbat a set of K is 
called closed if and only if its intersection with each closed cell & is the image 
by a of a closed set of E. 

It can be shown ([11], pp. 316-817) that if K is star re (in particular, 
finite), the Whitehead topology is the only one which satisfies conditions (a) 
and (b). Accordingly, given a star finite affine complex K, one may speak 
unambiguously of an open (or closed) set of K. | 


(4.1) If L is a subcomplez of a Whitehead complex K, the subspace 
topology of L coincides with its Whitehead topology? 


Proof. If A is a subset of I; closed in the Whitehead topology of L, 
then AM ča is closed in ĉa for every 6, in L, hence also for every & in K. 
Therefore À is closed in K, and hence À —= AM L is closed in the subspace 
topology of L. Thus the Whitehead topology is not finer than the subspace 
topology, and the two topologies coincide. 


(4.2) A transformation f of a Whitehead complex K into a topological 
space Y is continuous if and only tf f|ë ts continuous for each closed cell 
ča of K. 


Proof.? If f is continuous, f*(V) is open in K for each open set V of Y; 
hence f*(V)NM & is open in ča, and f|& is continuous. Conversely, if f|& 
is continuous, f*(V)M é is open in &, and hence f-*(V) is open in K; 
therefore f is continuous. 


(4.3) A transformation f of a Whitehead complex K into a topological 
space Y ts continuous tf and only if f| L ts continuous for each finite sub- 
complex L of K. 


Proof . If f is continuous, then f|L is continuous for every subspace L, 
in particular for each finite subcomplex. If f|Z is continuous for each finite 
subcomplex L, then in particular f.| ëa is continuous for each closed cell ĉa, 
and hence, by (4.2), f is continuous. 


5. The product complex. If K is an affine complex, we denote by Kw 
the same complex with the Whitehead topology. 


(5.1) Let K XL be the product of two affine complexes. Then if 
either K or L ts star-finite, (K X L) w= Ky X Ly. 


3 See Whitehead ([12], p. 224). 
* Bee Whitehead ([11], p. 317; [12], p. 224). 
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Proof By (3.1), Kw X Lw is a topological complex. Hence the 
product topology is not finer than the Whitehead “finest” topology. It is 
then sufficient to show that if a set G is open in (K X L)w, it is open in 
Ky X Inv; that is, for each point (£o, Yo) of G there exist open sets U and 
V of Kw and Ly respectively, such that z»eU, yoe V and U X VCG. 


Assume that it is L which is star-finite. For any cell ës of L, 
6 (Zo) X ëg = (8(T) X Eg)w is a finite subcomplex of (K X L)w, and 
Gg = GN (ET) X 4s) w is open in E(r) X ëp. Hence {y | (£o, y)e Ge} is open 
in & Let H— {y| (,y)e@}; then HN es {y|ye ep, (to y) © G} 
== {y | (£o, y) € Gg}, which is open in és. Hence H is open in Ly. 

Clearly yac H. Since Lw is a normal space, we can choose an open set 
V of Ly so that ye V, Ÿ CH, and VC Ste(y). Let M — Ste(yo) ; since 
L is star-finite, M is a finite subcomplex of L. Then yee VCVCHNM. Let 
the subset U of K be defined by U—{r|z X VCG}. Since VCH, toe U. 
Hence (2, Yo) EU X VCG. Thus there remains to be shown only that U 
is open in Ky. | 

If ea is a cell of K, a X M = (ĉa X M)w is a finite subcomplex of 
(KX Ljw. Hence Ga = G N (ča X M)w is an open set of ëa X M. Then 
UN ča = {2 | 2E ëa T X VCG} = {xx X V CG}, which is open in &, since 
G, is open and V is compact. Hence U is open in the Whitehead complex Ky. 
This completes the proof of (5.1). 

The condition of star-finiteness of one factor can not be dropped as the 
following example shows. 


Example. Let K consist of a collection of closed 1-cells 4, of the power 
of the continuum, with a common vertex uo. Let L be a countably infinite 
collection of closed 1-cells By j =— 1,2,- -:, with a common vertex vo. 
Then (K X L)w 5% Kw X Ly. | 

Proof. Let the closed 1-cells A; have parameters m, 0 <= æ = 1 so that, 
at the point to, tı — 0 for allt. Let the closed 1-cells B; have parameters y, 
0 = y; = 1, and at vo, let y;==0 for all j}. Let the indices + be sequences of 
integers; t== {u,t%," +}. For each pair (1,7) of indices, let py be the 
point (1/4, 1/4) of 4: X B;CK X L, and let P be the set of all such points 
py. Then for each 4, X B; P(A; X B;) consists of one point py, hence is 
closed in A; X By Thus P is closed in (K X L)y. 


A neighborhood U of wt. in Kw is given by Ti < a, where the a are 
positive numbers. A neighborhood V of v, in Lw is given by y; < by, bj > 0. 
‘See Whitehead ([12], p. 227). 
8 
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Let UX V be a product neighborhood of (tio, vo) in Kw X Lw. Let 
i= {%,,i,,- - -} be chosen so that for each j, 4, > j and i; >(0,)*. Let f be 
chosen so j>(m). Then (ij) *<(j)1*< a, and (4) *< bp (Hence 
pyeU X V. Therefore every neighborhood of (uo, vo) in Kw X Lw contains 
a point of P. Hence, since (Uo, vo) £ P, P is not closed in the product topology. 
Thus the product topology is not so fine as the Whitehead topology." 


(5.2) Let K be a Whitehead complex, let I be the closed interval 
0< tS 1, and let Y be a space. Let h be a function from K X I to Y such 
that, for each closed cell ča of K, h | ča X Its continuous. Then h: K X I1-=Y 
18 continuous.® 


Proof. We regard J as a complex consisting of one 1-cell and two 0-cells. 
Then by (5.1), since J is a finite (and hence star-finite) complex, K X I is a 
Whitehead complex. But for each closed cell ëg of K X I, there is a closed 
cell ĉa of K such that égC & x I. Therefore, since h | 6, X I is continuous, 
h | @g is continuous. It follows from (4.2) that h is continuous. 


6. Subdivisions of Whitehead complexes. One can show that any sub- 
division of a Whitehead complex is a Whitehead complex. More exactly, we 
have 


(6.1) Jf Sd: K — K’ ts a subdivision of an affine complex K, and tf 
both K and K’ are gwen the Whitehead topology, then Sd ts a homeomorphism. 


Proof. Sd maps each closed cell of K’ linearly, and hence continuously, 
into a closed cell of K. Hence Sd is continuous. Sd maps each finite sub- 
complex L of K onto a finite subcomplex L’ of K’, and Sd/L is piecewise 
linear, hence continuous. Thus Sd is continuous, and therefore a homeo- 
morphism. 


(6.2) Isomorphic Whitehead complexes are homeomorphte. 


Proof. Let K and L is isomorphic Whitehead complexes. If K and E 
are simplicial, the natural barycentric map of K on Z is linear and hence 
continuous on each closed cell, and its inverse has the same property. Hence 
the natural barycentric map is a homeomorphism. If K and L are not sim- 
plicial, then by (2.1) they have isomorphic, and hence homeomorphie, 
simplicial subdivisions K’ and L’. But by (6.1) K is homeomorphic to K’, 
and L to I’. Hence K and L are homeomorphic. 





ë This answers a question of Whitehead, see [12, page 227, footnote 21]. 
‘See Whitehead ([12], p. 228). 
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7. Coverings. A covering of a space X is a collection {Ua} of open 
set whose union is X. A covering {Ua} is called locally finite if every point 
of X has a neighborhood which meets only a finite number of sets Ua of the 
covering. A covering {Vg} is called a refinement of {Ua}, if each Vg is 
contained in some U,. If K is a topological complex, the star of each vertex 
va of K is an open set, and every point of K is in the star of some vertex; 
hence {St vg} is a covering of K. 


(7.1) If K ts a Whitehead complex and if {Ua} 1s a covering of K. 
there exists a simplicial subdivision Sd: K —> K’ such that the covering of K’ 
by the stars of tts vertices is a refinement of the covering {Sd Ua}. 


For the proof see Whitehead ([11], Theorem 35). 

Let X be a topological space, let U be a covering of X, and let N 
(== N(11)) be the nerve of U topologized as a Whitehead complex. Then N 
is à simplicial complex with a vertex ua corresponding to each non-empty set 
of U, and a simplex wg,,° ' `, Ua, corresponding to each non-empty inter- 
section Ua, N°" NU, A mapping ¢: X —>N is called canonical with 
respect to 1 if for each Uae U, pSt ta C Ua 


(7.2) If U ts a locally finite covering of a normal space X, there exists 
a canonical mapping of X into the Whitehead nerve N of U. 


Proof.” Let M be the nerve of U metrized with the “natural” metric 
([9], (4.12)). Then there exists ([4], 3(a); [3], Theorem 1.1) a canonical 
map 4 of X into Af. Now M and N are the same affine complex with two 
different topologies; let y: M —> N be the identity map. Then y is linear and 
hence continuous on each closed cell of Af. Hence x is continuous on each 
finite subcomplex of M. Hence by [3], Lemma 1. 2, x0: X — N is continuous. 
Let = 6; clearly ¢ is a canonical map of X into N. 


8. Homology and cohomology groups. Let K be a Whitehead complex, 
and let | K | be its underlying space. If K’ is a subdivision of K, we identify 
the spaces | K | and | K’ | by means of the homeomorphism Sd: | K | | K’ |. 
By the Čech cohomology groups of K we shall mean the Čech cohomology 
groups € of the space | K |. 


(8.1) The Cech cohomology groups of a Whitehead complex K are 
tsomorphic with the corresponding combinatorial cohomology groups of K. 


TIt may be seen that the proof of [3], Theorem 1.1 or the proof outlined for [4], 
proposition (a) does not depend on the special topology of the nerve; thus either of these 
gives a direct proof of (7.2). 

* For definition and properties of Cech cohomology groups see [5]. 
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Proof. Let K’, be a fixed simplicial subdivision of K. For each sim- 
plicial subdivision K’, of K’o, the nerve of the covering Ua of | K | by the 
stars of the vertices of K’, is a complex which can be identified with K’, itself. 
By (7.1) these coverings Ua of | K | by stars of vertices of simplicial sub- 
divisions of K’, form a cofinal family of coverings. By (2.3), the projection 
Map Tao Of the nerve K'a of Ua into the nerve K’, of U., induces an iso- 
morphism r*ao of H?(K’,) onto H?(K’,). If K'a and K's are two simplicial 
subdivisions of K’, such that UU, is a refinement of Wa, then ([5], p. 282) 
mago = Bar * ao: ee ) —> H? (K's), and since r*#o and w*g) are isomor- 
phisms onto, m*ga = n? porao: HP (K'a) —> H?(K’s) is also an isomorphism 
onto. 

Since the coverings Ha form a cofinal family of coverings of | K |, the 
Cech cohomology group H?(| K |, @) of | K | based on a discrete coefficient group 
G is the limit group of a direct spectrum, the groups of which are the coho- 
mology groups H? (K'a, Œ) of the simplicial subdivisions of K, and the homo- 
morphisms of which are the homomorphisms r*s: H? (K'a G) —> H?(K’s, G). 
Since by (2.3) each H®(K’a, G) is isomorphic with H?(K,@), and since 
each w*gq is an isomorphism onto, it follows that the limit group H»(| K |, @) 
is also isomorphic with H?(K,@). Thus the Čech cohomology group 
H*(| K|, @) of K is isomorphic with the combinatorial cohomology. group 
H?(K, G). 

Another consequence of (7.1) is the following oi 


(8.2) The singular homology (cohomology) groups of a Whitehead 
complex K are tsomorphic with the corresponding combinatorial komotogy 
(cohomology) groups of K. 


For the proof in case K is simplicial see ({7], pp. 399-400). If K is 
not simplicial, we replace it by a simplicial subdivision K’, where, by (6.1), 
| K | and | K'o | are homeomorphic and, by (2. 3), the combinatorial homology 
and cohomology groups of K are isomorphic with those of K”,. 


IV. Metric complexes. 


9. Definition and properties of metric complexes. A metric complex 
is a topological complex whose underlying space is a metric space (a topological 
complex whose underlying space is metrizable will be called a metrizable 
complex). Replacing condition (b) of section 3 by the equivalent condition 
(b’), we can say that a metric complex is an affine complex K whose under- 
lying set is a metric space subject to the conditions 


(a) Each ġa: Fa — & is a homomorphism, 
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(b’) For each point z of K and each positive number «, there exists a 
positive number à such that? if p(z, y) < 8, then æe &(y), and for each point 
z of the segment [z, y] in &(y), p(z,z) Ke. 


Every subcomplex of a metric complex is a metric complex, for every 
subspace of a metric space is a metric space, and every subcomplex of a 
topological complex is a topological complex. The cartesian product of two 
metric complexes is a metric complex, for the product space of two metric 
spaces is a metric space, and the product of two topological complexes is a 
topological complex. 

Let K be a metric complex. We define »(x,e) as follows: Let 2n(z, e) 
be the least upper bound of the 8s of condition (b’) if this least upper bound 
exists and is less than e; if the 8s are unbounded, or if their least upper 
bound is not less than «, let 2n(x,e) «me. Thus n(z,e) is defined for each 
xeK and each e>0, and 0 < (2, €) S¢/2. Clearly if «e < es then 
n(@, 4) S q(T, €). Hye K, and p(T, y) < 2y(2,¢), then the segment [z, y] 
exists in 6(y), and for each ze[z,y], p(z,2) Ke. 

We define y,(z,«) inductively as follows, for r== 0, 1,2,---. Let 
nolz, €) =e and for r = 1, let y (T, €) = 7 (2, m-1(2,¢)). One sees imme- 
diately that (z, €) = (z, 6), and ye(T, €) == n(x, (T, €)). It also follows 
from the definition that for r > 0, (7, €) = fnr (T, e), and for r= 2, 
nr (x, €) S 4y(z, €). 


(9.1) For any metric complex, if r = 1, then y (x, €) = nra (T, (2, €) ). 


Proof. This is clear for r==1. We proceed by induction. Let r= 2, 
and assume 1 (£,€) ==me(z,(z;e)). . Then (2, €) (x, 1-1 (2, €)) 
= 9 (T, nra (T, (2, €))) == yn (2, 0 (2, €)). 

We write S(z,«), or So(z,e), for the set of points y of K such that 

p(z,¥) <e, and 8,(x,e) for the neighborhood § (z, "(z e)). We write {p} 
for the set consisting of one element p. 

(9.2) Let A be a set of r points (r= 1) of a closed cell ča of a metric 
complex K, let « be a positive number, and let Z be æ point of A such that 
n(Z,«) = (a, «) forall re A. Then if there ts some point y of ëa such that 
yeS,(z,«) for all ce A, the convex hull of (y}U4 in a 18 contained in 

S(T, e). 

Proof. First let r == 1. Then A == {Z}, and the convex hull of {y} U A 
in 6, is the segment [Z, y] in &. Since y e8, (2, e) — S (2, (Z,€)), p(Z, y) 
<n (ž, €), and hence if ze [Z, y], p(ž,2) <e Thus [, y] T8 (ž, €). 


* We write p(#,y) for the distance between the points œ and y. 
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We proceed by induction. Let r= 2, and assume the result has been 
proved for r— 1. Let B= A— {2%}, let B, = {y} U B, and let 4, = {y} UA. 
Then for any point z of the convex hull 4,* of A, in ĉa ze [%, y1], where yı 
is a point in the convex hull B,* of B, in ëa By the induction hypothesis, 
since ye 8,1 (2, 7 (2, ¢)) Cra (T, n(&,e)) for each ce B, By* C8 (F, (2, «)) 
for some Ge B. Hence p(7, yı) < n(&,e), and p(%, 41) = p(£, y) + p(y, 2) 
+ p(T, 91) < or (4, €) + mr (%, €) ar n(Z, €) < $n(%, €) + $n(%, €) + (4%, e) 
< w (z,c). Therefore p(r,2) <e, and d:*CS(£,e). 


(9.3) Forr =i let A be a set of r points, not necessarily distinct, of a 
closed cell é, of a metric complex K, and let e be a positive number. Then tf 
C is a non-empty convex set of & contained in [1 S,(æ,e), the convex hull 
of CUA in & has diameter less than 2e. oe 


Proof. Note that (C UA)* is the union of the sets ({y}UA)* for all 
yeC. By Lemma 2, each ({y}U A)*CS(£, €), where Z is a point of A for 
which y(£,e) is maximal, Hence (CU A)*CS(&,e), and the diameter of 
(C UA)* is less than 2e. | 


10. The conditions to be satisfied. Let K be a metric complex. For 
each positive integer n we choose a collection 11* of open sets of K, and with 
each open set U of U” we associate a point za of K. (The indices À of the 
sets of U” are assumed to be elements of some sufficiently large index set.) 
With each cell ea of K and each positive integer n, we associate a subcollection 
Ua” of U” and a positive real number pa”. The choice of U”, 2,11," and pa” 
will be subject to the following conditions: 


1) ur == Ualla” : 
2) WU," is a finite collection of open sets whose union contains ča. 
3) If Ueu,” then 2, ©@, and, for any ye Ua and ze K — Ste(x)), 
p(rx y) < dp (2, 2). 
| 4) If eg < ea, UgtC Ua. 
5) If, for es = ea, Une Ua”, and mye VU, e Ug", then Uy e Ug". 
6) Let eg ey, and let C be a convex set in ëy. Let Unm’ ++, Uy 


be sets of Ua”, and let Uaa’ - -, Uy, be sets of U,"* such that the intersection 
On Uae Ue is eee 


is not empty. Then if C has diameter less than 2p", the convex hull of the 
union CU {£o + -,%,,} in ëy has diameter less than 1/n. 


LA 
~, 
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‘Note that condition 3) implies condition 3’). 
3) If Unea”, then e(a,) Seq and ULC Stela). 


Also, if condition 3) holds for each of two cells é, and eg, then condition 
3”) holds. 


3”) If Une Ug" and U, e Up", and if Ur N U,5< 0, then either 
6(Z,) > e(rx) or efta) S eln). 


For if neither of ¢(z,) and e(z,) is a face of the other, then sx e e(æ1) CK 
— Ste(r:), and La € 6(2,) CK —Ste(a). Letre0,NU,. By 3) applied 
to ea p(n T) < 4p(2a, Ta), and by 3) applied to 68, p(zu £) < $p(£p T). 
Therefore p(T Za) > p(t) + p(2u t), which is absurd. 

Also, if conditions 2) and 5) hold for e, and all of its faces, the following 
condition 5’) also holds. 


5’) If, for eg = eg, Uxe Ul," and ae gp, then Uy e Up. 


For by 2). Wg" covers ëg, and hence for some U,e Ug", sae Uy. Thus by 5), 
Uy e Ug". 


11. The construction. We shall first construct the collections Ua” of 
open sets, and afterwards we shall use condition 1 to define 1". The con- 
struction of Ua” will be by induction on the dimension of the cell ea. 

First let ea be a cell of dimension zero; that is, €a consists of a single 
point v. If v is the only point of K, let Ua” consist of the one set U) = {v}, 
let z, be the point v, and let pat == 1. If K has other points, and hence 
other vertices, let d(v) be the distance from v to the complement of the open 
set St ea, and let Ua” consist of a single open set Un which is the spherical 
neighborhood of v with radius the smaller of $d(v) and y(v,1/2n). Let x 
be the point v, and let 2p." = n(v,1/2n). In either case the proof that con- 
ditions 2) to 6) are satisfied is easy, and is left to the reader. 

Now suppose that ea has dimension k > 0, and suppose that Ug”, x), and 
pg” satisfying conditions 2) to 6) have been constructed for all cells eg of 
dimenion less than k (in particular for all proper faces eg of eg), and for all n. 

For each n, let Ag” be the set of points of & which, for no proper face 
ep of ea, are contained in a set of the covering Us. Then Aa” is a closed 
and hence compact subset of &, and A," al es. Let ĝa” be the least value of 
pp” for all 6g < 6a and all m == n. Since 6a has only a finite number of faces, 
and since a finite number of positive integers precede n -+ 1, the number 6," 
exists and is positive. For each point x of Aa”, let d(x) be the distance from 
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z to the complement of St ea, and let N(x) be the spherical neighborhood of g 
with radius r(x) equal to the smaller of $d (x) and (1/3}nex+2 (T, 04"). Since 
A,” is compact and of dimension < k, the covering of A* by the neighborhoods 
N (a) has as a refinement a finite covering Ba” by open sets of K, such that 
no point of K is contained in more that k + 1 sets of Ba”. For each set Uy 
of Ba”, let x, be any one of the points of Aa” for which N (z1) Un Let xa” 
be the least of the finite number of distances r(x), more explicitly r*(a), 
corresponding to the finite number of U, in Ba”; and let pa” be the smaller 
of the two positive numbers xq" and xa™*. Let Ua” consist of the sets of Ba” 
together with all sets of Ua” for all proper faces eg of ea. 


12. Verification of the conditions. We now verify that the Ua”, x, 
and pa so defined satisfy conditions 2) to 6). 

2) The collection Ha” is the union of the finite collection Ba” and the 
finite number of finite collections Ug" for eg < eg. Hence Ua” is finite. For 
any reéq, either re Uxe Ug" for some eg < ĉa, or te A," and is contained 
in a set of the covering Ba”. Hence in either case, x is contained in a set 
of Ua”. Thus é, is contained in the union of the collection Ua” of open sets, 
and condition 2) is satisfied. | 

3) If UieS, then ay e AMC A wae Then, if ye UC N(ay), 
par, y) <r(zx) S4$d(z,), and if ze K — St e(z) = K — St ea p(x, z) 
= d(z); hence p(z, y) < $p(z,2). If Uxe Ur but £ Ba”, then for some 
ep < ĉa, Une Ug". Applying condition 3) to the lower dimensional cell eg, 
za € &gC 6, and for ye Ux and ze K — Ste(z), pee) < $p(rx,2). Thus 
condition 3) is satisfied. 

4) By the definition of Ua” condition 4) is satisfied. 

5) Condition 5) is trivial for eg == 6a. Assume eg < £a, Ux e Ua", and 
ze UreUgs. Then sy Aa", and hence U\£ Ba”. Thus for some ey < €a 
Ueu," Let es e(z). Then, by condition 3’) applied to eg, since 
U,e Ug", we have es = eg, and U,C Stes. By condition 5’) applied to es 
and eg, since Up e Ug", and 2, €s we have Uae Us". By 3’) applied to ey, 
since Un e ll", we have e(2,) Sey. But se U,C Stes; hence es S e(z), 
and es ey. .By 5) applied to eg and ey, since Un e LL," and me Ug Us”, 
we have U,e Us". Since es = eg, it follows from condition 4) that Us C Ug", 
Hence U; e Wg", and condition 5): is satisfied. 

6) Let ea = ey, and let C be a convex set in &, with diameter < 2pq". 
Let ye CN UNN NUNU N: N Uno where each Dy is in Ur, 
and each U, is in M". Let ty be the set (2a,,° - - ,æ,), and let tnn be the 
Set (Lag ` * Ta). 
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Each point of K, and in particular y, is contained in at most k -+ 1 sets 
of Bo". Hence at most k + 1 of the sets Uy,,---,Uy, are in Bo", and at 
most k + 1 of the points of u” are in eg. Similarly, at most &-+-1 of the 
points of u"*! are in ga. Let V” = u" N la, VYT man eg; then v™ U ym" 
has at most 2h + 2 points. | 

If sev, then ye U,CN(2,), and hence p(x,y) < r'(æ). Also 
diam © < 2pq" S2xq" = 2r” (ma). Hence, if zeC, 


p(®a,2) SS p(t, Y) + p(y, 2) < 87" (ax) S qare (Tr 9a"). 


If zpev“, then ye U,CN(x,), and hence p(s, yY) < r° (£a). Also 
diam C < 2pq" SS Qxq""? S rati (x4). Hence if ze JC, 


plus 2) < BT (Tp) S nore (Lp, 001). 


By definition, Oa” is a decreasing function of n; hence ba! = 6,", and 
mere (Ly, 007) SS mors (Tu, Oa”). Thus for each ze O, p(ap, 2) < narse (Tns Oa"). 
It follows that for each of the at most 2k +2 points z of vw U ymi, 
C is contained in the nez.2(2, 04") neighborhood of x. Hence by (8.3), the 
diameter of the convex hull of C U v” U vu" in ëy is less than 26,". 

Let w” == u” —y”, and let wt? == unt —y1, Then for each z,e w” U wt, 
6(fy) < ĉa Let £r be chosen in w” U w**? 80 that e(x-) has maximum dimen- 
sion, and let eg = e(£r). Then if z,e uw" Uw, Uz N U,540, and hence 
by 3”) applied to the faces e(xr) and e(z») of eg, either e(æ,) > e(ax), or 
e(£y) Se(ae). Since e(z) is of maximal dimension, e(z) > e(xr) is im- 
possible ; hence e(z,) = e(xr), and Ty € (Tr) == 88. Therefore w” U wt C ëg. 

Let C’ == (CU vt U yt )*, the convex hull of CUv"™ Uv", Then, 
diam C” < 264" = Rpg". Now C’ C ëy, eg < 6y, and y is in C” and in each of 
the sets Up of (Uns + -, U,,) for which z, ew” U w"™*C ëp. But by con- 
dition 5”), each set U, is in Ug" U Ug". Thus we can apply condition 6) 
to es, and we find that (C’ U w” U wtt)* has diameter less than 1/n. But 


(C U we U wrt) * = ( (O U or U ot) U wo U wrt) # 
= (C U ot U yttl U yr U tnt) * — (C U u” U qpntt) +, 


Therefore (C U u” U ut#?)* = (C U {£ -:, Tu} )* has diameter less than 
1/n, and condition 6) is satisfied. 

Thus for each eg of dimension k, we construct 11", {æ\}, and pa” satisfying 
conditions 2) to 6). By induction on k, we have a family of Ua”, 2, and pa" 
satisfying conditions 2) to 6) for all eg and all n. Let U” = |JaUla”. Then 
all the conditions 1) to 6) are satisfied. 
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13. The families of open sets as coverings. We first verify that each’ 
family U” is a covering and in fact a locally finite covering of the metric 
complex K. 


(13. 1) Each of the families U", n=], 2," : :, of open sets is a 
locally finite covering of K. 


Proof. Let ze K, and let eg —e(x). Then by condition 2), x is con- 
tained in some set of Ua” C U”. Therefore U” is a covering of K. Let Wa 
be the union of the open sets of Ua”; then Wa is an open set containing x. 
Let a(z) be a positive number less than half the distance from x to the com- 
plement of the open set WaN St es, and let G (z) be the spherical neighborhood 
of x with radius a(z). 


Let U, £ U” — U”, and let 6y = 6(2,). Then for some es, Uy £ Us", and 
Ta © 63. Hence by 5’), Une U,”. Since Ur £ Ua”, ey is not a face of ea, and 
80 6g==e(z) is not in the star of ey —=e(2,). Hence ze K —Ste(a). 

Suppose it possible that G(z)1U) 540, and let ye G(x) MU. Then 
by 3), since ye Uy ell, and ce K — Stels), p(ax, y) < tolen 2). Also, 
since y € G(x), p(z, y) < a(x). Hence p(za, x) S p(ax, y) + e(z, y) < plan T) 
+ a(x). Therefore p(z, t) < 0 and hence me Wa N Steg. Thus for 
some U,€ Ug", 1€ Up, and 6a < e (Th) — ey. Hence by 5), Un eUa”, which 
is absurd. Therefore G(z)1U,=—0. Thus (x) meets only a finite number 
of open sets of U”, U” is locally finite. 


(13.2) For any point ve K, let u be the set of all x, for which 
teU ett”, and let w be the set of all x, for which se Upe W. Then u 
and u are contained in &(x), and the convex hull of {1}U uU w in &(x) 
has diameter less than 1/n. | 


Proof. Let eg = e(x). and let C be the set {x} consisting of one point. 
Then C is a convex set in 8, and diam = 0 < 2pa”. As in the proof of 
(13.1), there is & neighborhood G(x) of x which meets no sets of U” — 11,*. 
Hence the sets Uy: --,U,, of U” which contain x are in Ua”, and 
u == {°° *,%,} 18 contained in ĉa. Similarly, the sets U,,---,U a of 
U” which contain x are in 11,***, and hence w = {2,,,° * -, Zay is contained 
in ĉa- Then by condition 6), the convex hull of CUuUwW=={z}UuU wv’ 
in ë has diameter less than 1/n. 


14, The RETE of K into K. Corresponding to each of the coverings 
U” of K we define a mapping yn: N" — K, where N” is the Whitehead nerve 
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of U”. For each vertex u, of the nerve N” there is a corresponding open set 
U, e U”, and there is a point x of K associated with U; ; we define ya(u) = 2a. 
For each simplex o == u ``: * u1, of N”, there is some point re K contained 
in the intersection Unx N: -N Un, Among the cells of K which contain 
at least one of the points Tas’ : `, Zy, let e, be one of maximum dimension. 
Then it follows from condition 3”) that e, is unique, m,°°°,%, are all 
in &,, and by condition 3’), e, = e(z). We define y, |c to be the linear map 
of o into ë, determined by mapping each vertex ux, of o into the corresponding 
Tu- Since on < e(z), ds lo is also a linear map of ø into (z) for each 
seU N N Ux, If c, is a face of c, the point x is in each Un, corre- 
sponding to a vertex un, of o,, and therefore , | o, is also a linear map into 
ë(z). Hence y, |& is a linear map into &(z), and yn | č is continuous. Since 
N” has the Whitehead topology, ya: N° — K is therefore continuous. 

Let Kw be the complex K retopologized with the Whitehead topology, 
and let f: Kw — K be the identity map; i. e. for each g e Ky, let f(z) = ze K. 
Since the topology of Kw is at least as fine as that of K, f is continuous. 
The map w,: N” -> K can be factored into a map y„: N” —> Kw followed by 
f:Kw—> XK. Since y, is linear and hence continuous on each closed simplex & 
of N”, xa: N” Kw is continuous. Let r be a canonical map of K into the 
nerve N” of U”. Then ([3], p. 202) for each ze K, (x) e (x), where a(x) 
is the simplex of N” determined by z; the vertices of o(s) correspond to the 
open sets of U* containing z. If (x) == Un’ * ‘ua, then te Un NN Uw 
and hence ya maps &(x) into &(x). Hence Wsp,(x) e é(z). Let gn == ynspr: 
K — Kw; then (see diagram) fga = fynbn == nbn: K > K. Thus, for each 
TEK, fg(x) € ë(x). 


g— | s,m 
/ 
In : ff | Wn 
rá 
iv f 4 


A E 


15. The homotopy. We now define a homotopy A: K XI1—K. For 
n=1,2, + -, let (æ, 1/0) = fon(t) = ynpa (2). Forl/(n+1) < t< 1/n, 
let A(x, t) be the point of é(z) which divides the segment from h(a, 1/(n + 1)) 
to h(a, 1/n) in the ratio of t—1/(n + 1) to 1/n— 4% Let k(z,0) =z. 
We must show that h: K X I->K is continuous. 
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_ Let ce K, and let ea —e(x). Let V be an open set containing x which 
meets no sets of U” -— U,” and meets no sets of U=! — Tom; then VC Ste. 
Let I, be the interval 1/(n -+ 1) S t 5 1/n. Let (y, t)e V X Ia. Then since 
ye VC Stea 6a Sely). If ye U eU”, we have Ux e Ua”, and hence Ty € ga. 
Thus for each vertex u, of o (y) in N*, Ya(un) € ča; hence #, maps &(y) into 
6, C &(y). Therefore, since ġa (y) e & (y), fga (Y) = Yapa (Y) € ëa. Similarly 
f9nn (Y) € ča Since ea = e (y), the segment joining fgn (y) to fga (y) in 8(y) 
is the segment joining them in đa, and the point h(y,t) is the point dividing 
the segment from fg.(y) to fga(y) in & in the ratio t— 1/(n + 1} to 
1/n—t. Thus h maps V X J, continuously into & C K. It follows that 
for each n, h maps K X J, continuously, and from this it follows that h is 
continuously except possibly for t = 0. 

We must show that A is also continuous at points (z,0) of K XI. For 
any ze K and «> 0, let U be the (e/2)-neighborhood of x in K, and let W 
be the subset {¢|0 << t < 1/m} of I, where m is some integer greater than 2/c. 
Then U X W is a neighborhood of (x,0) in K XJ. Let (y,t) be any 
point of U X W. If t= 0, h(y,t) — y, h(x, 0) = zx, and p(h(a, 0), A(y, t)) 
=x p(x, Y) Le/8 Le. If, on the other hand, £ œ> 0, then for some n= m, 
1/(n+1)<t<1/n lf Uw’, Un are the sets of U” containing y, then 
oa(y) € O(y), where o(y) is the simplex ux,,: : +, uy, of N”. Since paltin) = Za, 
and since Ya |&(y) is a linear map into é(y), Y» maps &(y) into the convex 
hull of {Tav ">; Ta} in é(y). Similarly if U,,,---,U,, are the sets of 
W+ containing Y, Wasder(¥) © {Tus © *>%a,}* in e(y). Therefore, since 
h(x, t) is on the segment from Warndni(y) to Yaba(y) in &(y), h(x, t) 
E {T° y Za” in é(y). By (12.2), diam {y, ax, + +, 2s,}* < 1/n; hence 
e(y,h(z,t)) <l/n=1l/m<e/2 Because ye U, p(x, y) <e/2. Hence, 
since z =— A (x, 0), p(h(a, 0), h(y, t)) < €/2-+- e/2 = e Thus À is continuous 
at (z,0), and therefore is continuous. 

We have shown that h: K XI—>K isa AR 10 Since h(z, 0) =z, 
and A(z,1) = fgi(x), we have 


(15.1) The map fg: K — K is homotopic to the identity. 


We have in fact proved much more. We have shown that if 0 = t < 1/n, 
then p(y, h(y,t)) < 1/n. Hence if 0 = tS 1, p(y, h(y,t/n)) < 1/n. Thus 
if we set h, (zx, t) = h(x, t/n), we have h, (x, 0) == h (z, 0) = z, and h,(x,1) 
= h(x, 1/7) = yafn(T), and therefore A, is a homotopy of the identity 


1° Actually the homotopy is a uniform homotopy. For definition of uniform homo- 
topy see [3], p. 204. 
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map of K in K to the map wad, such that, for each ee K and tel, 
p(T, Aa(z,t)) <1/n. Thus if we are given e > 0, and if we choose n > 1/e, 
then for every tel, h,(x,t) is within e of z. We have therefore obtained 


(156.2) Given any positive number «, the identity map of the metric 
complex K on itself is «homotopic to a factored map ude, Where pn is a 
map of K into a Whitehead complex N”, and 4, ts a map of N" into K. 
During the homotopy a point x does not leave the closure é(x) of the cell 
containing tt. 


16. The homotopy type. Two spaces X and Y are said to have the 
same homotopy type if there exist maps f: X -> Y and g: Y — Z such that 
fg: Ÿ — Y is homotopic to the identity, and gf: X —> X is homotopic to the 
identity. Spaces of the same homotopy type can not be distinguished by any 
of the invariants of algebraic topology. Our main theorem is that a metric 
complex and the corresponding Whitehead complex have the same homotopy 


type. 


THEOREM 1. If K is a metric’? complex and Kw is the complex re- 
topologized with the Whitehead topology, then K and Ky have the same 
homotopy type. 


Proof. We have maps f: Kw — E and g;: K — Kw such that, by (15.1), 
fg.:K — K is homotopic to the identity. It-is then sufficient to show that 
gif: Kw— Kw is homotopic to the identity. We define the homotopy 
h: Kw X I— Kw as follows. For each ze Ky, gf (£) == g1(x) e(z); we 
define h(x, t) to be the point which divides the segment from x to g,f(z) in 
(x) in the ratio t: 1— t. For éach cell & of Kw, if we é, then 6(z) = ea, 
and hence A(x, t) is-the point dividing the segment from æ to g,f(#) in ĉa 
in the ratio t: (1— t). Thus h]é XI is continuous, and by (5.2), 
h: Kw X I— Kw is a homotopy. 


THEOREM 2. Jsomorphic metric complexes have the same homotopy type. 


Proof. Let K and L be isomorphic metric complexes. Then Kw and ` 
Lw are isomorphic Whitehead complexes, Hence by (6.2), Kw and Lw are 
homeomorphic and a fortiori of the same homotopy type. By Theorem 1, 


1 In the terminology of Lefschetz ([9], p. 98), (15.2) says that the identity 
mapping of K on itself is e-deformable, for all e, to a mapping into a continuous complex. 
We may interpret this as meaning that K is an absolute neighborhood retract. 

13 Tn this and the following MIE it is sufficient to assume that K is a metrizable 
complex. 
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K has the same homotopy type as Kw, and L has the same RRA type a8 
Lw. Hence K has the same homotopy type as L. 


17. Canonical mappings. We now show that the theorems on canonical 
mappings #8 into the nerve of a covering hold equally whether the nerve is 
provided with a metric or with the Whitehead topology. 


THEOREM 3. Let X be a topological space, let U be a covering of X, 
let N be the nerve of U with the Whitehead topology, and let M be the nerve 
metrized in some way to form a metric complex. Then there exists a canonical 
map of X into the nerve N of U tf and only if there is a canontcal map of X 
into the nerve M of U. 


Proof. First let be a canonical map of X into N, and let f be the 
identity map of N (= My) onto M. Then f: X — M is continuous. Also, 
for each vertex u, of M, (f¢) “St w(t) == "St y(u) CU. Hence fẹ is a 
canonical map of X into M. 


On the other hand, let y be a canonical map of X into M. Let g bea 
map of M into N (== Mw) (see § 14) such that, for each ze M, g(x) e &(x) 
in N. Then gy is a map of X into N. If g(r)ees, te Ste; hence 
Jea Stag. If ey C Steg, gte,C Ste,C Steg. Hence g St yea C Stirea. 
It follows that (gy) Sty uw, = gigi ii uC a Star ua C Uy Therefore gy 
is a canonical map of X into N. 


COROLLARY 1. Let X bea normal space, and let U be a covering of X: 
Then there is a canonical map of X into a metric. nerve M of. 1l, or into the 
Whitehead nerve N of U, if and only if U has a locally finite refinement. 


COROLLARY 2. Let X be a topological space. There is a canonical map 
of X into a metric nerve M or into the Whitehead nerve N of every covering 
U of X if and only if X ts paracompact and normal. | 


_ Proof. These results have been proved for particular metric nerves ([4}, 
p. 888). It follows from Theorem 3 that they hold for Whitehead nerves. 
By another application of Theorem 8 they hold for any other metric nerves. 


18. Topological invariance. Finally we show the topological invariance 
invariance of the homology and cohomology groups of metric complexes. 


THroremM 4. The combinatorial homology and cohomology groups of a 


13 For definition of canonical mappings see section 7 above. 
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metric complex are tsomorphic with the corresponding singular homology 
groups. If the coefficient group is discrete, the combinatorial cohomology 
groups are isomorphic with the Cech cohomology groups. 


Proof. The singular homology and cohomology groups and the Cech 
cohomology groups are invariants of the homotopy type ([7], p. 400; [5], 
p. 287). Hence by Theorem 1 they are the same for K. and for Kw. By 
(8.1) and (8.2) they are therefore isomorphic with the corresponding com- 
binatorial homology and cohomology groups. 


COROLLARY. If K and L are homeomorphic metric complexes, their 
combinatorial homology and cohomology groups are isomorphic. 
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ON THE UNBOUNDEDNESS OF THE ESSENTIAL SPECTRUM.* 


By C. R. Putnam. 


1. In the differential equation 
(1) a” + (A —f)¢ = 0, 


let-A denote a real parameter, and let f == f(t) be a real-valued continuous 
function on the half-line 0 =t<o. (Throughout this paper only real-valued 
functions will be considered.) In addition, suppose that f is such that the : 
differential equation (1) is of the Grenzpunkt type, so that (1) possesses for 
` some À (and hence for every A) a solution + which fails to belong to the class 
L? == L2[0,00 ) ; cf. Weyl [11], p. 238. In this case, the equation (1) and a 
linear, homogeneous boundary condition 


(2) æ(0) cos «+ 2’(0) sin « = 0, | | Ea <r, 


determine a boundary value problem on 0 S t <œ with a spectrum S,. If 
S’ denotes the (closed, possibly empty) set of cluster points of Sq, then S’ is 
independent of a ([11], p. 251), and is called the essential spectrum of (1). 

Various results concerning the set S’ are known in case f is subject to 
certain restrictions. If, for instance, f satisfies 


(3) | f(t)—c as to, 


then 8” is the half-line c St <œ; [3]. In general, the complement of 9’ 
is .an open (possibly empty) set, and hence possesses a decomposition X (Az, A*) 
into open intervals Ay < A < A* (or “gaps” in 8’), where it is. understood 
that one, or possibly two, of the intervals are half-lines, and that the summa- 
tion may consist of the single interval —co < À <% in case S’ is empty. 
If f is bounded; so that | 
(4) | F(E) | < const, I<t<o, 
it is known that, except for (Ao, A°)==(—00, A°), the inequality ÀË — A, <= const. 
holds, so that, in particular, S’ is unbounded from above ([8]), and if certain 
extra conditions are placed on f, even asymptotic estimates of the gaps in S’ - 
can be given; cf. [6]. | | 
i i 

* Received September 15, 1951. 
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metric complex are isomorphic with the corresponding singular homology 
groups. If the coeficient group is discrete, the combinatorial cohomology 
groups are isomorphic with the Cech cohomology groups. 


Proof. The singular homology and cohomology groups and the Cech 
cohomology groups are invariants of the homotopy type ([7], p. 400; [6], 
p. 287%). Hence by Theorem 1 they are the same for Ki and for Kw. By 
(8.1) and (8.2) they are therefore isomorphic with the corresponding com- 
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COROLLARY. If K and L are homeomorphic metric complexes, their 
combinatorial homology and cohomology groups are isomorphic. 
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ON THE UNBOUNDEDNESS OF THE ESSENTIAL SPECTRUM.* 


By C. R. PUTNAM. 


1. In the differential equation 


(1) w+ (A—f)e=0, 

let À denote a real parameter, and let f =f (t) be a real-valued continuous 
function on the half-line 0 S t <œ. (Throughout this paper only real-valued 
functions will be considered.) In addition, suppose that f is such that the ~ 
differential equation (1) is of the Grenzpunkt type, so that (1) possesses for 
` some À (and hence for every A) a solution x which fails to belong to the class 
L?’ =— LA[0,c0) ; cf. Weyl [11], p. 238. In this case, the equation (1) and a 
linear, homogeneous boundary condition 


(2) æ(0) cos æ + 2’(0) sin a = 0, | | 0Za< 7, 


determine a boundary value problem on 0 S <œ with a spectrum Sa If 
S denotes the (closed, possibly empty) set of cluster points of Sa then S’ is 
independent of a ([11], p. 251), and is called the essential spectrum of (1). 

Various results concerning the set 9’ are known in case f is subject to 
certain restrictions. If, for instance, f satisfies 


(3) | f(t) —c as to, 


then 9’ is the half-line c Æ t <œ; [3]. In general, the complement of S$’ 
is an open (possibly empty) set, and hence possesses a decomposition 3 (Ax, A*) 
into open intervals Ap < A < A (or “gaps” in 8’), where it is. understood 
that one, or possibly two, of the intervals are half-lines, and that the summa- 
tion may consist of the single interval —&o < À <œ in case 8’ is empty. 
If f is bounded, so that 


(4) | f(#)] < const., | 0St<o, 


it is known that, except for (Ao, A°) =(—, A°), the inequality At — A, const. 
holds, so that, in particular, S’ is unbounded from above ([8]), and if certain 
extra conditions are placed on fs even asymptotic estimates of the gaps in 9’ 
can be given; cf. [6]. 
——— i 

* Received Sentenber 15, 1961. 
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In most instances, the set S’ is, if it is not empty, unbounded either 
from above or from below. However, examples of functions f for which 8’ 
consists of a single point are known; [4], Corollary 3, p. 110. Thus the 
set S can be non-empty and yet bounded. 

It is natural to ask under what general condition on f is the set 9’ 
unbounded when it is not empty. It turns out that a sufficient condition is 
that f be bounded from below, thus, f should satisfy 


(5) f(t) > const., OSt<o. 


(It should be noticed that (5), and hence (4) or (3), imply that (1) is of 
the Grenzpunkt type; [11], p. 238.) Furthermore, as will be shown in 
Theorem I below, the restriction (5) even permits an asymptotic estimate of 
the gaps in 8”. For convenience in the sequel, the following terminology 
will be introduced: Let ma(à) = min|A—jp| when p is in Sq, and let 
m(X) == min |A— g| when y is in S’. Thus m,(A) and m(A) denote the 
distance from a fixed value À to the nearest point of the set Sa or 8’. Clearly 
mA) =% for some A (and hence for every A) if and only if S’ is SRON 
The following will be proved: 


THEOREM I. Let f(t) be a real-valued continuous function on 0 St < © 
satisfying condition (5). Then one of the following two possibilities must 
occur: either (i) the set S’ ts empty or (ii) S ts not empty and ts unbounded 
from above. Furthermore, in case (ii), m(A) satisfies 
(6) | m(A) = O(M), À— co. 

The main tool used in this paper will be the lemma (*) of section 2 
from which certain estimates for m(A) will be derived; various consequences 


of (*), in addition to Theorem I, will be set forth in Theorems IJ-IV in 
section 4. 


2. Consider the boundary value problem determined by (1) and (2) 
for a fixed a, and let A àa’ denote the eigenvalues (if any) and 
hı he,” * * the corresponding normalized eigenfunctions. Then for A == À; 
and ==, equation (1) becomes 


(7) p” + (Ay— f) — 0. 


Let L(z) be defined by L(x) == z” — fr, and let g denote any function of 
class L’ satisfying the boundary condition (2), for which L(g) is defined, 
continuous, and of class L? ; thus, 


(8) J'rat<e, f Eico. 
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Since g satisfies (2), D/(0)g(0) — p,(0)g'(0) mm 0; in addition, by (8), 
(bj (t)g(t) — p(t)g (1)) — 0 as to (cf. [11], pp. 241-242). Multi- 
plication of (7) by g followed by an integration readily leads to 


(9) JQ taadi — aa) f get, 


for an arbitrary real number à. Two applications of the Parseval relation 
applied to the functions L(g) + àg and g yield, in virtue of (9) and a similar 
relation in which the ¢, are replaced by the eigendifferentials corresponding 
to the continuous spectrum, the inequality 


(10) JOL Hagi = mta) f pat; 
0 0 
cf. [9], p. 140, for calculations of a similar nature. 


First suppose that S’ is not empty, so that m(A) <œ (for all A), and 
suppose Ma(À) < m(A). Let g = gn, n= 1,2,: - -, denote any sequence of 
functions of the type considered above in the derivation of (10). In addition, 
suppose that 


p w 
(11) f Ga dt/ f Qn° dt — 0, | nc, 
‘ 0 o 


holds for every fixed T satisfying 0 & T <œ. Let e denote a small positive 
number, and consider the A-interval [A-—— m(A) +6 A+ mx) —e]. On this 
interval there exist at most a finite number of points Ai, As,° * *, Ay (eigen- 
values) in the spectrum of Sq. It follows from the Schwarz inequality and 
(11) that 


N w w 
(12) D Cf guibydt)?/ f gadt — 0, >, 
4=1 0 0 
It is now an easy consequence of (12) that 
lim sup f (L (ga) -+ Agu?) dt = lim sup (m (a) ~)? f gdt, 
n> 0 #00 0 


whenever e < m(A) and the functions g == g, satisfy (11). Since e is arbi- 
trary, one can obtain even 


(13) lim sup J (L(gn) + Agn)*dt = lim sup[m*(A) f gn°dt |. 
n> 0 nw 0 


Next, let y denote any function satisfying (2) for which y, y’, and L(y) 
are continuous and belong to L?. Furthermore, let A> 0, and put h = cos (Att) 
and g == yh. Itis readily verified that g cos a + 9’ sin « = h(y cos a + y sin a) 
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+ yh’ sina, so that, since y satisfies (2) and since h’ == — M sin (A), g 
clearly satisfies (2). Furthermore, L(g) + àg = L(y)h + 2yh’, so that the 
left side of (10) becomes 


(14) [GR + yw) eat. 
8 
One readily verifies as a consequence of the equation 
cos? (Abt) == 4(1 + cos (2At)) 
and an integration by parts, that the integral on the right side of (10) is 
(15) f yhidt = $ f y2dt — x f yy sin (RAÏ) dt. 
0 0 0 


(Use is made of the limit relation y(t) — 0 as #->00 ; this, in turn, is a 
consequence of the fact that y and y’ belong to L°.) An application of the 
Schwarz inequality to the second integral on the right side of equation (15) 
shows that 


(16) f “yy’ sin (2a4t) dt < ( Í. Pdt Í yeda 


If use is made of the inequality (a + b)? = 2(a* + b?), where a and b are 
real, it is seen that (14) is majorized by 


(17) 2 f [(L(y))* + aya, 
Furthermore, if y is normalized by 
(18) f vat == 1, 
it is seen from (15) and (16) that 
(19) Í, “yhidt = HA ( J PAT 
Suppose now that y = Yn, n == 1,2, : -, denotes any sequence of func- 
tions, satisfying the conditions imposed on y above, and such that (11), in 


which gn = Ynah, is valid for every fixed T, where 0 = T <œ. It then follows 
from (13) and the results obtained above that 


(20) 4limsup f L(Z(n))* + ay dt 


> m? (A) [1-—a4 lim inf ( f dt 4]. 
#00 0 
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It is clear from (19) that the condition (11) surely holds if 


T a0 
(21) 0 < f yn?dt/[1 — a4 ( af yn2dt)*] — 0, no. 
0 0 


Furthermore, it is clear from the above discussion, that (20) is also valid 
in case 8’ is empty (so that m(A) =œ), with the understanding that the left 
side of the inequality of (20) may be œ. The results obtained thus far can 
be summarized in the following lemma: 


(*) Let {yn} denote any sequence of real-valued functions on 0 St Ko, 
satisfying the boundary condition (2) for x —y, and the normalization 
condition (18) for y = Yn, and which, in addition, are such that Yn, y, and 
L(y,) are continuous, belong to L?, and the inequality and limit relation of 
(21) are satisfied. Then the inequaliiy (20) ts valid for all À > 0 (where 
m(A) S00). | i 


The above lemma will be used in the next section to prove Theorem I. 


3. Proof of Theorem I. It is sufficient to show in this case that if S’ 
is not empty, then (6) must hold. For it is an obvious consequence of (6) 
that S’ must contain an infinity of points clustering at À = +00 (and possibly 
elsewhere). But if 8’ is not empty, then 9’ is translated by c if f(t) is 
replaced by f(t) + c, for any constant c. Since (5) remains valid for f(t) + c 
whenever it holds for f(¢), it can be supposed that À = 0 belongs to the set 8’. 
Consider the fixed boundary value problem determined by (1) and (2) for 
& == 0. Suppose first that À—0 is a cluster point of eigenvalues A, with 
corresponding normalized eigenfunctions ¢,, so that 


(22) f hadi = 1. 
It is clear that 
(23) J Lea 0 no. 


Furthermire, multiplication of the equation (7) by #, for 7 = n, followed by 
an integration, yields 


T T T 
(24) [seat bade! | + [Qu —péontdt, 


for every T satisfying 0S T <œ. However, it follows from (65) that 
— f < const., so that, since ¢.(0) = 0, 


f "pwdi < h(T})px (T) + const. 
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It is known that ¢,(7')¢,’(T') +0 as T—œ (see the proof of the theorem 
of [12], p. 6; cf. also [2]) so that où 


(25) f dn *dt SS const, (independent of n). 
0 


Furthermore, the limit relation ¢,(¢) — 0 as n—>c holds uniformly on every 
finite t-interval OS t 5 T; cf. [10], p. 269.1 Hence, for sufficiently large A, 
it follows from (25), that (21) holds for y,==¢,. Moreover, it can be 
supposed that (for sufficiently large À), 


1— At lim sup ( f ydi = 4 
He? 00 0 


The lemma (*) is clearly applicable and shows that (20) holds and hence, 
by (22)-(24), 
(26) const. A =: $m? (A) 


for large À That is, (6) is satisfied and the proof of Theorem J is complete, 
at least if A == 0 is a cluster point of eigenvalues of the boundary value problem 
corresponding to « = 0. If this last condition fails to hold, then À = 0 is in 
the continuous spectrum of this boundary problem. (This alone would imply 
that 8’ is-unbounded; [13].) _ It will be shown that again (6) must hold. 
(The proof is essentially similar to that carried out in case A == 0 is a cluster 
point of eigenvalues.) One can obtain a sequence of functions y, of the type 
considered in (*), so that, in particular, (25) holds if n is replaced by Yn, 
and such that | 


(27) Yn + (Àn — f) Yn = kr, 
where the &, are continuous functions satisfying 


(28) | f kytdt —> 0, n-o; 
0 


see the lemma of [10], p. 269. In addition (23) is valid, and the limit relation 
Yn(t) —> 0, as n—>co holds uniformly on every fixed t-interval OS ¢ST; 
loc. cit., p. 269. Finally, a relation of the type (25), but where #, is replaced ` 
by Yn, follows from (5), (27) and (28). Hence (26) can again be obtained 
and the proof of Theorem I is complete. 


1 Professor Wintner has pointed out to me that the passage occurring in [10], p. 267, 
referring to a classical theorem in [1], p. 278, should state that the methods of [1] 
imply that the class of an operator, on the L? space 0 = # << ©, is unchanged by adding 
to it a bounded operator. Cf. a corresponding remark in [7], § 7. 
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4. In this section, a number of additional consequences of the lemma 
(*) of section 2 will be derived. First, a slight generalization of Theorem I 
is contained in the following 


Tazonem IJ. The essential spectrum 8’ is not empty and, in fact, holds 
when the assumption that f satisfies (5) is replaced by the assumption that 
(1) be of the Grenzpunkt type and that there exist a sequence of real-valued 
functions y, satisfying the following three conditions : | 


(i) the y, possess continuous second derivatives and satisfy the bound- 
ary condition (2) for a fied a; 
© T 
(ii) f nisi f irst aes aor ea 
0 0 


number T}; 


(iii) f macon fj (L (gx) dt < const. 
0 Q 


That Theorem II implies Theorem I is clear. In fact, the conditions 
specified in II were obtained, in the proof of I, as a consequence of the assump- 
tion that (5) holds and that 8’ is not empty. The proof of ITI proceeds along 
the same lines as that of I, and can therefore be omitted. 


THEOREM III. If, in Theorem II, the first inequality in condition (iii) 
483 strengthened to | 


(29) | Í yn *dt > 0, n -> 00, 
0 


then the assertion (6) of Theorem TI can be improved to the statement 
(30) m(A) =O(1), as À. 
If, in addition to (29), the second inequality of condition (iii) ts replaced by 


(31) f (L (yn) )?dt > 0, no, 
0 
then the assertion of Theorem II can be improved to 
(32) the half-line OX <œ is contained in S. 
In order to prove Theorem III one need note only that (20) now yields 
(33) const. == m? (A) or 0 = m*(d), 


according as (29) alone or both (29) and (31) are assumed. Since (33) is 
equivalent to (30) or (32), the proof of Theorem III is complete. 


ON THE ESSENTIAL SPEOTRUM.. = 585 


THkoREM IV. Let f(t) be a real-valued continuous function. on 
OSt<o satisfying . (5), and suppose that, as t—>œ, the (finite) value 
p = lim inf f(t) belongs to the set 8’. Then the set S’ ts precisely the half- 
line p Æ À <o. 


That 8’ is contained in the half-line p = À <œ is a consequence of the 
fact that the least point of 8’ is never less than p; cf. [5], p. 860. It remains 
to show then that every À > a (hence every AZ p) is in 8’. To this end, 
as in the proof of Theorem I, it can be supposed that f(t) is shifted, if necessary, 
by a constant, so that u = 0. Let À > 0. It will be shown that there exists 
a sequence of functions y, satisfying the conditions of Theorem III sufficient 
for the implication (32). For convenience it will: be supposed that œ = 0 
in (2) and that u = 0 is a cluster point of eigenvalues. (Note that the set S’ 
is independent of a; moreover, the case in which u = 0 is not a cluster point 
of eigenvalues, and hence is in the continuous spectrum, can be treated as in 
the proof of Theorem I.) Again, one can obtain relation (23). It is clear 
from (24), the fact that u = 0, and from the properties of me functions ¢, 
occurring in the proof of Theorem I that 


lim sup f dn dt = lim sup (— f fondi) = 0, (no), 
0 0 


as an improvement to (25). The last formula line, for Yn = Øn, of course 
implies (29). It is now clear that the functions y, — ¢, satisfy the conditions 
of Theorem III guaranteeing the validity of (32). This completes the proof ` 
of Theorem IV. 


PURDUE UNIVERSITY. 
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PROPERTIES OF CONFORMAL INVARIANTS.* 


By Vivar WoLontis.** 


I. Basic Properties of Extremal Distance. 


1 Definition of extremal distance.1 Let D be a region in the complex 
plane, #, and E, two disjoint compact subsets of D, and T the class of all 
rectifiable curves in D joining E, and Æ,. Let P be the set of non-negative 
functions p(z) on D such that the integral 


(1) Lev) = f pl de | 

is defined for all pe P and every rectifiable curve y in D, and 

(2) Ap(D) = ff, pdedy, 22 tay, 
exists and is different from zero. We wish to determine pe P so that the ratio 
(3) [inf Lp(y)]*/4p(D) 


| be maximal. Since the existence of a maximum is not assured, we consider 
more generally the finite or positively infinite quantity 


(4) Ap (Ex Bs) = sup [int Lp (y)]*/40(D), 


which we call the extremal distance between E, and E, with respect to the 
region D. For later use we observe that, since the value of the quotient (3) 
remains unchanged if p is multiplied by a positive constant, and since the 
extremal distance (4) is clearly never zero, we may restrict the class P e. g. by 


* Received July 10, 1961. 

** This paper includes the results found in my thesis, “ Properties of Conformal 
Invariants,” Harvard University, 1949. I wish to express my deep gratitude to Pro- 
fessor Lars V. Ahlfors for suggesting problems and methods, and for encouraging 
guidance and great personal interest. 

1 For the material presented in sections 1-3 of this chapter I am indebted to 
Professors Ahlfors and Beurling for their permission to consult an unpublished manu- 
script. Compare also A. Beurling, Etudes sur un problème ‘de majoration, Thèse, 
Uppsala, 1933, and L. Ahlfors and A. Beurling, “ Conformal invariants and function- 
theoretic null-sets,” Acta Mathematica, vol. 83 (1950), pp. 101-129. 
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the requirement Lp(y) = 1, for all p and y, in which case (4) takes the 

simple form | 

(E) An(#,, #2) == sup 1/4p (D), Lp(y)= 1. 
ee 


The extremal distance is a conformal invariant of the configuration 
(D, E, Ez), i.e. if 2* = f(z) is a one-to-one conformal mapping of D upon a 
region D*, taking E, to #*, and E: to E*;, then 


(5) Ape (E*,, E*:) == ÀAp(E, Ez). 
In fact, with p*(2*) = p(z)/| f (2)| we have 


Lp+(y*) = fie | da* | — Í, p |dz | = Lp (Y), 


Ap (D*) = f f ira m= fs. p°/| F (2) |Pda*dy* 


ff p°dzdy = Ap(D). 


The definition of extremal distance remains meaningful if we allow E, 
and E: to contain accessible boundary points of D. 


2. The extension principle. The following simple principle is an 
important tool in dealing with extremal distances: If D* is a region con- 
taining D, and if #,* and £.* are compact subsets of D* containing F, and Éz 
respectively, then | 
(6) Ape+(Æ,*, E") < àp(E, Ez). 

The proof is immediate: Any p(z) defined on D* is also defined on D, 
(7) Ap(D) = Ap(D*), 
and, since any curve joining #, and F, will a fortiori belong to the class T* 
of curves joining Æ,* and £,*, 

(8) - inf Lo(y) = inf Lp (y*), where yeT, y*eI*. 

Inserted into the definition (4), these inequalities yield (6). 

| In this connection we observe that if F and F} denote the boundaries ? 
of E, and Es, we have E’ C H,, Ex C Ea; and (6) gives 


(9) dp (Ei, Ba) € Av( BY, Ey’). 


2 Throughout this paper primed letters will denote the boundaries of the respective 
sets. 
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On the other hand every curve joining E, and E, will also join their boun- 
daries, which implies, in analogy with (8), that | 


(10) ÀD (E, Ez) 2> AD (EY, E) . 
Combining (9) and (10) we have 
(11) àp (Ei; Ez) — Ap (Bi, ES). 


i.e. for purposes of finding the extremal distance we may replace FE, and Fs 
by their boundaries. 


3. Determination of a maximal p-function. With certain restrictions 
on E, E, and D, necessary for the application of the classical existence 
theorems on harmonic functions, we will now determine a function peP 
for which the quantity (3) actually attains a maximum. Suppose 
D* = D N C(#, U Ea) is a region whose boundary consists of a finite number 
of analytic curves. Then it is known that there exists a function u(x, y) 
harmonic in D* with the boundary values 1 on F,’, 0 on Ey and normal 
derivative zero on D’. We assert that | 


(12) po(z) == (ts? + u,*)# = | grad u | 
maximizes (3). 


To prove this we observe that all but a finite number of the level curves 
of the conjugate harmonic function v of u must join #, and #,’. In fact, © 
grad u can vanish only at a finite number of points, and u is monotonic on 
any curve v= const. not containing such a point, which implies that the 
curve cannot be closed nor have both endpoints on E’ or both on Æx. It can 
of course not continue endlessly in the interior of D*, since the existence of an 
accumulation point would then yield v == const. Also, a level curve of v with 
grad u 54 0 is disjoint from D’, since Ou/ôn was assumed to vanish there. 

Now let p(z) be any member of the class p, normalized as in (4). 
Integrating along any level curve of v joining E,’ and Ey we have 


(13) f p/po du == f sibilities Se | dz [=1 ey du; 


hence: since the number of exceptional curves is finite, 


(14) . f J ele dudv = f L duds. 


But from this it follows that 


(15) f f (e/p0—1) *dudo = f Í. p/p aie f f dude, 
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i.e. expressed in v and y, po” being the Jacobian, 


(16) E f Ske — po) dedy < Ap(D*) — Ap,(D*). 


On account of the form (4’) of the definition of extremal distance, and (11), 
this means that 


(17) Ap (Er Hg) == àp (Ly, Ex) 
— 1/Apg(D*) —1/ f f (ua! + ut) dady = 1/D(u). 
Here and below D(u) denotes the Dirichlet integral taken over 
D* == DO C(#,U Es). 


This completes the proof of (12). 

We may observe that in the restricted case considered in this section, 
and actually by a suitable limit process in a more general case, the relation 
(17) could be used as the definition of extremal distance. In view of the 
electrostatic interpretation, A could then be called the resistance between E, 
and Ea. 

It is easy to extend the validity of (12) to the case where E., Fa and D 
are still bounded by a finite number of analytic curves, but D* is not con- 
nected. The set D* will then be the sum of a finite number n of regions D. 
For each one of those components Di, say D.,- + -, Dm m Sn, whose boundary 
contains both a part 7,‘ of E, and a part H#,* of E, there exists an extremal 
distance for which we obtain by (4’) 


(47) 1/An, (Ex, Eg) S 1/Ap, (Et, E+) are mi Ap, (Di), Lp (y) = 1. 


The remaining Du, * *, D, have no influence upon the extremal distance 
between Æ, and Ea, since no curve y will pass through them. Setting: p = pi 
for += 1,---+,m, and p==0 for 4 > m, we have Ip(y) = 1; hence? 


(18) 1/Ap (Hi, Ea) — inf Ap(D) 


m m ni 
— Š inf Ap, (D) — È 1/Av, (Bi, Bat) = È 1/Ap (Erf, Bat), 
21 pt = =1 
and by (17) in evident notation 


(17) A Cay Hees $ D(u) —D(u). 


* The last member of equation (18) has been inserted only for future reference. 
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4. Continuity of À. If the sets E, and E, do not have the simple 
structure assumed in section 3, we cannot in general find a harmonic function 
in D* with preassigned boundary values and hence the extremal p-function, 
if it exists in the general case, cannot be determined as above. To this end 
we will prove the following lemma, which enables us to extend many of the 
subsequent results on extremal distance to any compact sets. 


Lexma. Let D be a region, and E and F two disjoint compact subsets 
of D. Then tf {En, Fa} ts a sequence of compact subsets of D, covering E 
and F respectively and converging to E and F (i.e. given e > 0 there exists 
N such that for n > N every point of H, and F, ts within distance e of some 
point of Eiand F, respectively), we have 


(20) lim Ap (Es, F's) = àp (E, F). 
NP 


We consider the normalized definition (4’), and begin by proving + that 
for any given p, the condition Lp(y) = 1 for all y joining # and F implies 
that, given e > 0, for n > ne 


(21) L(y) >1—e 


for all curves, denoted by y’, joining Ena and F,. Let z, be any point of E, 
let C, be the circle | z — zo | == r for 0 < r S k, where k is such that C4 C D, 
and f(r) = inf Lp(y) for y joining F and C, We wish to prove that 

"y 


(22) a = lim f(r) = 1. 


From this (21) follows, since # is compact, and the argument can be 
reapplied to F. 

Suppose a < 1. Since p is square integrable on D we see, by an applica- 
- tion of Schwarz’ inequality, that for any given d > 0 the set S(d) of values 
of r for which 


(28) Siplal<a, 


has r= 0 as a point of accumulation. Hence we can select a sequence {ry}, 
n == 1,2,- : - decreasing to zero, r, = k, such that 


A. p | dz | < (1—a)/2. 





4 I am indebted to Professor Beurling for an unpublished communication containing 
the argument that follows. 
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But, for y joining Crn and Orp 
inf Lp (7) S f(t) — f (ra) 


Hence a curve y can be constructed, joining F and 2, such that 


D(x) SH (rs) +E fran) — Hm) +3 fel del + G—0)/4 
io O06) te (a 40. 
This contradiction proves (22). 


To obtain (20) from (21) let us first assume that A(H,#) is finite. 
Given €, 0<e < A(H, F), by (4) there is a p for which 


1/Ap(D) > (EB, F) —«. 


For this p, and n > ne by (21) there exist En, Fẹ such that Lp(y’)> 1—e 
for all y. Hence the function 8 == p/(1— e) is one satisfying the normaliza- 
tion (4’) in evaluating A(E,, Fn). We have 


A(En Fa) = 1/Ag(D) = (1—0)?/Ap(D) > (1 — (AE, F) — 6). 


If A(#, F) is infinite, given M > 2, there is a p with 1/Ap(D) > M, 
Lp = 1, and the analogous reasoning gives 


A( Ha, Fna) Z 1/Ac(D) > (1—1/M)°M, where o = p/(1—1/M). 
This completes the proof of (20). 


In the definition (4) of extremal distance we assumed the sets E, and 
E. to be closed. This facilitates the statements and proofs of certain results, 
but it should be pointed out that the restriction is unessential, The definition 
(4) remains meaningful for arbitrary bounded sets E., Ea with disjoint 
closures, and the extremal distance thus defined is equal to the extremal 
distance between the closures È, Ey. 

The reasoning which led to the extension principle (6) immediately 
gives us the inequality 


(24) (By, Ea) ZA (Ëu, Ëa). 


To prove the opposite inequality we use the normalized definition (4’) and 
hence wish to show that, if r denotes the class of rectifiable curves y joining 
E, and Fs, and I the class of rectifiable curves 7 joining #, and Fa, then for 
each fixed p, 


(25) inf Lp(y) S inf Le (F). 
vel ver 


Es 
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Let y be any curve in T, its endpoints ze #, and Ze F, For each 
positive integer n, let z,e E, and fn £ E, be points such that | z—2z,| < 27 
and |£—£,| <2. Denote by y» the curve composed of the polygonal line 
Zn, Znsi> 2ns2,*° °°, the curve ÿ, and the polygonal line: - -, Ease, Snir, En» This 
yx belongs to T, and lim Lp (yn) = Lp (})as 10, which proves (25) ; hence 


(26) A(E:, En) =— A (Ë, Bo). 


IJ. Representation of the Extremal Distance in Terms of a 
Generalized Potential. 


We will now derive a representation of the extremal distance,® which will 
in particular be useful for obtaining estimations. 

Let the region D and the compact subsets Æ, and Es be bounded by a 
finite number of analytic curves. Let L be a straight line intersecting D, 
and denote by Z, Æ, etc. the points and sets symmetric to z, E, etc. with 
respect to L. Consider the set E = (E, N #,)U((#,9 E). If we identify 
symmetric boundary points of E, a finite number of Riemann surfaces are 
formed. We are going to apply to the set DN C(E, U Ez), which is now 
contained in the Riemann surfaces, certain methods similar to those of 
logarithmic potential theory in the plane. The reader may in a first reading 
wish to follow the argument in the plane case and may do so by assuming £E 
to be empty or to be situated on the line Z. For the applications in Chapter 
ITI, the general case is needed, however. | 

For simplicity we will denote any one of the Riemann surfaces con- 
structed above by D, and by Hi, Es and # the intersections of the original 
sets #,, Ea and E with this D. By the existence theorem for abelian integrals 
of the third kind there is a function G (¢, 2:, z2) with the following properties: 
Given any two distinct points zı, z of D, the difference 


(1) GE 21, 22) — log (| — z: |/| €— 211) 
is harmonic for ¢e D; when fe E, G(Z, 21, Ze) = G(E, 21, 22) and 
OG (E, 21, 22) /On = — OG (E, 21, 22) /On; 


and dG/dn == 0 on the remaining boundary of D. Since G is only determined 
up to a constant, we normalize it by requiring the difference (1) to vanish 


5 The possibility of such a representation was suggested to me by Professor Ahlfors. 
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at an auxiliary point ¢ = z, on, LU. For later use we observe that the 
relations 


(2) G (t, 21, 2e) + G(E, Za 21) = 0. 
(3) Œ(E, Ziy Z2) + Œ(£, Ze, Zs) + G (t, Za; 21) a Q, 


hold for 23e D, Zs £ %, 22. In fact, let u(¢) denote for a moment the left 
member of either (2) or (3); « is harmonic throughout D, u(2) == 0 and 


the Dirichlet integral f u(ĝu/ôn)| dt | vanishes due to the properties of G 
D’ 


on the boundary 1} of D. Hence u is identically zero. To see that G(Z, 21, 22) 
is harmonic also in z, and z, we choose a point z, in D, distinct from 2,, 2, 
and Zs, and conclude from 


Í, [G(g, Ži» 22) 0G (t, 23, 24) /on — Gf, 235 2,)0G (€, Ži; Z:)/0n | | dé | = () 
that | 
(4) G(2:, Za, 24) Te G (2, 73 24) =< G (2s, Zis Za) + G (24, Zis Za) = () 


Let M; be the set of all Borel distributions x; on the boundary Er of Ei 
with (Er) = 1, t == 1, 2, i. e. measures for which every open set is measurable. 
For any ze. D, the abstract Lebesgue integral of log | ¢— z] over Æ? with 
respect to any such unit distribution is well defined. Thus we may consider 
the function 


“ 


() leant) = J, O 21st) dia (E) — f° OC z 22) dra) 


for any u € Af,, p € M, and all values of z, and z, in D except those for which 
both points fall simultaneously on Æ,’ or simultaneously on Æ,. Differen- 
tiating under the integral signs we find p(z,,z.) to be harmonie in both 
variables in DAC(EYUE;). When z,¢F,’ or ze E7 or both, p(z, 22) 
is lower semi-continuous. To see this we may consider the truncated functions 


ACT Za) = f riag Zis Z), n] dm (£) -f max[ (4, 715 22), A n] duo(f), 


which are continuous and increase to p(z;,2;) (which may be +0) asn—o, 
Analogously, if z1 € Ex or 2, e Hy’ or both, we find p(z,, 22) to be upper semi- 
continuous. In particular we conclude that, for each fixed pair of unit 
distributions, the corresponding function p(2,; 22) will attain a minimum for 
z € Ey and z£ Ey. 

The.main theorem of this chapter can now be expressed as follows: 
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THEOREM. Let the region D, on a Riemann surface, and the disjoint 
compact subsets E, and E of D be bounded by a finite number of analytic 
curves. For each pair m, pe of Borel unit distributions on the boundaries 
Ex, Ey of E, Es, let the function p(z:,2) be defined by (5), where the 
kernel G (t, 21, 22) is defined by (1). Then there exists among these pairs of 
distributions a pair for which the quantity 


d — A(t) — min p (2, #2) 


ts mazimal, and this maximum is equal 9 da times. the RHONE distance 
between E, and Ez: 


(6) Ap (i, E2) = 1/2r ee pus pe) == 1/27 max min a Ze). 


piedts se: 


To prove (6) we first wish to show that 
(7) A(Bi, Es) = 1/2 d (im, pa) i 


for all x, e M; and then construct the extremal distributions. Given any fixed 
pair que M, it is possible to fix 2 on BH,’ so that p(z, z) is still defined for 
ze E and non-positive there. In fact, if z, is any fixed point in D N C(£,’) 
we can, by the upper semicontinuity of p, choose z to be a point of Ey at 
which p(z, Zs) attains its maximum; since by (3) and (2) 


(8) P (4, 22) == p(%, 2) — P (Za, 2s), 


the desired non-positiveness follows. Given a positive number e smaller than 
d/2, denote by #,* the set where p(z, ze) =: d — «e, and by #,™ the set where 
p(z, 22) Se The set #,* contains E.” by the definition of d, and H,* contains 
E; by our choice of za} By the lower semi-continuity of p on E’ and the 
upper semi-continuity on Ex, respectively, the boundaries Æ.* and E" of 
E,* and F,* are disjoint from Æ; and E; ; hence, as level curves of a harmonic 
function, they are composed of a finite number of analytic curves. The 
function 


(9) 0” -  -p* (2) = (p(2, z1) —e)/(d— Re), 


harmonic in D N C(#,* U E,*), has boundary values 0 on Æ,*’ and 1 on F,”’, 
and normal derivative 0 on the remaining boundary. By Ch. I, sec. 3, we 
conclude that 


(10) A(Hy", E) = 1/D (p*) = (d — 2e)*/D (p). 


But for any €, 0 < c < d, we have, n denoting the inner normal, 


5 
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(11) D(p)——a f op/m| dz|——a f | dz) f 2 2, 22)/0n dmt) 
Ha fae] fp PO ay 20)/Om dna) 
—— d Í, dm (h) J 20t 2, 22) /ðn | dz | 
+a f, relta) f 00 (Le z, 2a) /0n | de 
=d f dlt) fp dalta) f TOG C 2,21) /0n— E (ta 2, 21) 0n] de | 


—— à [ dul) f dalt) S06, bs ta) /ôn | dz | — Ba, 


where the change of the order of integration is justified by Fubini’s theorem, 
the next to the last step is a consequence of (4), and the last equality is 
verified separately for each of the topologically different mutual positions of 
the sets #,, Ez and the points ,, & on them. Substituting (11) into (10) 
we have, on account of the extension principle (6), Chapter I, 

A( Ey, Ea) = AE, Eat) = (d — 2e)?/2ad, 
hence, 
(7) A (En, Er) > d/2n. 


To find distributions for which equality holds in (7), we consider the 
function u({) which is harmonic on the open set D*— DN C(#, U Es), 
takes the boundary values 0 on Ey and A(#,, Ea) on Ey, and has normal 
derivative zero on D’. Denoting by n the inner normal, we define for all 
subsets e of Hy’ and E,’ respectively, 


pa(e) = f | du/om | | de | 
(12) 
pale) = f | 6u/an | | at |. 
By (17), Ch. I, for t = 1, 2, 
J. ju /ôn | | dt | =—1/A f, u(du/in)| dt | =D(u)/r 
= A D (u/A)/A = 1. 
We will show that for the corresponding function. p the relation 


(18) pue) f., GC 2u 2)0u(8)/ôn | dë | = 2e A (F, Ba) 
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holds for all 2, ¢ H,’, ze E7, which in particular together with (7) will 
imply (6). | | 
First let us assume z, and za to be interior to D*. If C; are circles in 


D* with centers z and radii r, we apply Green’s formula in each component 
of D* and obtain by adding, 


(14) 1/2 f (Gôu/ôn — uðG/ðn) | ag | = 0 
D'y ky Ca 


fu Es’ u Civ 


which for r-> 0 takes the form 


(15) U(z1) — u (Z2) = — 1/20 Jo Li jd | = 1/2 p(Zu Z2). 


To extend the validity of (15) to the case where z are on Er and thus com- 
plete the proof of (13), we only have to observe that p(z:, 22) is continuous 
in z, and z, on the closure of D*. This follows from the fact that p(z, 22) 
differs by a continuous function from the ordinary logarithmic potentials of 
the given distributions with continuous densities.® 


III. Estimations by Transportation and Projection. 


1. The symmetrization theorem for the entire plane. The original 
definition (4), Chapter I, includes the simplest lower estimation of An(E1, E2) : 
If we choose a particular function p(z), the value of the quantity (3) will 
not exceed Ap. 

The extension principle (6), Chapter J, yields both an upper and a lower 
estimation: We may construct within E, and E, sets whose extremal distance 
we are able to compute explicitly, and we may cover Æ, and Es by sets with 
this property. 

In this chapter we shall show how the representation (6), Chapter II, 
enables us to find interesting upper estimations by deforming and moving 
the sets E, e. g. placing them in symmetric positions with respect to a given 
axis or projecting them upon a given curve. We commence with the following 


THEOREM.” Let E, and E, be two disjoint compact subsets of the z2-plane, 
D. For every r= 0 denote by C, the circle |z|==1, and by a,(r) and az(r) 





*See O, D. Kellogg, Foundations of Potential Theory, 1929, Chapter VI. 

7A theorem of the same nature as this for another type of circular symmetrization 
is given, in the case where the sets are bounded by analytic curves, by GQ. Pólya, 
Comptes Rendus, Paris, 1950, t. 230, p. 25. Also compare G. Pólya and G, Szegs, 
American Journal of Mathematics, vol. 67 (1945), p. 1-32. Their proof is based on an 
entirely different iden. 
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the angular Lebesgue measures of the sets E, N C, and Ea N Cr, respectively. 
i the sets E, and Ë, are defined by the inequalities 


m — $a (1) = $(r) = Eur) +7, 
(1) 
Ey: —~$%(r) = d(r) 5 Er), 
$ andr being polar coordinates in D, then ® 
(2) AD (E Ez) < Àp (É, É). 
Our proof of this theorem rests essentially upon 


Lemma 1. Let E, and E, be two disjoint compact sets with boundaries 
composed of a finite number of analytic curves. Let L be a directed straight 
line through the origin; denote the half plane to the right of L by H, the left 
by À. If A is any set in the plane, denote by À the set symmetric to A with 
respect to L. Define the sets H,* and E,* as follows: ? 


Et — (EN) U (B&n Ë) U (Bn Ë) 


(3) 

*— (E N #,) U (#.N H) U (BaN H). 
Then 
(4) An (Er £2) S àp (E4, £"), 


where D again is the entire plane, 


We begin by observing that the reasoning leading to the formula (18), 
Ch. I, remains valid in the case where the D; are the Riemann surfaces intro- 


2 It is not obvious that the sets Ñ, and H, are closed. Those who wish, in defining 
extremal distance, to restrict themselves to closed sets, may prove the closedness as 
follows: 

' Consider a sequence reia of points of #,, converging to a point r,et¢s. It follows 
from the definition of À, that-the corresponding sequence of sets H,70,, has the 
property that lim inf a (ra) = 24, We wish to prove that this implies. a, (ro) = 2e. 
Since W, is closed, a, (ro) is greater than or equal to the measure £ of the set of points 
on Æ mC which are limit points of sequences of points of the sets M, NO, But it is 
well-known (cf. E. J. McShane, Integration, p. 105) that 8 > lim sup a (fa) = 2. 

A similar remark applies to the theorems in section 2 of this chapter. 

Incidentally, the closedness of the original sets W, and Æ, in the above theorem was 
used to assure the measurability of their intersections with the circles O,. 


°? In words: To obtain H*, from #, we replace by their symmetric images in H those 
parts of B,H whose symmetric images do not belong to H,. pene we move the 
parts of Mam H whose images do not belong to H,. 

10 The principle underlying this approach is related to the method of “ rearrange- 
ment” discussed by Hardy, Littlewood and Pólya in their Inequalities, Cambridge, 1934. 
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duced at the beginning of Ch. II. Hence it is sufficient to prove Lemma 1 
for one such Riemann surface. As before, we will denote it by D, and the 
boundaries of E, N D and E: N D by Hy’ and Ex, respectively. 

Consider an arbitrary fixed pair of unit distributions pı, pa on #,’ and Er. 
Define a corresponding pair p.*, pa“ on E, E” as follows: # 


pat (A) = (4) for À C(Hy’ N BY) U (EYN 4), 
pmt (4) = m(4) for À C(E/ ON H) N CEFN Ë’), 
(5) | 
pat (4) = g(A) for A C (Ey N Ër) U (EX NH), 
pat (A) = u(4) for A C (Er N H) N 0(E? N Fx). 
Similarly, if 2, € H,’, zze H,’ is any pair of points on the original sets we 
define | 
Z? wm 2, for 21 € (EN HY) U (BY À), 
21% == % for ze (HN H)NC(#YN By), 
(6) 
Zat =m Z for 22 € (E? N By’) U (BB), 
23 wonm Za for Za € (Ex Q À) N C(E? N Ëz). 
Setting 


(1) [Er 8) due (0) — Si E 2 22) dun (0) = p* (an 2a), 
we wish to show that 
(8) p (2i A) € p* (23%, za). 


Since (6) sets up a one-to-one correspondence between the pairs of points on 
Hy, E? and E,*, E,*, (8) implies that 


(9) min p(%,%2) = min p* (zı, 22) 
menr siecE:* 


for each pair of distributions; hence by (6), Ch. II, and (11), Ch. I, 
(10) Ap (Ei, Bz) € An(E1*, Bs*). 


We shall collect here a few properties of the function G, which we will 
need in the verification of (8): If z, and z: are interior points of D N C(E) 
(we recall that E == (E, N #,) U (Es N £,)), the function 


(11) a(g, Ziy Za) ==, a(t, Zis 22) 


- #1]n words: if the set A moves in the transformation (3), the mass on A moves 
with it. 
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is a harmonic function of £ in D except for positive poles at 4, and z: and 
negative poles at z, and Z,, and vanishes on HU L. Hence it is non-positive 
if ¢ and z, are on the-same side of L and Zz, on the opposite side, and non- 
negative if £ and z, are on the same side of L and z, on the opposite side. 
If z, is a point of #, the function (11) is singular only at za and Z (since on 
the Riemann surface the opposite poles at z, and Z, coincide), hence nòn- 
negative as soon as ¢ and zz are on the same side of L and non-positive if they 
are on opposite sides; and analogously for ze E. If both z,e E and ze F, 
the function (11) vanishes identically. | 

If z, is an interior point and z, either an interior point or a point of Ẹ, 
the function 


(12) Œ(E, Zis Za) ES G(g, Zis Za) 
is, by (3) and (2), Ch. IT, equal to G ($, 3,21). On FEU L, 
Gf, Ži; 21) cs Œ(E Ži, 2) = Œ(£, Ziy Zi) Tr G (t, 24, 21) | 


(the middle equality follows from the fact that @(f, 2,21) — G(6, 21, 1) is 
harmonic everywhere and vanishes at zo), i.e. G(f,%,2z) —0. Hence the 
function (12) is non-negative when £ is on the same side of L as % and non: 
positive on the opposite side. If z,e Æ, (12) is identically zero. Analogous 
considerations apply to the function | À 


(13) G (g, Zis Ža) ae G(¢, Zis Z3). 


The verification of (8) must be carried out separately for the different 
possibilities arising from (6). First let us assume that 2,* == 2,, 2,% == 2%; 
then | 


(4) aha — plon) = J OO 22) du (0) 


— G (L, 215 22) Qpa dE G (£, 21, 2a) d i 
(ge 2) deu (0) — f- Ol 20 23) da (©) 


Ey aH n 


+S Ol 20522) dya(0) 


Eg nH nC(E) 


= f Ea Z2) — G(£, %, 22) |du (£) 


— f [G (E, 21,22) — Q (2, 21, 22) Jdye(). 


Es n H n C(E) 4 
This is seen to be non-negative by the properties of the function (11) dis- 
cussed above; e.g. in the first integral on the right either z, e HM C(F), 


` 
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g2eH™C(#), in which case £ and z, are on the same side and 2, on the 
opposite side of L, or one of the points; e. g. z, is on Æ, in which case £ and 
Z, are on the same side of L, or both points are on E. Next suppose z,* = %,, 
Z,* = 2,; then 


(15) p*(a*, Z") — P (2, Za) iii Jaye (b 2 23) G (t, Zis 22) ]du: (£) 


+ LO; Ži, 22) TT G(g, Zis Z2) |dps (£) 


(By o Bu (By 9 By’) 

-f [EE Ži, 22) Ge, Žij Z2) (dua ($) 
(Ey 0 H) u (Ey 0 Ko) 

—f [a(i Zis Z2) — G (¢, Zis 22) | dpe (£) = 0 
BE,’ HaC(B) ` 


by the properties of (12) and (13), observing the equation 

G ($, Ži, Z2) = G ($, 21, 22). 
The case 2,* == 2, 29% == žy is analogous to (15). Finally suppose z,* = %, 
Z — Ze ; then 


(16) p* (21, 827) — P (2i 22) = fj LACS 4, Z2) — G (È, #1, 2) Jdr (E) 
(Er 0 H) u (Er 9 By’) 


a [G (E, Ži, 22) — G (£, Z1, 22) dpa (8) = 0 
(Es n H) v (Er a Eg) 
by (11), since 
G (E, Za, Ža) = a(g, Zis Za). 


The inequality (8) is verified, and lemma 1 proved. We proceed to 


Lemma 2. Let E, and E, be two sets of the type defined by the following 
inequalities : 
(v—1)8< Tr < rå l 

P41 = D = oO, t= 1, ts My 
where 4 are numbers in the interval 0 = p < 2r, and 8 > 0 (i.e. sets com- 
posed by a finite number of “ concentric rectangles 5 with altitude 8). Then 
E, and E. can, by a finite sequence of transformations each of which does not 
decrease the extremal distance, be transformed into their corresponding sym- 
metric images defined by (1). 


(17) 


y=]; iM, 


First we consider, for a fixed integer v, the subset E,” of E, consisting 
of m, rectangles in the annulus (r— 1) Sr < v3. We observe that in a 
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transformation (3) in any line L through the origin the number m, of diş- 
joint rectangles remains the same. A point z of #,’* not in E,” belongs to 
(By O HY O(£y A F”); either it is connected with the set E N Ey, 
in which case Z was connected with Æ,” N Æ,” before the transformation, or it 
belongs to a rectangle À not connected with Æ,” N E,7, in which case À was a dis- 
joint rectangle of #,”. The same reasoning applies to points of E,” not in F,’*. 
Now if = db =, and ds =o dy”, with 0S BP S db S hs S Gv’, 
are two rectangles of Wy”, a.transformation (3) in the axis LD: $(¢1” + ps”) 
is seen to replace them by a rectangle of length ds” — ps” + he’ — fy” and a 
line segment ¢ = D", (x— 1) <r <ô. By Lemma 1 the extremal distance 
does not decrease. Now we remove the line segment; by (6), Ch. I, the 
extremal distance does uot decrease. Repeating this process m,—1 times 
we have transformed Æ,” into a single rectangle with angular measure equal 
to that of #,?. i 

Having done this for all y in both E, and E., we wish to transform the 
sets obtained, say L:, É., into their symmetric images (1). Let R, be a 
rectangle of É, the ¢-coordinate of its center ¢1, with — r < ġı < w. Then 
a transformation (3) in the axis L:4(¢1-+7) will place R, symmetrically 
with respect to the negative real axis. For R, C Ê, with center de, 
0 < Da < 2r, a transformation (3) in the axis L: cb. places À, symmetrically 
with respect to the positive real axis. Using these transformations we can 
now move the components of Ê, and Ê., one at a time, into their symmetric 
positions. The fact that, by the definition (3), once a rectangle has reached 
its symmetric position it remains there under any transformation (3) in an ` 
axis between 0 and w—and only such axes L are used in this paragraph— 
completes the proof of Lemma 2. 

The symmetrization theorem (2) can now be proved at once: Let the 
two disjoint compact sets E, and FE, and positive numbers e and M be given. 
Let the integer R be the radius of a circle with center at the origin, con- 
taining Æ, and #,. For each integer n we consider the set of closed rectangles ‘ 
formed by the circles and rays 


r am 7/2", y= 0, 1, + +, 2*R,. 
(18) ` 
$ = 2/2"h, p= 0, 1,-° +, RE]. 
Denote by Æ,” and E,” the unions of those rectangles which contain points of 


E, and Fz, respectively. For n large enough, #," and E,” will be disjoint, 
and by (20), Ch. I, n can be chosen so large that 


(19) ; A(E:, E”) > A(E:, Hig) — E, 
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(19°) A(E:, By") > M 


if A(E:, E2) is infinite. The symmetric images £,*, F,” (see (1)) of F,” 
and E” contain Æ, and #,, respectively. Hence, by (6), Ch. I, and Lemma 2, 


(20) AE, Bs) = ABr, Be") = ACE", Ea") > ACE, Ba) — 6 

in the finite case, or 

(20°) A(Ë,, £2.) > M 

in the infinite case, i.e. . 

(2) A (E, Bs) = (Ai, Es), q. e.d. 


The extension principle (6), Ch. I, combined with (2) yields the 
following 


COROLLARY. Let E,” be the radial projection of E, upon the negative 
real axis: —re E” tf C, O E, is not empty, and E,” the corresponding 
projection of E. upon the positive real amis: re Hy” tf Cr N By is not empty. 
Then 


| (21) | ÀD (E, Ez”) = Ap (B, É) > A(E:, Es), 


where D ts the entire plane. 


2. Similar results for other regions. To obtain results similar to the 
symmetrization theorem in cases where D is hot the entire plane, we may 
utilize a simple reflexion principle exemplified by the proofs of the following 
theorems. 


THEOREM. Let E, and E, be two closed sets im the unit circle D, 
disjoint from each other and from the origin. If E, and É, denote the 
corresponding sets defined by (1), then 


(22) Ap (Ey, Ex) S àp (É, Ba). 


For the proof, let us first assume F, and E, to be bounded by a finite 
number of analytic curves. Let #, and Æ, be the images of H, and F; in a 
reflexion in the boundary O of D. Let u(z) be the harmonic function in 
DO C(#, U Ez) taking the value 1 on Æ, 0 on Fa, and with normal deriva- 
tive 0 on C. By (17), Ch. I, we have 


(23) àp (Er Hz) == 1/Dp (u), 
where Dp(u) denotes the Dirichlet integral of u over D N C(#,U #2). In 
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the reflexion, u(z) is extended into a function u(z) with boundary values 1 
on F, U Ê, 0 on F: U £., and harmonic in the entire exterior of these sets. 
Denoting the entire plane by D*, we then have 


(24) Aps (E, U By, E, U By) = 1/Dpe(u) = 1/2Dp(u) — Hhn(E, Fs). 
Analogously, 
(25) Ape (Ê, U Ê, By U Êa) = fap (Fi, Éa). 


But the symmetrization theorem in D* applies to the left members of these 
equations; hence (22) follows for the quantities at right. 

In the case where E, and E, are any disjoint closed sets not containing 
the origin, we cover them by rectangular sets and reason as in (20). 


TuoreM. Let E, and E, be two disjoint compact subsets of the set D: 
(26) © 0S P< p<,  r>0,. z = rett, 


For all r>0 let C, denote the circle |z| =r, and a(r) and a(r) the 
angular Lebesgue measures of the sets E, N C, and E:N Cr, respeciwely. 
If the sets E,* and H,* are defined by the inequalities 


Et: 0S g(r) Sa (r) 


(27) 

Est: o— a(r) = pr) = ġo, 
then 
(28) Ap (Ei, Ea) = àp (E*, Es). 


Let us first assume E, and E, to he bounded by a finite number of 
analytic curves. If ¢o 7, we begin the proof by mapping D upon the upper 
half plane by the function 2” = 2*/%, By (5), Oh. I, the sets E, Ea, #,*, Ha" 
go into sets E”, E, E,*”, E,*” with the same mutual extremal distances. 
Now a reflexion in the real axis yields sets Æ,” U Æ”, ete. to which the 
symmetrization theorem for the plane applies. The relations (24) and (25) 
are again valid; we obtain our theorem for the half plane, and by the inverse 
mapping z == (2”)%/r for our original region D. The extension to arbitrary 
compact sets is performed as before. | 

The case where D is a half circle or more generally a circular sector is 
reduced to the above by a reflexion in the circular part of the boundary. 

Extensions of the symmetrization theorem along another line are obtained 
simply by mapping one of the regions D of the above theorems conformally 
upon the region for, which a symmetrization theorem is desired. Then, how- 
ever, the symmetrization will not in general remain radial and euclidean. 
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8. Logarithmic capacity. Let # be a compact set bounded by a finite 
number of regular curves. Green’s function g(z) for the complement of # 
is uniquely determined by the following requirements: It is continuous for 
all z, harmonic in O (E), zero on E, and / 


(35) g(z) =log|z|+¢+e(|2)), 


where «(| z |)—> 0 as | z |—>œ. The logarithmic capacity (transfinite diameter, 
outer radius) of # is 
(36) Cap (i) = 6%. 


In this section we will derive and apply a relation between logarithmic 
capacity and a modified form of extremal distance. 

Let 2) be a fixed point in the plane, and Cr a circle with center z, and 
radius À, containing Æ in its interior. Denoting by A(Cz, E) the extremal 
distance between Cg and Æ with respect to the interior of Cp, we define 


(37) A* (E) = lim {A(On, E) — 1/27 log B). 
>00 
We need not stop here to verify that this limit exists and is finite and 


independent of 2%, since this will appear from the argument that follows. 
Consider the function *? 


(38) po(z) = | grad g(z)]. 

For any curve y joining Æ and Cr we have 

(39) friælz f 6g/8s | dz | — log E +c+e(R) 
y y 


(independently of zo, since log | z | = log | z— zo | + e(| z— zo |)). Further, 
if D = (| z— z2 | < R) NC(E), 


(40) f f'o dedy = f g0g/ôn | de 


2x 
— [og B -+ c + e(R)}(1/R + «(B)}R do 
— 2r {log R + c + ¢(R)}, 
again independently of &. Hence by the definition of extremal distance, (4) 
Ch. 1, 
(41) A (Cr, E) È 1/2r (log R+c+te(k)). 


1s The following reasoning is similar to that of Chap. I, 3, and we may thus omit 
details. It follows closely the reasoning for the case of a definition analogous to (37) 
of a “reduced extremal distance” between W and a finite point, appearing in unpub- 
lished work by Ahlfors and Beurling. 
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Now let p be any member of the class P, normalized by Lp(y) > 1... 
If h denotes the conjugate function of g, we have 


(42) S 6/00 9 f p|dz| = 1; 

5 A=0 h=0 

hence (compare the discussion of the level curves in Ch. I, 3) 
(43) f f _ P/pe dgdh = 2a. 


Using this and (40) we find (since pọ? is the Jacobian) 
(4) 0 f f (p/p —1/(log B + 0)) "gah 
< f f’ p dedy —2x/ (log R +0) + e(B), 
D 


E 

(45) A(CR E) = 1/2r (log R + c) + (ZB). 
Combining (41), (45) and (37) we conclude that 

(46) AE) = 0/27. 


We now claim that A* (E) does not decrease if F is circularly symmetrized 
(see (1)) in any line L and with any point Z, as center. In view of the 
definition (36) this can be expressed as follows: 


THEOREM. The logarithmic capacity of a compact set bounded by a 
finite number of regular curves does not increase under circular symmetrization. 


We shall not take the time to remove the restriction on the boundary 
of E, but it should be observed that this restriction.is used only to simplify 
the derivation of (46). 

For the proof we choose in the theorem (1) Æ as F, and ‘the circle Cg 
with center at the given point z) as Æ,, and observe that in this case the 
extremal distance with respect to the entire plane is the same as that with 
respect to the interior of E, For each R, A(Cr, E) does not decrease in 
symmetrization, and Cx is its own symmetric image. By the definition (37), 
our theorem follows. 


UNIVERSITY OF KANSAS. 


13 No published proof of this result is known to the author. By comparing the 
paper by Pélya and Szegë with the indications in the note of Pélya, both referred to in 
the first footnote of this chapter, one concludes, however, that the result should be 
familiar to them. Compare also pp. 182-216 in G. Pólya and G. Szegd, “ Isoperimetric 
inequalities in mathematical physics,” Annals of Mathematics Studies, no. 27, Princeton, 
1951, where several results closely connected to the theorems in this chapter are found. 


f ; 
ON GEODESIC TORSIONS AND PARABOLIC AND ASYMPTOTIC 
CURVES.* 


By Pamir Hartman and AUREL WINTNER. 


1. Geodesic torsion. In the differential geometry of surfaces, the assump- 
tion that a surface has a parametrization of class C? seems to be a natural one. 
In fact, it is this assumption that permits the definition of both of the funda- 
mental forms and of the standard curves on the surface (geodesics, asymptotic 
line, lines of curvature). Assumptions of a higher degree of differentiability 
for the surface usually have therefore no geometrical significance. Cf. [6], 
[10]. In the light of this remark, various questions centering about the 
notion of “ geodesic torsion ” will be considered in what follows. 

Let X == (x,y,z) be a vector in a 3-dimensional Euclidean space and 
let, in a sufficiently small open domain in a (už, u*)-plane, 


(1) S: X—X(u,u) 


denote a (portion of a) surface of class C?. By this is meant that X (ut, u?) 
is a function of class C° and that the vector product (X,, X), where 
Vy — 6X/éu'*, does not vanish. The unit vector 


(2) N = N (ut, u?) = (£1, X2)/[(X1, £2) | 


is the normal vector on (1). The first and second fundamental forms of (1) 
are defined by 


(3) ds? == dX dX == gudutdu* and —dX-dN = hydu'du*, 
respectively, that is, by 
(4) Ju == Li Ar and he = — X1 Ni = Xu: N, 


where the dots denote scalar multiplications. 

Corresponding to any point (ut, u?) of S, let (w”, u”) ru any pair 
of numbers for which the vector X’ defined by X,(u*, u’ Ju” is of unit length. 
Define the vector N” by N;(u’, u’ jut, the scalar y by 
(5) y = det (£^ N,N’), (| X’ | =1), 


and call y = y(u, u”; u”, u”) geodesic torsion. If a curve T: X= X(s) 


* Received October 25, 1951. 
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of class C? on the surface S passes through the point X of S and has, at 
that point, the unit tangent vector X’ =—= dX(s)/ds, then (5) will be called: 
the geodesic torsion of T at the point X. 

The geodesic torsion of the point X and the unit vettor X’ is often defined 
to be the torsion (at the point X) of a geodesic through X in the direction X’. 
Two objections can be raised to the latter definition. First, a geodesic on a 
surface of class O? is only of class C°, while the standard definition of torsion 
is applicable only to arcs of class C3. The second objection is that, even if 
the geodesic is very smooth, its torsion at a point is undefined if the curvature 
of the geodesic curve vanishes at that point. 

The first criticism can be overcome if the word torsion of a curve (which 
need not be on a surface) is defined as in [6], pp. 770-772, where it was 
shown that torsion can be defined for certain arcs of class C° with non-vanishing 
curvature. In particular, if such an arc has a principal normal of class Ct, 
then the torsion can be defined geometrically and so as to satisfy the corre- 
sponding Frenet equations. As an application of that definition of torsion, 
suppose that T is a geodesic of (1) and has a non-vanishing curvature (at a 
point, hence near that point). Then it has a principal normal, namely + N, 
and the latter is of class C* as a function on the arc length on T. Since 
the binormal of T is the vector product (X’, + N), the Frenet equations, as 
used in [6] (Theorem VI, p. 772), imply the truth of the following assertion: 


(I) On a surface of class C°, a geodesic arc of non-vanishing curvature 
possesses a torston, (5). 


This disposes of the first of the two objections mentioned above. In 
contrast, the second of those objections cannot be overcome, except by some 
ad hoc definition of what the torsion of a curve should be when the curvature 
of the latter vanishes. In fact, even on a surface of class ©”, those points 
on a geodesic arc, at which the curvature of the latter vanishes, can form a 
nowhere dense perfect set. Needless to say, a geodesic (or any curve of 
class C? on a surface of class C?) can have a vanishing curvature at a point 
only if it is. in an asymptotic direction at that point; so that this is the only 
case excluded in (I). 

-` Whenever the surface (1) is of class C°, Weingarten’s derivation formulae, 
N; == — gi*hyzX,, where (g*) denotes the inverse of the matrix (gx), are 
applicable. Hence (5) can be written in the form 


(6) y = g (g*hiuluY — g hulu”), 
where g == det (£1, Xs N) = (det gi)? > 0. 
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In order to interpret (6), suppose, without loss of generality, the 
normalizations gı == ga: = 1, 912 == 0 and hy, = 0 at the point (ut, u’). Then 
hy, and h are the principal curvatures, say x, and x, and the directions 
determined by (u”, u”) — (1,0) or 0,1) are directions of principal curvature, 
associated with x, or «2, respectively. If (w”, u”) — (cos 8, sin 8), where 6 
is the angle from the direction (1,0) of principal curvature, associated with 
«1, to the direction (u”, u7”), then (6): reduces to 


(7) y == (ka — Kı ) cos 8 sin 6, 


a formula which is standard (cf. e. g., [3], p. 889) under substantially more 
severe restrictions than the present assumptions. 

Jt is clear from (7), and from the assumptions under which it was derived 
above, that the following statement is a corollary: 


(IT) Jf T ts a curve of class C> on a surface of class C*, then y — 0 
holds at every point of T if and only if T is a line of curvature. 


2 On the Beltrami-Enneper theorem. A point of (1) is called elliptic, 
hyperbolic or parabolic according as det ka (or, what according to (4) is 
the same thing, the Gaussian curvature K = det hyx/det gx) is positive, 
negative or 0. 

If (u, u?) is a non-elliptic point of (1), then a direction (u”, u”) through 
the point is called asymptotic if 


(8) hpu ut = 0, 

In the normalization introduced before (7), condition (8) reduces to 

(9) Kı C08? 8 — xa sin? 0 = Q. 

On the other hand, since the product xxe is the Gaussian curvature, (7) is 
identical with 

(10) y=—K 

if (9) is satisfied. In view of (7), this proves the following assertion: 


(III) IFT ts an are of class C' on a surface of class O°, then (10) 
holds at every point of T if and only if every tangent vector of T esther is, 
or 18 orthogonal to, an asymptotic direction. | 


The theorem of Beltrami-Enneper states that (under certain conditions 
of smoothness which usually are not, or are erroneously, specified; cf. [6], 
pp. 773) the relation (10) holds as an identity along asymptotic curves of 
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non-vanishing curvature. The first assertion of (IJI) contains this theorem, — 
and (III) avoids the difficulty involved in a statement about the torston (not 
the geodesic torsion) of an asymptotic curve; cf. (IV) below. This difficulty 
arises when the asymptotic curve is only of class C* (or if, when it is smoother, 
it possesses points at which its curvature vanishes). In this regard, cf. [6], 
pp. 773-774. 


3. Ona result of P. Franklin. A curve T on a surface of class C°? will 
be called a parabolic curve if every point of T is a aa point, that is, if 
K =0 on T. 

According to P. Franklin [4], pp. 254-256, a “regular” parabolic curve — 
must be a line of curvature. His definition of a “regular” curve T on a 
surface (1) consists of the following: specifications: a) no point of T is 
singular, and b)-at no point of T does a normal section of the surface 8 
have a flex point; finally c) no point of T is a flat point of S (that is, 
point at which both factors x of K == xxs vanish). 

Franklin’s paper was reviewed by Cohn-Vossen and by Rinow. The 
former [2] points out that Frankin’s proof is not valid, since it contains a 
formal error, while the latter [9], without commenting on Franklin’s proof, 
remarks that Franklin’s final assertion (see above) is not surprising, since 
the set of the conditions a),.b), c) which define “ regularity ” is quite severe. 
In what follows, there will be clarified the actual situation resulting from the 
nature of both of these criticisms. On the one hand, it will be shown that if 
condition a) is interpreted to mean that grad K (exists and is continuous 
on 8 and) does not vanish on the parabolic. curve T: K = 0, then Frankin’s 
proof can be saved. On the other hand, it will be shown that condition b) 
is so severe that the final assertion becomes practically vacuous. In fact, the 
situation proves to be as follows: 


(*) On a surface S of class C*, let a parabolic curve T: K =0 on 8 
be such that grad K s£ 0 on T, and suppose that T satisfies Franklin’s condition 
b). Then T ts of class C° and a plane curve; as a matter of fact, a plane curve 
along which the tangent plane of S. does not vary; in addition, T is a line 
of curvature as well as an asymptotic curve. 


Actually, it cannot even be expected that a parabolic curve will “in 
general” be a line of curvature. In fact, the notion of a parabolic curve is an 
intrinsic one, depending only on the metric (gi), while the notion of a line 
of curvature depends on the embedding of the metric into the 3-dimensional 
Euclidean space (that is, on (ty) as well). The severity of Franklin’s con- 
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ditions is shown by the last italicized statement, a statement which implies 
that the parabolic curve must become an asymptotic curve (and a line of 
curvature). This situation is the more understandable as the asymptotic 
curves are the characteristics of the partial differential equation of second 
order on which the problem of embedding depends. 


4. Asymptotic curves and parabolic curves. In view of (IL) and (III), 
and of the last italicized statement, (*), which remains to be proved, it seems 
to be worth while to clarify the relationships between the following three 
assumptions: (a) T is an asymptotic curve; (8) T is a line of curvature; 
(y) T ts a parabolic curve, where it is always assumed that T is a curve of 
class C* on a surface § of class C?. It will be shown that (i) conditions (a) 
and (B) imply (y) and that (ii) conditions (a) and (y) imply (B), but that 
(iii) conditions (B) and (y) do not imply (a), while (iv) conditions (a), (B), 
(y) all are satisfied if and only if T is a plane curve along which the tangent 
plane to the surface S does not vary.* 

The assertions (i) and (ii) are essentially those of Cohn-Vossen [1], 
pp. 274-275, who, however, involves the extraneous notion of an “ envelope ” 
as well as the notion of torsion, of an asymptotic curve (and therefore, in 
particular, heavy restrictions of differentiability). 


Proof of (i) and (ii). Condition (a) implies, by (IIL), that y = + (— K} 
on T. Hence, y= 0 if and only if Æ —0. It follows therefore from (II) 
that an asymptotic curve is a line of curvature if and only if it is a parabolic 
curve. 


Proof of (iv). Clearly, condition (a) is equivalent to the assumption of 
the relation X’: N’ == 0 along T, which means that the tangent vector X’ is 
orthogonal to N’ along T. On the other hand, the differential equations of 
Rodrigues for lines of curvatures, N” -4 x,X’e=0, where x; is a principal 
curvature and t = 1,2, show that X’ is parallel to N° along T if and only if T 
is a line of curvature. Thus XY’ is orthogonal to, and at the same time parallel 


1 In his Introduction to Differential Geometry (Princeton, 1947), L. P. Eisenhart 
claims that every plane asymptotic curve is a straight line (p. 249, Ex. 10). That this 
theorem is false, or that a (smooth) curve T satisfying the three conditions (a), (8), 
(y) need not be a straight line, is shown by the following example: Consider the curve 
T: (æ,a,0) on the surface S: (w,y,z) belonging to e = (y—)*. Along the curve 
y = œ° of this surface, both g, and g, vanish identically. Hence the plane z = 0 contains 
T and is the tangent plane to S at every point of T. It follows therefore from (iv) 
fand, of course, from an easy explicit calculation as well] that conditions (a), (8), (Y) 
are satisfied. But T is not a straight line. 
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N 


to, N’ if and only if (a) and (8) hold. However, in this case, since X’ 0, 
it follows that N” == 0 along the curve F. This means that the plane tangent 
to the surface S is constant along the curve. 


Proof of (iii). Conditions (8) and (y) imply that both y == 0 and (10) 
hold along T. Hence (III) shows that T is either an asymptotic curve or is 
orthogonal to an asymptotic direction at every point of T. Consequently, (iii) 
will be proved if it is shown that the second case of this alternative can 
actually occur. But it is easy to verify that it does occur if the surface (1) 
is chosen, for instance, as follows: z == x? + yë, where (2, y,%) == À, 


First, the partial derivatives, Ze, Zy and Zea, Zey, Zyy, OÙ Z == a? +- y® are 
2x, 3y? and 2, 0, 6y, respectively. Hence, from (2)-(4), where ut == g, y? == Y, 


(11) Qu == 1 + 42%, ia = 67%, ga=1t+9y 
and, if + (1 -+ 42° + 9y*)4 is denoted by 7, 

(12) © hu = 2/9, Rio = 0, hog = 6y/1. 
Since K == det lug/det gu, it follows that 

(13) K = 12y/(1-+ da + 94). 


Consider the curve 


~~ 


(14) r: T = À, y = 0, 2 = T. 


This curve is on the surface 8: z = 7° + y”. On the other hand, (12) shows 
that (8), where (u*, u?) == (x, y), reduces to 2ds? + 6ydy? = 0, a differential 
equation for y ==y (s) which is not satisfied along the curve (14). Hence 
(14) is not an asymptotic curve. But it is a parabolic curve, since (13) and 
(14) imply that K — 0. Thus all that remains to be ascertained is that (14) 
is a line of curvature. This follows, however, by observing that, according to 
(11) and (12), both g:2 and hız vanish identically along the coordinate axes, 
g == () and y==(, which means that the latter are lines of curvature. Hence 
the assertion follows from the second of the equations (14). 

Condition grad K =< 0 of (*) is satisfied in this example, since the partial 
derivative of (13) with respect to y is 12/(1 + 42*), hence distinct from 0, 
along the curve (14). 


5. Proof of (*). Consider the surface (1) in a Cartesian parametric form 
`S: z= (x,y), where z(x,y) is a function of class C® in a vicinity of 
(z,y) == (0,0). It can be supposed that the coordinate axes have been 


; 
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chosen so that (x, y) == (0,0) corresponds to a given point of T, and that 
thagpnit normal vector at this point is directed along the z-axis. Thus 


(15) z(0,0) = 0 and 2,(0,0) 0, 2,(0, 0) = 0. 


Suppose that the Gaussian curvature, K == K (x, y), vanishes at (0,0). Then, 
since 


(16) © Km (2eabyy — Bay) /(1 + 2a? + 242)? 


for every (x, y), and since K (0,0) == 0, it can be supposed, after a rotation 
of the (x, y)-plane about the origin, that 


(17) Zey(0,0) = 0 and z,,(0,0) — 0. 
The last three formula lines show that 
(18) Ke(0,0) == 2e9(0, 0)2yy5(0,0) and K,(0, 0) = Z% (0, 0) Zyyy (0, 0). 


Hence, | grad K |? == K,? + K,? will not vanish at (0,0), and therefore at 
any (z, ¥) in a vicinity of (0,0), if and only if 


(19) Z2a(0,0) £0 


holds and not both z,yo(0,0) and Zyyy(0,0) vanish. But if assumption b) of 
(*) is satisfied, then 2,,5:(0, 0) cannot vanish, since 


(20) eg 00 an: 


In fact, if (20) did not hold, then, since (15) and (17) imply that 
2(0, ¥) = Zy (0, 0)y8/6 + o(! y |*), it would follow that the normal section 
gum of S: z = z(x,y) has a flex point at y = 0. 

The equation K (x, y) = 0, defining a parabolic curve T, and the con- 
dition that not both Ks and Ky vanish at a point, say (0,0), of Tr show that 
T is a curve of class CT and satisfies the non-singular differential equation 
K,dz + K,dy==0. According to (18), (19) and (20), this differential 
equation reduces to dx/dy = 0 at (x,y) == (0,0). But (17) and (19) imply 
that dr/dy = 0 defines the (unique) asymptotic direction at (0,0). Hence, 
dx/dy is an asymptotic direction at (0,0). Since (0,0) represents an arbi- 
trary point of T, it follows that T is an asymptotic curve. ‘Hence T is of 
class C? and (5) follows from (i), (ii) and (in). 


6. Ona theorem of van Kampen. Using a fallacious generalization of 
the Beltrami-Enneper formula, 7? == K, for the torsion, +, of an asymptotic 
curve, van Kampen [8] has arrived at the following result: 


(t) Let S be a surface of class C*, and P a hyperbolic point (K < 0) 
of S. Let J denote one branch of the intersection of S and of the plane 


614 PHILIP HARTMAN AND AUREL WINTNER. 


tangent to S at P, and suppose that at every point distinct from P the 
plane curve J has a non-vanishing curvature. Then there exists on 8 at least 
one asymptotic curve, say T, which passes through P in such a way that J is 
tangent to T at P'and lies between T and the common tangent; that is, J lies 
between T and the normal section of 9 ae by the common direction 
of J and T at P. 


That van Kampen’s generalization of the Beltrami-Enneper formula is 
false, is seen by comparing it (Theorem (I) in [8]) with Bonnets formula 
(cf. (44) below), which connects the curvature and the torsion of a curve 
' drawn through a point of a surface in an asymptotic direction. The error 
is made when, in the last sentence of the second paragraph of [8], p. 992, 
van Kampen assumes that he can diferentiate a relation (along a curve), 
whereas the relation in question is valid only at one point of that curve. 

It turns out, however, that van Kampen’s final result, represented by the 
_ last italicized statement, (t), happens to be correct. Tis will be proved in 

what follows. 


Remark. It will remain undecided whether, in the above wording of (t), 
the passage “at least one asymptotic curve” can be replaced by “ all asymp- 
totic curves ” or, for that matter, by “ the asymptotic curve.” In this regard, 
cf. the example, given in [7], pp. 153-156, of a surface § of class C? having 
a negative curvature K and containing a point P which issues more than one 
asymptotic curve (hence a continuum of asymptotic curves) in the same 
asymptotic: direction. In that particular example, there exist asymptotic 
curves on different sides of their (common) tangent at P but, in contrast to 
the assumption in (f) above, the curvature of the curve of intersection, J, 
vanishes at a sequence of points which cluster at P. Hence it remains a 
question whether or not the non-vanishing of the curvature of J (at those 
points of J which are distinct from P) implies that all asymptotic curves 
(touching J at P) are separated by J from the tangent of J at P or, for that 
matter, that the asymptotic curve (through P and in the direction of J) 
must be unique. 


It may be mentioned that (t) could also be deduced from Beltramii’s 
formula (cf. (50) below), tf S is of class C? and J has a non-vanishing 
curvature. 


7. Proof of (t). It can be assumed that S is given in the form 
2 = 2(%, y), where 2(x, y) is a function of class C?; that P is at (x, y) — (0, 0) 
and that (15) is satisfied; finally that, since the value of (16). at P is 
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supposed to be negative, Zsa(0, 0) = Zyy(0, 0) == 0, while Zay(0, 0) is positive. 
If (by the choice of the units of length along coordinate axes) this positive 
number is chosen to be 1, it follows that 


(21) z =z (z, 9) = ay + o (2° + 4°), 


where the o-term represents a function of class C? in (x,y). The form on 
the left of (8) reduces at P to 2’y’, a form which represents positive values 
for directions corresponding to the first and third quadrants, (2 > 0,y > 0) 
and (2’ < 0,4’ < 0), and negative values for the second and fourth quadrants. 
In particular, the asymptotic directions through P are the directions of the 
coordinate axes. 

Consider that branch, J, of the intersection of $ and of the tangent 
plane at P (i.e., of the plane z = 0) which is tangent to the z-axis. Then, 
by Lemma (8) of Section 8 below, J is a curve which (for small | z |) can b 
represented in the form 
(22) s | J: y=y(2), 


where y (£) is a function of class (* for all z, and of class C? for all s s40; 
cf. the assumption of (fT) concerning the non-vanishing of the ee 
of J at points distinct from P. P 

According to (21), and since (22) is a curve passing through P == (0,0), 
the partial derivative z,(z,y) for small positive œ is æ + o(s) along the 
curve J. Hence, if z in (22) is chosen to be positive, then 2,(x,y(x)) is 
positive (for small z > 0). On the other hand, since the curve (22) is on 
the surface z == z(x,y) and on the plane z= 0, 


(23) a(z, y(%)) 0, 

and differentiation of (23). with respect to 2 gives 

(24) | Za(T, y(z)) gi By (T, y(z))y (z) — 0 

(even if z = 0), whence one more differentiation leads (if ze 0) to 

(25) tea + 2209 + tyy? + zy” =, where y = y(2). 


Since the coefficient, zy, of y” in (25) was just seen to be positive (for small 
positive z), it follows that the sum of the first three terms of (25) is positive 
or negative according as y” (s) is negative or positive for small positive s 
(in fact, y” (z) = 0 is excluded by the assumption of a non-vanishing curva- 
ture at the points of (22) distinct from its point belonging to z = 0). 

' Suppose, for instance, that y”(x) > 0 (for small positive +). Then 
[y(z)] < 0, if [y(x)] denotes the sum of the first three terms of (25). 
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On the other hand, (8) shows that if y=my*(c), z==2(z,y*(z)) 18 an 
asymptotic curve, then [y*(z)] 0. It follows therefore from the signature 
rule of the four quadrants (described, after (21), with regard to the second 
fundamental form of the surface at the point P), that, for small positive x, 
the slope of the relevant asymptotic direction at the point (v, y(z)) of the 
surface is greater than the slope of the curve (21) at the corresponding z. 
In fact, this is clear for reasons of continuity, since the asymptotic directions 
at the point (x, y(x)) of the surface are close to those at the point P == (0,0), 
while the latter directions are those of the coordinate axes, z == 0 and y = 0. 
Accordingly, if a is any point of an interval 0 < a < a, where a> 0 is 
sufficiently small, then there is an asymptotic curve (at least one), say 


(26) Ta: Yy =y (2;a), 


passing through the point (a, y(a)) of the curve (22) in a direction nearly 
tangent to the direction of the curve (22) at x = a, and all functions (26) of 
x will exist for OS r S&a (if 0 <a <a, and if a is sufficiently small), finally 
all these curves (26) will satisfy, with reference to the curve (22), the 
inequality 

(27) y(t3a) >y(z) farsa. 


Since the surface S is hyperbolic at (hence near) the point P == (0,0), 
its asymptotic curves (26) will satisfy, for 0 = 2a, a differential equation 
(8), which is of the form 
(28) y = f (2,4), 


where f(x,y) is continuous: (for small s? -+ y?). Hence the standard argu- 
ments, which deal with (28) on the basis of equicontinuous functions, show that 
there exists a sequence of positive numbers a;,a9,- * ~ satisfying a > as — 0, 
as n—>oo, and having the property that y(x; an), the function (27) belonging 
to a= a, tends to a limit function, uniformly for O= ea, as no. 
Furthermore, this limit function y == y*(z) is (as is each of the curves (26) ) 
the graph of the projection on the (x,7)-plane of an asymptotic curve. 
Finally, it follows from (27) that 


(29) y* (x) = y(x) for OS¢4. 


Clearly, (29) completes the proof of the last italicized statement, (Tt), 
if the lemma ($) of Section 8 is granted. In fact, while (29) was deduced 
for the case in which y” (æ) > 0 for small z > 0, the case in which y”(x) < 0 
for small x > 0 (as well as both cases of a small — z > 0) can, of course, 
be treated in the same way. 
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8 On the “true” Dupin diagram. Let T be a plane through a hyper- 
bolic point P of a surface § of class C*. If T is not the plane tangent to 8 
at P, and if g is a sufficiently small neighborhood of P, then the set ST, 
along which T intersects S, consists of a Jordan arc of class C*. This is an 
immediate consequence of (the C?-form of) the classical theorem on implicit 
functions, the exemption of the tangent plane being equivalent to the non- 
vanishing of the gradient involved. Correspondingly, if T is the tangent 
plane, then, since the gradient vanishes at P, no general theorem on implicit 
functions is applicable to either of the branches of which, in view of Dupin’s 
indicatrix, the set ST can be expected to consist. That the essential (but, 
perhaps against expectation, not all) aspects of what is indicated by Dupin’s 
approximation is nevertheless true, is the content of the first two assertions 
of the following lemma (the third assertion of which shows that, because of 
the vanishing of the gradient, the C?-character of the “implicit functions ” 
can actually be lost). | 

($) If S is a sufficiently small neighborhood of a hyperbolic point P 
on a surface of class C°, and if T denotes the plane tangent to 8 at P, then 

(1). the intersection ST consists of two Jordan arcs, say J, and Js, 
each of which contains P in its interior, and P is the only point common to 
Jı and Ja; | 

(ii) both plane curves Jı, Ja have continuous tangents (also at P) and, 
except possibly at P, continuous curvatures as well; 


(i1) the curvature of J; at P need not exist (and, tf tt exists at P, 
st need not be continuous at P), unless an assumption going beyond the (?- 
assumption (such as the C*-assumption) is required of 8. 

Assertion (i) and (at least the first part of) assertion (ii) are closely 
connected with the results of Hadamard [5] on the invariant curves of a 
surface transformation near a fixed point of hyperbolic type. It is, however, 
more convenient to prove (i) and (ii) directly, and in a way which, in con- 
trast to Hadamard’s procedure, does not depend on the method of successive 
approximations. | | 

As at the beginning of Section 7, it can be assumed that § is given in 
the form z == z(z,¥), and that T is the (z, y)-plane and P is its point (0,0), 
but that (21) is replaced by 


(30) S: z= z(z, y) = (y — 2?) + o (2° + y), 


where the o-term represents a function which is of class C? in (z, y) (in fact, 
(30) differs from (21) in a rotation about P). According to (30), the 
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asymptotic directions of S at P, represented by the asymptotes of Dupin’s 

hyperbola at P, are the bisectors (x + y =" 0) of the coordinate quadrants. 
Since T is the plane z == 0, its intersection with § is the set of points 

(x, y) satisfying 

(31) ST: $(y° — t) + o(a + y) = 0. 


It is clear from (31) that, if 9, or the (x, y)-domain under consideration, 
is chosen small enough, then every point of ST is contained in one of the 
four wedges (issuing from (0,0) and bisected by the four asymptotic half- 
lines) which are defined by the inequalities $| s| S| y| 2/2 |. 

Consider the wedge contained in the first quadrant of the (x, y)-plane, 
that is, the wedge 


(32) g¢Sy See (so that x > 0 and y > 0 unless t == 0 == y). 


It will be shown that those points (z, y) of ST which are contained in this 
wedge form (for sufficiently small x = 0) a Jordan arc which is representable 
in the form y = y(x), where y(x) is a (single-valued) function having a 
continuous first derivative y’(x) ; that y’(0) (when interpreted as the deriva- 
tive at c= 0 from the right) is 1; finally that the function y(x) has a con- 
tinuous second derivative y” (x) if e > 0. Since (32) could be replaced by 
any of the four wedges, this will prove assertions (1) and (11) of the last 
italicized assertion. 


' Proof of (i)-(ii). It is clear from (30) that, if x is positive (and small 
enough), then z(2,42) and z(a,22) are of opposite sign. Hence z(z, y) 
must vanish at least once, say at the ordinate y = y(x), when 2 > 0 is fixed 
and y varies from the lower to the upper half-line bordering the wedge (32). 
On the other hand, since the o-term in (30) is a function of class C° in (x, y), 
it is clear from (30) that 2,(x, y) =y + o(x? + y’)4. Hence, if æ > 0 is 
small enough, 2, (x, y) is positive within the wedge. Consequently, the ordinate 
y == (zt), mentioned before, is unique. It now follows by standard argu- 
ments, occurring in the proof of the classical theorems on implicit functions, 
that the function y(x) is continuous for z = 0 and that it has a continuous 
second derivative for s > 0; cf. (24) and (25). That it has a continuous 
first derivative at v = 0 also, follows from (24). In fact, (30) shows that 
(24) can be written in the form 


—&—+o(x) + (y(x) + 0(@))y’(z) = 0 
for small positive x, and (31) shows that y(x)/x — 1 + 0o(1). 
| Proof of (iti). In a neighborhood of g= 0, let f(x) be any function 
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satisfying the following pair of conditions: (a) there exists a continuous 
second derivative f” (s) (also at x = 0); (b) if z —> + 0, then f(z) == 0(2’). 
In terms of such an f(x), define S by z == z (x, y), where z(x,y) = ay + f(z). 
Then § is of class C°, by (a), and (21) is satisfied, by (b). Furthermore, 
it is seen that (23), the equation defining the intersection ST, splits into 
Jı: t= 0 and Je: y—f(x)/x. Hence, in order to conclude the truth of 
(iii), it is sufficient to observe that there exist two functions, say f(z) == g(x) 
and f(z) = h(x), which satisfy both (a) and (b) and have the property that 
the function defined by y(x) = f(x)/a (if e540, and by y(0) — 0 if c= 0) 
has at a == 0 no second derivative or a discontinuous second derivative according 
as f =g or f =h. 


9. Geodesic curvature and geodesic torsion. After the italicized assertion, 
(t), of Section 6, reference was made to a formula due to Bonnet (cf. [3], 
pp. 397-399). Inasmuch as this formula, which is (44) below, is usually 
derived in a somewhat roundabout way and without a specification of the 
assumptions on which it depends, it will be proved in what follows by a more 
direct approach, leading to a reasonable minimum of the conditions to be 
required for its validity. 

Let S be a surface of class C?, and T: X == X (s) a curve of class C? 
on T, where s denotes the arc length on T. Define on T three, mutually 
perpendicular, unit vectors Vi, Vo, Vs (which form a right-hand orthogonal 
system), by placing 


(33) Vi(s) =X (s),  Va(s) =N (s),  Va(s) = (4’(s), N (s)), 


where the prime denotes differentiation with respect to s and N is the surface 
normal, (2), expressed along T as a function of s. Clearly, all three functions 
Vi(s) are of class C1. Hence the three derived vectors, Vy’, exist, are con- 
tinuous, and are lincar combinations, with continuous scalar coefficients, of 
the three vectors Vy. These coefficients can be calculated as is usual for 
all “derivation formulae.” This leads to the well-known “ geodesic Frenet 
equations,” 


(34) Vi’ = aVs—BVs, Va — aV; + V2, Vg = BY — yF, 
where 
(85) a= X”-N, B = det (X, X”, N), y = det (X’, N, N’). 


The latter y is identical with the y in (5), which in Section 1 was defined 
to be the geodesic torsion. Correspondingly, the second of the relations (35) 
shows that 8 is identical with the classical (“embedded”) definition of the 
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geodesic curvature. Finally, it is seen from (4) that the first of the relations 

(35) can be written in the form 

(36) ; . a = — X’: N’; hence a= hputu¥, 

by (3) (so that a is the normal curvature). Thus a == 0 is equivalent to (8), 

which is the definition of an asymptotic direction (if any; that is, if K = 0). 
If points of T at which | X” | may vanish are excluded, then the set (33) 

(in which the assumption | ¥” | > 0 is not needed) can be paralleled by the 

set consisting of the unit vectors of the tangent, principal normal, and 

binormal, of T, that is, by the set 

(37) UT, =X’, Tq m | X” |X”, Oy — |X” (47, X”). 

Then the “ geodesic ” Frenet equations, (84), become replaced by the ordinary 

Frenet equations, 

(38) U’ = «Us, of ==: — «kU, + rUs, Us = — U2, 

and, correspondingly, the data (35) by the (ordinary) curvature and the 

(ordinary) torsion, 

(39) x= | X” | > 0 and r— det(X’, Z”, X”) /x?, 

` provided that T: X — X(s8) (instead of being, as before, just of class C?) 

is of class C". But the definitions (37) and the first of the relations (38), 

where x = | X” | >0, do not require the latter proviso, and imply, in view 

of (87), the identities 

(40) U:= Vi, Ur V,coso + Vssine, Us—— Vasin w + V; cos o, 

if the (continuous) angular function w == w(s) is defined (mod 2r) by 

(41) coso =N: Uan sinw =— det (U, Us, N). 


If this is compared with (37) and (38), it follows that 


(42) a == K COB a, B = — x sin w. 


Since the definitions of a, 8 and x imply that a == 0 == £ if k—0, both 
equations (42) hold for «== 0 also, provided that the angle œ, which the 
case x = 0 of (41) leaves undefined, is considered as arbitrary. 

It will now be supposed that x > 0, and that T is of class C5. Then (38) 
is applicable and, in view of (41), the continuous function w —w(s) is of 
class C1, as is x=—x(s). Hence, if (40) is differentiated, and if the result 
is compared with (34) and (38), it follows that 


(43) o = 7 — y. 
A corollary of (86), (42) and (43) is the following pair of facts: 
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(IV) Let 8 be a surface, of class C*, having no elliptic points (so that 
K < 0 on 8), and let T be a curve, of class C*, on S. Then T ts an asymptotic 
curve tf and only if x(s) =| B(s)|, where (= 0) ts the curvature, and B 
the geodesic curvature, of T. If, in addition, «(s) £0 holds on an asymptotic 
curve T, then t(s) =y(s), where t(s) is the torsion, and y(s) the geodesta 
torsion, of T. 


Since § is supposed to be of class C°, the asymptotic curves are of class 
C*, Hence, the classical definition, (89), of r will not in general apply 
(cf. [6], pp. 773). But if the torsion, r, is defined as in [6], pp. 770-772, 
then the asymptotic curve has a torsion at all those points s at which x(s) 540. 
This, and only this, makes meaningful the second assertion of (IV). 

Of course, the converse of the second assertion of (IV) is false, that is, 
the assumption r(s) ==y(s) along a curve of class C? (with non-vanishing 
curvature) does not.imply that the curve is an asymptotic curve. In fact, 
this identity holds, under the assumption x{s) > 0, if arid only if Ua(s) “N (e) 
— const. on T' (a condition which is satisfied if, for instance, T is an asymp- 
totic curve or a geodesic). | | 

Let s be fixed. Then, if x(s) == | Æ” (s)| vanishes, (85) shows that 
a(s) == B(8) #0. On the other hand, if «(s) > 0, then the first of the 
_ relations (42) shows that a(s)==0 is equivalent to cosw(s) =:0, which 
implies that w(s) is a multiple of +, and that o’(s) therefore exists and is 0 
(in a vicinity of the fixed s). In other words, a(s)==0 implies that 
«== | 8 |, by the second part of (42), and that r=y if «540, by (43); 
conversely, «== | 8 | implies that a==0. This completes the proof of (IV), 
since, in view of the remark made after (36), the differential equation of the 
asymptotic curves is a == 0. 


10. Ona formula of Bonnet. It will now be easy to formulate a precise 
wording of Bonnet’s relation (cf. [3], pp. 397-399), referred to at the 
beginning of Section 9. | 


(V) Let S be a surface of class C® having no elliptic points (so that 
K = 0), and let T be a curve on S which is of class CS and has, at some 
point P, an asymptotic direction and a non-vanishing curvature. Then 


(44) (Bro — 7) x = + oxo, (x > 0, xo Z 0), 


where x and r denote curvature and the torsion, and + xy and t == +(— K)? 
the geodesic curvature and the geodesic torsion, of T at P (80 that, if T, denotes 
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the asymptotic curve tangent to T at P, then xp is the curvature and, if ko > 0, 
then ro is the torsion of T, at P; cf. (IV) above). 


When «xo > 0, the alternative sign (+) in (44) depends on T; in fact, 

it will be clear from the proof of (44) that the + or the — holds re 
as the principal normals of T and T, have common or opposite directions. 
- Jf P is a parabolic point of 8, then any curve T (of class C*) through P 
havirig an asymptotic direction possesses, at P, either a vanishing curvature x 
or a vanishing torsion r, since x > 0 and ro = +(— K)? = 0 imply that 
r= 0 in (44). 

The proof of the last italicized statement, (V), proceeds as follows: 


First, a multiplication of the two determinants in (35) shows that By 
can be written as the determinant in which the first row is 1, 0, X’: N’, the 
second 0, X” - N, X” + N’, and the third 0, 1,0. Hence By =— X” - N”. Since 
differentiation of the first of the relations (36) gives a’ == — X” - N’ — X’- N”, 
it follows that ; 


(45) | a — 2By 
is identical with X” N’ — X’. N”. 


Since the curve T: X == X (s) = X(u1(s),u?(s)) is on the surface 
S: X == X (ut, u?), differentiations of (1) and (2) with respect to s show 
that Z’ = Zu” and Z” = Zaut uY + Zut” hold for Z =X and for Z = N 
(the subscripts denote partial differentiation with respect to ut, u*). Hence, 
the expression (45) is the sum of 


(46) ` (Xie NX; Nw) ulus’ 


and of the bilinear form Ay, (ut’u*” — uk’’u'’), where hy, is the scalar product 
defined by (3) or (4). This bilinear form vanishes identically, since hy, = hy. 
Consequently, the function (45) or (46) of s depends only on the point 
P: X(s) and on the direction, X’(s), of T at P. 

/ The identity of the two values (45), (46) was just derived under the 
hypothesis that T is of class C?. If T is of class C*, so that «(s) and o(s) 
are of class CT, then (42) shows that (46) can be written in the form 


(47) . K’ COS © — (w” — 2y)x 8in w. 


Let this be applied to both Tùs and T, where Te is an asymptotic curve 
through a point, P, of 8, and T is a curve, of class O? and of non-vanishing 
curvature, which is on § and is tangent to To at P. In view of the identity 
of the numbers (45), (46), it is seen that (45) attains, at P, the same 
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value for T as for To. Hence, if x, œ, y,’ * ‘ and xo, wos Yo * + refer to T 
and To, respectively, then the value of the expression (45) at the point P is 


(48) — 2By = Axoro SİN wo, . (sin wp == + 1), 
since a(s) == 0, hence a’(s) == 0, on To. 


On the other hand, since T is of class C5, another expression for the 
value of (45) at P is given by (47). In view of (43), and since y = ro, 
the identity of the values (47), (48) means that 


(49) K’ 008 o + (379 — 7) x BIN o == xoro BIN wo. 


Finally, since T has an asymptotic direction at P, it follows that a(s) == 0 
at P. Hence, the first relation of (42) and the assumption «(s) =£ 0 show 
that COS w =. 0, sin o =—= + 1. Consequently, (44) follows from (49). 


11. On a formula of Beltrami. Beltrami’s theorem, mentioned at the 
end of Section 6, states that if T is a branch of the intersection, ST, of 8 and 
of the plane, T, tangent to S at a hyperbolic point, P, of S, then, in the 
notations of (V) above, 

(50) | 3x == 2xy 


(cf. [8], p. 398). Formally, this result of Beltrami is a consequence of 
Bonnet’s theorem, since (44) reduces to (50) if r—0 (in fact, since 
To == +(— K)$, hence 
(51) To <0 


at a hyperbolic point, division by r, is allowed). 


Actually, this deduction of (50) from (44) is not legitimate under the 
assumptions of (V). For, on the one hand, (50) is claimed also for the 
case x = 0, excluded in (38), and, on the other hand, (V) assumes that T 
is of class C*, whereas, corresponding to (iii) in (§), Section 8, the curve T 
need not be of class C® under the C*-assumption made in (V) for S. It will, 
however, be shown that the proof of (V) can be adjusted to the case of 
Beltrami’s theorem so as to dispose of the difficulties on both of these accounts; 
so that (50) holds in its full generality: 


(VI) Let P be a hyperbolic point of a surface S of class C*, and let T 
denote a branch of the intersection ST, where T is the plane tangent to 8 
at P. Then T has at P a (continuous) curvature, x = 0, and (50) holds for 
the curvature, xo = 0, of the asymptotic curve. tangent to T at P. 


— 
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In order to prove this assertion, (VI), suppose first that «(s), the 
curvature of I, vanishes on a set of points which cluster at P. It then 
follows from (42) that, for reasons of continuity, x = 8 = 0 at P. On the 
other hand, it was shown in Section 10 that a’ exists even under the present 
assumptions, and so it is seen from (42) that a’ vanishes at P. Consequently, 
the same is true of the expression (45), and therefore of the expression (46) 
as well, and so of (48). But the vanishing of (48) at P is equivalent to 
ko = 0, since (51) is satisfied (cf. the corresponding conclusion in Section 10). 
Hence (50) is true in the present case. 

In the remaining case, x(s) does not vanish near P (it may or may not 
vanish at P), hence (41) defines w(s) near P. It follows therefore from an ` 
obvious variant of the lemma, (8), of Section 8 that T is of class C5 near P. 
But r(s) =0, since T = ST is a plane curve. Thus it is clear from (43) 
that (whether x(s) does or does not vanish at P) it is possible to define w 
(at P) in such a way that w(s) remains of class C after the inclusion of P; 
in fact, . 

(52) v = — y = — Tr, at P. 


On the other hand, since T is in the plane tangent to 9 at P, it is clear 
that, near P, the vector product (U, U2) has the constant direction of the 
normal to S$ at P (note that the principal normal, Us, is undefined at P if 
k = 0). It follows therefore from (41) that 


(53) sin o = + 1 and cos w = 0 at P, 


and it is clear from (53) that a(s) — «(s) cosw(s) is differentiable at P, 
having the derivative 


(54) a’ = () + «(cos o(s) )’p = — xo’ sin o at P 


(even though x(s) may not be differentiable at P). From now on, all state- 
ments will refer to the point P. 

Since (54), (52) and the second of the relations (42) imply that 
a’ = KTo SIN w = — By, the value of the expression (45) -is 3x7,sinw. On 
.the other hand, the expression (45) is identical with (46) as well as with 
(48). Consequently, the product on the right of (48) must have the value 
3x7) SİN w, just found. In view of (51), this means that 2x» sin wo = 8x sin o, 
which, according to (53) and the parenthetical alternative in (48), implies 
that | 2xo | = | 3x |. This proves (50), since both curvatures x, xo are non- 
negative in (VI). 
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ON THE THEORY OF GEODESIC FIELDS.* 


By PHILIP HARTMAN and AUREL WINTNER. 


1. Geodesics. On a sufficiently small (u, v)-domain, say on 


y 


(1) ha: PHL, 
consider the Riemannian geometry defined by a line element 
(2) ds? == E (u, v)du? + 2F (u, v)du dv + G (u, v) dv?, 


which is positive definite (i. e., 
(3) EG—F?>0 and #> 0, 


hence G > 0), but such that the functions E, F, G of (u,v) are just con- 
tinuous. A geodesic T must then be defined as a Jordan arc contained in a 
and having the property that, if P and Q are the end points of T, and if A 
is any Jordan are joining P to Q within a, then 


Slais f las. 
T A 


If P and Q € P are close enough to the center, (0,0), of the (u, v)-domain 
(1), then, according to Hilbert ([9]; cf. [2], pp. 419-438), there exists a 
geodesic FT =T (P, Q), which is a rectifiable Jordan arc. (Actually, Hilbert 
assumes that the line element (2) is embedded into a Euclidean (x, y, z)-space 
as the dx? + dy? + dz? on a surface of class (*, but this assumption is nowhere 
used in his proof.) 

One of the difficulties is that, no matter how close Q be chosen to a 
fixed P, the geodesic joining Q to P need not be unique, not even if the 
coefficient functions of (3), instead of being just continuous, are of class C’; 
cf. [7], pp. 182-183. If they are of class C*, then the Christoffel coefficients 
Ty = 4, (u,v) exist and are continuous, and, as pointed out in [7], 
pp. 134-135, all geodesics must satisfy the standard differential equations 
u” + Tipu uY == 0, where (ut, u?) = (u, v). 

Since the coefficient functions of (2) will not be required to possess 
derivatives, no differential equations for the geodesics will be available. Never- 
theless, there will be proved several central theorems of the classical theory 
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(a theory the methods of which assume the coefficient functions of (2) to be 
of class C3, at least, and often even smoother). ‘The theorems in question are 
those of Gauss on orthogonal trajectories, the related theorem of Jacobi con- 
cerning multipliers, Riemann’s invariant relations which are both necessary 
and sufficient (Herglotz) for normal geodesic coordinates, and Beltrami’s 
characterization of the non-Euclidean and spherical metrics as geodesic maps 
of the Huclidean geometry. 

Even if the coefficient functions of (2) were assumed to be of class CA, 
the metric defined by (2) would not, in general, have a Gaussian curvature 
Ke=K(u,v) (in fact, the classical definition: of K applies only if F, F, G 
are of class C?). In particular, Jacobi’s equation of the normal displacements, | 
d*n/ds* + K(s}n == 0, which defines conjugate points, is not available. 

In problems dealing with the geodesics of a metric (2) in which F, F, G 
are just continuous, a complication is presented by the circumstance that a 
geodesic arc T cannot be assumed to be a curve of class C? or, for that matter, 
such as to possess a tangent at each of its points (rather than, just almost 
everywhere, T being rectifiable). Actually, these questions were left undecided 
in [7], pp. 144-148. (It was shown there, among other things, that every T 
must possess the “Archimedian property”; and while it is easy to see that 
this property of a rectifiable Jordan arc does not imply the existence of a 
tangent at every point of the arc, it seems to'be less easy to “embed ” such 
an arc into a metric (2) for which the arc becomes a geodesic.) Fortunately, 
these matters will not complicate the situation, since the nature of all the 
problems considered is such as to imply the C*-character of those particular 
(even though possibly not of all) geodesics T of a metric (2) to which the 
assertions of the theorems refer. 


2. Transversals. The principal results will depend on (the wording or 
the proof of) a lemma concerning transversal fields; cf. [6], pp. 147-151. 
Under the classical assumptions of differentiability, the assertion of the lemma 
is nothing but a theorem of Jacobi, and is then a corollary of the theorem 
of Gauss concerning the transversal trajectories of a sheaf of geodesica (cf. 





1In order to obtain such a Jordan arc in a (u, ¢)-plane, it is sufficient to put 
1 = © Cos $, © == r Bin ġ, and to assign the Jordan arc'in the parametric form r = f(¢), 
where f(p), with f(¢:) z4 f(¢,) when , = Øs is positive, is of class Ot for — œ< p< œ% 
and tends sufficiently fast to 0 as -> + © (so that the point (u,0) == (0,0) of the 
Jordan are belongs to ¢ = — © and ¢ = œ). In fact, an easy calculation shows that the 
choice f(¢) = exp(— $" ) will do (the slower logarithmic spiral, f(¢) == exp (— | ¢ |), 
will not do; the non-differentiability of the latter function at ¢—=0 is of course 
immaterial). 
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[3], vol. IT, p. 430). But the point is that, under the general assumption (*) 
below, the classical proofs must fail to apply. The lemma in question is as 
follows: oO 
LEMMA 1. Suppose that 
(0) E, F, Gin (2) are continuous functions satisfying (8) on a sufi- 
ciently small domain (1), and that | 
there exists, on that domain, a function, say (u, v), which is of class 0t 
and has. the following properttes: 
(i) all solutions of the differential equation 
(4) | ~. dv/du=@(u,v) 
represent geodesic arcs, T, of (2) and 
(ii) tfa geodesic arc, T, of (2) possesses a tangent at some point and 


has, at that point, the same direction as a solution path of (4), then the ates 
solution path ts identical with the arc T. 


Under these assumptions, there exist on (1) positive, continuous multi- 
pliers p—=p(u,v) for the Pfaffian | 


G) w= (E+ Fé)du + (F + Go) dv; 
an fact, the function 
(6) p= (B+ 2p + Gé) À 


(which, in view of (0), is continuous and positive) is such a multiplier. 


In other words, there exists on @,: W + v? < a? a function r = r(u, v) 
(unique to an additive constant, say to its value r(0, 0) at the center of a) 
such that r possesses on a the partial derivatives 


(7) Tu == u(E + Pd), tom p(F + Go), 


where x denotes the function (5). | 
Since the vanishing of the Pfaffian (5), i. e., the differential equation 


(8) (E + Fé)du+ (P+ Gp)dv—=0 


for v == 0(u) or u = u (v), characterizes the transversals of the sheaf of curves 
defined by the differential equation 


(9) | dv — gdu == 0, 


the assertion of ETA 1 implies that the differential equation of the trans- 
versals of the geodesic sheaf defined by (4) possesses some (continuous, non- 
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vanishing) integrating factor, »=y(u,v). Not even this is obvious, since, 
if nothing but (0) in Lemma 1 is assumed, and if (5) is written in the form 
w = M(u,v)du+t N (u, v)dv, where M and N are just continuous, then the 
Pfaffian w need not possess a multiplier in any sense; cf. [12], Section 7. 
Correspondingly (and in view of Section 7 below), it turns out that the 
content of Lemma 1 is substantially equivalent to the following statement: 


Lemma 2. Under the assumptions of Lemma 1 (and tf a in a: 
w+ v? < a? is small enough), there exists on Bg a pair of functions, 


(10) u* = u* (u, v), v* = v? (u, v), 


such that the transformation (10) ts of class C1 and of non-vanishing Jacobian, 
and maps the neighborhood @a of (u,v) = (0,0) on a neighborhood of 
(u*,v*) = (0,0) in such a way that the metric (2) acquires a “ geodesic ” 
form 
(11) ds? am du*? +. g(u*, v*)dv*?, 
where g is a positive, continuous function. 

Lemma 1 has a partial converse, as follows: 


Lemara 3. Suppose that (2) satisfies (0) in Lemma 1, and that a func- 
tion plu,v), which is of class O! on Ba, has the property that the Pfaffian 
(5) possesses the multiplier (6) on Ba. Then every solution of (4) represents 
a geodesic of (2). 


It remains undecided whether the C?-assumption imposed on ¢(u,v) in 
Lemmas 1-3 can be reduced in some extent (for instance, to the extent of 
requiring only that ¢(u,v) be continuous and such that the solutions of (4), 
belonging to an initial condition, are unique). 


3. Reduction to parallel segments. By adapting a scheme from analytical 
mechanics (in a highly differentiable case), it will be convenient to arrange 
the proofs in such a way that the sheaf of geodesics which is defined by (4) 
is assumed to be a sheaf of line segments 


(12) v = const., 

which means that 

(13) | p(u, v) = 0 

in (4). It turns out that it can be assumed that, besides (13), 
(14) F(0,v) =0 


in (2). 
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In order to make applicable the simplification afforded by this scheme, 
it will first be proved that, under the assumptions of Lemma 1, 2 or 8, there 
always exists an admissible (u,v)-transformation of class C+ which leaves 
the assumptions unchanged and leads to the normalizations (13)-(14). 


Proof. After an affine transformation of (1) (and if a in the new 
Ba: w+ v? <a? is small enough), it can be assumed that the coefficient 
matrix of (2) is the unit matrix at the center of Ba 


(15) E(0,0)—1, F(0,0)=0,  G(0,0)—1. 


Then the function E + F of (u, v), being 1 + 0- # (00, 0)> 0 at the center 
of a Will satisfy 


(16) H+ Fd > 0 on a 


if a is small enough. Hence the differential equation (8) can be written in 
the form w == F(u, v), where f is continuous on @, and the prime denotes 
d/dv. Consequently’ (8) has, for small | v |, say for |v | < b, at least one 
solution w=-u(v) satisfying u(0) = 0. Let y(v) denote such a solution 
of (8). Thus- 


(17) u == y(v), where —b<v< b and y(0) == 0. 


On the other hand, since ¢ (u,v) is of class C4, the differential equation 
(9), which is (4), has a unique solution v == y(u) == y(u; Uo, Vo) satisfying 
.D (to) = Vo, whenever (uo, vo) is close enough to (0,0), and the function 
V(U; Uo, Vo) exists and is of class C* in its three arguments together, if (to, vo) 
is restricted to a sufficiently small circle about (0,0), and u to a sufficiently 
short interval — c < u < c (the length of which is independent of uo, Vo). 

In terms of the function v(u; to, vo) and of the function y(v) occurring 
in (17), define, for small | a |, | 8 |, two functions, U and V, by placing 


(18) U(a,B)—a+y(8), V(a,8)=v(a+y(B); y(8), B), 


and consider the transformation 


(19) Ua), v= V(a8). 


This mapping of a neighborhood of (a, 8) == (0,0) on a neighborhood of 
(u, v) == (0,0) is of class C* (since the functions y(v), V(t; Uo, vo) occurring 
in (18) are), and the Jacobian of the transformation (19) does not vanish at, 
hence near, (0,0). In fact, the Jacobian 6(U, V)/@(a, B) of (18) is Vg — y’¢4, 
where 


Vp = 0V/08 — y’ + 80 /Ott0 -+ 80/00. 
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Since ĝv/fw, at (u; to, Vo) = (0; 0,0) becomes 0 or 1 according as wy == to 
OT Wo == Vo, It follows that the Jacobian at (a, 8) == (0,0) is 0+04+1 40. 

The meaning of the transformation (18)-(19) (which corresponds to 
the “ transformation to the rectilinear motion ” in the Hamilton-Jacobi theory) 
is as follows: For a given (4, vo), the solution path v == v (u; Up, U0) of 
(9) meets the solution path (17) of (8) at a unique point (y(86), Bo). 
The inverse of the transformation (18)-(19) is (Uo vo) —> (ao, Bo), Where 
Go = tly — y(Bo). For a fixed £, the arc (19) is a solution path of (9). 

It is seen either from this interpretation or from a direct calculation 
that, if (e, f, g) is the (a, B)-representation of the covariant tensor (E, F, QG), 
i.e if (2) is identical with 


ds? — e (a, 8) da? + 2f (a, B)dadB + g (œ B) dp? 


by virtue of the C*-transformations (18)-(19), then the functions 6 f, g are 
identical with 


Fp + ap, Ey + FY + PVet+ Give, Ey” + 2EY Ve + GV 5%, 


respectively. It is clear from (18) that (4) is transformed into dB/da == 0, 
which means that (13) will hold if (a, 8) is called (u,v). In addition, since 
the arc u == y( 8), v = B becomes the transversal (17) when a == 0, condition 
(14) will be satisfied if a, 8; f are called u,v; F. Finally, the Pfaffian (5) 
and the function (6) are transformed into o* == eda + fdg and p*¥ = e4, 
respectively. Since the property of a Pfaffian to be an exact differential and 
the property of an arc to be a geodesic are invariant under a local C-trans- 
formation (u,v) — (a, B) of non-vanishing Jacobian, this proves that the 
assumptions (13) and (14) will not involve a loss of generality in the proof 
of Lemmas 1-3. 


4. Proof of Lemma 1. In view of (13), the differential equations (9) 
and (8) reduce to 


(20) dv/du = 0 
and 
(21) du/dv == — F(u, v)/E (u, v), (E > 0), 


respectively, and since the function (6) becomes p = W3, the pair of relations 
(7) simplifies to 

(221) Tu we F(u, v); (225) Ty = F (u, v)/ E(u, v) ; 
Hence the assertion of Lemma 1 is that, under the assumptions (0) and 


(i)-(ii), there exists on @, a function r == r(u, v) of class C* satisfying both 
(22,) and (22). 
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It will be proved that such an r(u, v) is given by 


(23) (u,v) = f EA(t, v)dt. 


It is clear that the function (23) is continuous and that its partial derivative 
ry(u, v) exists and satisfies (22,) (and is therefore continuous). What is not 
clear is that the partial derivative r,(u,v) occurring in assertion (222) exists 
at all; in fact, the function integrated in (23) is just continuous. 

With reference to a fixed number r, consider the equation 


(24) r(u,v) == 7(=—~ const.). 


In view of (23), this equation is satisfied at (u,v) == (0,0) if r==0. It 
follows therefore from (22,), where E40, and from standard facts on 
implicit functions, that (24) defines, in a neighborhood of (v;1r) == (0;90), 
a unique continuous function 

(25) u = u(v; T) 

in such a way that a triple (u, v;r) sufficiently close to the triple (0,0; 0) 
will satisfy (24) if and only if the u in (u, v; r) is of the form (25). Further- 
more, since E s40 in (221), the function (25), defined by (24), has a cou- 
tinuous partial derivative with respect to r, and this derivative is given by 


(26) ur(u; r) == Eà(u, v), where u—u(v;r). 
It will be proved that 
(a) there exists a positive number d having the property that, if r is any 


fixed value for which |r | is suffictently small, then the continuous function 
(25) exists for | v | < d and represents a solution of (21). 


If (a) is granted, then the proof of Lemma 1 can be completed as 
follows: (a) implies that the function (25) has, in a neighborhood of 
(v; r) == (0,0), a partial derivative with respect to v, and that this derivative 
satisfies (21), i. e., that 
(27) Uy(v; 7) == — F (u, v)/H (u,v), where u == u(v; r), 
which implies that this derivative is continuous in v and r together. Since 
(24) and (25) are equivalent, it follows that the function (23) of (u,v) 


is of class CT. Finally, (22,) follows from (25), (26) and (27). 
In order to prove (a), it will first be shown that 
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(B) if a point (u°,v°) is sufficiently near the point (u,v) = (0,0), 
then the distance, fds, from the point (u°, v°) to the line u == 0 ts minimized 
by the geodesic v =m y, 


5. Proof of (8). This will be the only part of the proof of nee 1 
in which the assumption (ii) is used. | 

First, if (u°,v°), where u°=£ 0, is a point close enough to the center 
of Ba: + v?< a, then the existence of a rectifiable Jordan arc, say 
TæT(u,v), minimizing the distance (== fds) of (u°,v°) from the line 
u = 0, follows by the same procedure as the existence of an arc minimizing 
the distance between two given points which are close enough (Hilbert). If 
there are more than one T == T (u°, v°), choose one of them, and denote by 
(0, v*) the point at which this T reaches the line u == 0. It will be shown 
that T is transversal to the line u= 0 at the point (0,v*). Then the 
assumption (ii) will assure that T is the geodesic v == v*; cf. (12), (13). 
This in turn will imply that v* — y and that T is, therefore, the geodesic 
v = 1, as claimed by (8). 

Suppose if possible that T'—T(u°,w°) is not transversal to the line 
u = 0 at the point (0,v*). Then T either does not have a tangent at (0, v*) 
or, if it does, that tangent has a direction which fails to be transversal to 
u—0 (by a tangent is meant a unilateral tangent, since F can be assumed 
to end at the point v == v* of the line u == 0). Under either of these hypo- 
thesis, it is seen from (14) and (21) that there exists on T a sequence of 
points (ui, vı), (ts, v2), © > which converge to the point (0,v*) and have 
the property that the inequality 


(28) | (tx —*) ia | > 6, 

holds for a positive c which is independent of n (== 1,2,---). Since u? 0, 
it can be assumed that u° > 0, and also that (28) is replaced by 

(29) Un — v* > Cty > 0, (n=1,2,---) 
(the other possibilities can be treated similarly). 

Accordingly, the proof of (8) will be complete if it is shown that the 
existence of a c>0 satisfying (29), where (ts, 9n) — (0, v*) as n 00, 
leads to a contradiction. The latter will result from the fact that (29) leads 
to the following conclusion: 


(?) If n is large enough, then the distance fds between the two points 
(0, vn), (Un, Un), when measured along the geodesic v == v,, is shorter than 
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the distance fds between the two points (0,0%), (ts, t4), when measured 
along T == T (u°, 4°). 


In order to deduce the latter assertion, (?), subject the (u, v)-plane to 
an affine transformation (u,v) — (z,y) in such a way that (2) becomes 
ds? =m dz? + dy? at the point (u,v) — (0,v*). Then the distance fds along 
any geodesic which joins any two points is (1 -++ 0(1))d as those two points 
tend to the point (0,v*), where d denotes the Euclidean distance in the 
(z,y)-plane between the two points 5 cf. [7], pp. 144-148. On the other 
hand, it is clear that the Euclidean distance between the two points (0, v*), 
(un, Ya) is not less than (1<+0(1))/8ina times the Euclidean distance 
between the two points (0, V4), (Um, Y4), if, with reference to the positive 
number c occurring in (29), the a =a, in 1/8in a, where 0 <a < $r, denotes 
the angle between the (a, y)-images of the two lines v-—v* Cu, u == 0, 
Since 1/sina > 1, and since (Um, vn) — (0, v*) as n—>o, the RES two 

o-relations imply the truth of (?). 

The proof of (8) is now complete, since (?) contains a contradiction. 
In fact, if n is large enough, and if I, denotes the path consisting of the 
‘portion 0 = u S us of the geodesic v — v, and of that portion of T = T'(u°, v°) 
which joins (u°, v°) to (us, Ys), then (?) implies that the length fds of the 
path T,, a path joining a point of the line u—0 to the point (u°, v°), is 
shorter than the length fds of T'(u°, v°). But this contradicts the definition 
of T'(u°, v°). 


6. Proof of (a). Suppose if possible that the assertion of (a) is false. 
Then there exists on the arc (24) or (25) a point (up, vo), arbitrarily close 
to the point (0,0), in such a way that the arc either does not have a tangent - 
at (to, vo) or, if it does, that tangent has a direction which fails to be trans- 
versal to the geodesic v=). It can be assumed that u 40, say uy > 0. 
For, if r == 0, then (23) shows that (26) is the arc u==u(vi 0) ==0 which, 
in view of (14), represents a solution of (21). 

In order to simplify the notations, subject the (u, v)-plane to an affine 
transformation after which the metric (2) reduces to ds? — du? + dv? at the 
point (t%,%).- Then, in both of the cases negating the truth of (a), there 
exists on the arc (24) or (25) a sequence of points (ut, vt), (u*, v?),- +> 
which converge to the point (to, vo) and have the property that 


(30) La — v |Z U” — the | < c, where u” A uy > 0, 
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holds for a positive c which is independent of n(==1,2,-- +). Corresponding 
to the reduction of (28) to (29), it can be assumed that (30) is replaced by 


(31) OZ v— vy) < C(u — u”) Ca 


With reference to the constant c > 0 occurring in (81), let A == A (uo, Vo; C) 
denote the line v — va = (— 1/0) (up — u). Then it is clear from (u", v”) 
—> (Uo, Vo) that, if n is large enough, the line A will have on the geodesic 
v = v* some point, say the point (uw, vu"). — 

If the results of [7], pp. 144-148, are applied in the same way as in 
Section 8 above, it now follows that if n is large enough, the distance fds 
between the two points (uo, vo), (Un, v”), measured along the line A, is shorter 
than the distance fds between the two points (ur, v”), (un, v”), measured 
along the geodesic v =—= ¥v,. Hence there results a path consisting of a portion 
of the geodesic v == v, and of a segment of A and having the property that, 
while it is a path which joins the point (0,)) to the point (tim, v”), it is 
shorter than the portion of the geodesic v — v” which joins © v”) to (tn, v”). 
This contradicts (8) and therefore proves (a). 

The proof of Lemma 1 is now complete. 


7. Proof of Lemma 2. In view of Section 3, it is sufficient to prove 
Lemma 2 under the normalizations (18)-(15). Then, according to the proof 
of Lemma 1, the function (23) is of class C* and satisfies (22,)-(223). 
In terms of this function, define a transformation of a neighborhood of 
(u, v) == (0,0) into a neighborhood of (r, v) = (0,0) by placing 
* (82) r=r(u, v), v=. 

The Jacobian of the C-mapping (32) is 1-7,—0, which, in view of (221), 
is distinct from 0. 


Let the covariant metric tensor of (2) be expressed in terms of the 
coordinates (32). Then it is readily seen from (22,)-(222) that 


(33) ds? — dr? +. (EG — F°) Edv? 


is an identity by virtue of (2) and (82). But (33) is of the desired form 
(11), with u? =r, v* == v, and g = ( — F?/E, where the functions F, F, G 
of u and v are thought of as expressed, by means of the inverse of the sub- 
stitution (382), as functions of r and v. 


8. Proof of Lemma 3. In view of Section 3, it is sufficient to prove 
Lemma 3 under the assumptions (12)-(15). Then (14) and the assumptions 
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of Lemma 3 mean that (23) is a function of class C+ satisfying (221)-(222). 
Section 7 shows that (32) transforms (2) into (33).- But (33) is of 

the form . 

(34) ds? == dr? + g(r, v) dv’, where g(0,0) == 1, 


by (15), and it is clear from (34) that, if r? -+ v? is small enough, every _ 
segment (12) minimizes the distance fds between any two points of that 
segment. This proves Lemma 3. 


9. Normal coordinates. Suppose that a metric (2), satisfying (8), is 
given in terms of normal coordinates (u,v) at (0,0) (Riemann). By this 
is meant that 
(35) u = r cos 6, y= r Sin 6 


represents a geodesic for every fixed 8 and that, in addition, the r = 0 occurring 
in (85) is, except for a factor which depends only on 8, identical with the arc 
length on each of the geodesics 4 == const. which issue from (u,v) = (0,0). 
If the functtons H(u,v), (u,v), G(u,v) possess partial derivatives of a 
sufficiently high order, then, according to Gauss [5], pp. 249-250 (and, in the 
multi-dimensional case, Riemann [11], p. 279; cf. Dedekind’s comments [4], 
pp. 406-407), the differential equations of the geodesics (that is, the equations 
of motion 

(36) | [L]e = 0, [L]o = 0, 

where the brackets denote the Lagrangian derivatives of | 

(37) Lu, v3 u,v") = ZH (u, vu? + Fu, vu’! + $G (u, v) 0? = 4s” 

and the prime denotes d/dt) must possess the invariant relations 

(38) Ly(u,v;u,v) = L,y(0, 0; u,v), Lelu, v; u, v) = Ly (0, 0; u, v) 


whenever (u,v) is a normal coordinate system at (0,0), and, as pointed out 
by Herglotz ([8], p. 216), this necessary condition for normal coordinates is 
sufficient as well. 

Clearly, neither the definition of coordinates which are normal coordinates 
nor the pair-of relations (38) (which, in view of (87), simply mean that 


(89) H(uvju-+-P(uvjuoe=u, — F(u, v)u + G(u,v)v—2, 


if, without loss of generality, the normalization (15) is used) involves anything 
like the italicized hypothesis, that concerning a sufficiently high degree of 
smoothness of the coefficient functions of (2). Correspondingly, as a relevant 
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illustration of the above theory of geodesic fields in a metric which is just 
continuous, it will now be shown that the criterion holds without any differ- 
entiability assumption on the coefficient functions of (2). 


(*) Suppose that H(u,v), F(u,v), G(u,v) are continuous functions 
satisfying (3) in a neighborhood of (0,0), and that they are normalized at 
(0,0) by (15). Then the pair of identities (39) is necessary and sufficient 
in order that the coordinates u, v be normal at (u,v) == (0,0). 


The proof of the necessity and sufficiency of (39) could be deduced from 
Lemma 3 and Lemma 1, respectively. Corresponding to the circumstance that 
Lemmas 1-3 and (*) deal with “geodesic parallel” and “ geodesic polar ” 
coordinates, respectively, such a deduction of (*) would, however, lead to a 
complication, since what represents (4) in (*) is the differential equation 
dv/du = v/u, which has a singularity at u = 0 (corresponding to the vanishing 
of the Jacobian of (35) at r —0). Because of this formal complication, it 
will be just as convenient to prove (*) directly. 


10. Proof of (*). A direct substitution shows that (85) transforms 
(2) into | 


(40) ds? == e(r, 0) dr? + 2f(r, 6) drdé + g(r, 0) dE, 
where, in (binary) vector and matrix notations, 
8 cos sinð\/E F\fcosô 
(41) = 
f/r] \—sin# cos0/\F G/\sin6/)’ 
while 
(42) g/t? == E sin? 6 — 2F sin 6 cos 8 + G cog? 8. 


In order to prove the sufficiency of (89), suppose that the coordinates 
u, v satisfy (39). Then (35) shows that (41) can be written in the form 


PARI cos @ sing (ae) 
f/r) \—sind cosé/\sind) — ) 


(where 1 ==cos?@-+ sin? 0). Since this means that e=1 and f=æ0, it 
follows that (40) reduces to 


(43) dg? am dr? + g (r, 0) d6? (g > 0). 


But (43) makes it trivial that the distance fds between the point r == 0 and 
any point (To, 8o), where ro > 0, is minimized by the path 8 — const. (== bo), 
and that r is the arc length along the path. This means that the coordinates 
(41) are normal at (0,0), as claimed by the second assertion of (*). 
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In order to prove the necessity of (39), which is the first assertion of (*), 
it is sufficient to show that 6—==1 and f = 0 are identities in (u,v) if the 
coordinates u, v are normal at (0,0). In fact, if the constants e == 1, f = 0 
are substituted into (41), then (41) reduces to a pair of identities which, 
in view of the definition (35), is precisely (39). 

- According to the first line of (41) and the normalization (15), the value 
of 6(u, v) at (u,v) — (0,0) is cos? 9 + sin? 9 = 1, On the other hand, since 
‘the coordinates u, v are supposed to be normal at (0,0), the equations (35) 
represent, for every fixed 6, a geodesic on which the are length, when measured 
from (0,0), is of the form s == cr, where the positive number c==c(@) is 
independent of r. ‘Hence it is clear from (40) that e(u,v) is independent 
‘of (u,v). In view of 6(0,0) == 1, this proves that e(u, v) is the constant 1. 

Consequently, only the identical vanishing of f remains to be proved. 
But (40) shows that the identical vanishing of f is equivalent to the statement ? 
that every arc r — Const. is transversal to every geodesic 6 == const. Suppose 
if possible that this transversality fails to take place somewhere, i.e., that 
there exist an r, > 0 and a 8 = 6, for which the are + == r, is not transversal 
to the geodesic 8 — 6 at the point (fo, 4). Then, by using results of [7], 
pp. 144-148, in the same way as above (Section 5), it follows that there exists 
a sequence of points (fn, 0n) which tend, as n—>0o, to (ro, 4) and possess the 
following property: Whenever n is large enough, the point (r,,8,) can be 
joined to the origin (r—0) by an arc along which the length fds is less 
than fa This contradicts, however, the assumption, according to which the 
arc 0 = 6, joining the point (fa, 8s) to the point r==0 is a geodesic are of 


length ra. | 


11. Jacobi’s multiplier. While Lemmas 1-3 concern themselves with 
the equation (8) of the transversals of the geodesics defined by (9), the 
following lemma deals with (9) itself (but assumes that the function ¢ of 
u and v contains a parameter also). 


Lemma 4. Let p= ġ(u, v; w) be a function of class C* on the product 
space of a sufficiently small domain a: u? + ut <a? and of an interval 
| w| <b, and suppose that the functions E, F, G and ¢ satisfy assumptions 
(0) and (i)-(ü) of Lemma 1, when w is fixed. Then, for ficed w, the con- 
tinuous function 


(44) A = (EG — F?) (H+ 2b + Gg?) "by 


a This is the analogue of assertion (a), Section 4, in the proof of Lemma 1. Nothing 
like assertion (8), Section 4, is involved in the present case, since the arc u=0, 
occurring in (8), now degenerates to the point r == 0. 
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of (u,v) represents a multiplier of (9). What is somewhat more, there exists 
a function R == R(u,v;w) which is continuous on the product space of Ba 
and |w| < b, is of class C* on Ba, and satisfies the relations 


(45) RE 


(The vanishing of the partial derivative pw, and di that of the multiplier 
(44), is not excluded.) 


If E, F, G, instead of being just continuous, are taai smooth, then 
Lemma 4 reduces to Jacobi’s theorem concerning a “last multiplier” (in case 
of geodesics) ; cf. [10], p. 498 and [8], vol. II, p. 481. 

Lemma 4 will be essential in proving, without the usual assumptions of 
differentiability, a fundamental theorem on non-euclidean geometries; ef. 
Section 12 below. 


Proof of Lemma 4. If w is fixed, then, bodies to assertions (5)- (8) 
of Lemma the function | 


(w0) 
(46) r(u,v;0) — f u((B+ Pé)du + (F + 8)do) 
(9,9) 
satisfies (7) on a. Since (u,v; w) is supposed to be of class C? (with the 
inclusion of w), the function (6) has the continuous partial derivative 


bw "= — (F + Chu. Hence, if (46) is differentiated with respect to w, 
a straightforward calculation gives 


(s0) 
(47) Ty (u,v; w) = f (Adu — Adpav), 
‘ (0,0) 
if À is defined by (44). Since (47) means that (45) is satisfied by the 
function 


(48) R(u,v; w) = ru (u, v; w), 


the assertions of Lemma 4 follow. 


12. Beltramt’s theorem. If all geodesic arcs of a metric (2) are seg- 
ments of straight lines in a domain of some (u, v)-plane, then the metric ir 
of constant curvature. This is a classical theorem of Beltrami ([1], pp. 262- 
280; ef. [3], vol. III, pp. 41-47). His proof and its variants assume, how- 
ever, that the coefficient functions of (2) have a sufficiently high degree of 
differentiability in (u,v). Without such an assumption, the curvature K of 
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< (2) cannot even be defined, and the proofs need substantially stronger restric? . 


tions of differentiability than what suffices for equating K to the differential” E 


operator assigned by the Theorema Egregium. On the other hand, in view 
of the fundamental geometrical significance of Beltrami’s result, it seems to 
be essential that the theorem should be formulated and proved without any 

assumption of differentiability, as follows: 


(**) Suppose that the coefficients of (2) are continuous functions a | 
fying (3) on a (u,v)-domain, say on Ba: u? + 0? <a, and that every 
sufficiently short segment (of a straight line, Ciu +- cou = co) contained in ` 
Ba 18 a geodesic arc of (2). Then the (given) coeffictents of (2) are analytic 


functions of (u,v) on Ba, and the curvature K == K (u,v) of (2) is inde 


pendent of (u,v) on Be 


_ As mentioned in Section 1, a point and a direction do not in general 
determine a (unique) geodesic of a metric (2), not even if the functions Æ, 
F,G of (u,v) are of class C* (which is not assumed in the present case). 
Correspondingly, a substantial part of the proof of the general formulation 
(**) of Beltrami’s theorem will consist in showing that this and similar 
possibilities are excluded by the last assumption of (**). To this end, the 
following lemma will be needed: ` ' 


(+) Under the assumption of (**), every sufficiently short geodesic arc 
of (2) ts a segment (of a straight line, cy + cv = Co) 4 Ba. 


The proof of the latter assertion, (f), will depend on the steps used in 
the proof of Lemma 1. 


13. Proof of (ft). Let T: (u=u(t),vmv(t)), where 0S¢S1, 
be a geodesic of (2) joining a point, say (uo, Yo), of @4 to another point 
of 64. Without loss of generality, the latter point can be assumed to be the 
origin, (0,0), since a is meant to be sufficiently small. The assertion of (f) 
is that the arc T must be on a straight line, (35), where @ == 6(t, vo) is 
constant on T, and r == r(t) 20,0S¢t1. 

With reference to an interior point ¢* of the given parameter range 
0151 of IL, let Ty, T} denote the respective portions 0 StS t t Sisi 
of the given geodesic, T = T; -+ T3, and let I", T? be the segments (of straight 
lines) which join the point P* = (u(t*), v(t*)) of T to its respective points 
(u(0),v(0)) = (0,0), (u(1),v(1)). Then T*, where + == 1,2, has the same 
length fds as T4 For, on the one hand, the assumptions of (t), being those 
of (**), imply that the segment I* minimizes the distance. fds between its 
given end points and, on the other hand, the same is true of the geodesic 


e at 
: a , 
` * , 


0 
* ` 
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arc I; the end points of which are the same as those of I’. Consequently, - 
T, + T? and I + T; are of the same length, and join.the same points as the 
geodesic T = D1 + Ty, as well as the polygonal path I? + T°, and are there- 
for geodesics. | i 

` -Since T1 + T°? is a geodesic containing the point P* = (u(t*), v(t*)), 
an application of arguments applied in [7], pp. 144-148 (or, equivalently, in 
Section 5 above) shows that Tr, +I? must have at P* a unilateral tangent 
line from the “right,” and that this line is that containing the segment I. 
Since the latter determines for T, +T? a unilateral tangent line from the 
“left,” it now follows from Corollary 1 in [7], p. 146, that F, + T? must have 
at P* a tangent, i.e., that the two unilateral tangents coincide at P*. For 
reasons of symmetry, the same is true of the geodesic T* ~+- T+, as well as of 
the geodesie M+. | 

Clearly, this is possible only if the two segments I, T? issuing from P* 

are collinear, and if the straight line containing them represents a (bilateral) 
tangent of T; + T2 =T at P*. Since the sum of the segments I’, T? is a 
segment, It-4 T? which is a geodesic joining the points (u(0),»(0)), 
(u(1), v(1)), points which are independent of the choice of P* = (u(t*), v(#*)) 
on T = TF, + T, it follows that T must be identical with the segment I? + T*, 
This proves assertion (f) of Section 12. 


14. Field constructions for (**). Let w be any constant, and let 
(49) P= p (u, v; w) =W 


for every (u,v) on (1). The assumptions of (**) show that assumptions (0) 
and (i) of Lemma 1 are satisfied by the case (49) of (4) (for every fixed w). 
On the other hand, (f) shows that assumption (ii) of Lemma 1 is satisfied. 
Consequently, Lemma 1 is applicable (at every fixed value of w), as is 
Lemma 4 (the function (49) is of class C1 in u,v; w together). | 

Since the case w == 0 of (49) reduces (5) and (6) to Edu + Fdv and 
E> respectively, it follows from Lemma 1 that 


(50) . E3(Edu + Fdv) is an exact differential. 

On the other hand, it is seen from the case (49) of the definition (44) of A, 

and of the assertion (45) of Lemma 4, that since de = wy, == 1, the Pfaffian 
(HG — F?) (E + 2Fw + Gw?)*? (dv — wdu) 


is an exact differential for every value of the constant w. Hence the choice 
w == 0 leads to the conclusion that 


(51) (HG — F*) E^ is a function of v only. 


5 
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In addition, since the assumptions of (**), from which (50) and (51) have 
been concluded, remain unaltered if u,v and Æ, G are replaced by v, «u and 
G, E respectively, it is clear that, corresponding to (50) and (51), - 


(52) G-i(F du + G du) is an exact differential, 
and Le 
(53) (BG — F*) G-/* is a function of u only. 


Beltrami’s proof of the assertion, K — const., of his theorem falls into 
two parts. He first concludes ([1], pp. 263-266) the preceding four relations, 
(50)-(53), under the assumption that the functions F, F, G are sufficiently 
smooth (of class O”, with something like n = 2), and then, by assuming a 
still higher degree of differentiability (something like n — 5), he’ deduces ([1], 
pp. 266-270) the assertion, K = const., from (50)-(53). Correspondingly, 
the completion of the proof (**) will depend on a suitable adaptation of the 
latter part of Beltrami’s proof, leading from (50)-(53) to certain functional 
equations for which it turns out that their non-analytic solutions cannot be 
continuous (or, for that matter, L-integrable). 


15. The functional equations of (**). Let U=U(u), V=V(v) 
denote, for sufficiently small | u |, | v |, the cube roots of the respective func- 
tions (53), (51). In view of (3), these continuous functions of the respective 
single variables u, v are positive. Since (53) and (51) mean that both 
products UG3, VE? are identical with the cube root of EG — F*, it follows 
that there exists a positive, continuous function À == ÀA(u,v) satisfying 


(54) Et ome AU, = Gm XV, 
and that a continuous function p = (u,v) is, therefore, defined by placing 
(55)  F=aUV | 


(the multipliers (44), (6) have nothing to do with the present À, p). In 
terms of (54) and (55), the remaining two relations, (50) and (52), mean 
that both Pfaffians 


(56) AU du + pV dv, aUdu + AVdv are exact differentials, 


Since U, V are positive, continuous functions of the respective single 
variables u, v, the conditions 


(57) da = Udu + Vd», dB = Udu + Vav 
and a(0, 0) == 0, 8 (0, 0) — 0 define, near (u, v) = (0,0), a pair of functions 


sr 


# 
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a==a(u,v), B == B(u,v) which are of class C1 and of non-vanishing Jacobian 
(the latter being d(a, 8)/8 (u, v) =—2UV <0). Thus (u,v) — (a, 8) and 
(a, B) — (u,v) are one-to-one transformations, of class C1, of corresponding 
small neighborhoods of the origins of the parameter planes (u,v), (a, 8). 
Since U(u) and V(v) are positive and continuous, it follows that, in a 
neighborhood of (a, 8) == (0,0), two positive continuous functions, A and B, 
of single variables are defined by placing 


(58) 1/U (u) = A(a+8), 1/V(v) = B(a— 8). 
In fact, since (57) means that d(a + 8) — Udu and d(a— B) = Vdv, the 


functions u, v of (a, B) depend only on a + £, a— B respectively. 
According to (56), both Pfaffians 


(à -++ u) (Udu + Vdv),  (A—p) (Udu— Vdv) 


are exact differentials. In view of (57), this means that the same is true 
of both Pfaffians (À -+ »)da, (A—)d8 (in which the functions À, » of (u, v) 
are thought of as expressed in terms of the new variables, a and 8). Conse- 
quently, the continuous functions À + x, A— x of (a, 8) depend only on a, 8 
respectively. Thus if 2a, 2b denote these continuous functions of the respective 
single variables a, 8, then 


(59) A= a(a)+0(8), p= a(a) —b(8). 
Hence it is seen from the definitions of U and V, (54), (565) and (58), that 
(60) a(a) + b(B) = 4a(a)b(B)A(a + £)B(a— B). 


As pointed out above, À and A, B are positive. It follows therefore from 
the first of the relations (59) and from (60) that a > 0,b > 0. In particular, 
division of (60) by ab 0 is allowed; so that 


(61) 1/a(a) + 1/0 (8) = 44 (a + B)B(a— 8). 


If a + 8 and a — B in (61) are replaced by 2a and 28, respectively, then 
an integration with respect to the new 8 leads to the following identity in 
(a, £): | 

a~B 8 


f | dt/a(t) — f dt/b (t) — 44 (2a) f B(2t)dt 


Since the sum on the left of this identity has a continuous partial derivative 
with respect to a, the same is true of the product on the right. This means 
that A(a) has a continuous first derivative. If the rôles of the original a and 


8 
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B are interchanged in this deduction, it follows that B(8) has a continuous 
first derivative. Finally, a repetition of this argument shows that A(a) and — 
B(B) have derivatives of arbitrarily high order. 

Consequently, the tacit assumptions of the caluculations of Beltrami ([1], 
pp. 266-272), referred to at the end of Section 14 above, are satisfied by 
necessity. In other words, the classical proofs of Beltrami’s theorem can now 
be repeated ; so that the proof of (**), Section 12, is complete. 
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NOTE ON DOUBLE-MODULES OVER ARBITRARY RINGS.* 


By Tapast NAKAYAMA. 


Jacobson’s [3] module-theoretical Galois theory of non-normal extension 
fields was generalized by Hochschild [2] to a theory of double-modules over 
sfelds. The theory was further extended to the infinite-dimensional case by 
Dieudonné [1]. On the other hand, it was shown in [4] that a goodly 
portion of the theory can be transferred to the case of general rings. It is 
now natural to study the infinite-dimensional case also for general rings, 
which we propose to do in this note. It seems to the writer that there are * 
two main features in the theory; one is the characterization of relation- 
modules, and the other is the characterization of direct (Kronecker) self- 
products. With respect to the latter, our generalization is rather satisfactory 
(85), while it is quite powerless with respect to the former; the same was 
the case with [4]. In closing the introduction, we remark that the formu- 
lation of the present note is left-right symmetric to the one in [4] (but is 
in accord with [1], [2]). 


1. Relation-modules of double-modules. Let K be a ring; by a ring 
we mean in this note always one which posesses a unit element, by a subring 
we mean one containing that unit element, and by a module, either left- or 
right-, we mean one on which the unit element operates as an identity. Let 
A be a second ring, and A the additive group of all additive homomorphisms 
of A into K. Wis an A-K-double-module with respect to the natural operations 
defined by? 
(a a) = (zaja, 2(a-k) = (ra)k 
(1) 

(z,aeA;keK;aeT). 

Let M be a K-A-double-module, and let M* be the module of all K- 
homomorphisms of M into K, i.e. the dual module of the K-(left-)module M. 
It is an A-K-double-module according to a definition similar to the above. 


* Received May 31, 1961. 

1 Besides the duality between certain subrings (over which the whole ring has 
independent (right-) bases) and certain relation-modules. 

2 The operations of the elements of 4, K on Y are indicated by dots. 
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(In fact, the above construction depends only on the fact that A is an A- 
right-module and K is a K-right-module.) Let u, be an element of M. 
With oe M* we consider the element & of Y defined by 


(2) LE = (Ur) o (ce À). 
Denote the totality of Fs (o running over M*), by E(M, ua). It is an A-K- 


submodule of 2 as is readily seen, and we call it the relatton-module of uo 
in M. We have evidently 


Lemma 1. If M is contained in a A-K-double-module M,, as K-A-module, 
such that every element of M* can be extended to an element of M,*, then 
B( My, Up) = R(M, uo). 


Let N be a second K-A-module, and v, an element of N. Let ¢ be a 
(K-A-)homomorphism of M into N. It induces in à natural manner an 
(A-K-)homomorphism ¢*:1—>o = pr of N* into M*. Suppose now upd — vp. 
Let 7 in E(N, v0) be given by ar = (vor)r. Then 


(3) TT me (Vor) Tm ((Uoh)e)T = ( (uot) p) 7 = (tor) o = 17. 
Thus we have the following proposition, whose latter half includes Lemma 1. 


PROPOSITION 1. If there exists a (K-A-) homomorphic mapping & of M 
into N which maps uy into vo, then 


(4) R(M, uo) D E(N, vo). 
If ġ* maps N* onto M* then R(M, uo) = R(N, vo). 
We can immediately verify 
PROPOSITION 2. If uoe M, voe N, then 
(5) R(M ON, wo.) = R(M, uo) + R(N, vo) 
with Wo = Uo + Vo in MON. | 


Let S be a third ring, and let N be an S-K-double-module (contrary to 
the above). The direct product N X M = N X rM of N, M over K is 
defined as usual, and is an S-4-double-module. With oe M*, re N* (where 
N* is the dual module of the S-module N), we set 


(8) (v X u) (o X r) = (v(uo) }r, 


and observe that this essentially defines e X r as an element of (N X M)*, 
independent of the. special expression of v X u. Let 5, 7 be the elements of 
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R(M, ua), R(N, v) (vo being an element of N), which correspond to o, r, 
respectively. We have 


(co )T = ((uor)o)T — (1((uor)o))r 
= (vo X(toX))(o X 7) = ((Vo X Uo)z)(o X 7). 


Hence e->(2o)r is the element of R(N X M, V X to) corresponding to 
o X TE (N X M)*, and we have | 


PROPOSITION 3. For the product N X M, 
(7) R(M, to) RCN, vo) CRIN X M, v X w). 
Furthermore we have 


Proposition 4. Let M be a K-A-double-module generated, as K-A- 
module, by a single element uo. Let N be a second K-A-double-module such 
that for every non-zero element v of N, there exists at least one element r 
of N* satisfying vr=40. Then the inclusion (4) imples, conversely, the 
existence of a (unique) homomorphism ¢ of M into N, such that upp = Vo. 


For a proof we observe, after ‘Hochschild [2], that if a certain sum 
3 kua (ke K,ae A) vanishes, then X k (aF) = X k((wa)o) = (3 kuoa)o = 0. 
If (4) is the case, then this implies 3 (aT) — 0, or (3 kvsa)r = 0, for all 
re N*, This implies in turn % kva == 0, according to our assumption on W*. 
Thus uo — v defines a (K-A-)homomorphism of M into N. 


2. Restricted relation-modules. So far, no particular assumptions have 
been made on M (nor on K, A). Let us now assume that M possesses an 
independent K-basis, say {ua}. Let o, be the element of MF such that 


(8) Uso, == Sy, (Kronecker §’s) ; 


wo, is nothing but the coefficient of u» in the K-linear expression of u by {ua}. 
The K-combinations of o,’s (with varying h) form a K-submodule M* of M*, 
which is independent of the particular choice of the basis {ua}. Letting a 
run only over M*, we then obtain a submodule R*(M, u.) of R(M, uo), which 
we shall call the restricted relation-module of u, in Af. Li & is obtained 
from os then {5;} forms a (not necessarily independent) K-basis of R*(M, uo). 
Unlike R(M,w), the restricted relation-module R*(M, u) is not A-left- 
allowable in general. | 
Similarly to Lemma 1 we have 


Lemma 2. If M ts contained in a K-A-double-module M, as K-A-module, 


648 TADASI NAKAYAMA. 


and M, has an independent K-basts which as an ROUES K-basis 


Next let M be homomorphically mapped into N by ¢, and tod = vo. 
Suppose also N has an independent K-basis, say {v;}. Expressing each usp 
by {2;}, we see that for re N*, the element ġr of M* is in M*. It follows 
readily that R*¥(N, vo) C R*¥(M, uo): That Proposition 2 can be transferred 
to restricted relation-modules is trivial. Thus 


Proposition 5. Our Propositions 1, 2 hold also for the restricted 
relation-modules R* (instead of j , provided onak both M, N possess inde- 
pendent K-bases. 


As for Proposition 3, we observe that if {u+}, {v;} are, respectively, an 
independent K-basis of M and an independent S-basis of N, then {v; X u} is 
an independent S-basis of N X M =N X KM. Also 


(9) CCR CC di 


‘ On the other hand, the element of R*(N X M, vo X uo) corresponding to 
oX Te, 18 just the product oj, as was seen formerly. Thus we have 


Proposition 6. Let M, N be K-A-, and S-K-double-modules, respec- 
tively, possessing independent K-, S-bases. Then 


(10) R*(M, uy) R*(N, vo) D R*(N X M, v X u). 

We have furthermore, corresponding to Proposition 4, 

PROPOSITION 7. Let M,N be K-A-double-modules possessing independent 
K-bases. If M is generated by u, as a K-A-module, and if R*(M, uo) 
D R¥F(N, uo), then uo — v, gwes a (K-A-)homomorphism of M into N. 

Let us next consider a K-A-double-module M which (not only is generated 
by uo and possesses an independent K-basis, but) possesses an independent 


K-basis consisting of elements contained in u A; then we say that Wf is a 
special K-A-double-module, and t is a generator. We prove 


= PROPOSITION 8. If M ts a special K-A-double-module with generator uo, 

and {ua} is anarbttrary independent K-basts of M (not necessarily contained 

in UA), then {51} (with o, as in (8) forms an independent K-(right-) basis 

of R#(M, uo). | 
It suffices to consider the case where {ua} is contained in uA. Let 


(11) | Ua == Uolz (he A)... 
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Then | | 
(12) | tyo: — Sri | 


It follows immediately that-the os are independent. That they form a K- 
basis of R*(M, u,) has been seen before. 


8. Direct self-products of rings. We now consider, the case K = A. 
Then Ÿ is the absolute module-endomorphism ring of A. Let S be a subring 
of A. The direct self-product M — À X s4 of A over 8 is an A-double- 
module (i.e. A-A-double-module), and we have 


PROPOSITION 9. The relation-module R(M, 1 X 1) of M == À X gA wtth 
respect to 1 X 1, is the S-left-endomorphism ring of A (i.e. the commuter tn 
X of the left-multtplication ring Sr, of K on A), denoted by H(A, Sr). 


For, with ce A(Af,1 X 1), where ce M*, we have so = ((1 X 1)z)o 
= (1 Xzx)o. For seS we have 


(sr) == (1 X 8T)o == (8 X tjo = (s(1 X &))o = s((1 X z)o) = 8(20), 


which shows that ze E (A, Sr). Conversely, if ae H(A, Sz), we put (x X y)o 
= 2(ya), and observe that this defines o uniquely as an element of M*, since 
(zs X y)o = (£8)(ya) = z(sya) == (x X sy). Clearly a =F. 

Now let M be an arbitrary A-double-module and u, an element of M. 
Then the set of all z satisfying au, == Ua forms a subring of A, and we take 
it as S: 

(13) S = {z e A | zuo = uoz}. | 


Then we have R(M, uo) C H(A, Sr); the proof is similar to the first half 
of the above proofs of Proposition 9 (which depended only on (1 X 1}s 
= $(1 X 1)). In other words, if se S, then the left-multiplication sz (on A) 
commutes with every element of R(M,u,.). The converse is also true if M 
is such that for every non-zero element u in M, there exist a o in M* satisfying 
ua 5£ 0. | 

Now we wish to know when M is isomorphic to A X #4. To do so, let us: 
assume that M is special, and us is its generator. Let {u+} be an independent 
A-left-basis of M contained in u,4, and put uy = tht, (i.e. (11)). We have 
then (12). Let N be a second (special) A-double-module which is isomorphic 
to M. Let vo v, be its elements corresponding to Uo, Um. Suppose that 
tly > Vo X Uo gives an (A-two-sided) homomorphism of M into N X M. 
By the homomorphism, wor is mapped on (Vo X Uo) = Davo X (Ton) Ua 
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= Jp (25%) 54) (Vs X ur). On the other hand, toz — Sa(roy)un — Ba( Lon) thon, 
and this is mapped on 


Ba(Zon)(Vo X Uo)ta == Ba(ton) (Vo X Un) == Bas(aon) (10s) (0, X Ua). 
Hence 
(14) (25,) 5 = (15) (154). 
So, ` 
Uo (25x) = Bs ( (Fp) oe) ey m By (TR) (154) t; == (TT) Uo. 
Hence 15, e 8 (for every ze A and every h). Also | 
Salo (Loy) ty —= Da (Ton) Uot — By (TU) Un = Uot. 

If r denotes the right-ideal {z e A | uos — 0} of A, then 
(15) ae T — Fr (LOr) ty E E. 
It is clear, because of (12), that the ty are 8-left-independent modulo vr. 
Hence {t,} forms an independent left S-basis of A mod. r. Suppose r is 0. 
Then g == Xa (107) tx, and {ta} forms an independent left S-basis of A. It is 
then easy to verify, observing (12), (15) particularly, that M is (A-two-sided) 
isomorphic to A X så, by the correspondence {ua} —> {fa} over A. 

Our assumption was that us — U, X uo gives an (A-)homomorphism of M 
into NM. This, however, can be secured either by assuming R(N XM, 
VX) R(M, uo), or by assuming R*(N XM, 1) Xto) R* (M, u), by 
Propositions 4, 7. This proves the second half of the following Proposition, 
whose first half is readily seen to be true. | 


PRoposiTion 10. Let M be a special A-double-module with generator up. 
Let N be a second special A-double-module which is isomorphic to M, and vo 
its generator corresponding to uy. M is isomorphic to À X gA for some sub- 
ring S of À, with u, corresponding to 1 X 1, if and only if 


RWW X HM, vo X wo) C RUM, to) (or RAN X M, vo X uo) E RAM, uo)) 


and Uot = 0 (re À) implies v == 0. 


4, Topologies in M*, M. Coming back to the general case where K 
and A are perhaps different, we consider K, A, and M all in their discrete 
topologies; the particular concern is in K. We then introduce in W the weak 
topology, in which a neighborhood of 0 is the set of elements vanishing at a 
finite subset of A. We consider M* also in its weak topology. The mapping 
o — F of M* onto R(M, uo) is then continuous, since z == 0 (i = 1,2, + +, m) 


DOUBLE-MODULES OVER ARBITRARY RINGS. 651 


are implied by (uoa%)o==0 (t= 1,2,--+,m). Provided that u generates 
M, as K-A-module (i.e. M == Ku ,A), the mapping is open too, as we see 
readily; hence it is a homeomorphism, since it is 1-1 under the assumption. 
Further, R(Af,u,) ts closed in A, whenever M == Ku,A (or, more generally, 
when every element of (Ku .A)* can be extended to an element of M*). 
To prove this, let æ be an element of the closure of R(M, uo) in A We 
then put 


m m 
( D kaiti) == > ki(tia), 
4-1 i=l 


where m is an arbitrary natural number, and k, x; are arbitrary elements of 
K, A. This gives a unique definition of o as a mapping of M into K. For, 
with different expressions of an element of M as sums of elements of the 
form kurz, the right-hand sides are equal, since the same is the case with 
arbitrary a in R(M, uo). o is clearly K-linear, and ce M*. Furthermore, 
a is equal to the & given by this o, which proves our assertion. 

Assume that M possesses an independent K-basis. Then (4% is dense 
in Af* whence) RF(M,u,) ts dense in R(M, uo). Propositions 3, 6, combined, 
give 

PROPOSITION 11. Under the same assumption as in Proposition 6, 
R(N X M, vo X to) 18 the closure of : 


R(M, Uo) R(N, vo) (or, of RF(M, uo) R*(N, v0) ) 
in À. 


5. The main theorem. Consider again the case K == A, and consider a 
special A-double-module M with generator uo. Suppose R(M, u») is a ring. 
Then Proposition 11 implies that the condition R(N X M, vo X wo) C RCM, wo) 
in Proposition 10 is fulfilled. Thus we have 


THEOREM. A special A-double-module M is isomorphic to A X gA, with 
some subring S of A, tf and only tf the relation-module R(M, uo) forms a 
ring and ugt == 0 implies x = 0. 


6. Characterization of relation-modules. So far our theory has been 
fairly smooth. In particular, our Theorem generalizes the similar theorem 
in the sfield case. Coming back to the case K54A and seeking for a 
characterization of relation-modules, we encounter difficulties (cf. the examples 
below), which do not prevail in the sfield case. However, before we give up, 
let us prove | 
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Lemma 8. Suppose a K-right-submodule Mt of (the A-K-module) has . 
an independent K-basis {a} such that for each xe A, almost all za, are 0. 
Suppose further that N is dense in À - Wt, and in fact that for each ae A and 
for a finite number of h, say 1,2,--+,m, almost all a-a; are contained in 
the closure of the K-right-module spanned by {a; (7 5<1,2,-+:+,m)}. Then 
M is the restricted relation-module of a certain K-A-double-module. 


To prove the lemma, let M* be the dual-module of the K-(right-) module 
M, i.e. the K-lett-module of all continuous K-homomorphisms of M into K. 
Since Mt is dense in A-M, every element of M* can be considered as a 
continuous H-homomorphism of À - WM into K, and M* is essentially the dual- 
module of A: Dt. Hence M* is a K-A-double-module. Let uy be the elements | 
of M* such that u,a, = ôm, and let M be the K-(left-)submodule of M* 
spanned by these uy. It is the totality of elements u of M* such that almost 
all ua are 0 (for each u). Let u be the elements of M* defined by ua — 1a 
(ae M), 1 being the unit element of A. Because of our assumption, to%, = 0 
for almost all A. Hence us M. Further, M is A-right-allowable. To prove 
this, let we M, as A. Define ua by (ua)a == u(a:a).. Let {1,2,-.-,m} be 
the totality of indices À such that ua, 0. Almost all a- a are in the closure: 
of the K-module spanned by {a; (7 £1, 2,- : -,m)}. Hence almost all (ua) a; 
(== u(a-a,)) are 0, which proves uae M. It is now easy to see that M can. 
be considered as the restricted relation-module of this K-A-module M ; observe 


(16) (Uo@)& = tg (Za) me 1 (7:8) — Ta (ae W). 


Proposirion 12. In order that a K-submodule Mt of A is a restricted 
relation-module of a special K-A-double-module, tt is (necessary and) suffi- 
cieni that M be dense in À : M and possess an (independent) K-basis {ay} 
such that for each ae A, almost all au are 0, ana there esist t, in A 
satisfying tyt; — = Oat 

To prove this, we consider an arbitrary element a of A, and any finite 
number of k, say 1,2,- --,m. ‘We want to show that almost all a- a are in 
the closure of the K-module spanned by {a, (154 1,2, - :,m)}. Each a'a 
is anyway in the closure of W, by assumption. As is easily seen, it is an 
infinite sum 3 a,k, (kne K) in the sense of convergent sum in the topology 
of À. Thus (am) =k. On the other hand, ta(a- u) == (ta) a, and 
with a given A this is 0 except for a finite number of 1, which proves our 
assertion. Thus Yt is the restricted relation-module of the module M con- 
structed in the proof of Lemma 3. Also (Uoti) aj = tiay em Ôy. Hence ty == Uoti 
It is now clear that M is a special K-A-double-module with generator to- 
(The necessity assertion in the proposition is evident.) 
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Further, we see 2 readily : 


PROPOSITION 13. In order that an A-K-submodule of À be a relation- 
module of a special K-A-double-module, it is necessary and sufficient that tt be 
closed in A and possess a dense subset. {an} such that for every ae À, almost 
all aa, are 0, and there exist elements ty in A satisfying Éra; = Say. 


_ Bemark. The condition of the existence of ta in our Propositions is very 
strong, and in that sense our criteria of relation-modules are very poor. If, 
on the other hand, K is a sfield, then the automatic existence of aa and ts 
can be proved at least for K-finite modules (and also for K-infinite modules 
under a suitable topological condition) ([1], [2]; cf. also §6 below), and 
thus we obtain a nice theorem in that case. However, such is certainly not 
the case in general, and c our assumption seems aa A as the following 
examples show: 


Exrample 1. Let F be an arbitrary field and K the simple algebra of 
all 8-dimensional matrices over F. We take A to be identical with K. 


100 
Let e, == (0 : o) Let a, be the identity mapping of K (== A), and a, the 
mapping s — 6,07 (re K). It is easy to see that o,, a, are K-right-independent. 
The module a, K © a.K (C Y) even forms a ring; the ring property is naturally 
of interest in connection with our theorem (in 85). In spite of these nice 
properties of having an independent finite. K-basis and being a ring, our . 
module a-K P «K does not possess the property required in Proposition 12 
(or Proposition 13),* as we see without difficulty; the argument is similar to 
that in the next example. 


Example 2. We now give an example in which K is a (non-commutative) 
integrity-domain. Let K be the integral domain in a p-adic division-algebra 
which is of degree 2 over its center. Let m be a primitive element of p such 
that r? belongs to the center. We again take A= K. Let a, be the identity 
mapping of K (= À), and a the mapping z—> rsz (ce K). Again a, a, 
are right-independent over K, and aK aK is a ring. Nevertheless, this 
module does not fulfill the requirement of Proposition 12 (or Proposition 13). 
(For, if there were 81, Be aK D aK and t,,t,e K with tabi = 8, then the 
matrix (t,0;)a; would be regular. But es ra) ts ral and this can 
not possess an inverse (in the 2-dimensional matrix ring over K)). 


*It is very desirable, however, to find a simpler substitute. 
“Or, what amounts to the same, K is not a regular module of aK @ aK in the 
sense of [4]. 


654 | TADASI NAKAYAMA. 


7. Remarks on the case where K is a sfield. If K is in particular a 
sfield, then naturally every K-left-module M has an independent K-basis. 
Moreover, if N is a K-submodule of M, then every element of N* can be 
extended to an element of M*. Hence, as Lemmas 1, 2 (in $1, 2) show, we 
may restrict ourselves, without loss in generality, to K-A-double-modules M 
which are generated by uo (i.e. cyclic modules in the sense of [1], [2]). 
Further, such K-A-modules are all special with generator uo (in our sense). 
Thus, except for the criteria (Propositions 12, 13) of relation-modules, our 
results seem to offer satisfactory generalizations of corresponding theorems 
in the sfield case. As for Propositions 12, 13, they do not include the perfect 
characterization of relation-modules given in [2], Theorem 5.3 (finite-dimen- 
sional case) and [1], Theorem 1 (infinite-dimensional case) ; the pathological 
situation in the general case being exhibited in our examples in 85 (they 
show that the immediate extension of [2], Theorem 5.3 (or [1], Theorem 1) 
cannot be true).- It is thus necessary to clarify the relationship between 
Proposition 13, for instance, and [1], Theorem 1. In fact, we prove 


Lemma 4. If K ws a sfield and tf an A-K-submodule of A ts linearly 
compact (over K) then it has the property of Proposition 15. 


To show this, we have actually to borrow the argument of [1], Theorem 1. 
Let M be the K-A-double-module consisting of all continnous K-homomor- 
phisms of our module into K. Let u, be the element of M which sends every 
element of our module to its value at 1 (eA). Then M = Ku .A, as was 
shown in [1]. Let {u,} be an independent K-basis of M contained in uA, 
and let us = uot, Let M* be the dual module of the K-left-module M. It is 
essentially our given module.” (The dual of the dual of a linearly compact 
codule is, essentially, the module itself.) In fact, if we associate with each o 
in M* the element F (as defined in § 1) of Y, then the totality of o’s is exactly 
our original submodule of W. Now, let on and Gy be as in §3. Then {03} 
is clearly dense in M*, and therefore {c,} is dense in our module. But 
tion == By. , That almost all ao, are 0 for each a, is clear from the fact that 
as, is simply the coefficient of up in the K-linear expression of ua by {up}. 

(This lemma explains the relationship between Proposition 13 and [1], 
Theorem 1. However, since the essential part of the latter is used in the 
proof of our lemma, we do not claim, in the least, that the latter is contained 
in the former, as we want to repeat. (Moreover, in our proof of the lemma 


5 However, we prefer not to identify the two. 
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we actually proved that our module is a relation-module, and after having 
done so, Proposition 13 is rather superfluous.) In turn, Theorem 1 of [1] 
depends essentially on (the properties of linearly compact spaces, such as 
having discrete duals and being the duals of their duals, and) [2], Lemma 2. 1 


(i.e. [1], Lemma 1), which is also essentially the theorem of dual bases of 
(finite) modules over a sfield). 


UNIVERSITY OF ILLINOIS. 


REFERENCES, 





[1] J. Dieudonné, “Linearly compact spaces and double vector spaces over ‘sflelds,” 
American Journal of Mathematics, vol. 73 (1951), pp. 13-19. 

[2] G. Hochschild, “ Double vector spaces over division rings,” American Journal of 
Mathematics, vol. 71 (1949), pp. 443-460. | 

[31 N. Jacobson, “An extension of Galois theory to non-normal and non-separable fields,” 
American Journal of Mathematios, vol. 69 (1947), pp. 27-36. 

[4] T. Nakayama, “ Non-normal Galois theory for non-commutative and non-semisimple 
rings,” Canadian Journal of Mathematics (1951), pp. 208-218. — 


ORDER AND TOPOLOGY IN PROJECTIVE PLANES.* 


By OswaLpD WYLER. 


1. Introduction. In a finite-dimensional projective geometry with a 
topological coordinate field or skew-field,. the topology of the coordinate field 
- induces in à natural way a topology of the geometry, in which the line is 
closed and homeomorphic to the coordinate field with an additional element 


at infinity. This leads to the qeustion of whether a topology of a nondesar- ` 


guesian plane can be deduced in a similar manner from a topology of its lines, 
and whether two such planes with homeomorphic lines will be homeomorphic. 

In the most general case, this seems to be impossible without complicated 
additional assumptions. There are, however, two important exceptions to this 
statement, ordered projective planes, and planes with coordinates in an alter- 
native division ring. In both cases the answer to our question is affirmative. 

The first case is discussed in this paper. No additional i LS is 
needed beyond the axioms of incidence and of order. 

Ordered projective planes have been studied by many authors,* chiefiy i in 
axiomatic treatments of real projective geometry. In this paper, a topology 
of an ordered projective plane is deduced from the interval topology on its 
lines, and the main properties of this topology of the plane are investigated. 
The Theorem of Desargues is never needed. 

In this topology, the projective. operations of joining two points by a 
line and of intersecting two lines in a point are continuous, and two planes 
with homeomorphic intervals are homeoniorphic. This completes the answer 
to the question asked above. The homeomorphism between the intervals is 
assumed to map endpoints on endpoints. An order-preserving mapping of an 
interval onto another is such a homeomorphism. We do not have to assume, 
however, that our homeomorphism is order-preserving. 

An example of a nondesarguesian ordered plane, given in sation 9, shows 
that the axioms of order, even with the Dedekind continuity axiom added, still 
make it necessary to assume a configuration theorem in order to get coordinates. 

The decomposition of an ordered plane into three convex quadrangles 


* Received June 22, 1961. 
+Cf.e.g. [1], [6], [7]. Numbers in brackets refer to the references at the end 
of the paper. 
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with the same vertices, studied in-section 6, is constantly used in the next two 
sections.? It is much more useful for our purpose than the usual decomposition 
of a plane into four convex triangles with the same vertices. 

Points are denoted by. lower case letters, lines by small gothic letters. The 
line joining the points a and 6 is denoted by ab, the point of intersection of 
the lines I and m by [N m. | 


2. The axioms of separation. An ordered projective plane is charac- 
terized by the axioms of incidence and by a relation of separation between 
pairs of points, satisfying the axioms stated below. We write ab | cd if two 
points a and b separate two points ¢ and d. The following axioms of 
separation are assumed. 


S.1. If ab | cd, then ty b, c, d are four different collinear points. 


S. 2. If a, b, c, d are four different collinear points, then at least one of 
the relations ab| cd, ac || bd, bc | ad holds. 


8.38. If ab | cd, then ab || de. 
8.4. If ab || cd and be | de, then cd | ea. 


8.5. If ab | cd, and if a, b, c, d are mapped on g’, b’, d, d’ by a per- 
spectivity, then a’b’ || c’d’. 


ab | cd always implies cd | ab by S. 1 and 8.5, since abcd and cdab are 
projective for any four different collinear points. This with 8.3 shows that 
separation is a symmetric relation between unordered pairs of points. 

At most one of the relations in S. 2 can hold at the same time, for other- 
wise S. 4 would lead to a contradiction to S. 1. 

If a line contains only three points, ab || cd never holds. If we assume 
that there is a line with four different points, then S. 2 and $. 5 imply 


S. 6. If a, b, c are three different collinear points, then there is a point 
d such that ab || cd. 


Applying 8.6 repeatedly together with the other axioms, we see that. an 
ordered projective plane cannot be finite. 

Our axioms of separation are essentially those of [1], p. 22. Axiom S. 4 
has been put into a more suggestive form. 


* CE. [2], p. 421, where this decomposition is denoted by {4,3}/2 (for the elliptic 
plane). The author is indebted to the referee for. this reference. 
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3. Segments and intervals. If a, b, c are three different points on a 
line g, we denote by (ab), the set of all points x with ab | cz. A set of this 
form is called a segment on g. The points a and b are called the endpoints 
of the segment (ab),. The set consisting of the segment (ab), and its end- 
points a and b is denoted by [ab],. Such a set is called an interval on g. 
We recall some well known properties of segments. 

Jf ab | cd, then the segments (ab), and (ab)q are disjoint, and every 
point on g different from the endpoints a and b is in one of them. If ¢ is in 
(ab)a, then (ab); = (ab)... There are thus exactly two segments with given 
endpoints a and b on g. A point in one of them shall be called an exterior 
point of the other. 

If p and q are in (ab),, then (ap), and (pq), are contained in (ab), 
and b is an exterior point of (ap), and of (pq). The first part of this pro- 
position remains true if we replace segments by intervals. 


LEMMA 8.1. For any point u of a segment (ab),, there exist pois 
p and q in (ab), such that (pq), contains u and ts contained in (ab). 
Then a and b are exterior points of (pq). 


Proof. By 8.6 there is a point p such that ua | bp. Then cu | ab 
implies ab | pc and bp | cu by S.4. Thus p is in (ab}),, and (bp), contains 
u and is continued in (ab), Similarly there is a point q in (bp). such that 
(pq). contains u and is contained in (bp}s. 


Lemma 3,2. The intersection of two segments (ab); and (cd); with 
a common exterior point t is etther empty or a segment (pq) where p and q 
are two of the endpoints of the given segments, 


Proof. If u is in both segments, then c is in one of the segments (tu)a 
and (tu)», and d in the other. If c is in (tu), and d in (tu)a, then ca or 
ct || ua or at | uc by S.2, and similarly d =b or dt | ub or bt | ud. If the 
segments are not equal we may assume ct | ua. Then tu | ab implies ab | ct 
by 8.4, hence c is in (ab): If b—d, then (cd); is contained in (ab): 
This holds also for dé | ub, since then d is in (ab);. If bt | ud, then b is in 
(cd);; hence (bc); is contained in (ab); and in (cd), and it is easily shown 
to be their intersection. 


THEOREM 3.3. If two segments a and b on a line g have a point u in 
common, then there extsts a segment on g coniaining u and contained in the 
intersection of a and b. 


Proof. Let sbe an exterior point of a, ¢ an exterior point of b. Ifs—=t, 
then aM b is a segment by Lemma 8.2. If s&t, then there exists a seg- 
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ment c containing u with s and ¢ as exterior points by Lemma 8.1. Then 
afc is a segment with exterior points s and ¢ by Lemma 3.2, and hence 
alc b is a segment containing u. 


Theorem 3.8 shows that segments on a line g define a topology on g in 
which they are a base of open sets. In this topology the closure of the seg- 
ment (ab), is the interval [ab],, so that intervals form a base of closed 
neighborhoods. The topology is.called the interval topology on g. By Lemma 
3.1, g is a regular space in its interval topology. 

By 8.-5 a projectivity between two lines maps segments on segments and 
intervals on intervals, hence it is a homeomorphism between the two lines. 


4, Sectors. By specifying that two pairs of lines in a pencil separate 
each other if and only if they intersect ‘a line not in the pencil in pairs of 
points separating each other, we obtain a relation of separation for pairs of 
lines. Because of 8.5, this definition is independent of the choice of the 
auxiliary transversal line. It is immediately seen that the dual propositions 
to our axioms §.1 to 8.5 hold. Hence the definitions and results of the 
preceding section can be dualized. The dual of a segment will be called an 
angle. | | 

Let I and m be two lines with a common point r, and let a and b be two 
points different from r. Then we shall say that Im | ab whenever Im | pq 
for px=ra and q==rb. If I and m are two different lines, and if c is a | 
point neither on Į nor on m, then we denote by (I; m). the set of all points x 
of the plane such that Im || cz. A set of this type is called a sector. The 
lines- and m are called the sides, and the point I Q m is called the vertex 
of the sector (I; m)e- 

To the sector (1; m), corresponds the angle (Im), where r==1M m, 
consisting of all lines of the pencil with vertex r through points of (I; m).. 
Conversely, the sector (I; m). consists of all points on lines of the angle (Im), 
and- different from its vertex r, or in other words, of all points lying on 
exactly one line of the angle (Im)re. 

Thus the dual of a sector is the set of all lines meeting a given ns 
and different from the line containing the segment, or in other words, the set 
of all lines intersecting a given segment in exactly one point. 

The following properties of sectors are immediately derived from the 
corresponding properties of segments on a line and of angles in a pencil. 

Let I and m be two different lines with point of intersection r, and let c 
and d be two points such that Im | cd. Then the sectors (1; m), and (I; Ma 
are disjoint, and every point of the plane not on Y or on m lies in one of them. 


9 
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If t isin (I; m)a, then (1; 1m), == (I; m) There are thus exactly two sectors 
with given sides I and m. A point in one of these sectors shall be called an 
exterior point of the other. 

If g is a line not through r, let p =g N I and q == g N m. Wee one of 
the segments with endpoints p and q is contained in (I; m)e the other in 
(I;m)a If g is a line through the vertex r, different from I and from m, 
then all points of g different from r lie in the same sector with sides I and m. 

This implies immediately the following lemma. 


Lemma 4.1. Let p and q be two different points of the sector (1; m)o 
and let L=pqn({Nm)c. Then the segment (pq): ts contained in the 
sector (I; m)e 


5. The order topology of the plane. A set a of points in the plane is 
called g-convez, where g is a line, if a and g are disjoint, and if for any two 
different points p, q in a, the segment (pq): is contained in a for t = pq AN g. 
A set of points is called convex if it is g-convex for some line g. A convex 
set is called open if its intersection with any line is an open set in the interval 
‘topology of the line. 

A set consisting of one point not on g is g-convex, and so is m — 8, where 
q is the plane. Moreover, w — g is open. If a and b are two different points 
not on g, and if c = ab N g, then the segment (ab), and the interval [ab], 
are g-convex. À sector (I; mt), is (rc)-convex and open for r=I Mm. By 
Lemma 5.1 below, (1;m), is also I-convex and m-convex. The intersection 
of any number of g-convex sets is again a g-convex set. 


Lemma 5.1. À g-convex set a ts b-conver for any line D disjoint with a. 


Proof. If p and q are different points of a, let {= pq N g, and let 
u == pg N D. Then u is an exterior point of (pq): by assumption, hence 
(pq) = (pg): is contained in a. 


Peta nik 5.2. Convex open sets define a topology of the nae of points, 
in which they are a base of open sets. 


| Proof. Since any point of the plane is contained in some convex open 
set, it suffices to prove that for any two convex open sets a and b with a 
common point u, there exists a convex open set containing u and contained 
in an b. | 


Let a be I-convex, and let b be’ m-convex, where I and m are two lines. 
Tf [== m, then aN b is [-convex and also open, since the intersection of two 
open sets on a line is open. If I£ m, let c be the sector with sides J and m 
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containing u. Then c is [-convex and m-convex and open. Hence afc is 
I-convex and open, and also m-convex by Lemma 5.1. Thus aNcNb is 
m-convex and open. It contains u and is contained in af D. 

The topology defined in Theorem 5. 2 is called the order topology of the 
plane of points. The order topology of the plane of lines is defined dually. 
From now on, the plane of points and the plane of lines are considered as 
topological spaces with their order topologies. In the plane of points, lines 
are closed sets, and the relative topology on a line is its interval topology. 


6. Convex quadrangles, 


Definition. A conver quadrangle is the intersection of two sectors such 
that the vertex of each is an exterior point of the other. 


If r and s are the vertices of two such sectors, then r s4 s, and both sectors 
are (rs)-convex open sets; hence so is their intersection. A convex quadrangle 
is thus an open convex set. 

The intersection of two sectors with different vertices r and s is a convex 
quadrangle if and only if the line rs joining the two vertices is a common 
exterior line of the two angles corresponding to the sectors. 

If a, b, c, d are four points, no three of which are collinear, let 

ren Gb N cd, s== ad N be, t=acn bd 
be the diagonal points of the complete quadrangle abcd, and let : 
pe == (ab; cd),, aop == (ad; bC),, -tr == (ac; bd), 
pi = (ab ; ca) ts Gg mez (ad; bc) ty Tt (ac; bd). 
These notations will be used consistently. 

If Tab and m = cd, then? Im] st. Hence p, and pe are the two 
sectors with sides ab and cd, and ps Nar is a convex quadrangle containing t, 
It is easily seen that any convex quadrangle can be obtained in this fashion. 
This shows also that a convex quadrangle is never empty. The points a, b, c, d 
are called the vertices, the segments (ab),, (bc),, (cd),, (ad):, the sides of 
the quadrangle p N or.. | 


THEOREM 6.1. The three conves quadrangles 


pa or, et Tr St N Ta, 
their sides ; 
(ab)r (cd)r, (ad) s (bc) 8 (ac) fy (bd) ts 


and their vertices a, b, c, d, form a covering of the plane by disjoint conver sets. 


3 Of. [1], section 3.21, p. 24. 
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Proof. Let p—ab st. Then ab | pr, and the segment (ab), contains 
p and is contained in øp and in rr; hence it does not intersect one of the 
quadrangles. It-is equally easily verified that all the sets of the covering 
are pairwise disjoint. 

An exterior point of (ab), on ab lies in (ab),, hence in ot N ra ‘Thus 
a point on a side of the complete quadrangle abcd always is in one of the sets _ 
of the covering. 

Now let x be a point not lying on any side of the complete quadrangle 
abcd. Then x is in one of the sectors ps and ps, and we may assume g€ py. 
If z is in o;, z is in the quadrangle ps N or. Otherwise x is in o; Let then 
Um sz Nab and v= sr N cd. Then u is in (ab), and hence in t, and 
similarly v is in v, Since (uv), is the intersection of sx with pa, & is in (uv).. 
But (uv), is contained in the (st)-convex set rẹ, and so x is in the quadrangle 
ct N rs This completes the proof. 


Lemma 6.2. The boundary of a conver quadrangle consists of sts sides 
and vertices. 


Proof. The complement of the open set p: U or consists of the quadrangle 
ps N of with its sides and vertices, hence this is a closed set. If u is on a side 
of ps N of or one of its vertices, let v == ut Mrs. Then the segment (tt), is 
contained in pa N or, and u is a boundary point of (ut)», hence also of ps N oy. 


Lemma 6.3. If pts in the segment (ab),, and q in (cd),, then one of 
the two segments with endpoints p and q lies in pa N or, and the other tn pi N Tr. 


Proof. Let u =— pq N rs and v == pg N ri. Then pq | uv, and (pq), is 
contained in Ps N Of, (24) in pt A Tr. 


If the dual of a convex quadrangle is called a convex quadrilateral, then 
the lines intersecting two segments on two different lines form a convex quadri- 
lateral if and only if the point of intersection of the lines is a common exterior 
point for the segments. Thus the lines joining a point of (ab), and a point 
of (cd), form a convex quadrilateral. By Lemma 6.3, the lines of this 
quadrilateral do not meet the quadrangle os N r, or its boundary. It is easily 
seen that every convex quadrilateral can be obtained in this fashion. 


7. Continuity theorems. 


Lumma 7.1. Let a, y, z bé three points not on a line, and let a be an 
open conver set containing z. Then there is a complete quadrangle abcd with 
diagonal points r—7y and 82 such that the conver quadrangle ps or 
' contains x and ts contained in à together with its boundary. > 
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Proof.. If a is {-convex for a line I 4 yz, let b be the sector with sides I 
and yz containing z. Then aN b is (yz)-convex and open. Hence we may 
assume a to be (yz)-convex. Then there is a segment (uv), on zz containing 
z and contained in a together with its endpoints. Since the projection of uy 
on vy from z maps segments on segments, there are segments (ab), on uy 
and (cd), on vy, contained in a together with their endpoints, such that 
ab | uy and ad N be =z. Then cd | vy, and abcd is the desired quadrangle. 
For r= y, s = z, and x in (uw), lies in pa N or. The vertices of p, N or lie 
in the (rs)-convex set a; hence the quadrangle and its sides are contained in a. 


Lemma 7. 1 shows that the plane of points is a regular topological space, 
and that convex quadrangles form a base of open sets. 


THEOREM 7.2 The point of intersection of two different lines-I and m 
is a continuous function of the pair (I,m). 


Proof. ' By Lemma 7.1 we may assume that a neighborhood of the point 
TM m is a convex quadrangle p, N or with r on m and s on I. Then the 
lines intersectiong (ab), and (cd), form a neighborhood L of I, and the lines 
intersecting (ad), and (bc), form a neighborhood M of m. A line in L does 
not meet o N ra or its boundary by Lemma 6.8, and a line in M does not 
meet ps Nr; or its boundary. Then it follows from Theorem 6.1 that the 
point of intersection of a line in L and a line in M must be in ps N or, and 
this proves the theorem. 


ee 7.3. The line jointing two different points a ang b ts a con- 
tinuous function of the pair (a, b). 


This is the dual of Theorem 7. 2. 


8. Homeomorphism theorems. . We shall use closed neighborhoods in 
this section rather than open neighborhoods. The closure of a convex quad- 
rangle, consisting of the quadrangle with its sides and vertices, shall be called 
a projective square. The closure of p, N op will be denoted by T, the closure 
of pi N tr by 8, and the closure of o; N re by R. The sides of T are the 
intervals [ab],, [bc]: [cd], and [ad]. | 

Any two intervals in the plane are homeomorphie, since projectivities are 
homeomorphisms. If the theorem of Desargues is valid in an ordered plane, 
then all intervals are homeomorphic ‘to the unit interval in the ordered coordi- 
nate field or skew-field. If we speak of a homeomorphism between two 
intervals, we always assume that endpoints are mapped on endpoints. 
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Tesorexm 8.1. A projective square is homeomorphic to the cartesian 
product of two intervals. 


Proof. For any point u in T, let cab N us and y =ad N ur. Then 
z in [ab], and y in [ad], are continuous functions of u, and u = #8 N yr. 
Thus u is also a continuous function of the pair (z,y),.so.that this corre- 
spondence is a homeomorphism between T and the product [ab], X [ad]. 


If abcd and a’b’c’d’ are complete quadrangles in two ordered projective 
planes with homeomorphic intervals, then there is a homeomorphism between 
the boundaries of the projective squares T and T’, by which the vertices and 
sides of T are mapped on the corresponding vertices and sides of T”. Such a 
homeomorphism shall be called a p-homeomorphism, where p means “ proper.” 
A homeomorphism between T and 7” will be called a P-homeomorphism if it 
induces a p-homeomorphism between the boundaries. 


Lexma 8.2. There ts a P-homeomorphism between T and T. 


i Proof. There are homeomorphisms ¢ between [ab], and [@b’], and 
y between [ad], and [a’d’], such that (a) == y (a) = #. For any point u 
of T, let 2 = p(abNus), y = y(adn ur), ane @(u) == gg Nyr. Then 
+ is a P-homeomorphism. | 


Lamma 8.3. For every p-homeomorphism œ between the boundaries of T 
and of T”, there is a P-homeomorphism & between T and T that agrees with 
$ on the boundary. 


Proof. Since the product of two P-homeomorphisms is a P-homeo- 
morphism, it suffices by Lemma 8. 2 to prove Lemma 8.3 for T == T”. Again, 
it is sufficient to consider p-homeomorphisms which leave three sides of T 
fixed, since every p-homeomorphism on the boundary of T is a product of 
p-homeomorphisms of this special type. | 


Now let ¢ be a homeomorphism of [ab], onto itself with ¢(a) =a and 
(b) =b. Let A be the closure of the open set r, M(abitr),. Then À is 
contained in T, and its intersection with the boundary of T is the interval 
[ab]... The boundary of A consists of the three intervals [ab],, [at], and 
[ot] For u in A, u s£ t, the point z == ab N tu is in [ab]. Now define 
Bu) = p(z)t N ru for u in A, u s&t, and define @(u) == wu for u in T — À 
or u — i. Then @(¢) —¢(z) forz in [ab],, and (u) =u for u in [at], 
_or in [bt]g. It follows that & is continuous everywhere in T, except. possibly 

at t. ' 

If a” is a point of [at], then b” == bt N ra” is in [bt] and b”, 
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En dt N sa”, and c” == bs N d'r are continuous functions of a”. Ifa” =t 
then b” == c” == d” — $ Now let a be a convex neighborhood of t. We can 
choose a point a” in [at]., different from t, such that a”, b”, c”, and d” are 
ina. Then the projective square T” with these vertices is a closed neighbor- 
hood of ¢ contained in a. It follows from the construction that ®(T’) = T”, 
hence & is continuous at ż. 

Since the inverse mapping of © can be constructed in the same way as &, 
® is a P-homeomorphism of T onto itself which agrees with ¢ on [ab], and 
leaves the other three sides of T fixed. This proves the lemma. 


THxoREM 8.4. Two ordered projective planes with homeomorphic inter- 
vals are homeomorphac. 


Proof. Let abcd be a complete quadrangle in one plane, a’b’c’d’ a com- 
plete quadrangle in the other one. Then there is a mapping ¢ of the sides 
and vertices of R, S, and T on the sides and vertices of R’, 8’, and T’, which 
determines a p-homeomorphism for each of the three pairs of corresponding 
projective squares. Then by Lemma 8. 8 there are homeomorphisms between 
R and F’, between S and S’, and between T and T” which agree with ¢ on the 
boundaries. Since two squares in the same plane have no common interior 
point, these homeomorphisms define a homeomorphism between the two planes. 


COROLLARY 1. In an ordered projective plane, the plane of lines is 
homeomorphic to the plane of points. 


COROLLARY 2. If an interval in an ordered projective plane x is homeo- 
morphic to the umt interval in an ordered field or skew-field K, then x ts 
homeomorphic to the coordinate plane over the field K. 


Tt should be remarked that the homeomorphism of Theorem 8.4 need 
not be a collineation. In fact, section 9 gives an example of two ordered 
projective planes which are homeomorphic, but not collinear. 


9. A nondesarguesian ordered plane. Let K be any ordered field or 
skew-field. We define points by homogeneous coordinates (s, 4,2) over K 
with right multiplication, lines by homogeneous coordinates (a,b,c) with 
left multiplication. 

À point (x, y,z) shall be on a line (a, b, c) with ab = 0 if and only if 


ax + by + cz == 0. 


For a line (a,b,c) with ab < 0, we distinguish three cases. A point 
' (z, y, 2%) shall be on this line if and only if 
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at -+ by + ez=0 for zz = 0, 
ar + by + cz = 0 for z between 0 and z, 
az -+ by +(c—4a)z—=0 for z between 0 and x. 


This is a modification of the well known example of a nondesarguesian 
affine plane given by Hilbert and originally by F. R. Moulton.*. The verifica- 
tion of the axioms of incidence is quite easy, but rather lengthy. If we define 
a separation relation for pairs of points in the obvious manner, then the 
-axioms §.1 to 8.6 are readily verified. 

Consider now the triangles abc and a’b’c’ with vertices 


a: (0,1, 2); biG); (LLI); 
a’: (0, —1, 2); b: (1, —1, 2); c: (1,—1, 1). 
These triangles are perspective with center (0,1,0), but the points 
ab N a’b’: (1, 0, 0) ; be Nbe: (0, 0,1); ac N ae’: (4, 1, —6) 


are not collinear. | 
By Theorem 8. 4, Corollary 2, our plane is homeomorphic to the coordi- 
nate plane over the field K, but the two planes cannot be collinear. 
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MBANS IN GROUPS.* 


By W. R. Scorr. 


1. Introduction. A number of authors have given sets of postulates 
for the arithmetic mean of n real numbers. Several of these sets of postulates — 
have been given in purely algebraic form (see [2], [3], [4], [5], [7], [8]), | 
and some of these latter are suitable for eos to groups. Only the 
set due to Schimmack [7] will be discussed. 

Let G be a (not necessarily Abelian) group written additively. Let 
meG,ti==l,-:,n,andletf,(z,: --,¢%,) € G. Schimmack’s postulates are: 


(1) fa (h + try ° -sh + ta) = h + fes: °°, 05) for all keg. 
(2) fn(—%,° © *,— Bn) == — Fa (21° t +, En). 
(3) fa is a symmetric function of æ,: °°, Zp. 
(4) hala C ‘fn Tn+1) om Fit (Ti my Ensi). 


In (4) and throughout the paper fa will be used for fa(T1,* * *, Z4) whenever 
no confusion will result. A sequence {fẹ}, n—1,2,: - +, of functions will 
be called a sequence for brevity. A sequence satisfying (1), (2), (8), (4) 
will be called a mean on G. . 

Schimmack [7] showed that if G is the additive group # of reals, then 
the only mean is the ordinary arithmetic mean f, == (2, +: - +--+ 2,)/n. 
Beetle [1] showed that if G == R, then the postulates (1), (2), (3), (4) are 
completely independent. It will be shown here that, more generally, if G is 
an infinite Abelian torsion-free group such that mG==G for all positive 
integers m, then Schimmack’s and Beetle’s conclusions hold. The question 
of existence and uniqueness of means, together with the complete independence 
of (1), (2), (8), (4), will be treated'as completely as we are able. 


2. Existence of means. If {f,} satisfies (1) and eh then it follows 
readily that for all k e G, 


(1’) EE i "En +h) = fn(ts" © +52) +h. 
If {fa} satisfies (4), then by induction, for 1 Sr & n, 


(£) fmi (Tr ` “ste Grits rit) fn (Tp eyo 
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THEOREM 1. A group G pu a mean tf and only if 


(i) the equation mg ==g possesses a unique solution (AATOIEX by 
x g/m) for every geG and every positive integer m; and 


(ii) a ee eee, for every 
ye G, zeQ@, nZ 2. 


If a mean exists, it is unique and is given by 
(6) : f(t) =t, 
| fa == fna + (— fna + mn) /n. 


Proof. Parts of the argument are the same as in [7] but they will be 
given here for the sake of completeness. 


Suppose first that a mean {f,} exists. 
G is torsion-free. For if g0 is of finite order m, 
then by (1) and (3) we have | E 
fm(9,29,° > +, (m—1)9,0) = 9 + fm(0, 9° > +, (m—1)9) 
| | gt fim (9s 29 "+, (m—1)9,0), 
which is a contradiction. 


By (2), fa(0,- + +, 0) == — fn(0,: © -, 0), whence fn (0, - j ",0) = 0, 
since G is torsion-free. Hence f,(9,: ° <, g) =g by (1). Thus in particular 
fi(t1) = 2, as asserted in (5). 

We assert that 
(6) nfn(g,0,°°+,0)==g. 


In fact, f:(9, 0) =g + fa(0, — g) == g — fa (0, g) — g — f:(9, 0), and (6) is 
true for n= 2. Assume that (6) holds for n == 2. Let f,,(g, 0, : : - ,0) — y. 
Thus 2*y = g. Let z be such that 2z == y (such a z exists by (6) with n = 2). 
Thus 28g = g. Then by (4’) 
284 Tase1 (9; Oss *,0) 

om Qt fou (fa (93 0, * : "5 0),° "ys Foe (gs 9, ° " 0)0$ i *, 0) 

= ttf (Y ` “54s Oye *, 0) | 

= 28 (3 + fari (2, ° E +5 %,——~ 2," * ',— 2) =" YJ, 
the last equality following from the fact that 


fas (2, ° "yy 4° y g) me — Fogaa (25° "yy By mo By 32), 
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whence fos(Z,° © ‘,2,—2,: + *,—-%) == 0. Thus by induction (6) is true 
for n== 2", r= 0,1,2,- ++. Suppose (6) true for n +1. Let y= fn(g, 0, 
emcee) emma WiC 
g = (n + 1)fan (9, 0,° :,0) 

a (n+ 1) ner (fn (9 Do -,0),- | s fal, 0,- > -,0), 0) 

i (n + 1)fna (y: "9%, 0) — (n +1) (y + fna (0, i "0, — y4) 

= (n + 1)y — y = ny, 
the next to the last equality holding since y and fwn (0, - -,0,— y) commute, 
because — y == (n + 1)fu11(0,: + -,0,—y). Hence (6) is true by'induction. 

It follows from (6) that the equation mz = g has at least one root. 
For m == 1 it has exactly one root. Again f:(2g, 0) =g + fa(g, — 9) =9, 
and (i) is true for m==2. Assume that (i) is true for m—1,: : -,n— 1, 
where n = 3. Then by (1)-(4), (6), 
fn(ny, 0, ° f *,0) 

— fn (fn (my, 0,7 + *;0),° >, fna (nY, 0,- * *,0),0) 

= fa(ny/ (n — 1), + +, ny/(n—1), 0) 

— fa (faa (y, (n—1)y/(n—2),: > +, (n—1)y/(n—2)), 

ot "4 fma (Y, (n—1)y/(n—2),: " "5 (n—1)y/(n—2)), 0) 
— f (y, (n—1)y/(n—2),- : -, (n—1)y/(n— 2), 0) 
== fn (fn-1( (n — 1)y/(n— 2), > >, (n—1)y/(n— 2), 9), 
Fr "ofna((n—1)y/(n—2),: Any (n—1)y/(n—2), 0), y) 

= fa (Y y) =. 

Thus ny == nz implies 
y = fa (ny, 0, "+, 0) = fa(nz, 0, > -,0) =z, 

and (i) has been proved by induction. 

For n > 1, 

fn = fn (faa ° " sg Tasi Tn) 
= fra + fa (0, A E + Zn) = frat (— fat + on) /N, 


and (5) has been verified. The uniqueness of the mean follows from (i) 
and (5). 
By (3), we have 


\ 


(7) Fass (lis e 7 3 Tran) ee fan (T's Pray Emis Tn), 
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whence by (5), 


(8) fra + (— fra + Tn)/n + ((— Ta + fra) /n — fna + Om)/(n + 1) 

m faa + (— fna + Enn)/n + ((— Ean + faa) /n — fai + 2) /(n + 1). 
Let y and z be given. Choosè any T1,’ **, na, and then choose 2, and 
Tn 80 that | | 


7 ny mm — fni FH Ta 
(9) oo 


Making the substitutions (9) in equation (8), we get (ii). 

Conversely suppose that (i) and (ii) are satisfied by G. Define {fẹ} 
by (5). Evidently fı (zi) == 2, satisfies (1), (2), (3), (and (4) vacuously) 
for n == 1. 

Assume that (1) holds for à certain n. Then 

Prar(h + 2u te, h + Gast) 

fn F 2a +f tn) HR + tay h + an) HR + Ena) +1) 
wh + fa + (— fn —h + h + zuu)/(n +1) == h + fous 

and (1) holds for all n. 

Assume that (2) holds for given n. Then 
fanal Zi, : ‘y — Tnt) | 

= fa(— Ta En) + (— fal Er + En) — Tnu)/(n + 1) 

== — fn + (fn — Saar) / (0 + 1). 

Now (n 1)(— fa + (fa — nn)/(n + 1) + fa) =— tan t+ fae Hence 
— fa + (fa — Tan )/(0 + 1) = (— Zan ae fn) /(n due 
Thus 

fna (— Dust +» — Ener) = (— Tan + fa)/(n + 1) — fn 
= — (fa + (— fn F Ean) / (0 + D) ee — fa 
Hence (2) holds for all n. k 

Re (4), it follows by induction that f,(z,---,x7) =. Therefore 

fanfa + 54 Tay Taa) 

= falfa 2 3 fa) + (falm 2 oa fn) F Ema) /(0 + 1) 
= fa t+ (— fa + Tna) /(n + 1) = fma 
Hence (4) holds for all n. 
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As noted above, (3) holds for n=—1. Now — z La a Zi + Ta) 
— $(— ta + 21). Hence x, + 4(— a, + 22) = 22 + EC T2 + %), oF fa(t1, £a) 
= fı(T2, 21), and (3) holds for n= 2. Assume that (3) holds for a given 
n= 2. Then to prove (3) inductively it is sufficient by (4) to prove (7), 
i.e. (8). But (8) follows from (ii) by means of the substitution (9). 
Thus (8) is proved by induction, and (5) defines a mean on G. 


COROLLARY. If G ts an Abelian torsion-free group such that mG — G 
for all integers m > 0, then G has a unique mean given by 


fn (das + ts Ea) = (ti ++ +mm)/n 


Proof. It is easily verified that G satisfies conditions (i) and (ii) of 
Theorem 1. Equation (5) yields the above mean. 


Da 


There remains the question of the existence of a non-Abelian group 
satisfying conditions (i) and (ii) of Theorem 1. 


3. Complete independence. In order to discuss complete independence 
of the postulates (1)-(4) it is necessary to discuss the existence of 16 types 
of sequences. For brevity these types will be numbered as follows: 


L +++ 5 HE. 9% H+H 18 ——++ 
RS SE EE I eee 
8. +++ % +++ IL —4+—-4+ 16 ———+ 
b dee e chest. 4 ue a eee, 


where .a sequence is of type 7, for example, if (1) and (4) are true while 
(2) and (3) are false. The history (i.e. as to existence or non-existence) 
of each type of sequence will be discussed as completely as we are able. This 
has already been done for type 1: For the group @ of order 1, clearly 
sequences of types 2 through 16 do not exist. From now on assume that G 
has at least 2 elements. Let ge G, 9540, be a fixed element. 
Lemma 1. Every group G possesses sequences of types 3, 4, 9, 10, 11, 12. 
Proof. They will be exhibited.* | 
3. Let fa = T+. 
4 Let faa if n2, and let fz == za Re (4), 
fa (9, 0, 0) = 9 35 0 == fs (f2(9, 0), fag, 0), 0). | 


1 Several of the examples used in the proofs of Lemmas 1 and 2 were obtained by 
L. A. Colquitt and the author while working on the real case, 
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9. Let fn — 0. 


10. Let f,(0,2) == f.(z,0) =x for all ze G, and let fa == 0 otherwise. 
Concerning (4), we have f:(9, 0) = g = 0 = f:(f1(9),0). 


11. Let f, = 0 and f, = Zn for n> 1. Í 
12. Let fi 0 and fa == z, for n > 1. 


LEMMA 2. A group G possesses sequences of types 7, 8, 13, 14, 15, 16 
tf and only if G has an element y of order greater than 2. 


Proof. If G has no element of order greater than 2, then — s == 2 for 
all ze G, and | 


fa(— 2: ° ' ,— Ta) = fa (Ti, ' ` *, Tn) oom — fy (T1, ° j "y Tn). 
Therefore (2) is satisfied, and the listed types (and 5 and 6) do not exist. 


Conversely suppose that G has an element y of order greater than 2. 
Then the following sequences will show the required existence. 


7. Let fr = £y + y. 
8. Let fa =z, + y. 
13. Let fa = y. 
14. Let fa(0, 7) = f(z, 0) =z for all se G, and let fa = y otherwise. 
Re (4), we have f2(0,0) == O54 y = fa (f1 (0), 0). 
15. Let fa, = — Ta + y. 
16. Let fs = — z, + y. 
Lemma 3. A sequence of type 6 extsts tf and only uf G is torsion-free. 


Proof. Suppose that a sequence of type 6 exists. Then the first part of 
the proof of Theorem 1 shows that G must be torsion-free. 


Conversely suppose that G is torsion-free. Let 


(T° : on) (Y © 5 Yn) 


if Tpm h F Yin r==1,---°,n, for some permutation (4,:::,1,) of 
CE: ` n). If also (21, ° ` s Ea) oy (Hiu r Yn); then h + Yr m k + Yw 
h + yn =K F Yw h +H Yin = + yy, Hence y, =m — h +r) + Yio 
and m(— h + k) = 0. But since G is torsion-free, — h + h’ = 0, and h =m h’, 

Let (22, * ° `y Ta) ~ (Yi; ° "s Yn) if (21, ° : `y Tr) o (y: ° * Yn) for 


t 
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some (unique) A. Clearly ~ is an. equivalence relation. Choose a repre- 
sentative (7,*,- - -,@,*) in each equivalence class {(2,- ` `, Ta) }, choosing 
(g), (9,0) and (g, — g) as the representatives of their respective equivalence 
classes, where g is a fixed element s640. Note that {(g,0)}{(g,—g)}. 
Let (2, © `, 2n) be given. Then (a,-°- >, £n) ca (T17, * +,2,*). Define 
fn(Z1,° © *,@,) =h. Now (1) and (3) are obviously satisfied. Re (2), 
fi(—0) =— gt#g=—fi(0). Re (4), 


fa(2g, 0) = g 540 = f2(g, 0) — fo(fi(2g9), 0). ‘ - 


The only types not yet discussed are types 2 and 5. The results on 
these are only partial. 


Lemma 4. If G possesses a sequence of type 2, then G ts torsion free 
and possesses a unique solution x of the equation 2a =g for all ge G. 


Proof. This was shown in the proof of Theorem 1, where (4) was not 
used to prove the existence and uniqueness of such solutions. 


Lemma 5. Let Q be such that 
(i) æ= g always has a solution for x; 
(1) nz == g, n >.1, has at most one solution for x for any ge G. Then 
a sequence of type 2 exrsts. 


Proof. Because of its length, only an outline of the proof will be given. 


Let (ai, +, 2n) Ri(ti,- - +, Ya) if there exist h, ke G and a permu- 
tation (%1,°°-+,%,) of (1,--+,n) such that 


tr = h + y, + k, | r=], + in. 


Let (T1: © +, 2n)Bo(41,°- +, 4n) if there exist kh, ke G and a permutation 
(ts © cpta) of (1,---+,n) such that 


Lp h— yy, + k, T — li: - sm 


Let (21, - ©, En) ~ (gs: © +, Yn) if either (2,° + -,Zn)Ri(ÿi,° © +, Yn) OF 
(@1,° © *,%n)R2(41,°° *,Yn). It follows that ~ is an equivalence relation. 
In each equivalence class choose a representative (x,%,: - <, £a"), letting 
(0,9), (0,9, 3g), and (49, 49, 37)-be the representatives of their (distinct) 
equivalence classes, where g is a fixed element =< 0. 

Define f, as follows: 
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tt +-$(— 2,* + z") 
fa (T, at) = iÉ ("5% jen (mit, © >, Er"), 
z.* otherwise; 
falh + ză +R oh + 0," + k) = h + falait, > +, mn) + k, 
fa(h— aat hat HE) =h faute + eat) +h, 
It can then be shown that fn is well defined, and satisfies (1), (2) and 
(3). Re (4), we have 
fs (fa (0, 9), fa(0, 9), 39) = fs (49, $9, 39) = 49 0 = fa (0, 9, 89). 


Lemma 6. If G can be ordered so thatr<yimphesh+ao<cht+y 
for all he G, then a sequence of type 5 exists. 


Proof. Define fa(t1)* ` `, a) = min(z,,---,%»). Then (1), (3) and 
(4) are satisfied. Now f2(g9,—g) == f2(— g, g) = g or —g. Sinceg“—g 
(such groups G are torsion-free), (2) is not satisfied. 


See. [6] for a discussion of such groups with the additional restriction 
that z < y imply z+h<y+h for all he G. 


THEOREM 2. If G is an Abelian torsion-free group such that nG = G 
for all integers n> 0, then postulates (1), (2), (3), (4) are completely 
independent. 


Proof. Such a group G can be ordered (see [6]). Hence by Lemma 6 ` 
a sequence of type 5 exists. The other types exist by the Corollary to 
Theorem 1 and Lemas 1, 2, 3 and 5. 


Sequences of types 2 and 6 can be replaced by simpler sequences in this - 
case by making use of an ordering of G. 


2. Let fx(21,° °°, En) == &(min + max). . 
6. Let fa = min + g, where g is a fixed element > 0. . 


THxonex 8. If G ts the additive group of reals, then there exists a 
unique mean on G, namely fn = (ti +: - +--+ a,)/n, and (1), (2), (8), (4) 
are completely independent. | 


This follows from Theorem 2 and the Corollary to Theorem 1. A similar 
theorem for the geometric mean of positive real numbers can be given, of course. 
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A PROOF OF THE MAXIMAL CHAIN THEOREM.* 
| By ORRIN FRINK. 


The maximal chain theorem was first proved by Hausdorff in 1914 in [3] 
using transfinite induction. It states that every chain in a partially ordered 
set is contained in a maximal chain. It is equivalent to Zorn’s lemma (cf. 
{1}, [2], [5], [7], [8], [9], [10], [11], [13]). It was stated and proved 
long before Zorn’s lemma, is somewhat simpler in form, and often just. as 
convenient to use. Like Zorn’s lemma, it owes its great usefulness to the fact 
that it allows one to avoid the theory of ordinal numbers and well-ordered sets 
in giving proofs in abstract mathematics. For this reason it would be desirable 
to have a proof of the theorem which is independent of the notion of a well- 
ordered set, and dependent only on the axiom of choice. However, all the 
proofs in the literature, either of the maximal chain theorem or of Zorn’s 
lemma, seem to involve the notion of a well-ordering (cf. [1], [2], [5], [6], 
[7], [8], [9], [11]). The following proof does not involve the notion of a 
well-ordered set. It was suggested by Zermelo’s second proof of the well- 
ordering theorem in [12]. 


THronsmM. Every chain of a partially ordered set is contained in a 
maximal chain. 


Proof. A chain is a simply ordered set; that is, of any two distinct 
elements of a chain, one necessarily precedes the other. Suppose the theorem 
false. Then in some partially ordered set P there is a chain A not contained 
in any maximal chain. Then corresponding to each chain C which includes 
À as a subset select, by means of the axiom of choice, a larger chain (”, called 
the successor of C, containing only a single element of P not in C. This is 
possible since by assumption no chain which includes A is maximal. 

We shall call a collection K of chains of P all of which include A complete 
if A is in K, the successor of each member of K is in K, and K contains the 
union of each chain of its chains, Clearly the collection of all chains which 
include A is complete, and the intersection of any set of complete collections 
is complete. Let J be the intersection of all complete collections of chains 
of P. Then J is the smallest complete collection. We wish to prove that J 
is a chain, which will involve a contradiction. 


* Received July 11, 1951. 
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We shall call a chain C which is a member of the collection J normal 
if for every chain X of J either X C C or O C X. It will be proved that 
every member of J is normal. If C is any normal member of J, define K(C) 
to consist of all members X of J such that either X C Cor C’ CX. Now 
the collection K(C) is complete, since in the first place A is in K(C) since 
A CG. Secondly, if X is in K(C) so is its successor XY’. For by the definition 
of K(C), either  C XorX CC. If CX, then C’ C X’. On the other 
hand, if X C C, then either X’ C C or C C X’, since C is normal. If X’ CO, 
then X is in K(C). But if CCX’, then X CCC YX’, and since X’ has 
only a single element of P not in X, it follows that C == X or O =~ X’, whence 
C CX or X’ CC. In either case X’ is in K(C), which therefore contains 
the successor of each of its members. Likewise K(C) clearly contains the 
union of each chain of its chains, since the defining property X C Cor” CX 
of the collection K(C) goes over to unions. It follows that K(C) is complete, 
and since it is a subset of J, the P ERALAR complete collection, K(C) must be 
identical with J. 

But by the defining property of the collection K(C), it follows that the 
successor C” of every normal member C of J is also normal. Since the union 
of a chain of normal chains is clearly normal, it is seen that the collection 
of all normal members of J is complete, and hence is identical with the collec- 
tion J itself, since J is the smallest complete collection. Hence J is a chain 
of chains, since all of its members are normal. Since J-is complete and also 
a chain, it must contain the union U of all of its members, and likewise it 
must contain the successor U’ of U, which is a proper superset of U. But 
this is impossible. This contradiction proves the theorem. 


Conclusion. Zorn’s lemma, which states that every collection of sets 
which contains the union of each chain of its sets has a maximal element, 
is an immediate consequence of the maximal chain theorem (cf. [1], [8], [9], 
[13]). Another formulation of Zorn’s lemma states that if every chain of a 
partially ordered set P has an upper bound in P, then P contains a maximal 
clement (cf. [1], [8], [9]). | 

The well-ordering theorem and the axiom of choice may also be derived 
as consequences of the maximal chain theorem by defining properly a partial 
ordering between the well-ordered subsets of a given set, or between the 
selection functions defined on subsets of a given set. 
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NOTES ON LEFT DIVISION SYSTEMS WITH LEFT UNIT.* 


By M. F. SMILEY. 


1. R. Baer introduced in [3] the notion of left division system with 
left unit ? by showing that these systems arise in a natural way from a simple 
method of multiplying the cosets of a subgroup of a group. It is our con- 
tention that many of the properties of loops ê are valid also for these much 
more general systems. This is the first of a series of notes in which we shall 
support this contention. Herein we are concerned with basic structure 
theory culminating in the lemma of Zassenhaus. We owe the brevity‘ of the 
proofs in part to suggestions of a referee. 

Let G be a system. We shall use H C Q as an abbreviation for “ H is a 
subsystem of G.” We observe that (Z1) [e] CG if e ts the left unit of G, 
and that (42) the intersection of a family of subsystems of G is a subsystem 
of G. We shall then denote the subsystem of G which is generated by H, 
KC Q by <H, E>. If K is the kernel of a homomorphism » of G onto a 
system @’, we shall write KC „G. If KC,G, we have (28) tf HGG, 
then Hy © ,G@’, (24) tf H’ CG’, then HC G, and (25) tf HCG, 
then Hy C ,G’ = Gy. In order to establish (Z5) we first prove-that a sub- 
system K of G satisfies K C „G if and only if (Kx) (Ky) = K (zy) = (Kzx)y 
for every z,yeG. (Cf. Baer [4], p. 455, Lemma 1.) When K C,G, the 
mapping £ —> Kr is an isomorphism of @’, and G/K == [Kx;ze (|. 

Let us now mention a few immediate consequences of our definitions. 
If K is the kernel of a homomorphism 7 of G onto a system G’, and zy == Yn 
for z, y £ G, then z= ky for some ke K. From (Z3) and (Z4) we see that 
<H, Kyy — <Hy, Kn> for H, K C,G. We note that KC ,G and KCHC,G 


* Received July 6, 1951; revised September 24, 1951. 

? In the remainder of this note we shall use the word system in place of this longer 
phrase. Systems with unit were called left loops by Kiokemeister and Whitehead [13]. 
Their admissible left loops need not be normal in our sense, and there is no overlapping 
of our resulta for systems with theirs for left-loops. 

* See [1, 2, 4-7, 10, 11]. 

‘The use of the associative law will not shorten our proofs. It is, of course, well- 
known that an associative system is a group. 
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imply that K C,H. The modular law (KLNH)—(KNH)L for sub- 
systems H, K, L of G with LC H may be proved as in Baer [4]. 
The principal result of this note is the following lemma. 


Lemma. If G is a system, LCC „HC Q, and KCE „G, then (1) 
HNKC,H, (2) KLC,KH, (3) (KLNH)C,H, (4) the mapping 
(KLAO Hyh— (KL)h with he H is an isomorphism of H/(KLN HB) and 
KH/KL, (5) tf we have HC „G, then KH = HK CG, and (6) if we 
have KN HC L, then Lh—(KL)h with he H is an isomorphism of H/L 
and KH/KL. 


Proof. Let y be a homomorphism of G onto a system @ with kernel K. 
By (23), Hn is a subsystem of G’. Thus » induces a homomorphism of H . 
onto the system Hy and the kernel of this induced homomorphism is H N K. 
This proves (1). Now set W = <H, Ky. Then we have Wq = <Hn, Kny = Hn, 
and W C KH, W—KHC,G. If also HC ,G, then W = KH = HK (cf. 
Baer [4], p. 452). By (Z5), Ly C „Hq = (KH)y. Let be a homomorphism 
of Hy onto a system H” with kernel Zy. Then yẹ is a homomorphism of KH 
onto H” with kernel KL. This proves (2). Again yọ induces a homo- 
morphism of H onto H” whose kernel is KL N H. This proves (3), which is 
also an immediate consequence of (1) and (2). If heH and ke K, we have 
(kh)n = hyd, and it follows that (KL)(kh) = (KLD)h, since (hk)np—(KL)(kh) 
is an isomorphism of H” and KH/KL. We then obtain (4) by noting that 
hnd >(KL N H)h is an isomorphism of H” and H/(KL NH). The state- 
ment (5) follows from (2) and our previous observation that H C ,4 implies 
HK = KH. Finally, (6) follows from (4) and the modular law. 


CoROLLARY (LEMMA OF ZASSENHAUS). Let G be a system, 
A, B, Å;, B, = sf, A, = nA, B: = nB. 
Then | 
A,(AN By) Chud(ANB), B,(BN 4,) C,Bi(BN À), 


and the identity mapping of G induces an isomorphism of the corresponding 
quotient systems. 


Proof. Since AN BC A and A.C nA, (1) gives ANBC,ANB. 
Likewise, B, N AC „ANB. Using (5), we see that 


(4N B) (AN B) = (4N B) (4N B)=LC,H=4NB. 


We set K = A, and G = A, noting that K N H = 4, N BC L, apply (6), 
and interchange A and B in the result. 
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Remarks. 1. If G is associative, then G is a group, and our discussion 
includes this case. On the other hand, if G is & loop, then K Œ „Q does not 
imply that K is a normal gubloop® in the sense of [1]. Thus our present 
exposition does not apply to loops. 


2. However, it is possible to formulate a list of axioms which hold for 
systems and for loops and which justify our Lemma. We are indebted to 
` R. Baer who suggested that such a list must exist. We consider a set J of 
sets G with binary compositions which have a left unit e, for which za == à 
has a solution x e ( for every a, b e G, and such that ta == a implies that x = e. 
If H is a subset of G which is an element of J relative to the composition of 
G, we write HCG. Let 9 be a subset of J such that the requirements 
(Z1)-(Z5) of our second paragraph hold. We agree, of course, to replace 
“ system ” by “element of 9” and “H is a subsystem of G” by “H CG 
and H is an element of 3.” We add the requirement: (Z6) If » is a homo- 
morphism of Ge 3 onto @ e 3 with kernel K, then K (zy) C (Kz) (Ky) for 
every z,yeG. The interested reader will be able easily to adapt our proofs 
to these axioms if he adds the hypothesis K C- ,G to the statement of the 
modular law. 


3. It is interesting to observe that a recent theorem of R. C. Buck [12] 
on homomorphisms is valid for multiplicative elements of the set J of 
Remark 2. But trivial examples show that both our lemma and Buck’s 
theorem fail in general. | | 


4, Similarity (isotropy) [8, 1, 2, 11] will not reduce the study of systems 
to the study of loops. For if G == [1, a,b], with 1 a left unit, al == b, b1 = a, 
aa == ab = 1, ba == b, bb —a, then G is a system which is not isotropic to a 
loop. The referee has remarked that every system is isotropic to a left loop; 
but, of course, not every left loop is a loop. 


THE STATE UNIVERSITY OF Iowa. 


“For a simple modification of the example of Bates and Kiokemeister [9] shows 
that a loop may have a system which is not a loop as a homomorphic image. 
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` A CHARACTERIZATION OF FINITE DIMENSIONAL 
CONVEX SETS.* 


By E. G. Straus and F. A. VALENTINE. 


Let 8 be a closed connected set contained in a finite dimensional subspace 
of a linear space, and let R, be the linear subspace of minimal dimension 
which contains S. A mazimal convex subset of § is, by definition, one which 
is not contained in a larger convex subset of 8. It is our purpose to establish 
the following result. | 


Taronex 1. The set S defined above, is conver if and only tf each 
point ze S is contained in a unique maximal convex subset K (x) of 8 of 
dimension greater than or equal to n— 1. (Note: Observe that no restrictions 
are placed on the maximal convex subsets of § of dimension less than n —1). 


Definition 1. The property placed on § in Theorem 1 is called property 
A. The symbol | K(x)| denotes the maximal (n—1)-dimensional volume 
obtained from the class of all (n — 1)-dimensional plane projections of K (s). 
(| K(x)| may be finite or.infinite). 


Lemma 1. If there exists a non-convex closed connected set S with 
property A, then there exists a non-convex continuum S, with property A, 
such that 

g.l. b. | K(<)| =d > 0. 
£ e fo 


Proof. Choose a point z,e8, and let Cm be the solid sphere in À, of 
radius m with center at x. Also let Fma = S : Cm, and denote the component 
of Fm which contains +, by Tm. Since X, Tm — J, and since S is non-convex, 

| m=1 
there exists a fixed value m such that Tm is not convex. Consider now the 
non-convex set Tms. In a well-established manner (cf. [2], Ch. 7), we may 
determine a topological space each element of which corresponds to one and 
only one of the maximal convex subsets of Tm. of dimension ==n—1. By 
this process of regarding maximal convex subsets of Tm» as points in a new 


* Received August 20, 1951. 
1 A continuum is a compact connected set. 
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space, it is clear that Ts 18 mapped into a set called T*,., and it is also 
easily verified that Tm is mapped into a non-trivial subcontinuum T* of 
T* mii. (It should be noted that although T*,, will be closed, bounded and 
connected, T*,,,, may not be closed). To each point z*e T*m, we can assign 
the positive valued function f(2*) = | z* | = | K(x)|, where K(z) is the maxi- 
. mal convex subset of Tm, corresponding to zë. This function f(z*) is upper 
semicontinuous on T*m. Hence the set S*, == {x* | f(x*) 21/k,c*e T*n} 


. is closed. If S*, were nowhere COE in T*,, for each k, then T*,, — = 8 


would be of the first category in itself, which contradicts the fact that it : is a 
non-trivial continuum. Hence, there exists a value k such that S*, contains 
a non-trivial subeontinuum §*,. The pre-image 8, of S*, must then be a 
non-convex continuum in Tu, since So is a closed connected subset of the 
compact set Th. Moreover, So satisfies property A, since each point ze #5 
. lies in a unique maximal convex subset K(x) of Tm, of dimension = n—1 
which lies in S(K(x) must intersect Tm). Also for each ze Sy, we have 
| K(2)| Z1/k, so that Fee | K(x)| Z 1/k > 0. 
i ae 


Lemma 2. If 8 and d are the quantities defined in Lemma 1, then 


. l. b. K(z)| =d. 
S e ha! i ( )| 

Proof. The sets K(x) with dimension n — 1 are everywhere dense in S*, 
since property A implies there exists at most a denumerable number of K(x) 
with dimension n. This combined with the upper semicontinuity of | K (s)| 
proves the lemma. 


LEMMA 3. Bach plane P through the centrotd of a bounded convex set 
K of dimension m and volume V divides K into two convex sets whose volumes 
Vi and Va satisfy the inequalities 


Vi = CmV i (t=1, 2), 


where Cy, 18 A constant depending solely on m and not on K or P. 


This lemma was proved for m == 2 by Neumann in [1], and for arbitrary 
m by Green and Gustin [unpublished]. 


Lemma 4. Consider the set S, in Lemma 1, and lot K(x) be a maximal 
conver subset of dimension n-—1 such that | K(x)| <(1+ cni)d, where 
Coa 18 defined in Lemma 3. Let T, be the right curcular solid cylinder of 
radius r, whose axis passes through the centroid of K(x) and is perpendicular 
to the plane of K(x). | 
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Then there exists a neighborhood U of K(x) and a value of r such that 
for each point ye U - So, the set K(y) intersects. all the elements of T, 


Proof. If the lemma were false, there would exist a sequence of convex 
sets K(y,) whose distance from K(x) would approach zero, and such that the 
following would hold. The sequence K(¥;) would contain a subsequence which 
would converge to a convex subset O of K(x) which does not contain the 
centroid of K (z) in its interior. Due to the upper semicontinuity of | Æ(x)|, 
we have |c| 22d.’ Hence, the above with Lemma 8 implies that | K(x)| 
= |c] -+ cnad = (1+ c4)d, which contradicts our hypothesis. 


Sufficiency proof for Theorem 1. Assume that S is not convex, so that 
Lemmas 1 to 4 hold. We use the notation in Lemma 4. . According to a 
known theorem in topology ([2], p. 16), there exists a non-trivial component 
-C of 8o: U containing K(x). Since S, is non-convex, C is non-convex. Choose 
a point ye C. Since K (yı) T, is a convex set dividing T, into two parts, — 
let L, be any line segment parallel to the axis of T,, and having its endpoints: 
in K(y,)-7, and K(z) respectively. Let L be the line containing L. For 
any point y eC, Lemma 4 implies K(y) - D540. Hence, since C is a con- 
nected closed bounded set, property A implies that C-L is a closed line 
segment. Hence Lı C O. But this implies that the portion of T, between 
K(x) and K(y,) is in C. However, this contradicts the fact that E (z) is of 
dimension n—1. This Nee the sufficiency. The necessity of property 
A is obvious. . 


An interesting corollary to Theorem 1 for sets in A, the plane, is the 
following. 


COROLLARY 1. If 8 ts a closed connected set in By, each point of which 
belongs to a unique maztimal linear element oe segment, half-line or line) 
of 8S, then S ts a linear element. 


Concluding remarks. One may ask in what respects our theorem is the 
best possible. It is the best possible in at least the following respects. 


If we remove the assumption dim K (<) = n— 1, then the theorem no 
longer holds, as shown by the circular cylinder #,° + z? — 1 in En 

It might be conjectured that our affine theorem has a purely topological 
origin. Thus one might think that if we replace the phrase “ unique maximal 
convex subset of dimension = n— 1” by “unique maximal closed (in the 
point set sense) surface of dimension n — 1” then the conclusion would be 
“ g is an n— 1 dimensional closed surface.” However, P. Erdös and A. H. 
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Stone have communicated to us the following counterexample for the case 
n==2. Consider a Cantor set in the interval (0,1) of the X-axis. On each 
of the points of this set we erect a line segment of unit length perpendicular 
to the X-axis on which y= 0. Consider the intervals in the complement of 
the Cantor set. For each interval J, draw the diagonal segment joining the 
upper end point of the vertical segment at the left endpoint of J to the right 
endpoint of J. The resulting set S of vertical segments plus diagonal seg- 
ments is connected, and every point in § belongs to a unique maximal closed 
are (either a vertical segment or a polygonal line consisting of two vertical 
segments plus a diagonal segment). However, 9 is not an arc. 

The following question is still unsettled. Suppose S C A, is a closed 
connected set such that each of its points is contained in a unique maximal 
closed connected (n — 1)-dimensional subset of S which is contained in an 
(n— 1)-dimensional hyperplane of Ea. Is then § an (n— 1)-dimensional 
set which is contained in an (n — 1)-dimensional hyperplane? If n = 2, the 
question is answered in the affirmative by Corollary 1. For n > 2, the question 
is still undecided. 


UNIVERSITY OF CALIFORNIA AT LOS ANGELES. 
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ON ADDITIVE IDEAL THEORY IN GENERAL RINGS. 


By CHARLES W. CURTIS. 


Introduction. It is the purpose of this paper to present some contribu- 
tions to the structure theory of non-commutative ideal lattices, as developed 
by Krull [10]? and Dilworth [3]. The results of Part 1, except for (5) of 
Lemma 1.1 and the first part of Theorem 1.4, hold in an arbitrary non- 
commutative residuated lattice in the sense of Dilworth [3]. The results 
are stated only for ideals 5 in rings, however, since our interest is the 
application of these results to the structure theory of rings. The main result 
of the paper is the determination in 1.4 of the maximal elements in the. 
inclusion ordered set of right associated primes of an ideal. In 1.1, 1.2 
1.3 a decomposition theory of ideals is worked out, similar to the work of 
Fuchs [5] for commutative rings. In 1.5 Krull’s theory [10] of right asso- 
ciated prime ideals is linked to the theory of primary ideals. The notion of 
isolated component ideal leads to a new approach to the uniqueness theory 
of primary ideals. In 1.6 it is proved that if the ring À satisfies the 
ascending chain condition (A. C. C.) for right ideals, and if every ideal in R 
is a finite intersection of primary ideals, then the intersection of the powers 
of the Jacobson radical is the zero ideal. The methods presented here do not 
lead to a proof of this theorem for arbitrary rings with A. C.C. for right 
ideals because of .an example due to E. Noether, published in [10], of a ring 
with A. C. C. for right ideals having the property that not every ideal is an 
intersection of primary ideals. 

I wish to thank Professor N. Jacobson for the encouragement and many 
helpful suggestions he has given me during the preparation of this paper. 


Part 1. The General Theory. 


1.0. Notations. In this paper R will denote a non-commuitative ring 
with a unit element 1. Proper ideals in À will be denoted by 4, B,C,---, 
and elements of R by =, y, a, b,- ++, We shall use the symbol 0 both for 


t Received Fine 29, 1961. 
3 Numbers in brackets refer to the list of references at the end of the paper. 
8 ideal” always means “ two-sided ideal.” 
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the zero ideal and for the zero element of R. {X0 |C has the property P} 
means the join of those ideals C having the property P, while {x |s has the 
property P} means the set of all elements x of R having the property P. 


1.1. Primal ideals. 


Definition 1.1. The quotient AB-t of the ideals A and B is defined by 
B1—{3C|CBCA}. Similarly BA — {30 | BC C A}. 


We observe that AB+—{¢|¢BC A}; BtA=={c|BrC A}. The 
following properties of the quotients are well known ([10], [3]). 


LEMMA 1.1. 


(1) (4B2)BC A, AB*=R if BCA, and if B,C B, then 
AB, D AB,“ 


(2) (A0*)B> == A(BC)*. 
(3) (A, NN A,) Bt SEA A,B" N- N A,B", 


(4) A(Bi+- -+ Ba) t= AB IN: -e O ABy*, and more generally, 
tf {Ba} is an arbitrary collection of ideals, 


(5) A(2pBu)* — pA Bz. 
Similar rules hold for the quotients B-A. 


Definition 1.2. If AB*—A (BA =A) then B ts right (left) prime 
to A. 


Definition 1.3. À is right primal * if the join P of the ideals not right 
prime to A is again not prime to A. If A is pee then P is called the 
adjoint ideal of A. 


Let R be a commutative ring. If @ is primal in the sense of Definition 
1.3 then G is primal in the sense of Fuchs [5]. The converse is false.’ 


‘ Although there is also a theory of left primal ideals, we shall consider only right 
primal ideals. Henceforth, “ primal” means “ right primal, ” and “ prime to A” means 
“right prime to A.” 

5 This point is settled by the following example, due to the referee. Let R be the set 
of all finite expressions t +- - --1. a,é*r, with coefficients in a field, and exponents 
non-negative rational numbers. With respect to the obvious definitions of addition and 
multiplication, À is a commutative ring in which the principal ideal generated by t is 
primal in the sense of Fuchs, but not primal in the sense of Definition 1.3. 
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Definition 1.4. P is a prime ideal ® in an arbitrary ring R, if ABC P 
implies AC P or BCP. 


From Lemma 1.1, (2) we have 


Lema 1.2. If A ts primal, then the adjoint ideal P of A is a prime 
ideal, 


Definition 1.5. A is strongly irreducible if A cannot be expressed as an 
intersection, finite or infinite, of proper divisors of A. A is wreductble if A 
cannot be expressed as an intersection of a finite number of proper divisors 
of A. 


From Lemma 1.1, (6) and (4), we obtain at once 


LEMMA 1.3. Every strongly irreducible ideal is right primal. If R 
satisfies the A. C.C. for ideals, then every irreducible ideal is right primal. 


Trrorem 1.4. Hvery ideal in R ts the intersection of tts primal divisors. 
If R satisfies the A. C. C. for ideals, then every ideal in R is an intersection 
of a finite number of primal ideals." 


Proof. Let A be an ideal in Æ. Since there are no ideals not prime 
to the ring # itself, we shall agree that R is a primal ideal. In order to 
prove the first part of the theorem it is sufficient to prove that if cf A, then 
there exists a primal divisor G of A not containing c. From Zorn’s lemma, 
however, it follows that there exists a divisor G of A having the property that 
every proper divisor of G contains c. G is therefore strongly irreducible, and 
by Lemma 1.3, primal. The second part of the theorem is an immediate 
consequence of the A.C. C. and Lemma 1.3. 


1.2. Uniqueness of primal decompositions. 


Definition 1.6. (E. Noether [17]) The intersection A == UN: -N Ga 
is irredundant if no G, divides its complement 


GAO: iNnaNn-nG. 


6 This definition is due to Krull [10]. 

7 The first right principal components defined by Krull in [10] are primal ideals, 
and therefore a theorem of [10], which states that every ideal is the intersection of its 
first right principal components, is an instance of Theorem 1.4. I am indebted to the 
referee for pointing out to me that since an ideal A is strongly irreducible if and only 
if the ring R/A is subdirectly irreducible in the sense of Birkhoff {“ Subdirect unions 
in universal algebra,” Bulletin of the American Mathematical Society, vol. 60 (1944), 
pp. 764-768), Theorem 1.4 is a consequence of Birkhoff’s result, which states that an 
arbitrary ring is a subdirect sum of subdirectly irreducible rings. 
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The intersection is reduced if no G can be replaced by a proper divisor.. Inter- 
sections which are both irredundant and reduced are called normal. 


Throughout the remainder of thts section we shall assume that R satisfies 
the A. C.C. for tdeals. The idea of the next result is due to Fuchs [5]. 


Tueorem 1.5. Let A= GN: -N Gn be a reduced representation è 
of A by primal ideals G with adjoint prime ideals Pi, An ideal B is not 
prime to A tf and only if B ts contained in one of the Pi. 


Proof. By (4) we have 
AB” — (Gi FAN N G,) BO — G&B- Ea N B. 


Since the intersection is reduced, AB 4 A if and only if GB" s£ G, for 
some i But GB G if and only if B C P, and the proof is complete. 


THEOREM 1.6. The reduced intersection of a finite number of primal 
ideals À = GN: -` N Gua with adjoint ideals P,,---,P, ts primal if and 
only if one prime P; divides all the others. 


Proof. First let some Pa, say P, divide all the other P;. By Theorem 1. 5, 
if AB s4 A, then BC P;C P, for some t; hence if § denotes the join of 
the ideals not prime to A, SC P, But again by Theorem 1.5 we conclude 
that AS-+s4 A, and hence A is primal. 


Conversely, let S be the adjoint ideal of A. Since AS? = A, S C P; for 
some +. But SP, CSC P, and the theorem is proved. 
j=1 


THEOREM 1.7. Every ideal in R is a normal intersection of primal 
tdeals, such that no adjoint prime divides another. 


Proof. By the A.C. C. A is an intersection of irreducible ideals, and we 
can assume that the intersection is irredundant. By Lemma II of E. Noether’s 
paper [17] which holds, together with the other results we shall require from 
that paper, in the non-commutative case, the intersection is necessarily reduced. 
By Lemma 1.3, the ideals appearing in the intersection are primal ideals. 
Let their adjoint primes be P,,: - :,P,, and suppose the indices chosen so 
that P,,- - -, Pa are the maximal elements in the set {P;}, ordered by inclusion. 
If we replace the intersection G, of those primal ideals whose adjoint primes 
are P, or a multiple of P, by G, itself, then G is, by Theorem 1. 6, a primal 


8 By a representation of A, we mean an expression of A as an intersection of some 
of its divisors. 
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ideal, and by Lemma IV of [17] the resulting intersection is still reduced. 
Next we replace the intersection G, of those ideals, not already incorporated 
into G:, whose adjoint ideals are P; or a multiple of Pa by Gs, and again by 
Lemma IV of [17] the intersection is reduced. By repeating this process & 
times, we obtain at last a normal representation of A by primal ideals having 
the desired properties. 


THEOREM 1.8. If A has two normal representations by primal ideals, 
such that no adjoint prime in either representation divides another in the 
same representation, then the adjoint primes in the two representations and 
the number of components are the same. 


Proof. Let A= N: -N Gr = GFN: NA Ona be two normal 
primal representations of A satisfying the hypotheses of the theorem. Let 
the adjoint primes be Pı: > +, Pa and P,*,- ++, Pm*. We shall prove that 
P, is contained in some P;*. Since both representations are reduced, we can 
apply Theorem 1.5 once to conclude that P, is not prime to A, and again 
to conclude that P, is contained in some P;*. By symmetry we can show that 
P;* C P, for some k. Thus P, C P;* C Py, which contradicts our hypothesis 
unless P, == P;* == P}. The rest of the proof is now clear. 


1.3. Maximal prime ideals. McCoy defined a set g in a ring R to be 
an m-system if a,beS imply the existence of an element ze À such that 
azb e 8. The empty set is considered to be an m-system. He then defined 
the radical M(A) of an arbitrary ideal A in À to be the set of elements r 
such that every m-system containing r contains an element of A. McCoy 
proved ([15], Theorem 2) that the radical M(A) of an ideal A is the inter- 
section of the minimal prime divisors of A, thus achieving a successful 
generalization of the work of Krull [11]. Levitzki has sharpened this result 
by proving in [14] that M(A)/A is actually the lower radical in the sense 
of Baer [2] of R/A. | 

For commutative rings, Fuchs has characterized in [6] the structure of 
the intersection of all maximal prime ideals belonging to an arbitrary ideal. 
For non-commutative rings À satisfying the A. C. C. for ideals, we shall prove 
a result analogous to Fuchs’ theorem. 


Definition 1.7. Let P be a divisor of A, where A s4 R. P is a marimal 
prime ideal belonging to A-if (i) AP s4 A, and (ii) if Q is a proper divisor 
of P, then AQU =A. P is.a minimal prime ideal of A if P is a prime ideal, 
and if there exists no prime ideal Q such that A CQO CP. 


11 
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It should be observed that any ideal satisfying (i) and (ii) is necessarily 
a prime ideal, and consequently the definition is meaningful in the form in 
which we have stated it. | 

In order to conclude that A las at least one maximal prime ideal, it is 
enough to assume the A. ©. C. for ideals. Throughout this section we shall 
assume the A. C.C. for ideals. | | 


Definition 1.8. The join 8 of all ideals C such that A(C+ B)*+4A 
whenever AB~ =< A is called the adjoint ideal of A (compare Fuchs [6]). 


Since A(A+B)1— AATN AB R N AB*= AB", we see that 
AC 8. Until now we have spoken of the adjoint ideal only in connection 
with primal ideals. We shall prove that if A is a primal ideal with adjoint 
prime 8’, then S—= S. In fact if ce S, then (c)° is certainly not prime to A; 
hence (c) C S, and we,conclude that SCS’. Conversely, let AB+=4 A. 
Then A(S + B)* — A(S) A; hence 8’ C8. 


THEOREM 1.9. The adjoint ideal of À ts the intersection of all maximal ` 
prime tdeals of À. 


Proof. Let c be contained in the adjoint ideal S of A, and suppose that 
a maximal prime ideal P of A does not contain c. Then P + (c) is a proper 
divisor of P, and since AP*54 A, A(P + (c))*54A, contrary to our 
assumption that P is a maximal prime belonging to A. Conversely, let d be 
contained in every maximal prime of A, and let B be any ideal not prime to A. 
Then by the A.C.C. B is contained in a maximal prime, say P*, and 
B + (d) C P*; hence B + (d) is not prime to A. Thus (d) and hence d 
is contained in the adjoint ideal of A. 


By virtue of a remark of McCoy ([1b], page 829) any prime ideal con- 
taining A contains a minimal prime of A. Since the McCoy radical is the 
intersection of all the minimal primes of A, it follows from this remark and 
Theorem 1.9 that the adjoint ideal of A always contains the McCoy radical. 

We have defined the set of maximal primes ideals belonging to A inde- 
pendently of a particular representation of A by primal ideals. The next 
theorem shows the connection between maximal prime ideals and primal 
representations. 


THEOREM 1.10. Let A= N:--N Ga be a normal primal decom- 
postiton of A, with adjoint primes P,,:::,P, Then an ideal P ts a 
maximal prime ideal belonging to A if and only if P ts one of the P,. 


“ (o) is the principal ideal RoR generated by o. 


4 
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Proof. We shall prove first that the P, are maximal primes belonging 
to A. By Theorem 1.5, AP's A for each 4, and again by Theorem 1. 6, 
since the representation is reduced, each divisor of P, is prime to 4,1 StS n. 
Consequently the P, are maximal primes belonging to A. Conversely if P is 
any maximal prime belonging to A, then AP“*54A, and by Theorem 1. 8, 
P C P, for some ïi. From the maximality of P and the fact that. AP; 54 A, 
we conclude that P == P}. 


COROLLARY 1.11. A ts primal if and only sf A has exactly one masimal 
prime ideal. 


1.4 Associated prime ideals. In the additive ideal theory of commu- 
tative rings it is desirable to give a definition of the prime ideals “ associated ” 
with a given ideal, independently of the notion of primary ideal. Krull gave — 
such a definition for commutative rings in [9], and for non-commutative 
rings in [10]. We shall follow his methods in this section. 


Definition 1.9. The ideal I is a (right) tsolated component ideal 
(I. C. I.) of A if there exists an ideal B and an integer q >0 such that 
I = AB- = ABO ma + - 


We shall assume throughout this section that R satisfies the À. C.C. for 
ideals. If A is a given ideal, and B an arbitrary ideal, then we have in general 
AB" © AB*C---, and by the A. C. C. there exists an integer g such that 
AB- = ABI =- +--+; the I. C. I. AB is called the I. O. I. generated by B, 
and we shall denote it by I (4, B), or more simply, when it is clear from the 
context that A is the basic ideal in the discussion, by I(B). 


Definition 1.10. A prime ideal P is a (right) associated prime tdeal 
of A if (i) I(P) is a proper divisor of A, and (ii) I(P)7*4 CP. 


Lemma 1.12. Every maximal prime ideal P of A is a right associated 
prime ideal of A. | 


Proof. Since AP 54 A, I(P), which contains AP“, is a proper divisor 
of A. It remains to prove that [(P)“*A C P, that is, if C is an ideal such 
that I(P)CC A then CCP. Let D— AP; then D is a proper divisor 
of A, and DPC A. Since DCI(P), we have also DC C A. Combining 
these results we obtain D(P + C) C 4, and consequently A(P + C) A. 
Since P is a maximal prime of 4, P+ CC P,and we have C CP. 


Lemma 1.18. Every right associated prime of A 18’ contained in a 
maximal prime of À. | 
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Proof. This result follows immediately from the fact that if P is a right - 
associated prime of A, then APS A. 


From Lemmas 1.12 and 1.13 we obtain at once 


THEOREM 1.14. A prime ideal P is a maximal prime ideal of A tf and 
only if P is a maximal element in the inclusion-ordered set of right associated 
prime ideals of À. 


1.5. Primary ideals. In this section we assume that R satisfies the 
A.C. C. for ideals. 


Definition 1.11. An ideal Q is (right) primary if for arbitrary ideals 
A and B, ABC Q, À Œ Q implies Br C Q for some positive integer r. As 
usual “primary” means “right primary” from now on. If Q is primary 
then the ideal 


P= {4B | Br CQ for some positive integer r} 


is called the prime ideal belonging to Q, or simply the prime tdeal of Q. 

It is easy to verify that since Æ satisfies the A. C. C., the ideal P defined 
above actually is a prime ideal. 

If Q is primary, then Q is primal with adjoint prime P. The converse 
is false, as an example given in [5], page 2 indicates. 

Let A be an ideal which is a finite intersection 


(6) A=Q9°°°NQ: 


of primary ideals. Dilworth has observed ([3], Theorem 6.1) that the inter- 
section (6) can be refined by uniting those ideals Q, having the same prime, 
obtaining an expression for A as an irredundant intersection @,* N : © - N Om* 
. of primary ideals Q,*, where Q,* N Q;* is not primary if +5<j7. Such an 
intersection we shall call a shortest representation of A by primary ideals, 
or more briefly, a S. R of A. Dilworth’s result also states that for any S. R. 
of A, the primes and the number of primary ideals are uniquely determined. 
These results have also been announced by Murdoch [16]. 

Let A =Q, N: NQ; be a S.R. of A by primary ideals Q; with 
primes P; Consider a subset S of the set {P,;} having the property that if 
P,e 8, then P,C P; implies P;e 8. The intersection of the primary ideals 
belonging to the primes in § is called a Noether isolated component of A. 

The methods of Krull [9] lead directly to a proof of the next result. 


THEOREM 1.15. Jf B ts an ideal, then AB == AB if and only if 
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A, = AB" ts the ring R or a Noether isolated component of A appearing in | 
every S. R. of A. Furthermore, if A, is any Noether isolated component of A, 
there exists an ideal B such that. A, == AB", 


COROLLARY 1.16. A, ts a right isolated component ideal of A tf and 
only if A, ts a Noether isolated component of A. 


The following theorem is an application of Theorem 1.15 and the 
methods of Krull [9]. .Since the previous theorem can be proved indepen- 
dently of Theorem 6.1 of [3], Part (b) of the next result (which is an 
immediate corollary of Part (a)) gives an alternative approach to Theorem 
6.1 of [3]. 


THEoREM 1.17. 

(a) The set of right associated primes of À is identical with the set of 
prime ideals belonging to the primary deals in every 8. R. of A. 

(b) The number of primary ideals in a S.R. of A and the primes 
belonging to them are uniquely determined. 


(c) The Noether isolated components of A are uniquely determined by 
their associated primes. 


1.6. On the powers of an ideal. Let F be a ring satisfying the A. ©. C. - 
for right ideals, and having the property that every ideal in R is an inter- 
section of a finite number of primary ideals. If A is an ideal in R, let 


A” =) At, The first part of the proof of Satz 1 of [12] can be transferred 
to a ras satisfying the above hypotheses, proving 

LEMMA 1.18. A%d == A”, 

Taror» 1.19.. If J is the Jacobson radical of R then J* =Q. 

Proof. Lemma 1. 18 and a result of Jacobson [8, Theorem 10]. 


Part 2. On Some Examples. 


2.1. We shall say that R has a Noetherian ideal theory if i) R satisfies 
the A. C. C., and ii) every ideal in R is an intersection of a finite number of 
(right) primary ideals. The following example, mentioned in the intro- 
duction, shows that not every ring with A. C. C. has a Noetherian ideal theory. 
Let K be the field of rational numbers, and let R be the algebra over K with 
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basis elements 6, ea n and the multiplication table 6? mn ej, 4 men 1,2: n? = 0; 
Pa ed ee 0; hn m neg =N; en=ne—=0. A PE ea deter- 
mination of the ideals in R leads to a verification of the fact that the zero 
ideal of R is neither primary nor an intersection of primary ideals. 

In view of this example and the fact that the results of 1.5 and 1.6 
are valid for rings with a Noetherian ideal theory, it is important to consider 
examples of rings having.a Noetherian ideal theory. It follows easily from 
the fundamental homomorphism theorem that-if À has a Noetherian ideal 
theory, so has any homomorphic image of #. Another class of examples is 
furnished by finite matrix rings over rings with a Noetherian ideal theory. 


From the results of Fitting [4] it follows directly that if R is a ring 

satisfying the A.C.C. for ideals, and having the property that every right 

or left ideal is a two-sided ideal, then À has a Noetherian ideal ee This 
class of rings contains all Noetherian rings.!° 


. Let R be a ring with A. C. C. for ideals, satisfying the conditions that 
if P is-a prime ideal in À, different from the zero ideal, then P is maximal. 
and if P, and Pz are prime ideals in R, then P,P: = PaP.. We shall apply 
the theory of primal ideals to prove that R has a Noetherian ideal theory. 
It is sufficient to prove that if A is an ideal in R (possibly the zero ideal), 
then A is a finite intersection of primary ideals. Let A =Q N N Qha 
be a representation of A by primal ideals Q, with adjoint prime ideals P4 
We shall prove that each Q; is primary. In fact, consider Q,. Let P, be a 
minimal prime ideal of Q,. Since the prime ideals commute, it follows from 
[10], Theorem 6 that Q,P,*54 Qı, and hence A, C Py. Hither P, == 0 and 
hence A = 0, which shows that A is prime, or P, — P,. In the latter case 
Qı has the unique maximal and minimal prime P,, and it follows that Q, 
is primary. Similarly the ideals Q2,---,Q, are primary. Examples of rings 
of this type are non-commutative principal ideal rings, and more generally, 
orders satisfying the axioms of Asano." 

We shall digress for a moment to consider other types of ideals related 
to primary ideals. We say that Q is strongly right primary if abe Q, a Q 
imply b"e Q for some positive integer r. 

In the commutative case, this definition coincides with Definition ITI 
given by E. Noether in [17], while our Definition 1.11 coincides with 
Definition IIIa of B. Noether. For commutative rings the two definitions 


*9 A Noetherian ring is a commutative ring with unit element, satisfying the 
A.C. CO. for ‘ideals. 
12 Of. [7], Chapters III and VI. 
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are equivalent if R satisfies the A. C. C., but this is no longer true for non- 
commutative rings. 

Let R satisfy the A.C.C. for right ideals. If Q is strongly primary, 
then Q is primary, and we shall give an example to show that the converse 
is false. Let Q be strongly primary, and suppose AB <Q, 4 £Q, where 
A,B are ideals in R. By definition B/Q is a nil ideal in the ring B/Q, 
which also satisfies the A. C. C. for right ideals. By a result of Levitzki [13] 
every nil ideal in X/Q is nilpotent, and this proves that Q is primary. For 
the example, let D be a finite dimensional central simple algebra, and let 
R == D,, the ring of n by n matrices with coefficients in D, for n> 1. Risa 
simple algebra, and its zero ideal is prime, and a fortiori primary. It is easy 
to find zero divisors in À. 

Murdoch [16] has defined an ideal Q to be primary if aRbCQ,afQ 
implies be M(Q), where M(@) is the McCoy radical of Q. We shall prove 
that for rings satisfying the maximum condition for right ideals, Murdoch’s 
definition is equivalent to Definition 1.11. In fact, let Q be primary 
according to 1.11, and let aRb CQ, where af Q. It follows that the ideal 
RDR is nilpotent modulo Q; hence RbE C M(Q), and be M(Q), since H(Q) 
is a radical ideal. Conversely let Q be primary in the sense of Murdoch, and 
let AB CQ, AC Q where A and B are ideals. It follows that B is a nil 
ideal modulo Q, and by Levitzki’s result again, B is nilpotent modulo Q. 


2.2. Let S be a simple ring with unit element. Then it is well known 
that the center & of 8 is a field, and S is a central simple algebra over ©. 
Let S[X:,---,X,], or more briefly S[X], denote the algebra over & of 
polynomials in n indeterminates X,, where we assume that the indeterminates 
are commutative with one another and with the elements of 8. With the 
same assumptions concerning the X, let S{X,,---,2X,}, or more briefly 
S{X}, denote the algebra over $ of formal power series in the variables X;. 
Let R be either S[X] or S{X}. In this section we shall prove that if either 
R— S[X] and 8 is arbitrary, or if R— S{X} and (S:)<o, then R has 
a Noetherian ideal theory. 

Let M be the monomial basis for E, that is M consists of all monomials 
XXe: - - Xa” where the e are non-negative integers. Let fe KR. Then 
f can be written uniquely in the form f = Sa(m}m, a(m) e8,meM, where 
a(m) is always a finitely valued function if R==C[X], and a(m) is an 
arbitrary function if R= S{X}. Let B= (b,c,- - -) be a basis for S over 
$. Then a(m) can be written uniquely as a(m) == SA(m, b)b, A(m, b) e 4, 
where the functions A(m, b) are b-finitely valued, that is the matrix (A(m,b)) 
is row finite. We have 


b 
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(D) . f = En (ZA (mM, b)b)m — Em, bA (M, b) bm 
uniquely, and conversely if (a(n,c)) is any row finite matrix on M X B 


to D, g—Zu(n,c)cn is an element of R. Let be=Xeé(b,c,d)d, and ` 


mn = Xpn(m,n,p)p (for each b,c, £(b,c,d) is d-finitely valued, and for 
each m,n, n(m, n, p) is p—1-valued.) Then ! 
(2) fg — (3A(m,b)bm) (3u(n, cen) 
== 2X Am, b) p(n, c)é(b, c, d)n(m, n, p) dp, 
(m,n,b,0,4,p) | 


where the matrix 
(9 (p, d) ) = ( et NM b)u(n, c)é(b, C, d) (m, ny, p)) 


is row finite. 

Now consider the vector space V over ® of all mappings on the product 
set BX M—>®. If b Q m is the mapping which assigns 1 to the pair (b, m) 
and zero to everything else, then every element z of V can be expressed 
uniquely in the form 


(3) > a == SA(m,b)b Q m. 
The scalar multiplication, of course, is given by 
(4) | ar == ZA (m, b)b Q m, a € D. 


Consider the subspace W of V consisting of all vectors: (3) for which (A(m,b)). 
is a row finite matrix. If we define a multiplication in W by means of (2), 
then with respect to (2) and (4), W is an algebra over &. 

Let us assume that some b is the unit element 1 of S. Then the sub- 
algebra of W consisting of all vectors SA(1, m)1@ m, where A(1, m) is 
always m-finitely valued or m-infinitely valued depending upon. whether R 
is a polynomial or a power series algebra, is isomorphic to ®[X] or &{X} 
respectively, and we shall denote it by 1 Q [xX] (resp. 1 & &{X}.) 
Similarly the set of vectors 3A(b,1)8 & 1, where 1 == X,°X,°- - -X,°, and 
where A(b, 1) is always b-finitely valued, forms a subalgebra of W isomorphic 
to 8, which we shall denote by S @ 1. The algebra W* generated by finite 
sums of products of elements from 1 Q &{X} and S Q 1 does not equal W 
unless § is finite dimensional, but in the polynomial case W* — W without 
any restriction on 8: 

In the polynomial case W is simply the Kronecker product of the algebras 
8 and [X], but in the power series case, when (S:6)<0, W is some sort 
of a generalized Kronecker product. Let D—[X] or ®{X} depending 
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upon whether R == S[X] or S{X}. Then we shall write W == 8 @ D, and 
call it the Kronecker product # of S and D. 
From (1), (2), (8), and (4) we see that the mapping 


(5) ZA (6, m)bm— 3A\(b, m)b Q m 
is an isomorphism of R onto 8 Q. D. We require now the following result. 


THEOREM. If U is an ideal in D, then S QU ts an ideal in 8 @ D, 
. and the mapping U — 8 Q U is a lattice isomorphism of the lattice of ideals ’ 
of D onto the lattice of ideals of S Q D, provided either (S:&8)<o or 
D = &[X]. 


- In the polynomial case, where S @ D is the usual Kronecker product, 
the result was proved by Nakayama and Azumaya [1]. When (S:#)<o, 
the following observation and method used by Jacobson ** in proving the 
theorem of Nakayama and Azumaya, leads to a proof for the power series 
case. The essential point in Jacobson’s proof is that if ve S Q D, then v 


can be expressed as a finite sum v= Sa Q fones, fie D, where the & are 


- linearly independent in 8S. From our nul ne this can be done if and 
only if (8: d)<0. 

It the conditions of the theorem hold, then it is easy to verify that if A 
and B are ideals in D, then 


(6) 8 4AB = (8 @ 4) (8 @ B). 


From the Theorem and (6) it follows that if Q is a primary ideal in D, then 
S @ Q is primary in S Q D. Since D is a Noetherian ring, the theorem 
impiles that S @ D has a Noetherian ideal theory, and finally, from (5), 
since R is isomorphic to 8 @ D, we conclude that-R has a Noetherian ideal 
theory. | 


UNIVERSITY OF WISCONSIN, 


13 Tt is not difficult to show that the structure of W is independent of the particular 
bases we have chosen for 8 and D. 

38 Cf. Theorem 3, Chapter VI, of a book on the structure theory of rings, to appear 
in the Annals of Mathematics Studies. | 


700 CHARLES W. CURTIS. 


REFERENCES. 





[11 G. Azumaya and T. Nakayama, “On irreducible ds ” Annals of Mathematics, 
vol. 48 (1947), pp. 949-065. 

[2] R. Baer, “ Radical ideals,” American Journal of M a ae vol. 65° (1943), 
pp. 637-568. 

[3] R. Dilworth, “ Non-commutative residuated lattices,” Transactions of the American 

i Afathematioal Society, vol. 46 (1939), pp. 426-444. 

[4] H. Fitting, “ Primairkomponentenzerlegung in nichtkommutativen Ringe,” Mathe- 
matische Annalen, vol. 111 (1935), pp. 19-41. 

[5] L. Fuchs, “ On primal ideals,” Proceedings of the American Mathematical Society, 
vol..1 (1950), pp. 1-8. 

[6] L. Fuchs, “On a special property of the principal components of an ideal,” Det 
Kongelige Norske Videnskabers Selskab, vol. XXII (1950), pp. 28-30. 

[7] N. Jacobson, “The theory of rings,’ Mathematical Surveys, Number 2, 1943. 

[8] , “ The radical and semi-simplicity for arbitrary rings,” American Journal 
of Mathematios, vol. 67 (1945), pp. 300-320. 


[9] W. Krull, “ Ein never Beweis für die Hauptsitze der allgemeinen Idealtheorie,” 
Mathematische Annalen, vol. 90 (1923), pp. 55. 














[10] , “Zweiseitige Ideale in nichtkommutativen Bereichen,” Mathematische 
Zettsohrtft, vol. 28 (1928), pp. 481-503. 

[Il] , “ Idealtheorie in Ringen ohne Endlichkeitsbedingung,” Mathematische 
Annalen, vol, 101 (1929), pp. 729-744. 

[12] , “ Dimensiontheorie in den Stellenringen,” Journal für dte Reine und Ange- 


wandte: Mathematik, vol. 179 (1938), pp. 204-226. 
[13] J. Levitzki, “ On multiplicative systems,” Oompositio Mathematioa, vol. 8 (1950), 
pp. 76-80. 
, “ Prime ideals and the lower radical,” to appear in the American Journal 
of Mathematics. 
[15] N. H. McCoy, “ Prime ideals in general rings,” American Journal of Mathematics, 
vol. 71 (1948), pp. 823-833. 
[16] D. Murdoch, “Intersections of primary ideals in a non-commutative ring,” 
Bulletin of the American Mathematical Society, vol. 56 (1950), Abstract 
456. 
[17] E. Noether, “Idealtheorie in perce Mathematische Annalen, vol. 83 
(1921), pp. 24-66. 





[14] 


` 


TWO DECOMPOSITION THEOREMS FOR A CLASS OF FINITE 
ORIENTED GRAPHS.* 


By R. Duncan Luoe. 


1. Introduction The object of study in this paper is the-class of finite 
oriented graphs which are subject to the conditions: 


i. at most two branches exist between any pair of nodes (vertices), and 


ii. whenever two branches do exist between a pair of nodes they shall 
have the opposite orientation. 


Such a system will be called a network. The justification for introducing 
this word is its wide use in those applied sciences where oriented graphs of 
this type are playing an important role; for example: electrical networks, 
sociometric networks or diagrams, abstract programs for digital computers, 
and the neural networks of mathematical biology. 

It is convenient to give a self-contained definition: A network N of order 
misa system composed of two sets M and P, M being a finite non-empty set 
of m elements called the nodes of N and P a prescribed subset of the set of 
all ordered pairs of nodes. The members of P (i. e. the oriented branches) are 
called the links of N. The number of links of a network N will be denoted 
by p(N), or simply by p when no ambiguity can arise. To indicate that N 
is of order m and has p links we shall write N — N (m, p). Lower case Latin 
letters such as a b,c,’ : : will be used for nodes, and bracketed ordered pairs 
(ab), (ca), + : to denote links. If (ab) is a link, the first node, a, will be 
called the initial node and the second, b, the end node of the link. 


* Received October 2, 1951. 

1 Several of the concepts defined in the introduction have been assigned terms by 
D. König, Theorie der Hndlichen und Unendlichen Graphen, New York, Chelsea Pub- 
lishing Co., 1960. A brief glossary with page references to König is presented: 


node == Knotenpunkt, p. 1 

link == Gerichtete Kante, p. 4 
disjoint = Fremd, p. 3 

are of a network = Zweifache Kante, p. 93 

link of the form (aa) = Schlinge, p. 3 

non-reflexive graph == Graph im engeren Sinn, p. 4 
circuit = Zyklus, p. 29 


chain which is not a circuit = Bahn, p. 30. 
| 701 
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A subnetwork N’ of a network N is a subset M’ of the nodes, M, of N, 
with P’ taken to be some subset (not necessarily proper) of those links of N 
which are definable on M’. If M’ = M, we shall say the subnetwork is complete. 
Two subnetworks of a given network are Tom if they have no nodes, ome 
therefore no links, in common. 

Hach network is obviously a binary relation over a finite set, its nodes, 
and conversely every binary relation over a finite set can be interpreted as a 
network. This allows us to present all examples ag relation matrices with 
entries 0 and 1 from the two element Boolean algebra. Furthermore, this 
suggests that if N and N’ are two networks over the same (or isomorphic) 
set of nodes M, then by N — N’ we shall mean the complete subnetwork of N- 
having those links of N which are not links of M. If N’ is a subnetwork 
of N, and if N’ has the set of links P’, then by the network formed from NV 
by the removal of the links P’, we mean N — M. If WN’ has but one link, 
(ab), of N, then we shall write N — N’ == N — (ab). 

We shall call a network non-reflexive if there are no links of the form (aa). 

In case both the links (ab) and (ba) are present in a network, we shall 
say that an arc ab exists between a and b, the arc consisting of this pair of 
links, each of which will be said to be a member of the are. This terminology 
is justified by the fact that when every link is a member of an arc the network 
is isomorphic (in the obvious sense of the word) to a graph without 2-circuits, 
to use a term of Whitney *; this is what we shall mean by saying that a network 
ts a graph. Observe that the arcs of a network N are not the same as the 
branches (or arcs) of the graph which is oriented to form N. A link of the 
form (aa) is always the arc aa. 

A (connected and oriented) g-chain from a to b is a set of g links of the 
form (acı), (¢:¢2),° * *, (Cq-2Cex), (Ca-1b), such that no node appears more 
than once, except in the case a == b where a appears ‘twice. Any q-chain from 
a to b will be denoted by (ab, q). Observe that (ab,1) = (ab). If c is a node 
included in a g-chain from a to b, then we may subdivide the chain into the 
“product” of two chains, one from a to c, and the other from c to b, i. e., 
(ab, g) = (ac, g') (b, g— g’), d <q 

An (oriented) circuit is a chain of the form (aa, ay A circuit of two 
links is an are and conversely. 


A network is connected if there exists a chain from each node to every 
other node. A network which is not connected is disconnected. When N is 


* Whitney, H., “ Non-separable and planar graphs,” Transactions of the American 
Mathematical Soctety, vol. 84 (1932), p. 339. - 
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treated as an oriented graph, connectednéss is defined topologically; our defi- 
nition implies topological connectedness but is not implied by it. However, 
as applied to networks which are graphs, the two definitions are equivalent. 


2. A decomposition theorem for arbitrary networks. In this section 
we sball give four related definitions for networks of order m which will 
depend on the integers k between 0 and m. ` These definitions will be used in 
their full generality in Theorem 2..4, which shows that, in a certain sense, 
we need only consider the definitions in the case k== 1. Consequently the 
rest of the paper will be, for the most part, devoted to that special case. 

First we need a measure of how easily a connected network is disconnected 
by the removal of links. We shall say a network is of degree 0 if it is not 
connected. A network is of degree k, 1< k = m, if there exists a set of k 
distinct links whose removal from the network will result in a complete sub- 
network of degree 0, while the removal of any set of q < k links results in a 
complete connected subnetwork. The degree of a network is unique. 


Lemma 2.1. If N(m,p) is a network of degree k, then p = km. 


Proof. It will obviously suffice to show that each node is the initial node 
of at least & links. This is true, for if not, then the removal of the links for 
which such a node is the initial node will disconnect N. This contradicts 
the assumption that the degree is k. 


In addition to the concept of degree, we need a condition implying that 
there is an even distribution of connectedness throughout the network ; roughly, 
that the degree of any connected subnetwork is not greater than that of the 
network itself. That this is not always the case is evidenced by any graph 
formed of an m — 2 simplex, m = 4, and a single node joined by a single arc to 
one of the nodes of the simplex. . The network is of degree 1, and the simplex, 
which is a connected subnetwork, is of degree m — 2 = 2. A definition which 
will suffice is the following. A network is said to be k-minimal, 1 < k = m, 
if the removal of any link results in a complete subnetwork of degree k — 1. 
The existence of such networks is proved in Lemma 2.3. A network is 
k-umform if every connected subnetwork is of degree =k. If a network is 
l-uniform and connected we say it is uniform. 


Lemma 2.2. If N is a k-minimal network with k= 2, then N is k- 
uniform and of degree k. | 


* This definition of degree has no relation to the Grad defined by Kunig, op. cit., p. 3. 
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Proof. Let S be any connected subnetwork of N, and suppose it has 
degree d. Let (ab)e S. N — (ab) = N” is of degree k — 1, so in N’ there 
exists a set U of k —1 = 1 links, whose removal from WN’ results in a complete 
disconnected subnetwork, N”. If in N” there is a chain from a to b, we may 
replace (ab) and still have a disconnected network N* which is formed from 
N by removing the links of U. In that case, the removal of any (cd) eU 
from N results in a complete subnetwork of degree k—2 = 0, since k = 2. 
This is contrary to the assumption that N is k-minimal, so there is no chain 
from a to b. Thus, the removal of no more than k links, those of U which 
are in § and (ab), from 9, implies a is not connected to b by any chain. It 
follows that d= k. 


Specifically, N has degree d = k. If d < k— 1, then, since the removal 
of any link results in a complete subnetwork of degree k — 1, it follows that 
d = k— 1. Let U be a set of & — 1 links whose removal from N results in a 
complete disconnected subnetwork. U is non-empty since k= 2. Remove 
(ab) eU from N. The resulting network is, by definition, of degree k —1; 
however, the remaining k — 2 links of U disconnect N — (ab). Hence d = k. 

We note that the above argument does not apply for k == 1; in fact, any 
disconnected network is 1-minimal, since the removal of any link results in a 
complete subnetwork of degree 0. But some networks are both connected and 
1-minimal ; these we shall call minimal. A minimal network is clearly non- 
reflexive and uniform. | 


Lamma 2.3. If N 18 a network of degree k = 1, then for every integer q, 
1Sq=k, there exists a complete connected subnetwork of N which is 
q-minimal. : 


Proof. Let C, be the set of all complete connected subnetworks of N 
having degree q. Since N is finite and q = k, it is obvious that C, is non- 
empty. Let 

Pa = max p(N — N’). 
N'eCe 

Since N is finite, there exists some N,eC, such that p(N — Ng) = Po 
N, is, by choice, connected. Hence it will suffice to show that N, is q-minimal. 
Suppose the removal of some link does not result in a complete subnetwork 
of degree q—-1. Then, since the removal of one link cannot lower the degree 
by more than 1, the resulting network N’ has degree q. Thus N’ eC, and 
p(N —N,) < p(N—N’) < p, which is contrary to choice. 

A complete connected subnetwork N’ of N such that, in the terms of the 
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above proof, p(N — N’) — po, is called a g-descendant of N. If N, and N’, 

are two g-descendants of a network N, then p(N,) == p(N’,). It is clear that 

every connected network has at least one 1-descendant, but this is not generally 

true for g > 1. Because of their importance the 1-descendants will be called 

simply descendants. It is clear that a descendant is minimal. 

A network N will be called the sum of complete subnetworks Mi, 

"+ 

41,2, --,t, and written N = $ N, if each link of N is contained in 
4=1 

exactly one of the Ni. 


THEOREM 2.4 (first decomposition theorem). To every network N there 
exists a unique number k, its degree, and at least one set of k + 1 complete 
1-minimal subnetworks, Ny, such that | 

i N=} Mi, 
4-1 ' 
ii. Npn ts disconnected, 


iii. tf k= 1, then N, ts minimal, 


Jar 
jv. SN, ts a j-descendant of > N, 1S1 5k, 
i= 41 


- and 


v. the connected subneiworks of the Ny 154 5 k, are minimal, and 
so these networks N, are 1-uniform. 


Proof. By definition there is a unique degree k assigned to every network. 
If k = 0, then N is not connected and we are done. If k > 0, select, according 
to Lemma 2.3, a k-descendant N’, of N, and define Nyin N— Ne Nea 
‘ig not connected ; for if so, N is the sum of two complete subnetworks having, 
respectively, degree k (Lemma 2.2) and degree = 1. This, we will show, 
implies that N has degree = k + 1, which is contrary to assumption. 


To show this we prove the slightly more general statement: If 
N — N, 4- Ne, and these networks have degrees k, kı, and k: respectively, 
then k= kı + ke} For, by definition, there exists a set U having k links, 
such that their removal from N results in a complete disconnected subnetwork 
N’, and this is not true for any smaller set. Of these & links, let u, be in Nj, 
and uin Ny. By the definition of a sum, k == u, + ug. Furthermore, u, = hy, 
since we may remove from Ñ first the links of U and then the remaining links 
of Na. This complete subnetwork, which obviously is W, minus u, links, . 
is disconnected, so uk. Similarly, ug = ka, whence the result. 

In the network NV’; select a (k —1)-descendant, N’,:, and let Ny = WN’, 
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— NN’, Ny is 1-minimal, for if (ab)e Nr, let N*,—=N’%,— (ab). Then, 
by the definition of k-minimal, N*, is of degree k—1. But since N*, con- 
tains N’;1, the latter is a (k-—1)-descendant of the former. Then the 
argument given above shows that N*, — Ni = Ne — (ab) is not connected. 

The argument proceeds inductively without difficulty, since the last argu- 
ment is independent of k. When we get to the case V'a N°, — WN, is a 
descendant of N’, and thus is minimal rather than simply 1-minimal. 

Condition (iv) is satisfied by our choice of the Ni. 

Finally, the connected subnetworks of N; 2 S} < k are minimal. For 
suppose $ is a connected subnetwork of N; such that S— (ab) is a connected 
subnetwork of 8. Let N*;=-N’;— (ab). Since N’, is j-minimal, N*, is of 
degree 7 — 1, so there exists a set of j — 1 links whose. removal from N*, will | 
result in a complete disconnected subnetwork. At least one of these links is 
in $, since there exists, in S, a chain (ab, g) =£ (ab). Thus there are at most 
j—2 = 0 of these links not in NW, so that the removal of at most j — 2 links 
from the descendant W”,, results in a complete disconnected subnetwork. This 
is in contradiction to Lemma 2.3 which shows that N’;, is (7 — 1)-minimal.’ 
Thus § is minimal. If k= 1, N, is minimal, and therefore the connected 
subnetworks are minimal. It follows immediately that these N, are 1-uniform. 

In the sense of this theorem, the study of an arbitrary network has been 
reduced to the study of a collection of 1-minimal networks. These 1-minimal 
networks are either connected, and so minimal, or disconnected. But a dis- 
connected network consists of isolated nodes, isolated chains, and connected 
pieces. For k of the subnetworks, part (v) shows that the connected pieces 
are minimal. If the theorem is applied repeatedly to the connected pieces of 
Niu, it may, in the same sense, be reduced to isolated nodes, isolated chains, 
and minimal subnetworks. Thus we may say that, in a sense, the study of 
any network may be reduced to the stady of minimal networks. This 
exaggerates the present state of the art, since we do not know whether this 
decomposition is sufficiently strong to allow general conclusions about net- 
works, or even k-minimal networks, from a knowledge of minimal networks. . 
In fact, an important unsolved problem is the relationship between two 
distinct decompositions of this type for a given network. +5 two distinct 
decompositions may exist is shown by: 


01000 00000 (01000 00000 01000 
00101 ‘| 00000 00101 00100 00001 | 
01010! == |01000] + |00010! == | 00010! + |01000 | - 
01100 00100 01000 01000)  |00100 
10010 00010 10000 00000 | 10010 
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On the basis of the preceding remarks we are led to devote the rest of 
this paper to beginning a study of minimal networks. Section 3 includes a 
decomposition of any minimal network and the deduction of several properties 
of minimal networks. These properties are used in section 4 to draw some 
conclusions about arbitrary connected networks. In section 5 we discuss the 
relationships between several of our concepts and that of a tree in graph 
theory. Finally, in the last section, we present an interesting inequality, and, 
from this, define a subclass of minimal networks, the members of which are 
shown to have a ARCS simple form. 


3 A decomposition theorem for minimal networks. This.section pre- 
sents a decomposition theorem for any minimal network, which may be used 
to show that there exists a close connection between the concept of a minimal 
network and the concept of a tree in graph theory. We note first that a net- 
work which is a tree is minimal. However, the class of minimal networks is 
much wider than that, for we know that every connected network has a 
descendant, which is minimal, and we have 


Lemma 3.1. If N is a connected network and T a descendant of N, 
then T is a tree only if T =N. 


Proof. If T is a tree and T £N, then T must have been formed from 
N by the removal of at least one link. Reintroduce one of these, say (ab), 
into T. This must introduce an oriented circuit on at least three nodes, since 
T is connected; let it be (ab) (bc;) - > + (Cea). Since this circuit is on three 
or more nodes, and the links of T are members of arcs, it follows that 
(ab, q) = (acq) (Caca) * © + (b), q È 2, exists. Because of the existence 
of the circuit, this chain may be removed to result in the complete connected 
subnetwork N’. Now since q È 2, p(N—N')> p(N—T), so T is not a 
descendant of N, which is contrary to assumption. 


To carry further the work of this section we need two more definitions. 
First, a network is a compound cireuit of order 1 if it is simply a non-reflexive 
oriented circuit on its nodes; assuming a compound circuit of order s—1 
defined, a compound circuit of order s is formed from one of order s — 1 by 
replacing some node c of that network by a non-reflexive circuit C, each link 
of the form (ac) by one and only one link of the form (ac’) where c’ eC, 
and each link of the form (ca) by one and only one link of the form (ca), 
c’eC. We shall refer to this as an inductive composition of a compound 
circuit. Obviously any compound circuit is connected; furthermore, we have 


12 
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__ Lemma 3.2. If N(m,p) ts a compound circuit of order s, then 
s= p—m +1; i.e, if N is formed by orienting the graph G, 8 is the first 
Betti number of G.* 


Proof. Let N be formed by the inductive composition of the circuits C4, | 
i= 1,2, ‘+, 8, in their natural order, and suppose each C; has m, nodes 
‘and hence the same number of links. It follows by a simple induction that 


m = m, — 1 + m — 1 +: j + My m Zm — (3 — 1) 


and p =— Sp, — 3m, so that s = p—m + 1. Itis well known that p— m +1 
is the first Betti number p any connected graph having p branches and m 
nodes. 
A connected network N will be said to be reducible into subnetworks W: 
and N, if: 
i. N, and N3 are disjoint, 
ii. NW, and NW, are each either connected or consist of a single node, 
iii. there exists a network N’, formed of N, and N, joined by exactly 
one link from N, to N, and exactly one from NW, to N,, such that 
N’ =N. 


If a connected network is not reducible it is called irreductible, 


THEOREM 8.8. À connected network which is a graph ts reducible if 
and only tf tt is of degree 1. 


Proof. It is clear that any reducible network is of degree 1, since we 
may disconnect it by removing either of the links joining the disjoint sub- 
networks. 


Let N be a graph of degree 1 and (ab) a link such that N — (ab) = N’ 
is disconnected. Evidently, in W” there is no chain from æ to b. Define M, 
to consist of b and any nodes b’ such that there is a chain from b’ to b in N’. 
Let Ma == M— My. Clearly, ae Ma. For any a e Ma, a'a, there exists 
in V’ a chain from a to a’. If not, then, since N is connected, any chain in 
N from a to a’ must contain the link (ab), and at least one such chain exists. 
Since the node a can appear only one, this chain must be-of the form 
(aa’,q) — (ab) (ba, q — 1), and (ba’,g—1) does not contain a. But N is a 
graph, so (ba’,qg—1) implies the existence of a chain (a'b, q — 1) which 
does not contain (ab). This, then, is a chain in N’, and so a’ e My, which is 


‘König, ibid., first Betti number = Zusammenhangsrahl, p. 63; Whitney, op. oit., 
first Betti number = nullity, p. 340. 
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contrary to choice. Thus we know a chain exists in N” from a toa’. Since 
N is a graph, this implies that the largest subnetworks of N defined on M, 
and M, are each either connected or consist of a single node. Now, if ae M, 
and b’ e M, where a’b<a or b’ 54}, then there exists no link of the form 
(a’b’), for otherwise there would be a chain from a to bin N’. Since N is a 
graph, it follows that there are no links of the form (b’a’). Thus N is 
reducible. 
The following is Our Nr eal: 


THEOREM 3. 4 (second decomposition ieran): To any minimal network 
N, which is not a tree, there exist integers t = 1 and y = 0, such that N con- 
sists of t disjoint irreducible compound circuits Ou t==1,2,:--,t, and 
y nodes Oun t== 1,2,- + + ,y, not included in the Ci, 1 Si t, subject to 
the conditions: 


i. there exists at most one link from any C; to any Cj, cag qj, 14, 
jsi+y; | 
li. no arc ts contained in any of the Ci, 1=1<t; 


iii, the network formed by treating the Ci, 1 << t, as nodes, all other 
nodes and links rematming unchanged, is a tree, or, tf t — 1 and 
y == 0, a single node. 


Proof. This proof will be carried out in two stages. First we shall show 
that if N is a minimal network in which there exists an arc ab, then N is 
reducible into two subnetworks joined only by ab. Since N is minimal, it is 
non-reflexive, so that a5<b. Define the set of nodes M, to consist of a and 
any other nodes, a’, of N such that there exists a chain from a to @ which 
does not include the link (ab). Let M, — M — M.. beM,, for if not, then. 
be Ma, and so there exists (ab,q) not including (ab). Then N — (ab) isa 
connected subnetwork of NV; this Violates the condition that N is minimal. 


We shall now show some Toc N must satisfy which will lead 
ultimately to a proof of the statement: 


1. If a e My, a’ FÆ a, there exists a chain from a’-to a not including the 
link (ba). Clearly some chain exists from a’ to a,. since N is connected. ~ If 
all such chains include (ba), then, since.the node a may only appear once, — 
each of them may be written in the form (a'a, q) = (a'b, q — 1) (ba). More- 
ôver, (a'b, q— 1) does not include (ab) since a’ £a. Now, by the definition 
of Me, there exists a chain (aa’,w) which does not include (ab), so that 
(aa’, 2) (a'b, q — 1) does not include (ab). This i is contrary to the assumption 
that N is minimal. | | | | 
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2. Let b&b. b’e M, if and only if there exists a chain from b to 0’ 
which does not include the link (ba). Suppose first that b’e My. Since N 
is connected, there exists at least one chain from b to b. Suppose each 
(bb’,q) contains (ba). Then, since each node may appear only once, 
(bb’, q) == (ba) (ab’,g—1). If (ab’,g—1) does not contain (ab), then, 
by definition, b’ e Ma, which is impossible. But (ab”,qg-—1) cannot contain 
(ab), for if it did, then (bb”,g) would not be a chain. Hence (bb’, q) does 
not contain (ba). 

Conversely, suppose there exists a hn from 6 to b’ not including (ba). 
If b’ e Ma, there exists, by 1, a chain from b’ to a not including (ba) ; these 
two combine into a chain from} to a not including (ba), which is contrary 
to N being minimal. | 


3. If b’e My, b 5, there exists (bb, p soi including (ab). We may 
parallel the proof of property 1 by replacing the words “ definition of M,” 
by cé property a. 33 

4, If a’e M,, b’ © My, and either aA a’ or b£ 5’, then no link of the 
form (a’b’) exists. Suppose such a link does indeed exist. Then, by the 
definition of Ma, there exists a chain (aa’,q) which does not include (ab), 
and, by property 3, a chain (b’b,r) which does not include (ab). Thus the 
chain (aa’, q) (eb) of r) does not include (ab), since (a’b’) =Æ (ab), which 
is impossible. 


5. Under the same conditions as in 4, there is no link of the form (b’a’). 
The argument is exactly parallel to that of 4, using properties 1 and 2. 


It thus follows that the maximal subnetworks of N on the sets M, and 
M, are each either connected and minimal, or consist of a single node. From 
4 and 5, one concludes that the subnetworks are joined only by the arc ab. 
This exhausts N, and the result is proved. 

Since an arbitrary network has a finite number of arcs, it follows from 
a finite number of applications of the above result that a minimal network 
which is not a tree consists of a set of & = 1 disjoint arc-free minimal sub- 
networks C4, t==1,2,---,, and y = 0 nodes Oru, t= 1,2,- + 4’, not 
included in the C4, 1+ t’, such that: | 

i. any link not in a (11 1, is a member of an arc; 
li. there exists at most one arc between any Ci and Cy, +344, 1S4, 
JSP +y; 
iii. the network formed by treating the C,, 1 Si: t’, as nodes, isa tree; 
iv. the decomposition is unique. 
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By virtue of this decomposition, the problem is reduced to examining the 
case of an arc-free minimal network. We show: An arc-free minimal network 
consists of t” = 1 disjoint irreducible compound circuits Ch, t == 1, 2,- -3 t”, 
and y” = 0 nodes Oue, t= 1,2,- - +, y”, not included in the O, 1 S15 t”, 
such that: 


i. there exists at most one link from any C; to any Cp t} 1 S14, 
gsr ty’; 

ii. the network formed by treating the C, 11+ 7”, as nodes is a 
tree, or, if i == 1 and y” = 0, a single node. 


The first arc-free minimal network occurs for m3, and this obviously 
satisfies the conditions since it is a circuit on three nodes. Suppose now that 
the statement, except for the condition that the compound circuits are irre- 
ducible, has been proved for all networks through m—1 nodes, and let 
N(m,p) be an arc-free minimal network. In N there exists a circuit con- 
sisting of at least three links, since N 1s connected, arc-free, and non-reflexive ; 
let C be one such circuit on the nodes c +—=1,2,:°-,q¢=23. The maximum 
subnetwork of N on these nodes is only C, for if there exists any other link 
(cy), kat 1, then this link can be removed without disconnecting N, 
since the chain (Qeni) (CuiCu2) © © (Cx10x) exists. This is impossible since 
N ig minimal. Now, if C exhausts all the nodes of N we are done. If not, 
let M’ be the set of nodes remaining. If ae M’, and (ac), 1 = k Sq, exists, 
then no link of the form (au), 1 Si Sq, i34 k, exists. For if so, then the 
chain from cz to &, which is a part of C, and so does not include (ax), shows 
that (ac) may be removed without disconnecting N. This is impossible. 
Similarly, if (cxa), 1S k 5 q, exists, then (qa), 1 S1 = q, t34 k, does not 
exist. 

Now consider the network N” formed by letting the nodes of C coalesce 
into a single node which we shall call c. Evidently, since N is minimal, so is 
NV’, and N’ has at least two nodes fewer than N, since g = 3., Several possi- 
bilities exist for NV’. First, it may be a graph, and hence a tree, in which 
case the statement is proved. Second, it is not a tree, but there exists at 
least one arc. By the first part of this theorem, N’ may be decomposed into 
several arc-free minimal subnetworks connected in such a fashion that if they 
are treated as nodes, the resulting network is a tree. By the induction hypo- 
thesis, these arc-free minimal subnetworks satisfy the conditions of the 
statement we are proving. But replacing the node c by O, reconstructing N, 
only increases the order of one of these compound circuits, or introduces a 
new compound circuit, so the result is true for N. Third, N’ is arc-free, in 
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which case the induction hypothesis may be applied directly, and the intro- 
duction of C for c only increases the order of the compound circuit. 

Thus, we may decompose N into several compound circuits and nodes not 
in these compound circuits and connecting links satisfying the conditions i 
and ii of the second intermediate statement. Carry this decomposition as far 
as possible; the process will terminate in a finite number of steps, since N is 
finite. We will show that the resulting compound circuits are irreducible. 
For suppose that C+» is reducible into the disjoint subnetworks A and B 
connected by the links (ab), (0’a’), a,a’eA, b,b’eB. By condition ii it 
follows that any Cy, 152 k, 1 S1= + y is linked “ symmetrically ” to Cx 
if at all. In fact, it is either linked symmietrically to A or to B; for if not, 
then there exists a link from A to C4 and a link from C; to B, in which case 
(ab) may be removed, or, in the other case, (b’a’) may be removed without 
disconnecting N. This is impossible. A and B are either compound circuits 
or, by the result proved for arc-free minimal networks, may be reduced to 
several compound circuits and nodes not in them such that i and ii hold. 
By an argument similar to the one just made, the conditions i and ii hold 
for N with this finer decomposition. This is contrary to choice, so C» must 
be irreducible. 

The proof of the theorem follows almost immediately from the two inter- 
mediate results, if we note that the last argument may be applied to show 
condition iii. | 

This decomposition of a minimal network is not unique, for 


010000 
000001 
010100 
000010 
001000 
100010 


may be decomposed into either a tree consisting of one arc, or one of two arcs. 
The next result gives a little more information about the components 
into which we have decomposed a minimal network, the irreducible compound 
circuits. This result is unsatisfactory in the sense that it does not give a 
complete characterization of these networks. For this proof and succeeding 
results we need the following definition. A node is simple if it is the initial 
node of exactly one link and the end node of exactly one link. i 


> 


THEOREM 3.5. Let N be a minimal network. N is irreducible tf and 
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only if it is a compound circuit such that in any inductive composition of N, 
none of the circuits introduced are arcs. 


Proof. Suppose that at some stage of the composition of N, an arc ab is 
introduced into a compound circuit C to form a compound circuit C”. If ab 
does not have a simple node, then in O” there exists either a chain from a to 6 
not containing (ab), or one from b to a not containing (ba), since such a 
chain exists in C. The introduction of further circuits can only lengthen 
this chain, so N — (ab) is a complete connected subnetwork, which is im- 
possible. Hence a node of ab is simple. The introduction of further circuits 
merely adds to Ọ to form a larger compound circuit, and hence a connected 
subnetwork or a single node of N, or it may replace the simple node of ab 
by a compound circuit. Between these two connected subnetworks, or single 
nodes, are only the links arising from ab, now no longer an arc in general. 
Thus W is reducible, which is contrary to assumption, proving that no arc 
can be introduced. 


Conversely, if we suppose N is reducible, then Theorem 3.4 implies V 
may be decomposed into one or more irreducible compound circuits and nodes 
not included in these compound circuits. The circuits of any compound 
circuit C may be coalesced into nodes in the inverse order of an inductive 
composition of C. This clearly leads to the tree of Theorem 3.4. But any 
tree is a compound circuit formed only of arcs. Thus we have an inductive 
composition of N involving ares, the arcs of the tree. As this is contrary to 
assumption, W must be irreducible. : 

The principal theorem will be utilized sometimes through two properties 
of minimal networks derivable from it. They are presented as 


THEOREM 3.6. A minimal network is a compound circuit which contains 
at least two simple nodes. 


Proof. The last part of the above proof suffices to show that a minimal 
network is a compound circuit. 


To show that a minimal network has two simple nodes, we shall perform 
an induction on the order s of the compound circuit. It is certainly true for 
s — 1, since the compound circuit is then a non-reflexive circuit. Assume the 
result true up through circuits of order s—1. Suppose N is a minimal 
compound circuit of order s, and let C be the last circuit introduced in some 
inductive composition of N. Let C coalesce into a single node c, and call the 
resulting network N’. N” is readily seen to be minimal and of order s —1, 
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so by the induction hypothesis it contains at least two simple nodes. If two 
of these are different from c, then we are done. If not, c is simple. Consider 
N; if C is not an arc then it must introduce a simple node, for C has at least 
three nodes, and there exists only one link to C from the rest of the ‘nodes, 
and only one from C, since c is simple. If, on the other hand, C is an arc, 
then the first argument in the proof of Theorem 3.5 shows that one of its 
nodes is simple, and the result follows. 
That not every compound circuit is minimal or has a de node is 
shown by: l 
0101 
0010 
0101 
1000 


4, Applications to connected networks. Two applications to connected 
networks are given of the results on minimal networks; the first examines 
limits on the number of links a connected network may have, and the second 
discusses the maximum number of “ independent ” circuits a connected net- 
work may have. 


Truorem 4.1. Let N(m,p) be a connected network, not a tree. Let 
N have a descendant N’ which ts decomposable in the terms of Theorem 3.4 
into t irreducible minimal subnetworks and y nodes not in these subnetworks. 
Then 


ps (8m + t+ y— 4)/2 + pW — N’) < 2(m — 1) + pW — NN. 
If N is a tree, p = 2(m — 1). 
Proof. If N is a tree, the result is well known from graph theory.‘ 


. Suppose N is not a tree. Then it is sufficient to show the result for the 
class of minimal networks which are not trees, since, in the general case, the 
network N has p(N — WN’) more links than any descendant N”. By Lemma 
2.3 a descendant is minimal, and, by Lemma 3.1, it is not a tree. So we 
consider N minimal. Decompose N as in Theorem 8. 4, and let the irreducible 
compound circuits C; have m; nodes, p; links, and order s Let there be p’ 
links not in any irreducible compound circuit. Then, by the result on trees, 
p’ = 2(t-+y—1). For each of the irreducible minimal subnetworks, Theorem 


5 Whitney, #bid., pp. 340-341. 
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8. 5 implies that each of the s circuits used in forming C; has at least three 
nodes, so that m; = 8 4-2 -+2 +- -+2 — 33-4 1. By Lemma 8.2, 


Pi = 8 + Mm — 1 5 8 (m, — 1)/2. 
Thus, | 
p= Spt pS 33(m—1)/24 2(¢+y—1) 
== (3/2) (Zm + y) + (t + y — 4) /2 == (8m + t + y—4)/2. 


This may be simplified a little by noting that each of the irreducible minimal 
subnetworks must have at least three nodes, so m = 3t + y; hence, 


pss (8m + t + y —4)/2 == (4m — 4 — 2¢ + 3t + y — m)/2 
<= 2(m —1) —t < 2(m—1). | 


This concludes the proof. 

It is clear that in a given network we may define the addition of chains 
(mod?). Thus we may also define linear independence (mod 2). We shall 
be concerned with sets of linearly independent (mod 2) circuits such that no 
other linearly independent set contains a greater number of circuits. These 
sets will be called maximal. The result proved in the next theorem is, in 
statement, formally the same as a result of graph theory: ° 


THEOREM 4.2. In any connected network N(m,p) there exists a mazi- 
mal set of p— m + 1 linearly independent (mod 2) circuits. 


Proof. First, it is sufficient to show this for minimal networks. For, 
if N is not minimal, then it has a descendant N’ which is. N may be con- 
sidered to be formed from N’ by the addition of links one at a time. Each 
such link adds at least one new circuit which is independent (mod 2) of the 
circuits of the network to which it wasfadded, since in a connected network 
every link is contained in at least one circuit. Thus, if there exists a set U” 
of p—K—m +1, K — p(N— N’), linearly independent (mod 2) circuits 
in V’, there will exists a set U of at least p—m-t 1 linearly independent 
circuit in N. 


Furthermore, if U’ is maximal in the descendant, U will be in W also. 
Tf not, then there is a first subnetwork, N*, for which any set of p* — m + 1 
linearly independent (mod 2) circuits is maximal, and to which the addition 
of a link (ab) produces a linearly independent set U” having more than 


5 Lefschetz, Solomon, Introduction to Topology, Princeton, Princeton University 
Press (1949), p. 71. 
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p* —m circuits. It is clear that this set U” must contain at least two circuits 
which include the link (ab), for otherwise the subset of U” in N* would 
contain more than p*—-m -+ 1 linearly independent circuits. Let two of 
the circuits be denoted by (ab) (ba, q) and (ab) (ba,q’). Since N* is con- 
nected and does not contain (ab), there exists a chain from a to b not 
including (ab); select a shortest: (ab, qg”), q” > 1. In general, (ad, q”) 
will coincide with (ba, q) over a certain number of links, i. e., over a set of 
several chains of the form (cd,t), each a part of (ba,q). The argument 
does not change in principal, and a great saving in notation is gained, if we 
assume that at most one such chain occurs. Similarly, (ab,q’) will be 
assumed to coincide with (ba, g’) over the chain (c’d’,t’). Furthermore, we 
shall assume that (cd, t) and (c’d’, t) have no links in common; if they do, 
a slight modification of the following argument will suffice. So we may write: 


(ab, g^) = (ac, u)(cd, t)(de’, z)(c’d’, t’)(d’b, v), 
the order of (cd, t) and (c’d’, t^) being immaterial. 
(ba, q) = (be, z)(cd, t)(da,y), (ba, g) = (be, TAE t, #)(d'a, y’). 
Observe that the following formal products are in fact Gums of N*: 
| A: (ac, u)(cd, t)(da, y) B: (d'b, v)(be’, s (ed, t) 
C: : (ac, u)(cd, t)(de’, 2) (Cg, t) (da, y) 
D: (be, 2)(cd, t)(do’, z)(c’d’, t’)(d’, v). 


Since these are circuits of N*, they are expressible (mod 2) in terms of the 
circuits in U”. But observe that (ab)(ba,g) + A+ B + C + D == (ab)(ba, q^) 
(mod?) so that (ab)(ba, q) and (aÿ)(ba, q’) are not linearly independent. 
Thus only one of them can be in U”, and so we have shown that if the theorem 
is true for minimal networks it is true in general. 

The minimal case will be proved by induction on m. For m—2 it is 
trivially true. Suppose it is true for all minimal networks having m — 1 
or fewer nodes, and let N(m,p) be minimal. By Theorem 3.6, N has a 
simple node a which ‘is the initial node of only one link, (ab), and the end 
node of only one, (ca). We may distinguish three cases: 


i. bc. Remove a and the arc ab, leaving the subnetwork N’(m— 1, 

. p—2).° M’ is obviously minimal, and so it has a maximal set of 

p—m linearly independent (mod?) circuits. The are ab adds 
exactly one circuit to this set. 
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ii. b=£c, and there does not exist (cb, q) = (ca) (ab). Remove a and 
the adjoining links and introduce the link (cb) to form N’(m—1, 
p— 1), which is minimal. Thus, by the induction hypothesis, has 
a maximal set of p— m + 1 linearly independent circuits. But 
forming N’ from N cannot essentially change any set of linearly 
independent circuits, since the chain (ca) (ab) is, in this case, 
| formally the same as (cb). 
iii. -b=54c, and there does exist (cb, q) s£ (ca) (ab). Again remove a 
and the adjoining links to form N’(m — 1, p — 2), which is minimal. 
By the induction hypothesis, N’ has a maximal set of p— m linearly 
independent circuits. Replacing a and the two links (ab) and (ca) 
to form N adds one or more new circuits, depending on the number 
of chains from b to c. This situation is not essentially different 
from the one discussed in the first part of this proof, except that 


we are adding a 2-chain and a new node, rather than a single link. 

Since this node is simple, the argument is formally the same, and 

it shows that there is a maximal set of p—m-+-1 linearly inde- 
' pendent (mod 2) circuits in W. This, then, concludes the proof. 


We note the trivial corollary : A connected network N (m, p) has exactly 
p—m-+1 circuits if and only if the set of all circuits of N is linearly 
independent (mod 2). 


5. Generalizations of a tree. We shall show in this section that several 
of our definitions, when applied to networks which are graphs, are identical 
with the concept of a tree. This can be shown directly and easily in each case; 
however we shall first prove two results which are true in general, and then 
we shall use them to prove Theorem 5.3. Thus, that result is not as as 
it first appears to he. 

We shall call a connected network N(m,p) having exactly p— m 4 1 
circuits circuit minimal. This definition makes sense because of Theorem 4. 2. 
By the corollary to that theorem, N is circuit minimal if and only if N is 
connected and the set of all circuits is linearly independent (mod 2). 


Lemma 5.1. A circuit minimal network is uniform. 


Proof. Let N(m,p) be circuit minimal. Let (ab) be any link, and 
N— (ab) = WN’. If N’ is not connected, then N has degree 1. If N’ is 
connected it is circuit minimal, for at least one circuit of N was destroyed 
by the removal of (ab), and according to Theorem 4.2, no. more than one. 


718 R. DUNCAN LUCE. 


Since N’ is connected, there exists at least one chain from b to a, but only 
one, for if there were more then the addition of the single link (ab) would 
introduce more than one circuit, and N would have more than p—m +1 
circuits. In N, interrupt the chain from b to a by removing a single link 
from it, thus disconnecting N. This proves N is of degree 1. 


To show N is uniform it will thus suffice to show that every connected 
subnetwork is circuit minimal. If 9 is a connected network which is not 
“circuit minimal, then there exists a circuit in § which is linearly dependent 
(mod 2) on the other circuits of S. This remains true in N, so N is not 
circuit minimal, a contradiction. 


Lemma 5,2. A compound circutt is uniform. 


Proof. This may be demonstrated by an induction on the order of 
compound circuits. It is trivially true for compound circuits of order 1. Let 
N be a compound circuit of order 8 > 1, let C be the last circuit introduced 
in some inductive composition of N, and let S be any subnetwork of N. 
Coalesce C into a single node c, and under this operation let § become S’. 
If 9’ is a single node, then S == C, and the degree of Sis 1. Otherwise, S’ is 
connected, and therefore, by the induction hypothesis, it is of degree 1. Select 
(ab) e 8, £ O, such that S’ — (ab) is not connected. This is possible since S” 
is of degree 1. Now the introduction in 8’ of that part of C in 8, subject to 
the conditions of N, can only replace the node c by a chain or a circuit, but 
cannot introduce a link or a chain from a to b; thus S is of degree 1. So N 
is uniform. 

The next result is the justification for the title of this section. 


THEOREM 5.3. For a connected network N which is a graph, the 
following are equivalent: i. N is a tree, ii. N is minimal, iji. N ts a compound 
circutt, iv. N is uniform, v. N is circuit minimal. 


Proof. i. implies ii trivially. ii. implies iii by Theorem 8.6. iii. implies 
iv by Lemma 5.2, iv. implies i. For if N is not a tree, then there exists a 
circuit in the sense of graph theory. But this is clearly a connected sub- 
network of degree 2, so that N is not uniform. v. implies iv by Lemma 5.1. 
i. implies v. If N(m,p) is a tree, it follows, from theorem 3.5, that 
p— (m —-1) = m — 1. Furthermore, the only circuits in a tree are 2-circuits 
(ares) of which there are exactly m—1, so the number of circuits is 
p—m -- 1. 


The several results of this section and Theorem 3. 6 suggest the following 
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class of unsolved problems: Conditions on a uniform network that it be a 
compound circuit. Conditions on a uniform network that it be circuit minimal. 
Conditions on a compound circuit that it be minimal. These four concepts 
are indeed all distinct: The network. 


010000 
001001 
000100 
100010 
010000 
000100 


is minimal, and hence a compound circuit, but not circuit minimal. The 
network 

0101 

1000 

1101 

1010 


is both uniform and circuit minimal, but not a compound circuit. The network 


0111 
1010 
1001 
1000 


is uniform, but neither a compound circuit nor circuit minimal. The example 
following Theorem 3.6 shows that not every compound circuit is minimal. 


6. Rank minimal networks. In section 1 we noted the representation 
of networks by relation matrices with entries from the two-element Boolean 
algebra. Equally well, we may interpret this as a representation by real 
matrices with the numbers 0 and 1 as entries. Thus, since it is well known 
that matrix rank is a similarity invariant, to each network there is a uniquely 
defined number r, 1S r = m, called the rank of the network, which is the 
rank of any of the corresponding real matrix representations. 


THEOREM 6.1. If N(m,p)isa connected network" having rank r, then 
p+r= 2m. 


7 Luce, R. D., “Connectivity and generalized cliques in sociometric group struc- 
tures,” Psychometrika, vol. 15 (1950), pp. 169-190. In this paper the diameter, n, of a 
connected network was defined as n = max min (ab,q), and it was conjectured that 

abeM q 
p+n=2m. This is now known to be false; however, Theorem 6.1 is a correct result 
which is closely related to the conjecture, for it may also be shown that r >n. 
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Proof. Suppose p + r < 2m. Select any set R of r linearly independent 
rows in a particular matrix representation. Since N is connected, there exists 
a non-zero entry in each column 7; but since each row can be written as a 
linear combination of rows from R, it follows that for each column 7 there 
exists an +e À, such that the 4 entry is 1. Thus, in the rows of R there 
are at least m 1’s. By our assumption,.there remain p’ p— m < m—r 
links (entries that are 1). Hach of the m—r rows not in R must con- 
tain a non-zero entry, since N is connected, and therefore p = m — r, a 
contradiction. 


We shall call a network N(m,p) rank minimal if it is connected, and 
p +r — 2m. 


THEOREM 6.2. If a connected network ts rank minimal, tt ts minimal. 


Proof. As in the proof of Theorem 6.1, we consider a matrix repre- 
sentation N of the rank minimal network N, and let R be a set of r linearly 
independent rows. Each column has a non-zero entry in some row of R, 
since NV is connected. The set R’ of.the m—r remaining rows must have 
a non-zero entry in each row for the same reason. However, since p == 2m — r, 
it is necessary that R have exactly one non-zero entry in each column, and R 
exactly one in each row. 


Let (ab) be any link of the network. We shall show that its removal 
results in a disconnected network, which will prove the theorem. 

If ae R’, then the removal of (ab) results in a network WN’ having no 
link for which a is the initial node, since the rows of R’ have exactly one 
non-zero entry. , | 

If ae R, then either the row a has only one non-zero entry, and we use 
the above argument, or it has another non-zero entry, say in column c, € Æ b.. 
We show that in the latter case column b has only the one non-zero entry, Nap. 
For suppose another link (db), da, exists. Then de’, for we showed 
above, essentially, that the rows of E have exactly one non-zero entry in each 
column, and we have assumed (ab) to exist and ae R. Since the rows of R’. 
have exactly one non-zero entry, it follows that. Na» is the one for row d. 
But since the rows of R are a set of linearly independent ones for this matrix, 
row d must be a linear combination of rows of R. The row a must be in this 
combination, as it is the only one of E having an entry in the b column. 
However, we assumed that row a has a non-zero entry in column c. This 
must be subtracted, since row d cannot have an entry Ni —1. But this is 
impossible using only rows of R, since no other row of À has an entry in the 


U 
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c column. This contradiction implies that column b has only Nas = 1, and 
so N — (ab) is a complete disconnected subnetwork of N. Thus N is minimal. 
The converse statement is not true, as will be obvious from a comparison 
of Theorem 6.4 and Theorem 3. 4. 
The next lemma will be used in conjunction with Theorem 8. 4 to decom- 
pose any rank minimal network. 


LEMMA 6.3. Let N be rank minimal. If N is reducible into the sub- 
networks N, and Ne, then either N, or Na ts a single node. 


Proof. Let the Ny, 1x 1,2, have m; nodes, p; links, and rank 7; and 
let m, p, and r denote the corresponding quantities in N. If neither of the 
N, is a node, they are both connected subnetworks, so by Theorem 6. 1, 
py Z 2m,— ti It is evident from the definition of a reducible network that 
D = Dp, + pe -+ 2, and m == m, -+ ms. Furthermore, if we let the matrix minor 
repersentation of N; be denoted by the same symbols, we then have, for an 
appropirate labeling of the nodes, the following type of matrix representation 
for N: 


Oe De aD 


whence one sees that r= 7,--r2,—1. Thus, p = pi + pe +2 = 2m, — rf: 
-H Ma — Ta + 2 == 2 (ms + me) — (rı + ra —1) + 1 > 2m—r, which is con- 
trary to the assumption that N is rank minimal. 


A tree such that the arcs all have one end node in common is called a 
star. It is not difficult to show that a star is rank minimal. 
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THeorEm 6.4. Let N be a rank minimal network which is not a star. 
If N has any arcs, there exists one arc-free rank minimal subnetwork C of N, 
such that the network formed from N by treating C as a node, all other 
links and arcs remaining unchanged, is a star. An arc-free rank minimal 
network C consists of exactly one trreducible rank minimal subnetwork C’, 
not a single node, and, posstbly, some simple nodes such that the network 
formed from C by treating C’ as a node, all other links and nodes remaining 
unchanged, is a star. Furthermore, tf C’ is the irreducible rank minimal 
subnetwork of the arc-free rank minimal subnetwork C of N, then the net- 
work formed from N by treating O’ as a node, all other links and nodes 
remaining unchanged, ts a star. 


Proof. In the first case, apply Lemma 6.3 to the first statement pre- 
sented in the proof of Theorem 3. 4 to show that each arc which exists must 
have a simple node. The arc-free subnetwork C is rank minimal, for the 
removal of any arc from N results in a network N’ for which p’ = p— 2, 
m == M — l, and 7” Sr, implying p = 2m’—7’. Thus, by Theorem 6.1. 
N’ is rank minimal. To ©, first apply Theorem 8.4 and then Lemma 6.3 
to show any nodes, not in an irreducible subnetwork, must be simple, and 
there is only one irreducible subnetwork C”. The same argument as applied. 
above suffices to show that C’ is rank minimal. The final statement is proved 
in the same manner. 


In conclusion one may mention two more unsolved problems: Conditions 
on a minimal network that it be rank minimal, and a characterization of an 
irreducible rank minimal network. 


MASSACHUSETTS INSTITUTE OF TECHNOLOGY. 


ON THE NON-VANISHING OF CERTAIN DIRICHLET SERIES.* 


By AUREL WINTNER. 


Let f(n), where n—1,2,: ++, be a completely multiplicative function, 
that is, let f (nina) = f(m)f(ne) but f(1) 40. Such a function is uniquely 
determined by an arbitrary assignment of the values f(p), and is a bounded 
function if and only if | f(p)| <1 holds for every prime. The following 
theorem will be proved: 


If f(n) is completely multiplicative and bounded, and if the function 
F(s), defined for o > 1 by 


s 
(1) F(s) = 2 f (n)/n’, 

| n=l 
has no singular point on o=. 1, then it has af most one zero on o =m 1. 


This assertion is meant to imply that the zero, if any, cannot be a 
multiple zero. That it can occur at all, is shown by Liouville’s example, 
f(p) ==— 1, where 8— 1 is a zero of F(s) = €(28)/£(s). Since this F(s) 
is replaced by F(s—ia) if every f(p) ==— 1 is multiplied by p**, the zero 
can occur at any point, s = 1 + ta, of the line o = 1. 

For reasons of symmetry, the zero, if any, must be at 8 — 1 if f(n) is 
real-valued. In this case, the assumption of boundedness, which is then 
equivalent to —1 = f(p) S1, can be refined to —1=f(p), if (1) is 
absolutely convergent for e > 1. This was proved in [2] by an argument 
based on ¢(s)F (e). The above theorem will be proved by combining that 
argument with a device, introduced in this context by Ingham [1], which 
- replaces £(s)F(s) by 


(2) = G(s) = f7(8) F (8) F* (8), 


where F*{s) denotes the Dirichlet series the coefficients of which are the 
complex conjugates of the coefficients of (1). 

First, if o > 1, then, since | f(n)| <1, logarithmic differentiation of the 
Euler factorization of (1) gives | 


* Received June 16, 1951. 
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(3) —F/P(s) = 3 A(n) f(n)/nt, where — £’/t(s) =3A(n) Jne. 
Hence, from (2), 
(4) — G//G(s) — 32(1 + REC) A(n) /m. 


Since F(s) is supposed to remain regular on o —1, it is clear from (2; 
that the limit | 


(5) | m — m(t) = lim e@’/G(1 + e + it) 


exists for every real ¢ and is the order of the zero s = 1 + at of G(s), with 
the understanding that this order can be negative or 0. On the other hand, 
‘since | f(n)| 51 and A(n) = 0, every coefficient of (4) is non-negative. 
Hence it is clear from (5) that | m(t)| = | m(0)| holds for every t. 

_ In particular m(t) must vanish identically if it vanishes at t = 0. This 
means that G(s) must be regular and non-vanishing at every 8 == 1 + tt if it 
is regular and non-vanishing at s — 1. But the latter assumption is satisfied 
if F(s) vanishes at s == 1 in the first order. This is clear from (2), since 
€(s) has a pole of first order at s = 1. Consequently, if F(s) has a simple 
zero at 8— 1, then G(s) has no zero s = 1 + it Æ 1, which, in view of (2), 
means that s = 1 is the only zero of F(s) on the line o—1. It follows that, | 
in order to prove that | 


(6) F(1+ it) 540 for every to if F(1) —0, 


it is sufficient to show that F(s) cannot have a multiple zero at s — 1. 
Since | f(n)A(n)| S A(n), it is clear from (3) that 


IP/FA+<)(SI¢KA+9| 
ife > 0. It follows therefore from | 
lim ef’/£(1 + e) =—1 that lim | #’/F(1+.6)| <1. 
e>0 €0 


Finally, the last inequality implies that F(s) cannot have a multiple zero at 
s = 1, i. e., that 


(7) (1) 0 if F(1) =0. 
This proves (6). But (6) implies that 


(8) F(1 + it) £0 for every t5£ a if F(1 + ta) = 0, 
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where a is any real number. In fact, (8) follows if f(n) in (1) is replaced 
by f(n)n-* and then(6) is applied to the new function (1). Similarly, (7) 
implies that i 
(9) F (1 + ia) 0 if F(1 + ia) = 0. 


Clearly, (8) and (9) together are equivalent to the theorem italicized above. 

It is clear from the proof that, instead of assuming the regularity of 
F(s) on o == 1, it is sufficient to assume that F(s) and F’(s), where o > 1, 
go over into continuous boundary values as e —> 1. In fact, a somewhat less 
stringent condition would also suffice. 


Tre JOHNS HOPKINS UNIVERSITY. 


REFERENCES. 


[1] A. E. Ingham, “Note on Riemann’s zeta-function and Dirichlets L-functions,”’ 
Journal of the London Mathematical Society, vol. 5 (1930), pp. 107-112. 

[2] A. Wintner, “On the non-vanishing of certain Dirichlet series,” Rendiconti del 
Ciroolo Matematico di Palermo, New series, vol. 1 (1962). 


ON THE FUNDAMENTAL GROUP OF AN ALGEBRAIC VARIETY.* 


By Wei-Liane CHow. 


It is well known that any 1-cycle in an algebraic surface can be deformed | 
into a 1-cycle lying in a generic plane section of the surface.! The usual 
proof of this theorem, which can be easily generalized from a surface to any 
non-singular algebraic variety, is topological and consists of a simple con- 
struction of the deformation chain. In the transcendental theory there is a 
generalization of this theorem, at least in its homology aspect, which can be 
stated as follows: ? There exist exactly 2p independent 1-cycles in an algebraic 
surface which are not homologous to 1-cycles belonging to a generic curve of 
an irrational pencil of genus p. In this paper we shall show that this theorem 
is a special case of a more general theorem about the fundamental group of 
an algebraic variety under a rational transformation. Our method of proof 
will be purely topological; the essential idea is that although a rational trans- 
formation is not in general a fibre mapping, the covering homotopy theorem 
is nevertheless true, in a somewhat modified form, for the mapping of a 
1-simplex. 

In section 1 the notion of a fibre system is introduced, and certain sub- 
systems of an algebraic system are shown to be (or can be considered as) fibre 
systems. The notion of a fibre system is a generalization of that of a fibre 
space, and just as in the case of a fibre space we have also here as a funda- 
mental property the validity of the covering homotopy theorem, which must 
now be formulated in a somewhat modified form. This notion of a fibre 
system is a very useful tool in the study of the topology of algebraic varieties ; 
in this paper we shall limit ourselves strictly to the particular problem in 
question, but we hope to show in a later paper that the method is applicable 
also to other similar problems in algebraic geometry. In section 2 the results 
of section 1’will be used to prove two theorems; one of them (Theorem 2) is 
the theorem mentioned above, the other (Theorem 1) is a theorem concerning 
the deformation of 1-cycles into a member of an algebraic system with at least 


* Received August 20, 1961. l 
1 See, e.g., O. Zariski, Algebraio Surfaces, p. 108. 
3 See O. Zariski, Algebraio Surfaces, p. 144. 
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one base point, which can also be regarded as a (partial) generalization of a 
result of Severi ê (proved by transcendental methods). 


1. Let U and V be topological spaces, and let G(y) be a function which 
assigns to each point y in V a subset G(y) in U. We shall say that the system 
of subsets G(y) defines a fibre system in U, if there exists an open covering 
N = {N} of V such that for each set N there exists a continuous function 
gy (a, y), defined for all points s C G(N), y C N in the product space U X V 
with values in U, with the following properties: | 


bx(z, y) C G(y), (£ C G(N),y¥ C N), 
$x (2, y) = (z C G(y),y CN). 


The space V is called the base space of the fibre system, and the open sets N 
and the corresponding functions (x, y) are called the slicing neighborhoods 
and the slicing functions respectively. Let f(z) and g(z) be continuous 
mappings of a topological space Z into U and V respectively, such that for 
each point z C Z we have f(z) C @(g(z)), and let g(z,t), OS¢S1, bea 
homotopy of the mapping g(z) in V. Then a homotopy f(z,t), 0StS1, 
of f(z) in U is said to cover the homotopy g(z, t), or a covering homotopy of 
g(z,t), if we have f(z,t) C G(g(z,t)) for all z,# The covering homotopy 
theorem (in the weak form) asserts that if V is a normal Hausdorff space 
and if Z is compact, then there exists always a covering homotopy; further- 
more, if g(z, t) leaves a point zo C Z fixed, we can assume that f(z, t) also 
leaves Zo fixed. That this covering homotopy theorem is true for any fibre 
system in U can be seen as follows. We observe first that-in case the G(y) is 
the inverse function x 1(y) of a continuous mapping r(x) of U onto V, then 
we have a (generalized) fibre space as defined by S. T. Hu‘; and, as has 
been observed by Hu, the covering homotopy theorem is true for such a fibre 
space. The general case can be reduced to this special case by considering 
the graph W of the function G(y), i.e. the set of all points w==2 X y in 
U X V satisfying the condition æ C G(y). Let r(w) and r(#) be the 


°F. Severi, “ Intorno al teorema d’Abel sulle superficie algebriche ed alla riduzione 
a forma normale degl’integrali di Picard,” Rendiconti del Circolo Matematico di Palermo, 
vol. 21 (1906), p. 261, Teorema I. 

‘Sze-Tsen Hu, “On generalizing the notion of fibre spaces to include the fibre 
bundles,” Proceedings of the American Mathematical Society, vol. 1 (1950), pp. 756-762. 
It is convenient to use this generalized notion of a fibre space, though the particular 
fibre systems used in the present paper can all be “ derived ” from fibre bundles which 
are also at the same time fibre spaces in the sense of Hurewicz-Steenrod. 
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mappings of W into U and V induced by the projections of U X V into U 
and V respectively. It is clear that (w) is a mapping of W onto V, and 
that we have r(r*(y)) = G(y) for each y C V. The space W can then be 
made ‘into a fibre space with respect to the mapping w(w) if we define for 
each WN the slicing function by the formula: 


x(w, y) = bx(r(w), y) XY © (Ca (N),y CN). 


If we set h(z) — f(z) X g(z), then h(z) is a continuous mapping of Z into 
W such that A(z) Cr 1(g(z)). Since the covering homotopy theorem holds 
for the fibre mapping (w), there exists a homotopy A(z, t) of h(z) in W such 
that A(z, t) C r*(g(z, t)). Then we have rh(z, t) C rr(g(z, t)) = G (g (z, t)), 
so that rh (z, t) is a homotopy of f(z) in U which covers the homotopy g (z, t) 
in V. > à 


[Note added in proof (June 6, 1952). Professor Beno Eckmann has 
recently called my attention to the fact that essentially the same concept as 
that of a fibre system has been introduced by him under the name “ retrahier- 
bare Ueberdeckung ” in his paper “ Zur Homotopietheorie gefaserter Raeume,” 
Commentari Mathematict Helvetict, vol. 14 (1941), pp. 141-192. In the 
first part of that paper the covering homotopy- theorem was proved for a 
“vretrahierbare Ueberdeckung ”, and an application was made of this theorem 
to the covering of a sphere by its great spheres. | 


Let U be a non-singular algebraic variety of dimension r, and let & be 
an irreducible algebraic correspondence of dimension t between U and an 
algebraic variety V of dimension s. Then for a generic point y in V the 
set ®"1{7) is an irreducible algebraic variety of dimension d=={—s in U, 
and we can consider (7) as a generic element of an algebraic system of 
d-cycles in U. For-any point y in V the variety (y) is the carrier of 
the set of all d-cycles which are specializations of the d-cycle (7) over the 
specialization y—>y. A point y in V is said to be semiregular with respect 
to the correspondence & (or rather the inverse correspondence ®~), if there 
is a uniquely determined specialization cycle of &-1(7) over the specialization 
‘ny, and if this specialization cycle has no multiple components. It is easily 
seen that a point y in V is semi-regular with respect to ® if and only if the 
variety d-*(y) has the dimension d and the same degree (in the ambient 
projective space) as the variety (7), so that we can consider p(y) itself 
-as the specialization cycle of &-1(7) over the specialization y — y. 

Since U is a differentiable manifold (of class C”), we can introduce in 
U a Riemannian metric. In fact, let M — {M;} be a locally finite system of 
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coordinate neighborhood covering U, and let the set of differentiable functions 
{e(z)} be a partition of unity subordinate to this covering; then, if we 
denote by ds; the Euclidean metric of the coordinate neighborhood M4, the 
differential form ds? == D a(z)ds® defines a Riemannian metric on U. We 


observe that by means of a suitable choice of the covering neighborhood M; 
and the partition functions e(z) we can make the Riemannian metric ds? 
‘in a sufficiently small neighborhood of any given point equal to the Euclidean 
metric with respect to any given coordinate system around this point. This 
fact will be convenient for us later. Let y be a semi-regular point in V, and 
let R be a compact subset in &“*(y’) consisting of only simple points in 
@1(y’). If p(x) is any differentiable function which assigns to each point + 
in À a (2r—2d)-dimensional direction element which is transversal to the 
tangent space of @*(y’) at the point x, then there exists a differentiable 
system of (2r— 2d)-dimensional geodesic surfaces (or geodesic (8r — 2d)- 
surfaces) P(x). (x C R), such that for each point x in À the surface P(x) 
has the tangential direction p(x) atx. If N is a sufficiently small neighborhood 
of y in V, then for every point y in N and every point v in R, the inter- 
section @*(y)M P(x) consists of exactly one point which is simple in (y), 
and the mapping z ->> (y)N P(z) is a homeomorphism of R onto a com- 
pact subset R(y) in (y). Thus each point z in 2 R(y) is contained in 
Ta 


exactly one geodesic (2r — 2d)-surface of the system, which we shall also 
denote by P(x) ; the function ¢y(2, y) == P(z)N Rly) (£ C Z R(y), y CN) 
is then a slicing function for the system R(y) (y CN). = 

In case the variety ®+(y’) is non-singular, we can set R == (y) and 
hence R(y) — (yy for all y in N, so that the system of varieties 7 (4) 
(y C N) defines a fibre system in U. Now, if the generic variety p(y) ts 
non-singular, then there exists a proper subvariety H in V such that every 
point y in V — H is semi-regular with respect to ® and the variety &-1(y) is 
“non-singular. It follows then that the system of varieties $> (y) (y C V — H) 
defines a fibre system in U. We shall now show that in case d == X this 
assertion is also true (with a suitable definition of H) even if S-1(y) has 
singular points. We shall say that a point y in V is regular with respect 
to &, if y’ is semi-regular and if the variety “(y’) has the same singularities 
as the generic variety (7), i.e. each singular branch of the curve (y) 
is the specialization of a singular branch of the same order of the curve %(»). 
It is easily seen that the set of all points in V which are not regular with 
respect to ® is a proper subvariety in V, which we shall also denote by H. 
Let y’ be a point in V — H, and let +’ be a singular point in ®*(y’); then 


780 WEI-LIANG CHOW. 


there is a coordinate neighborhood M of z’ in U and a suitably chosen system 
of coordinates 4,- ->ur in M with origin at 2’, such that for every point y 
in a sufficiently small neighborhood N of y’ in Y, the curve &-(y)N M is a 
regular analytic covering space of a fixed degree g over a nelghborhhood M, 
of the origin in the complex w,-plane with a unique branch point over the ` 
origin t = 0. . Let M”, be a circular region |u, | <e («> 0) such that its 
closure M’, is contained in M., and let P(a) (a C M,) be the “ hyperplane” | 
in M defined by the equation wy == œ, Then, for each u,5<0 in W’, there 
exist g disjoint circular domains P,(u,), ¢=—1,---,g, in P(u,), such that 
for each y in N and for each t=m1,---,g, the intersection (y) N Pil) 
consists of exactly one point, while for u, == 0, the intersection ®+(y)M P(0) 
itself consists of exactly one point, namely the branch point of &-1{(y) 
over t%,==0. For each y in N, we set L(y) == 2. OF Ma) and 
' wi 4 


Liy) = XX *(y)N P(u) so that L(y) is the closure of the domain 
CMY 


_ L(y) in &41(y). We can then define a slicing function for the system L (y) 
(y C N) by setting dx (z, y) = O°(y)N P(t), (2 C ZE), y C N), where 
yc 


Pi(w) is the one of the g domains in P(u,) which contains the point x. 
Furthermore, if we choose our Riemannian metric in U in such a way that 
it coincides with the Euclidean metric in the coordinate neighborhood M, 
‘then each P(w) is a geodesic (2r-—-2)-surface, and for each point s 42’ 
in L(y’) the Pi(u) passing through it has a tangential direction element p(x) 
which is transversal to the tangential space of ®“*(y’) at x. In particular 
this function p(x) is defined on the boundary L(y’) — L(y) curve of the 
domain L(y’), and it is also differentiable. Let now 2, t=-1,---,a, be 
the singular points of @*(y’), and let M®, +==1,---,a, be suitably chosen 
(disjoint) coordinate neighborhoods of the points 2), ¢==1,--+-+,a, respec- : 
tively in U, and let the Riemannian metric in U be so chosen that it coincides 
with the Euclidean metric in each M), If we choose the neighborhood N 
of y sufficiently small, then we can define a fibre system L(y) (y C N) 
and a slicing function ¢®y (z, y} (z Sg) »y C N) in each MO, and 


we have also the function p® (s) defined in L(y’) —L@(y’). If we set 
Q(y) = S LO(y) and Q(y) = $ L®(y), then we can consider all the functions 
4=1 i= 


zl 
dy (x, y) together as a single slicing function y(x, y) (x C È Oy), yc N) 
Ta 
for the fibre system O(y) (y C N), and also all the functions p®(x) together as 
a single function p(x) defined on the boundary (y) — Q (y) of the domain 
Q(y’). For each y C N, let R(y) == >(y) — Q(y) ; it is clear that O(y) 
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and R(y) are two complementary closed domains in ®*(y) with the curve 
O(y) —Q(y) as their common boundary. In particular the boundary of 
R(y) is (y) —Q(y’), and the function p(z) is defined and differentiable 
on the boundary (y) — Q (y). If we assign to each point x in R(y’) the 
set of all (2r — 2)-dimensional direction elements at x which are transversal 
to the tangent space of (y) at x, then we obtain a differentiable fibre 
bundle over the space R(y’), in which the fibre is topologically a (4r — 4)-cell. 
It follows then that the differentiable function p(x), which is defined on the 
boundary of #(y’), can be extended to a differentiable function p’(x) in the 
entire space (y). If we denote by P’(z) (x C R(y’)) the system of 
geodesic (2r — 2)-surfaces corresponding to the function p’(x), then for each y 
in N, provided NW is taken sufficiently small, the mapping z > ®“(y)N P’(x) 
is a homeomorphism of R(y’) onto a closed domain in ®"(y) whose boundary 
is O(y) —@(y) and which approaches R(y’) as y approaches y’; hence this 
domain must be R(y). If we denote by P’(x), for any point z in 2 R (y), 
t | ¥ 


the one geodesic (2r — 2)-surface of this system which contains the point z, 
then the function | 


d'a (9) = R(Y)N P'(2) = (y)N P (s) (sC Z BC) y CN) 
is a slicing function of the system R(y) (y C N). Since, for 


zC( $£ RACE Q(y)), ¥ CN, 
EN van 
we have 


du (a, y) = 87 (y)N Pilin) = &(y) 0 P(x) = p's (2,9), 


the two slicing function y(x, y) and #’y(x, y) are concordant whenever both 
are defined and hence can be considered together as one slicing function for 
the system of curves (y) (y C N). Thus we have shown that the system 
of curves ®*(y) (y C V — H) is a fibre system. 


2. Taror» 1. Let U be a non-singular algebraic variety of dimension 
` r, and let a subvartety G of dimension d be a member of an irreducible algebraic 
system G(y) (y C V), with U as tts carrier variety, which has at least one 
base point, and whose generic member is irreducible. If f(z) 13 a continuous 
mapping of the umi interval I into U, with f(0) =f(1) =2© in G, then 
a finite power of this mapping ts homotopic rel. z == 0,1, to a continuous 
mapping of I into G. If the system G(y) ts tnvolutional, then f(z) itself ts 
homotopic rel. z = 0,1, to a continuous mapping of I into G. 
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Remark. The m-th power of f(z) is the mapping f(z) of I defined by 
setting f(z) —f(mz—i) for i/mS2S(i+1)/m, i—0,1,--+,m—t: 
The system (y) is said to be involutional, if it is induced by a rational 
transformation of U onto V. 


Proof. Let the algebraic system be defined by an irreducible correspon- 
dence & between U and the variety V, and let y© be the point in V such that 
(y) = G(yO) == G. It is sufficient to prove our theorem for the case 
where y is any point in an everywhere dense subset in VY; this follows from 
the fact that for any point y in V the variety -1(y) is a neighborhood 
deformation retract in U. We begin with the special case where the system 
@(y) is the linear system cut out on U by the system of linear subspaces of 
dimension n — r + d (d = 1) in the ambient space Sn, which all pass through 
a sufficiently general S,+.4¢1. Since in this case @*(y) is non-singular for a 
generic point y in V, there exists a subvariety H in V such that each point y 
in V — H is semi-regular and &-1(y) is non-singular. We can assume without 
any loss of generality that y is a point in V — H ; furthermore, we can also 
assume that 2 is a point in G outside of P> (H). Since 6*(H) is a proper 
subvariety in U and hence topologically a subcomplex of dimension = 2r — 2 
in the 2r-dimensional topological manifold U, we can assume that, after 4 
suitable homotopy (rel. z — 0,1) if necessary, f(z) is a mapping of J into 
U—&1(H). Then the mapping g(z) == ®(f(2)) of I into V — H is well 
defined, and we have evidently g(0) = g(1) = y and f(z) C G(g(z)) for 
all z. Let 2%) be any point in G N Sa-a- and let A(z) be any continuous 
‘mapping of J into G such that h(0) = <® and h(1) =2™, We set 


f(42) (0<2=}h); 
h(4z — 1) (4 S2:5ł), 
T) = 3 ge ($5259), 
h(4—42) ($5251), 
and 
g (42) (0<2<b), 
y (4<2<h, 
FU) 9342) ($<2S9), 
y (<2:<1); 


it is clear that f(z) = f(z) rel. g= 0,1, and g’(z) ~0 rel.z=0,1. Since 
f(x) C G(g'(z)) for all z, it follows from the covering homotopy theorem 
that there is a homotopy of f(z) rel. z == 0,1, which deforms f(g) into a 
mapping of I into G; hence f(z) is also homotopic rel. z = 0, 1, to a mapping 
of I into G. 
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Turning to the general case, we observe first that we can assume without 
any loss of generality the following: (1) For a generic point é in U the 
variety D(£) consists of a finite number m of points; for otherwise we can 
replace V by its intersection with a suitably chosen linear subspace (passing 
through y) in its ambient space. It is clear that we have m — 1 in case 
G(y) is an involutional system. (2) For a generic point 7 in V the variety 
(y) is a curve, i.e. d = 1; for otherwise we can replace U by its intersection 
with a suitably chosen 8, 4, (passing through a base point of the system G (y) ) 
in Sp, and we have just shown above that any continuous mapping f(z) of I 
into U, with f(0) —f(1) in U N Swan, is homotopic rel. z = 0, 1, to a con- 
tinuous mapping of I into U N Sman. - Now, let H be the subvariety in V 
containing all points which are not regular with respect to &, so that the 
system of curves G(y) (y C V — H) is a fibre system; let T be the sub- 
variety in U such that for every point z in U — T the set ®(x) consists of 
m distinct points outside of H. Without any loss of generality we can assume 
that y@ is a point in V — H such that G==@"%(y) is not entirely in T, 
and that 2 is a point in G—T; then (2) consists of m points, one of 
which is the point y®. Since T + 6+(H) is a proper subvariety in U and 
hence topologically a subcomplex of dimension = 2r — 2 in the 2r-dimensional 
manifold U7, we can assume that, after a suitable homotopy (rel. z = 0,1) if 
necessary, f(z) is a mapping of I into U — T — (H). Then the image 
(f(z)) consists of m distinct mappings of I into V — H, one (and only one) 
of which will be a mapping g(z) such that g(0) = y. The point g(1) is 
one of the m points in the set (z), though not necessarily the point y). 
It is easily seen that if f(z) is the m-th power of f(z), then the image 
&(f(z)) of f(z) will consist of m distinct mappings of I into V — H, one 
of which will be a mapping 9(z) such that g(0) =9(1) =y®. Let #0) 
be-a base point of the system G(y), and let h(z) be a continuous mapping 
of I into G such that A(0) — 20 and h(1) 2%. If we now define f(z) 
and g'(z) again as before, replacing f(z) and g(z) by f(z) and g(z) respec- 
tively, we can repeat exactly the same argument and conclude that f(z) is 
homotopic rel. z= 0,1, to a mapping of J into G. This concludes the proof 
of Theorem 1. 

In the following we shall denote by F(U) the fundamental group of a 
topological space U, considered as a group of mapping classes with some one 
fixed reference point. If W and X are two subsets in U, then the identity 
mapping of W N X into W will induce a homomorphism of F(W N X) into 
F(W), the reference point in both groups being one and the same point in 
W NX; we shall then denote by F(W, X} the subgroup of #(W) which is 
the image of F(W N X) under this homomorphism. 
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THEOREM 2. Let © be a rational transformation of a non-singular 
algebraic variety U of dimension r onto a non-singular algebraic variety V 
of dimension s, with} the properties: (1) For a generic point n in V the 
variety P(n) ts irreducible, and (2) the set H of all points which are not 
semi-regular with respect to © is a subvartety of dimension S3s— 2 in V. 
Then there 1s a homomorphism of F(U) onto F(V), and the kernel of this 
homomorphism ts the subgroup. F(U, 8*(y)), where y) is any sufficiently 
general point in V. 


Proof. Let T be the fundamental variety of ® in U; it is well known 
that T has a dimension = r— 2. ‘ It is clear that the variety @“(y) has the 
dimension d == r — s; let c be the degree of $-1(7) considered as a variety 
in the ambient space 8, of U. Let y® be a point in V such that &-1(70)) 
is not contained in T, and let +) be a point in @*(y°))—T. We shall 
take æ as the reference point of the groups F(U), F(U — T), F(@7(y™)), 
F(U,®*(y)), and F(U —T,®*(y)), and take y® as the reference: 
point of the group F(V). The identity mapping of U —T into U induces 
a homomorphism @ of F(U — T) into F(U); since T is topologically a 
subcomplex of dimension = 2r —- 4 in the 2r-dimensional manifold U, it is 
easily seen that 8 is an isomorphism of F(U — T) onto F(U), and that the 
image of F(U — T, 6*(y)) under 8 is precisely F(U, B*(y)). Since D 
is a continuous mapping of U — T into V, there is an induced homomorphism 
¢ of F(U —T) into F(V). We set A = #9, so that A is a homomorphism 
of F(U) into F(V). We shall prove our theorem by showing that (provided 
_ the point y© is sufficiently general) A is a homomorphism of F(U) onto 
F(V) and its kernel is F(U, 67 (y)). 

Let L be a linear subspace of dimension n— r + s in the ambient space 
S, of U, such that U N L is a non-singular variety of dimension s. The 
rational transformation ® will then induce a rational transformation & of 
UNL onto F, and we have *(y)C 7*(y)N L for every point y in F. 
Since, for a general point y in V, the set P(n) = $- (y) N L consisté of c 
“distinct points in U — T, there exists a proper subvariety K in V such that 
for every point y in V — K the set p(y) consists of ¢ distinct points in 
U—T (which are then necessarily simple points in the variety ®“(y)). 
We shall also assume that y® is á point in V — K and z® is a point in 
(y), 

Let g(z) be a continuous mapping of the unit interval I into V such 
that g(0) ==g(1) = y®. Since K is topologically a subcomplex of dimension 
< 23 — 2 in the topological manifold V of dimension 2s, we can assume, after 
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a homotopy (rel. z == 0,1) if necessary, that g(z) is a mapping of I into 
V — K. Since ®1(V — E) is a c-fold regular covering space of V — K, 
the inverse image @"1(g(z)) consists of c distinct mappings of J into U — T, 
one of which will be a mapping f(z) such that f(0) =2. Let c = f(1), 
and let f,(z) be any continuous mapping of J into &*(y) — T such that 
f:(0) = 2 and f,(1) «©. If we set 


fi(@e—1) (45251), 
then we have evidently a continuous mapping of J into U—T such that 
(F (z))= g(z) rel. z— 0,1. This shows that A is a homomorphism of F(U) 
onto F(Y). 

Now let f(z) be a continuous mapping of J into U such that f(0) = f (1) 
== 7), According to Theorem 1, f(z) is homotopic rel. z =— 0, 1 to a mapping 
of I into U N L, and hence also homotopic rel. = 0,1 to a mapping of J 
into (V — K). We can therefore assume that f(z) is already a mapping 
of I into 67(V—X); then the mapping g(z) —©®(f(z)) is defined, and 
we have g(0) —~g(1) =y. In order to prove that the kernel of A is 
F(U, ®7(y)), we have only to show that if the mapping g(z) is homotopic 
to zero rel. g = 0,1 in V, then f(z) is homotopic rel. z == 0,1 to a mapping 
of I into *(y). Without loss of generality we can restrict ourselves to 
the case d = 1; for otherwise we can replace U by its intersection with a 
suitably chosen linear subspace of dimension n—r-+s+1 which contains 
the space L. It is then easily seen that we can assume the subvariety K 80 
chosen that every point in V — K is regular with respect to ®; then the 
system of curves @*(y) (y C V — K) is a fibre system. Furthermore, there 
exists a subvariety H’ of dimension. = s— 2 in V, which contains H and is 
contained in K, such that for every point y in V — H’ the set (y) consists 
of at most c points, each of which is either a simple point in ®*(y) or a 
singular point of a “ generic ” nature. 

7 Since K is topologically a subcomplex of dimension = 2s — 2, and H’ 
is topologically a subcomplex of dimension <= 2s — 4 in the 2s-dimensional 
manifold V, there exists in V — H’ a homotopy g(z,t) of the mapping g(z) 
rel. z = 0,1 with the following properties: (1) g(z,t)C V — K for all z 
and ¢ except a finite number m of points g((%—1)/2m,1),i—1,---,m, 
which all belongs to K— H’; (2) g(i/m,1) =4® for i= 1,:--,m, 
and g(z,1) =g((%—1—mz)/m,1) for (t—1)/mS2S1t/m. Since 
®-1(V — H’) is an analytic covering space (with branch points) of V — H’, and 
since moreover D 1(V — K) is a regular covering space of V — K, there corre- 
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sponds to the homotopy g(z, t) a uniquely determined homotopy f(z, t) rel. z 
= 0, 1 in D 2(V — H’), with f(z, 0) = f(z) and f(z, t) C ®*(g(z,t)). There- 
fore, to prove our assertion, it is sufficient to consider the following problem. 
Let g(z) be a continuous mapping of J into V — H’ with the properties: 
g(0) =g (1) = 4; g(z) =9(1— 2) for all z; g(2) C V — K for all 2, 
and g(4) belongs to K —H’. Let f(z) be a continuous mapping of I into 
&*(V — H’) such that f(z) C S*(g(2)) for all z; then we have to show 
that f(z) is homotopic rel. z == 0,1 in U to a mapping of- I into 6+*(y). 

Let 2 == f(4) and y9 — g(4), and let R be a compact neighborhood 
of c in @*(y®) which contains no singular points of @*(y) except 
possibly the point z itself. Then, as we have shown in the preceding section, . 
there exists a neighborhood N of y®, and to every point y in N there 
corresponds a compact subset R(y) in &1(y) (with R(y™) — R), such that 
the system R(y) (y C NV) is a fibre system; furthermore, there is.a neighbor- 
hood M of z® in U such that MN @*(y)C R(y) for all y in N. Let I, 
(e> 0) denote the interval | z— 4| = e; and let e be taken so small that 
f(z) C M and g(z)C N for all z in Ze Since the mapping g(z) of Ze into 
N is evidently homotopic rel. z == 4 — e, $ + e in N to a mapping of J, into 
the point y® = 9(4 — e) —=g(4-+ e), it follows from the covering homotopy 
theorem that the mapping f(z) of I, into M MN &-T(N) is also homotopic 
rel. z = $ — e, $ + e to a mapping h(z) of I, into &>(y®). If we set 


f(z) ((z—4| =e), 
OT Hao 
fg) (|2—t| =e), 
TG yo (|z—4| Se), E 
then we.have evidently f(z) = f(z) rel. z — 0, 1 in U and g’(z) = 0 rel. z = 0,1 
in V—K. Since f’(z)C &1(g'(2)) for all z, it follows then from the 
covering homotopy theorem that f(z) is homotopic rel. z == 0, 1 to a mapping 
of I into 6 (y), and hence f(z) is also homotopic rel. z == 0, 1 to a mapping 
of I into 67*(y). This concludes the proof of Theorem 2. 


THE JORNS HOPKINS UNIVERSITY. 


INDUCED REPRESENTATIONS.* 


By F. I. Mautner. 


1. Introduction; statement of Theorem 1. Let G be a locally compact 
topological group and Æ an arbitrary (but fixed) compact subgroup of G. 
With every continuous unitary representation u of K in a Hilbert (or finite 
dimensional) space H over the complex numbers we can associate a continuous 
unitary representation Ọ of G, the so called induced representation, as follows: 

Consider all those Haar-measurable functions X w defined on G with 
values in } for which 1 


J. 1X) dg <o, 
G 


where | X(g)|| denotes, for fixed g, the norm of X(g) as an element of the 
Hilbert space §. We restrict ourselves to only those functions X(g) which 
satisfy also 

(LT) X (gk) == u(k>)X (g) for all kek. 


Clearly all such functions form a linear space over the complex numbers from 
which we obtain a Hilbert (or finite dimensional) space § if we identify 
functions X (g) which differ on sets of Haar-measure zero, and define an 
inner product (X, Y) in § by 


(1.2) (Z, Y) = f (X(9), ¥(9)) ds, 


where (X (g), Y (g)) denotes for, fixed g e G, the inner product in the space }. 
Now define for every ye G a linear transformation U(y) by 


(1. 3) (U(y)X) (9) =X (779). 


* Received April 19, 1961. 

1 Introduce in Ÿ an arbitrary complete orthonormal system, and denote by X,(g) 
the expansion coefficients of Æ(g) with respect to it (for each fixed ge G). We shall 
say that the vector-valued function X(g) is Haar-measurable if each of the complex 
valued functions X,(g) is Haar-measurable. It is clear that this definition is indepen- 
dent of the particular complete orthonormal system in 5, and that it follows that the 
inner product (X(g),¥(g)) of any two Haar-measurable vector valued functions X(g) 
and Y(g) is Haar-measurable. 
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Cleasty U(y) is a unitary operator of the space Q onto itself, and the mapping 
U:y—U(y) defines a continuous unitary representation of G in the space §. 
We call U the induced representation generated by u, and write 
(1.4) 0 | U =indu or U mind u. 
EtG 

For finite groups this is the same as the classical definition of “ induced 
representation.” For an arbitrary locally compact group and a-closed sub- 
group a definition has recently been given by Mackey [5]. It is easy to see 
that Mackey’s definition reduces to the above in the case when the AE 
E is compact, which we shall assume throughout. 

Suppose for the moment that G is compact too. Then the TEETE 
U of G can be decomposed into a discrete (i. e. ordinary) direct sum 2 PE 


of irreducible finite dimensional pairwise inequivalent representations H ; of 


G, each occurring with multiplicity w. The classical Frobenius reciprocity 
theorem asserts in this case that 


(1. 5) "multiplicity of u in M,(K) = py, 


where M;(K) denotes the restriction of the representation M; to the sub- 
group K. ; 

The problem arises whether this theorem can be generalized to the case 
where @ is no longer compact. It is known that U can still be decomposed 
into irreducible unitary representations M; in the sense of generalized direct 
sums (= direct integrals). Therefore equation (1.5) can still be formulated. 
However ? there exist infinite discrete groups for which (1.5) is false even 
when one takes for K the trivial subgroup = (1). 

But one can replace (1.5) by the following formulation, which is equi- 
valent to (1.5) in the classical case (Œ compact). Denote by U; the 
repetition u, times of M;: 


+ U =M OM OM O -OM i 
Then we have U == = U; where U, and U; are inequivalent for i >£ 7. Denote 


by W, the algebra generated by the operators U;(g) in the representation 
space §, of U, and by W’; the commuting algebra of W; in §; Then the 
classical theory of linear algebras tells us that 


2G. W. Mackey has found an explicit decomposition of the regular representation 
of certain discrete groups for which every irreducible component representation occurs 
with multiplicity one, and is infinite dimensional (oral communication of an unpub- 
lished result). 
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. (1. 6). dim (W’;) == pu, 


where dim (W’;) == dimension of W’; as a linear space over the complex 
numbers. Then we have ` 


(1.7) multiplicity of u in U,(K) = dim (W’,). 


Moreover it is well known that if E, Ea- - - denote the minimal self- 
adjoint idempotents in the center Z of W, then Wy == E,W, and Wj = E,W’. 
This suggests another possibility of generalization, namely the use of von 
Neumann’s central decomposition. And, in fact, form (1.7) of the Frobenius 
reciprocity theorem can be generalized as follows. Assume now that G is an 
arbitrary locally compact group whose Haar measure is both left and right 
invariant, and which satisfies the second aviom of countability. Then the above 
Hilbert space $ is separable, so we can apply Theorem VII of [15]. Indeed, 
let W be the weakly closed self-adjoint algebra of bounded linear operators 
generated by the operators U (g) in §, W the commuting algebra of W, and 
Z the center,, ie. Z = W N W. Then we obtain a direct integral decom- 

position 


(1.8) $=— f 9 


under the operators U(g) to which the center Z “belongs” in the sense af 
Theorems IV and VII of [15]. For each ge G we obtain an operator-valued 
function U(g,t) of ¢ which can be changed arbitrarily on ¢sets of measure 
zero. It has been proved in Theorem 1.1 of [8] that one can find for each 
ge G@ one such operator-valued function U (g, t), and for each ¢ a continuous 
unitary repersentation Us: g-—>U;(g) of G in- the space X; such that 


(1.9) = U(t) = Us(g) for g 4M, 


where WV; is some subset of Gof Haar measure zero, depending on t. Then 
we have 


THEOREM 1. Let G be a locally compact unimodular group, satisfying 
the second axiom of countability. Let K be an arbitrary compact subgroup 
of G and u: k->u(k) a continuous irreducible (unitary) representation of 
the subgroup E. Perform the central decomposition (1.8) of the space $ 
of the induced representation U == indu. Denote by U;(K) the restriction 
` of the representation U; of G to the subgroup K, and by [U,(g)]’ the algebra 
of all those bounded operators n H: which commute with U:(g) for 
every geG. 


14 
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ÅSSERTION. 
(1.10) Multiplicity of u in U,(K) — dim {[U;( g)1/} for almost every t, - 


where “dim” denotes the ordinary dimension of a linear space over the 
complex numbers. | : 


This theorem will be proved in 2 to 5. Some of the lemmas proved in 
2 to 5 may also be of interest independently of the proof of Theorem 1. 
There is some overlap between Theorem 1 above and the generalizations of 
the Frobenius reciprocity theorem recently obtained by Mackey [6]. The 
restrictions under which we prove Theorem 1 above are different from the 
assumption under which Mackey’s results hold. — 

his suggests the possibility of a more general result which should 
contain all the known generalizations of the Frobenius reciprocity theorem. 
We shall not discuss this further generalization, which seems to present serious 
difficulties, in the present paper. However Theorem 1 in its present form 
has various applications. The simplest application is to the case where the 
commuting algebra W’ of a given induced representation ind u is known to 
be commutative. For W’ commutative implies dim {[U;(g)]’}=1 for 
almost every t; hence by Theorem 1 the multiplicity of u in °0,(K) equals 1 
for almost every ¢. This result is the main step in the derivation of the 
Plancherel formula outlined in [11a]. The details of this derivation were 
included in the original version of this paper, but have been separated from 
the rest of the paper at the suggestion of the referee. 

Theorem 1 can also be applied to the case where G is a semi-simple Lie 
Group, which for simplicity of statement we take to be its own adjoint group, 
and K a maximal compact subgroup of G. The results of Harish-Chandra 
together with Theorem 1 above imply in this case that the above commuting 
algebra W” is a finite module over its center for every irreducible continuous 
representation u of K. This implies that the methods and results outlined 
in [11a] apply to the representation space 9 of ind w in this case for every u. 
Thus one obtains by very general considerations a rather special kind of 
Plancherel formula for each §, and hence also for the space &%(G) of all 
complex valued Haar-Lebesgue square integrable functions on G. 

We shall use in this paper essentially the same terminology and notation 
as in [7] and [8]. In particular Hilbert spaces are always assumed to admit 
complex scalars and will be denoted by §, 5 or &:, and occasionally also by 
H or H;; Whenever we use the results of [15] in an essential manner the 
Hilbert spaces in question have to be assumed to be separable (they may be 
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finite dimensional). For the notions and properties of generalized direct 
sums § = J Š: we refer the reader to [15]. If we are given such a 


generalized direct sum (== direct integral), then there corresponds to every 
ze © a vector valued function x(¢) such that the value of (7) is for a given & 
an element of §;. We call z(t) the “ component” of v in the space 9; and 
say also that “x decomposes into s(t)” To define the direct integrals the 
points ¢ must form a measure space. Our assertions about a given direct 
integral will always be about “ almost all ¢” or “ almost all the spaces $4 ” etc. 
by which will be meant “all t (or ©; etc.) except for a set of elements t 
whose measure (with which the given direct integral is formed) is zero.” 
I.e. the measure referred to in connection with a given direct integral will 
always be the particular measure used to define the given direct integral, 
even when not mentioned explicitly. 

It has been well known for some time that it is possible to introduce a 
topology on a measure space. It seems unlikely that the introduction of such 
a topology into the measure space used for the given direct integral will 
make it possible to eliminate the “almost all” statement from most of the 
deeper results on generalized direct sums. Thus we shall not introduce 
the above mentioned topology in the present paper, but base our assertions 
and proofs about direct integrals on [7], [8] and [15]. It is however clear 
that in any particular case where a topology is really wanted, our results and 
methods can readily be translated. This remark applies in particular to the 
results outlined in [11a]. There it seems of interest to consider the measure 
space in question more closely. We plan to come back to this in a later 
publication, where it will be shown that the methods of the present paper 
and of [11a] lead to more precise results especially for semi-simple Lie groups 
and throw some new light also on the problem of eigenfunction expansions 
for certain partial differential equations (both of the ellipitic and hyperbolic 
type) especially when there is a continuous spectrum. 


2. Isomorphisms of factors. In this section let # be an arbitrary 
Hilbert space over the complex numbers, and M a factor in 2; ie. M is a 
weakly closed self-adjoint algebra of bounded operators in # whose center 
consists of the scalar multiples of the identity operator I. According to [12] 
there exists on M an essentially unique relative dimension function d(£) 
defined for all projections He M. According to a result of Rickart (Cor. 4. 13 
of [17]) the projections E e M with d(#)< are contained in every proper 
two-sided ideal of M. There exists therefore a two-sided ideal J of M con- 
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taining all projections of finite relative dimension such that every other non- 
zero two-sided ideal of M contains J. The folowing lemma is only stated 
explicitly for the convenience of the reader and is not essentially new. 


Lemma 2.1. M is the smallest weakly closed self-adjoint operator algebra 
which contains the identity operator I and the ideal J. 


Proof. If M is of finite type in the sense of [12], then it has no proper 
two-sided ideals; hence J — M in this case, and hence our Lemma 2.1 is 
(trivially) true in this case. 


If M is a factor of infinite type, then Theorem VIII of [12] implies 
that there exists for every integer n = 0 a projection #, e M with d(E,) =n. 
It follows from Lemma 8.13 of [12] that we can assume Ew < Ena There- 
fore the Æ, converge strongly to a projection He M. Since d(# — E4) = 0, 
we have d(E) —d(E —E,) + d(£,)= n for all n; thus d(#) ==. Now 
let F be an arbitrary projection M with d(F) = 0, By Lemma 8.13 of [12] 
| # and F are equivalent in the sense that there exists a partially isometric 
operator reM such that E = rr* and F m p%r, whence x*Hax mm F. Put 
Fa = Har. Then strong lim, Fa = F and d(F,) — d(F,). So we have: 
found for every projection Fe M with d(F) == 0 and ascending sequence of 
projections e J converging strongly to F. This together with the fact that 
M is generated (as a weakly or strongly closed operator algebra) by its pro- 
jection (cf. [16]) proves Lemma 2. 1. 

As an immediate consequence we obtain 


Lemma 2.2. Let M be a factor and C an arbitrary idempotent element 
of M’, i. e. C° — C is a bounded linear operator, and CA == AC for all Ae M. 
Then the mapping À — CA is an isomorphism of M onto the algebra CM, 
provided C 40. | 


Proof. The mapping 4 — CA is clearly a homomorphism of the algebra 
M since C° = C and AC — CA. Hence the set of elements A of M for ' 
which AC == 0 is a two-sided ideal of M. If it were not the zero ideal it 
would have to contain J, by the above mentioned result of Rickart. But 
then Lemma 2.1 above would imply AC == 0 for all A e M, which contradicts 
IC == C540, since the identity operator Z is an element of M. 


3. Decomposition of an invariant subspace. In this section let H be 
an arbitrary (separable) Hilbert space and W an arbitrary weakly closed 
self-adjoint algebra of bounded operators in H. Perform the central decom- 
position (Theorem VIT of [15]) under the algebra W: 
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(3.1) H= [He 


Now let E == H* — E? e W, where W” denotes as usual the commuting algebra 
of W. By Theorem V of [15] He W’ implies that Æ is decomposable under 
(3.1) into an operator-valued function, say H(t). Let T, be the set of those 
t for which H(t) 5<0(t), where 0(¢) denotes the zero-operator in the space 
H,. Put EH = H,, and E(t)H;—H,;, for te T,. Clearly for any ce H 
we have ze H, if and only if : 


(3. 2) u(t) = 0(¢) for t¢T, 
and a(t)eH,, for teT, 


(after a possible change of z(t) on a t-set of measure zero which we assume 
to have been made). We have therefore a one-one correspondence between 
the elements x of H, and those equivalence classes of vector valued functions 
z(t) which occur in (3.1) and satisfy the conditions (3.2). It is easy to 
conclude from this that this one-one correspondence defines a direct integral 
decomposition 


(3.3) H, = f Hs, 
D 


where ¢ now ranges only over the set T, and the measure used in the definition 
of (3.3) is the restriction of the measure used in the definition of (3.1) to 
the subset T.. | 

Denote by Z the center of W (Z—WOW’), by W, the algebra 
EW, and by Z, the algebra HZ, where the elements of W, and Z, are con- 
sidered to be operators of the space H, into itself. We then have 


Lemma 3.1. The direct integral (3.3) ts the central decomposition of 
the space H, under the algebra W, 1. e. the algebra Z, “ belongs to tt” in the 
sense of [15]. In particular Z, ts the center of Wa. 


Proof. Let Ae W,; then there exists an element A of W such that A, 
is the restriction of HA to H,. Since A eW, it is decomposable under (3. 1) 
into an operator-valued function A(t) say. Moreover (HA) (t) = H(t) A(t) 
for almost all ¢ implies 


(3. 4) B(t) A(t) Hy © Hs 


for almost all &. Now change A(t) on a set of measure zero so that (3. 4) 
becomes valid for all t and put 


(3. 5) A(t) = restriction of H(t) A(t) to Hy for te T.. 
Then A, decomposes into A,(t) under (3. 3). 
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Let us now choose countably many elements AU (j == 1,2," + +) of W 
which generate W (in the weak or strong topology). It follows from the 
proof of Theorem VI (on p. 459) of [15] that we may assume W (t) to be 
generated by the elements A(t) for every ¢ where we can also assume that 
the A(t) are chosen such that (3.4) holds for every ¢ and also 


(3.6) AM (A)H(t) =F (t)A (4) for every é and all j = 1,2,3,---. 


Now let W(t) be the (weakly closed self-adjoint) algebra generated by the 
operators A,“)(¢) for te T}. Then it is clear that since E(t) e W(t) = Wty 
(cf. Lemma 13 of [15]), the mapping 


(3.7). A(t) — A;(t) = restriction of #(t)A(t) to Hy 


is a homomorphism of W (t) onto W,(t) for almost every te T. Since 
H(t) s£0(¢) for teT,, and W(t) is a factor for every t, we may apply 
Lemma 2.2 above and conclude that the mapping (3.7) ts an isomorphism 
of W(t) onto W;(t) for almost every te Ti. Hence in particular W(t) is _ 
also a factor for almost every te T.. 

Note that it follows from the way W;(t) is defined that if X is an 
arbitrary element of W, i. e. X = AE «= HA with A e W, then X(t) = above 
A(t) is an element of W(t) for almost every te Tı. Observe also that 
W(t) depends measurably on ¢ for te T, in the sense of definition 5 of [15] 
under the direct integral (3.3). Hence in order to prove that (3.3) is the 
central decomposition under W, it is by Theorem VII of [15] sufficient to 
prove the following: If Y(t) is an arbitrary bounded measurable operator 
valued function (in the sense of Definition 5 of [15]) defined for all te Ti, 
and satisfies Y(t) e W(t), then there exists an operator Y of the space H, 
which is an element of W, and decomposes into Y(t) under (3.3); i.e. we 
have to prove. W, = > W;(t) in the terminology of [15] under the direct 
integral (3.3). 

By Lemma 12 of [15] the ring generated by P, and the operators A, 
satisfies = $, W(t), where P, denotes the ring of those operators of H, 
which decomposes into scalars under (3.3). Since the A, generate W, it 
remains to prove P, C F.. 

C, e P, means that there exists a complex valued bounded measurable 
function c(t) defined for te T,, such that C, decomposes under (3.3) into 
Cı (t) = c(t) (t), where I,(4) denotes the identity operator in H, Let 
C(t)denote c(¢)I(¢) or O(t) according as ¢ is or is not in T,. Then 


(3. 8) C(t) — restriction of C(t) H(t) to Hy, for te T,, 
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‘because I, (t) == restriction of E (t) to Hy, forte T}. Since T, is a measurable 
set and c(t) a measurable function, the operator-valued function C(t) depends 
measurably on ¢. Hence there exists an operator C in H which decomposes 
into C(t) under (3.1). Since C(t) is a scalar for every t, and since (3.1) 
belongs by hypothesis to Z (which means that Z is exactly the ring of those 
operators in H which decompose into scalars under (8.11)), we have C e Z. 
But Z C W, and hence Ce W. Also (3.8) implies that C, is the restriction 
of CE to H, This proves Cie W, i.e. P; C Wi. So we have proved 
W, =$ W(t) in the terminology of [15]. As remarked above, this fact 
proves that (3.3) is the central decomposition of W.. This proves the first 
assertion of Lemma 3.1. 

But the fact (which we have just proved) that (3.3) is the central 
decomposition of H, under W, implies that P, is the center of W,. On the 
other hand we have just seen that (3.8) implies that the elements C, of P, 
are exactly the elements of the form “restriction of CE to H,” where C 
varies over Z, i.e. the elements of Z,. This proves Z, == P,; hence Z, is the 
center of W... This proves the second assertion of i 3.1 and hence the 
proof of Lemma 8. 1 is complete. 

Later on we shall also require 


Lemma 3.2. Let again E = E* — E? and E e W’. Let Cz be the smallest 
projection £ Z= W N W” which satisfies Cg D E. Then the restriction of 
the homomorphism X> XE to the subalgebra WOx of W is an isomorphism 
of WCa onto WE. The kernel of the homomorphism X — XE is W (I — Cz). 


Proof. By hypothesis Cy DE, i.e. CaE == E; hence WE — (WC3)E, 
which proves that the onto-assertion of the lemma is trivial. In order to prove 
that WCy is mapped isomorphically under the homomorphism 


(3.9) XXE, 


it is clearly sufficient to prove that W (I -— Ca) is the kernel of (3.9). Let 
Cg(t) be the operator valued function into which Cy decomposes under (3.1). 
Since Og £Z, and since Z belongs to (3.1), we have as in the proof of 
Lemma 8.1 Cy(t) = c(t)I (t), where c(t) is a numerical essentially bounded 
measurable function defined for all t Since Cy is a projection, we must 
have c(t) == 1 or 0 for almost allé. But Cyl = H implies Cy(t) H(t) = E(t) 
for almost all {. Since H(t) 540(t) for te T,, we must have c(t) — 1 for 
almost allteT,. Since E(t) —0(¢) for té Tı, we must have c(t) —0 for 
almost all tg T., for otherwise Cy would not be minimal among the central 
projections D Æ. This proves | 
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I(t) for almost all te T, 
O(t) for almost all ¢¢T;. 

Now suppose X is in the kernel of the homomorphism (3.9), i. e. suppose 
XE = 0. This means X (t)E (t) == 0(¢) for almost all ¢ under the decom- 
position (3.1). If ¢e7,, then Lemma 2.2 implies for almost all ¢ that 
X(t)E(t) —0(t) if and only if X(t) —0(¢). If on the other hand ¢#T,, 
then X(t) H(t) =—0(t) for any Xe W. This proves that XE == 0 if and 
only if X(t) — 0(t) for almost all ¿g Tı. But by (3.10) this last statement 
is the same as XCy=—= 0, i.e. X(I— Cs) — I, which proves that the kernel 
of the homomorphism (3.9) is exactly W (J — Cz). 

In the course of the proof of Lemma 3. 2 we obtained the following 


(3.10) Ca(t) = 


COROLLARY 8.1. Let Cg be the smallest projection eZ which satisfies 
Cy D E. Let Cr(t) be the operator valued function into which Cz decom- 
poses under the central decomposition (3.1). Then Cn(t) is given for almost 
ali t by (8.10), where T, is again the set of these t for which H(t) =£0(é). | 


4, The central decomposition of the regular representation of G. In 
this section we consider the central decomposition of the regular representation 
of our separable locally compact ‘unimodular group @. Denote by R.the 
weakly closed self-adjoint operator algebra generated by the right translations 
R(g) in &:(G@), and by L the algebra generated by the left translations L(g). 
Godement and Segal have shown that L and R are each other’s commuting 
algebras : | 
(4.1) L=R and R—TL. 


Denote by Z the center of R: Z=RNR—RNL—=LN EL, and let 


(4. 2) 2.(@) = fo 


be the central decomposition of &,(G) under R (or L). 
If a(g) is an arbitrary complex valued Haar-Lebesgue-integrable function 
on G, let R, be the operator acting on &,(G) defined by 


(4.3) Be [ a(g)R(g)dg. 


Clearly R, is an element of R. Denote by R® the subset of R of the elements 
R, obtained from integrable functions a(g), and by R©® the subset of those 
R,eR® for which a(g) is also square integrable. Under the decomposition 
(4.2) there corresponds to the operator Fa an operator-valued function, say 
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. A(t), and to the element a(g) of &(G) a vector valued function a(t), when- 
ever a{g)e@(@) N L(G). Again A(t) and a(t) can be changed arbitrarily 
on sets of measure zero. However we have 


Lemma 4.1. Let a(g)e(G) N2.(G). Then there exists one choice 
which assigns to every operator Ra a unique operator valued function A(t) 
and to the “vector” a(g) a unique vector valued function a(t) such that 
for thts chotce the mapping 
(4. 4) A(t) — a(t) 


4 


is for almost every t a one-one linear mapping of a certain weakly dense 
linear subspace P(t) of the operator algebra R(t) defined below, onto a dense 
linear subspace of §:. 


Proof. It is clear that R is generated by R@*®. It follows from p. 386 
of [16] that there exists a sequence of functions a(g) s &(G) N R(G) 
(j= 1,2,-- +) which are dense in &(G) and for which the corresponding 
operators 
(4. 4a) Has has" + 


generate the ring R as the smallest weakly closed self-adjoint operator algebra 
containing the operators (4.4a). Now choose for each operator in the 
sequence (4. da) one operator valued function A,(¢) into which it decomposes - 
under our given direct integral. Then it follows from the proof of Theorem 
VI (on p. 459) of [15] that after one possible change on a set of measure 
zero the factors R (t) into which R decomposes may be assumed to be generated 
by the operators A:(t), As(t),-- -. Now let A be a (not necessarily commu- 
tative) polynomial 

(4. 4b) | Dp (Ban Bazy gi ) 


in a finite number of the operators (4. 4a), and define A(t) to be equal to 


(4. 4c) p(Ay(t), Aa) °°) 


Denote the family of operators so obtained for each ¢ by P(t). Then P(t) | 
is a dense linear subspace of R(t) in the weak topology for operators. 


Now consider all monomials in some of the operators (4.4a). Since to 
the product RaRo corresponds the convolution of the functions a(g) and a’(q), 
ie. RP; — Ra where a’(g) = fa(gy*)a’(y)dy and .where a” ¢ 2,(G) 
whenever a and œ £ &,(G) it follows (for instance from Lemma 7.1 of [8]) 
that ae L(G) N (G) and eR (G) NR(G) imply e (a) N&(G). 
Hence there exists a sequence of functions 0,(g),62(g),- * each e & (G) 
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N L(G) such that each of the above monomials is equal to one of the 
operators À. 

Clearly the functions bm(g) are anes in &.(G) since the a;(g) are -- 
contained among the 6,{g). Now choose for each bm(g) one vector valued 
function b,(t) into which it decomposes under (4.2). It is proved in $6 
of [15] that the finite linear combinations of the- bm(t) form a dense linear 
subspace of &, for almost every ¢ and hence, after one change on a set of 
measure zero, for allt. Now let x(g) be an arbitrary finite linear combination 
of the ba(g) with complex coefficients Cm, : 


(4.5) | z(g) == > Cm Om, (9) | (r arbitrary <œ). 


Define the vector valued function z(t) by 


(4. 6) | x(t) = x mbm, (t) 


then æ(g) decomposes into s(t) under (4.2). As remarked above the x(t) 
form for each fixed ¢ a dense linear subspace of §;, and the operators X(t). 
defined by 


(4.7) X(t) = È cm Bm (t) 


are exactly the polynomials p(A,;,(¢),A,(t),- : -) defined above. Hence the 
X(t) form the dense subalgebra P(t) of R(t). Therefore the proof of 
Lemma 4.1 will be complete if we prove the following: 


The correspondence X(t) <> x(t) between the elements (4.7%) of P(t) 
and the elements (4.6) of Q: ts a one-one linear mapping for almost every t. 
Denote by T; the (essentially unique) relative trace which exists for certain 
elements of the factor R(t) in accordance with [13]. According to Lemma Y. 4 
of [8] the factor R(t) will be of type I or II for every t (after a possible 
change on one set of measure zero which we assume to have been made). 
Then there exists a certain function a(t) > 0 and <œ such that 


(4.8) f(g) G(g)dg = fa(t)T:(X (E) (t)*)ds(t), 
where ds(t) refers to the measure used to define the direct integral (4. 2). 
On the other hand fa(g)¥(g)dg — f (s(t), y(#))ds(t). Now let C be any 


element of R, it decomposes into a certain operator valued function, say C (t), 
under (4.2), and we obtain 


(4.9)  F(Cx) (g)y(g)dg = f (CECE), y(t) )ds(t) 
— fa(t) TC (EE) ¥ (t)*)ds (t). 
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. In accordance with Theorem IV and VII of [15] we obtain, as C ranges over 
the center Z of R, for the functions C (t) all essentially bounded scalar valued 
functions c(t)I(t). Hence for Ce Z we obtain 


S(e(t)z(Z), y(t) )ds (t) = fa(t)o(t)Ti( X(t) E (¢)*) ds(z). 
In this equation c(t) can be the characteristic function of an arbitrary 
s-measurable set, which proves 


(4. 10) | (a(t) 94) ) =a (HTX 0) F (4) ") 
for all ¢ outside of some set of measure zero which may depend on z(g) and 


y(g). However if we put bm(g) for s(g) and b,(g) for y(g), we get 
from (4.10) 

(4. 11) (ba(t), ba(#)) = a(t) Te(Bu(t)Ba(#)*), - 

for all ? outside of one set of measure zero which is obtained by taking the 
union of the countably many sets corresponding to each pair m, n of integers. 
Hence if z(g) and y(g) are finite linear combinations of the functions b,(g), 
then we can define X(t) and Y(t) in terms of the functions B,(t) by 
equation (4.7), and z(t) and y(t) by equation (4.6), and obtain for this 
particular choice of the functions z(t), y(t), A(t), Y(t) the truth of (4. 10) 
for all ¢ outside of one sea of measure zero. 

It is proved in Theorem VIII of [16] that the above function a(t) 
(denoted there by'a(A)) is positive for all i. If we can prove that a(t) 
is finite for almost all ¢ then we may consider the right side of equation 
(4.10) above to be an inner product defined on P(t). The left side of (4.10) 
is the inner product of the space %; Hence a(t)<œ would imply that the 
correspondence X(t) <> z(t) preserves inner products, hence is one-one and 
clearly linear for almost every ¢ (and therefore for all ¢, after a change on 
one set of measure Zero). Therefore the proof of Lemma 4. 1 will be complete 
if we prove 

Lemma 4.2. The function a(t) which occurs in the generalized Peter- 
Weyl-Plancherel formula (4.8) is finite and positive for almost every t. 

Proof. As remarked above, a(t) > 0 was proved by von Neumann ([15], 
Theorem VIII). To prove a(t) <œ we observe that for m = n we obtain 
from (4. 11) | 
| Ba (t) J? — a (t) Te (Ba (t) Ba (¢)*). 

Since | b (t)|?< œ, the expression 7;(B,(¢)B,(t)*) would have to be 0 
for any t for which a(t) =œ. But then 


(412) Bt) =0(#). 
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The set of those ¢ for which (4.12) holds is known to be measurable (cf. 
[15], § 13); hence so is the set of those ¢ for which (4.12) holds for all 
n=m1,2,-°-. On the other hand the B,(t) generate the ring R(t), and 
R(t) contains the identity operator I(t) for almost every t. Hence (4.12) 
can be true only on a t-set of measure zero. Therefore a(t) <œ for almost 
every ¢ as required. This completes the proof of Lemma 4.2 and hence also 
the proof of Lemma 4. 1. 


In the next section we shall require a special case of the following 


Lemma 4.3. Let B be a countably additive complex valued set function 
on QG. For y(g), a suitable complex valued function on G, put 


(412) (RO) = [17 80) and (L(g) = f IODO) 


Assume B is such that Rg and Lg are bounded linear operators on &:(4) 
defined for all y(g)e@(G) and that Rg and Lg are defined for all 
y(g) €R (G) and satisfy RoR (G) C R (G) and Le(@) C @Q(G). Denote 
by Rg(t), Lg(t) the operator valued functions into which the operators Rg, Lg 
respectively decompose under the central decomposition (4. 2). 


AssERTION. The mapping (4.4) can be taken to be such that under tt 
there corresponds for almost every fixed t to the operator A(t)Rg(t) the 
element La(t}a(t) of Gi and to the operator Rg(t) A(t) the element Rg(t)a(t) 
of Qe | | 

Proof. Observe first that the definition (4.12) of Ep, together with the 
assumption that Rg be a bounded operator, implies Rge R; similarly Lge L. 
Hence Rg and Lg are decomposable operators under (4.2). Therefore the 
above function Rg(t) and Lg(t) exist. 


Notice next that the definition (4.12) implies that 
(4.18) Rp Rise and Rghy = Rago 
Hence for all ¢ outside of a set of measure zero (which may depend on the 
function a(g) and the measure 8) we obtain 
(4. 14) Ra(t)Ra(t) = Brga(t), and R(t) Ra(t) = Rra (t), 


where R,(f),: >- are arbitrary operator valued functions into which the 
operators Ra - - decompose under (4.2) (arbitrary in the sense that they 
may be changed arbitrarily on sets of measure zero). Now put in equations 
(4: 14) the function b,(g) instead of a(g) and replace the “ arbitrary ” R,(t) 
by the function A(t) introduced in the proof of Lemma 4.1. By taking the 
union of countably many sets of measure zero we then obtain from (4. 14) 
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A(t)Rp(t) — Riot), and Rp(t)A(t) = Rro(t), 
for all ¢ outside of one set of measure zero whenever a(g) is a finite linear . 
combination of the functions b,(g). By hypothesis the functions (Lga) (9) 
and (Nga) (g) are elements of L(G) AO L2(G@) whenever a(g) e £1(G)N L,(@). 
Since the measure 8 is fixed, we may assume that the functions b,(g) are 
chosen such that Lab, = by and Rgb, == bp are again functions of the sequence 
bs(g),be(g),-* +. Put (Lou) (g) = sa(g) and (Rp) (g) == a9(g), and let 
Ag(t), p4 (t) be the operator-valued function of Lemma 4. 1 into which Raya, 
Riga decompose respectively. Then we get all ¢ outside of one set of measure 
ZETO TE | 
(4.15)  A(#)Ro(t) — p4 (t), and R(t) A(t) — p(t). 
On the other hand (Zga)(g) decomposes into the vector valued function 
(Lpa) (t) = pa(t) say, for almost all t, and Fpa into Ag(t)a(t) = ag(t) for 
almost all ¿, where ga(t) and ag(t) are the vector valued functions uniquely 
determined above by a(g) for which Lemma 4.1 is true. 

Moreover, since we may assume Leb, == bw and Rgb, = bne we see that 
the operators pÅ (t) and Ag(t) are elements of P(t); therefore the mapping 
(4.4) is defined for gA(t) and Ag(t), and for all ¢ outside of one set of 
measure zero we obtain 


pA(t) — pa(t) and As(t) — ap(t), 
under the mapping (4.4). Combining this with (4.15) we obtain the truth 
of Lemma 4. 3. 


5. Completion of the proof of Theorem 1. Let us now consider the 
repersentation U == ind u of @ defined in 1. Hf the representation u: k— u(k) 
of K is a discrete direct sum of representations uy, u(k) = À u,(k), then it 


| follows that U is the direct sum of representation U, of G, where U, = ind w: 
(5. 1) ind { 2 pity} — 2 „ind ly. 
Indeed if the representation space D of u is a direct sum > hy of invariant 
subspace h,, then consider those functions X (g) e $ for which X (g) is, for, 
each fixed ge G, an element of §,. They form a closed invariant linear sub- 
space , of & under the operators U (g), and if U,(g) denotes the restriction 
of U(g) to $, then the definition of induced representation as given in 1 
implies that U, is (up to unitary equivalence) equal to ind uy. This proves 
(5.1). 

In particular let A be the left-regular representation of K. Then 
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AÀ = $ h,u,, where u, varies over all irreducible representations of the compact 


group K (equivalent representations being identified) ; uy is not equivalent: 
to ty» for v5<v’, hy denotes the degree of u, and h,u, denotes the repetition 
of the representation up, h, times. Hence ki 1) gives 


EtG 


On the other hand the definition of tel repersentation implies that if À 
is the regular representation of K (i.e. A(k) is left translation by the element 
k in the space &.(K)), then L= ind à is the ‘(left-) regular representation 
of G. To see this, observe that the definition of induced representation implies 
that the repersentation space $y for ind À can be identified with the space of 
those elements z(k,g) of Q(K)X &(G) which satisfy 


(5. 8) z(k, Kg) = a (HE, g). 
Hence the square norm equals 


„120 g)itdgdk— f (f |201 bg) Pag} dk 
JS, J 29 agar — ff 120 g) Pag} 
Per L *d ik = f 1, ‘à ; 
ff te orage f |20, 9) Pa 
where we take the Haar measure dk on K to be normalized so that f dk == 1. 
K 
This proves that if z(k, g) € Gy, then the mapping 


(5. 4) a(k,g) > @(1,9) =x (g) 

is a unitary mapping of $ onto (G). Also the mapping (5.4) clearly 
commutes with left translations by elements of G, which proves that ind à is 
(up to unitary equivalence) equal to the left regular reprseentation L of G. 
The reader who is worried about the fact that the functions x(k, g) are, as 
elements of @(K)X L.(G), only defined up to sets of measure zero, may 
restrict himself at first to functions æ(k, g) which are continuous in k, and 
then extend the isomery (5.4) uniquely to a unitary mapping from à 
onto & (G). 

Thus (5.2) can be written as 


(5. 5) L= F hU», where U, — ind ty. 
Let x, be the character of ty, i. e. x,(k) == trace of u,(k). Then the operator 


fete J x0(e)a (ey ak =o IEC o(k) dk 


is a projection; here p(k) denotes right-translation by the element k of K 
in the space &(K). The subspace A,,@.(K) of Q(K) is representation 
space for the representation Ayu» of E, as is well known. 
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Therefore the space of those elements z(k,g) of Q(K)X 2.(@) which 
satisfy (5.3) and k,fx,(k)z(Kk", g)dk == x(k’, g) can be taken to be repre- 
sentation space for ind h,u, under right translations by the elements of G. 
Under the unitary mapping (5.4) this space is mapped onto the subspace 
of all those elements + (g) of &.(G) which satisfy 


(5.6) hy (x (a (gk) dk 2 (9), 
Le, (Byz) (9) =2 (9), if Byrom lr [x (E)E(E)dE 
This proves 


Lemma 5.1. Let u be any continuous irreducible (unitary) represen- 
tation of degree h of the compact subgroup K and y the character of u. Then 
the subspace R,X,(G@) ts a direct sum of h subspaces each of which transforms 
under left translation by elements of G equivalently to the operators of the 
representation U == ind u of G.® 


Indéed, since K is compact, any continuous irreducible unitary representation 
u of K is equivalent to one of the above tp, as we have observed above. 

Let us now keep the irreducible representation u of K with character x 
fixed. Perform as in 4 the central decomposition (4.2) of the space &.(G) 
under the operators R(g), ge G. The operator R, defined by the last of 
equations (5.6) is a projection which commutes clearly with L(g) for every 
ge G, hence also with every element of the ring L which the operators L(g) 
generate. Hence we may apply Lemma 3.1 and conclude that if ¢ is an 
element of a certain measurable set (of positive measure) Tı, then the space 
R,(t)$+ may be identified with the space §,; obtained by performing the 
central decomposition of the space R,@(G) under the operators R L(G) 
of the representation hU == ind (hu). Here T, is the set of those ? for which 
R, (t) 0 (t). 

Put 


(5.7) Lym hf x(k) L(K) dk, 
K 
and denote by L,(t) the operator-valued function into which the operator Ly 


decomposes under the central ‘decomposition (4. 2). 


3 Note that it follows from this together with Lemma 7.1 of [8] that factors of 
type I cannot occur (except on a set of measure zero) in the central decomposition 
of ind u, whenever K is compact and G@ unimodular and separable. 

K¢G 


754 F. I. MAUTNER. 


Lemma 6.2. Denote by R(t) the factor into which the ring R (generated 
_ by the right translation E (g) ) decomposes for almost every t under the central 
decomposition (4.2). Then the restriction of the mapping X(t) — z(t) 
defined by (4.4) to those elements X(t) which satisfy X(t) = R, (t)X(t)R, (+) 
is for almost every t a one-one linear mapping between a dense linear 
subspace of R,(t)R(t)R,(t) and a dense linear subspace, of the space 
Ry (t) Ly, (t) G+ Hence in particular 


(5. 8) dim R, (t)R (t) Ry (t) = dim R, (t) Ly (t)&: 


where dim denotes the (ordinary) dimension of a vector space over the feld | 
of complex numbers. 


Proof. Replace the measure 8 of Lemma 4.3 by the measure hy(k) dk, 
where dk refers—as throughout—to the Haar-measure on K. Then the hypo- 
theses of Lemma 4. 3 are readily seen to be verfied by the operators R, and 
' Lọ Hence if P(t) denotes again the dense subalgebra of R(t) introduced 
in Lemma 4.1, then Lemma 4.3 tells us that under the mapping (4. 4) 
the elements of P(f)R,(t) are mapped into L,(t)§:, and the elements of 
| R,.(t)P(t) into E,(t)$+ Hence R,(t)P(t)#,(t) is mapped into the sub- 
space f,(t)L,(t)O: of $: (for almost every t). Denote by §;° the image 
of P(t) (in §;) under the mapping (4.4). Then §,° is a dense subspace 
of §; and the image of R,(t)P(t)R,(¢) under the mapping (4. 4) consista— 
as we have just seen—of R,({)L,(t)$%. Hence clearly R, (t)P(t)R, (+) 
is a dense subalgebra (in the weak topology for operators) of R, (¢)R(4)R,(t), 
and R,(t)L,(t)$:° a dense linear subspace of By (i) Ly (i)i which proves 
Lemma, 5. 2. 


Let us now consider the space R,(¢)%s. It is an invariant subspace of 
$+ under the elements of the algebra &(¢) as follows from Lemma 13 of [15]. 
By Theorem 1.1 of [8] there exists a continuous unitary representation V; 
of G, Vs: g > V:(g), where the operators act in the space $: and generate 
the ring Q(t) according to Lemma 1.2 of [8]. So we have 


Ry (t) Velg) = Vilg) By (t) 
for all g and all ¢ outside of one set of measuré zero which is independent 
of g. Therefore the operators R, (t)V:(g) form a representation of G in the 
space À, (€) for almost every t. 13 
We shall now prove that 


(5.9) L(t) =h f x(k) Ve(k) ah / 


for almost every t. Let y,(g) be a sequence of elements of & (G) such that for 
the corresponding operators Ly, acting on &.(G) we have strong lim Ly, = I. 
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Denote by Ly, (t) the operator valued function into'which Ly, decomposes 
under the central decomposition (4.2). In accordance with p. 442 of [15] 
there exist a subsequence of the y, for which the Ly,(t) converge strongly 
to the identity [(¢) for almost every ¢. Let us assume that this subsequence 
has been chosen and denote it again: by Yr. Since Ly, — Í yn(g)L(g)dg 
by definition, we have for almost every t 


y(t) = J on(9)U (9; dg. 
On the other hand it has been shown in $ 1 of [8] that 


L(t) =f yn(9) Ve(9) Ag 
for almost every ¢t. Now put 2,(g) = nf Yn(gk*)x(k)dk; then 
K 


strong lim Le, == strong lim Ly,L, = Ly, 
since Le, == Ly,L,. Also D,,(¢) —= Ly,(t)L,(t) for almost every ¢ implies 


' strong lim Lig (t) = strong lim f za(g)U (g, #) dg 
n00 n00 G 


— strong lim Í, za(g)V:(9)dg = Ly (t) — Í. hy (k)U (k, t) dk. 


But since the operators V:(g) form a pepe RE uen of G, the definition of 
#a(g) implies 
S2n(9) Vig) dg — Ly (t)h f x(k) V: (k) dh. 

Hence strong lim Ly,(t) == I(t) for almost every ¢ implies 
strong lim f2:(9) Ve(g) = L(t). 
for net every t. This proves equation (5.9) for almost every t. 
From (5.9) we infer 
(5.10) R,(t)Ly(t) = Ly (t)B,(t) =h f. x(k) R, (t) V: (k) dk. 
This proves 


Lexma 5.8. The subspace Ly(t)Ry(t)&: of R(t) Gs is for almost every 
t the sum of all those subspaces of R(t): which transform equivalently to 
the repersentation u of KE under the operators R,(t) V:(k), for ke K. Here 
R (t) Vi(k) ts considered as an operator ae the space R,(t)Q:. 
Next we have 


Lexma 5.4, The subalgebra B, (t)R(t) RB, (t), considered as an algebra 
of operators of the space Ry (t)$+ ts for almost every t exactly the set of those 
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bounded operators of the space R, (t)$: which commute with (the restriction 
of) R x(t) Vlg) (to the space R,(t) G+) for every ge G. 


Proof. According to (4.1) the ring R is the commuting algebra of L 
in the space &(G). Hence if we apply Lemma 13 of [15] to our above 
central decomposition of 2,(G), we may conclude that R(t) is the commuting 
algebra of L(t) for almost every t By $1 of [8] we know that after 
omission of one t-test of measure zero we have V:(g)eL(£) for all ge G, 
and that the V;(g) generate L(t). But all this together with R,(¢) e R(t) | 
implies Lemma 5. 4. 


Let us now combine Lemmas 6.1, 5.2, 5.3 and 5.4. By Lemma 6.3 
we know that L,(t)R,(t)$: is the sum of all those subspaces of R, (t)§: 
which transform equivalently to the given repersentation u({k) of K under 
the operators V;(k) for ke K. Hence we have 


(5.11) dim [Ly (t) By (4) Gi] = [multiplicity of u in R,(t) V:(K)]. 
Hence Lemmas 6.2 and 5. 4 imply 
(5.12) dim{LR, (¢)Vi(g)]’} = h: [multiplicity of u in R} (t) V:(K) ], 


where [R,(t)V:(g)]’ denotes the commuting algebra of the operators 
R,(#)Ve(g) in the space R, (t)G:. 

Now let us consider the operators U(g) of the induced representation 
U — ind u acting in the space § as defined in 1. The representation u of K . 
being irreducible, we can apply Lemma 5.1 and conclude that the space 
R,Xe(G) can be identified with Kronecker product h X § such that R L(g) 
becomes identified with J, X U(g), where I, denotes the identity matrix in 


the -dimensional space He IER = Í, 94, is the central decomposition of & 


under the operators U (g) introduced in 1 (cf. equation (1.8)), then von 
Neumann’s result on the essential uniqueness of the central decomposition 
(cf. loc. cit.) implies that the spaces obtained from the central decomposition 
of R,2.(G@) can be identified with the spaces h X ©; in such a marmer that 
in particular each (measurable) operator-valued function in the one decom- 
position goes over into the corresponding operator-valued function in the 
other decomposition (neglecting of course sets of measure zero again). On 
the other hand we know from Lemma 3.1 that the spaces obtained from the 
central decomposition of R,2.(@) may be identified for te T, with the spaces 
R,.(t)%:, where the §; are the component spaces of the central decomposition 
of 2.(@) itself, so that corresponding operator-valued functions go again over 
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into each other. Hence we see that there is a one-one correspondence ?’ <> t 
between almost all elements # which occur in (1.8) and almost all those 
elements ¢ which occur in (4.2) and are elements of T,. Here T, is the set 
of those ¢ for which Ry (t) £ 0(%). Moreover this one-one correspondence 
Pet is such that for each corresponding pair +”, t there exists a unitary 
operator J (t,t) mapping a onto R,(t)$+ in such a manner that 


(5. 18) By (t)Vs(g) = I(t; t) [In X Vv (g) JI (t,t). 
Here the operators Uy(g) are the operators of the. unitary representation 
of G acting in #, as introduced in 1 (compare equations (1.8) and (1.9)). 
From (5.13) we infer at once 
(5. 14) dim {[R,(t) V¥i(g) ]’} — h- dim {[Ve (9) ]’} 
for the dimensions of the ae algebras of the operators À x(t) Ve g) 
and V;(g) respectively. 
Also (5.13) obviously implies 
(5.15) hê. [multiplicity of u in Op (K) ] 
| == multiplicity of u in. R, (t) Vi(K). 
Hence combining (5.12) and (5.15) we get 
(5.16) dim {[R,(t)V:(g)’} =h? - [multiplicity of u in Us (K)] 
for each corresponding pair v’,¢. Hence (5.14) and (5.16) togéther imply 
for almost every Ÿ 
(5. 17) multiplicity of u in Uy(K) = dim {[ (9) ]’}. 


Since equation (5.17) is exactly the. assertion of Theorem 1, i. e. equations 
(5.17) and (1.10) are identical, the proof di Theorem 1 is herewith 
completed. 


Remark. In the course of this proof we have obtained somewhat more 
information than Theorem 1 asserts. For instance if we combine Lemmas 5. 2, 
5.3 and 5.4 we see that there is a natural linear one-one mapping between a 
dense linear subspace of the sum of those subspaces of k(t) 9: which trans- 
form equivalently to u(k) under the subgroup K and a dense linear subspace 
of the commuting algebra of the operators R, (t) V:(g) in the space R, (t) $ 
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CLASS GROUP RELATIONS IN CYCLOTOMIC FIELDS: 


By Rosgret E. MACKENZIE. 


1. Introduction. Let F be the cyclotomic extension of the field R of 
rational numbers obtained by the adjunction of a primitive n-th root of. 
unity e m= 8. 

Let N be the multiplicative group of sde classes of the oil 
integers prime to n modulo n. If q is an element of N, then q will be 
regarded as either a residue class modulo n or as a rational integer repre- 
senting this residue class, whichever is appropriate to the context. For each 
q € N, let o be the uniquely determined automorphism of F over R for which 
og(e) =e. By this definition N may be identified with the Galois group 

of F over R. 
The principal result contained in the paper is the following theorem. 


THEOREM 4, Let R be any ‘deal class of F. - For all rational integers 


8 and t, 
Il Ty (&) [q(a+t)/n]-[gs/n]-[qt/n] 
qeN 


ts the principal class. ([x] indicates the greatest integer < the rational 
number x.) | 


This theorem lists a set of relations among the elements of the class 
group of any cyclotomic extension of the rational field. In the present state 
of algebraic number theory it is a rather isolated fact. It would be of con- 
siderable interest to know whether it has a more intimate connection with 
class field theory. | 

Theorem 4 is a generalization of a known theorem? for the case where 
n is a prime. The key to the proof consists in regarding the n-th power 
residue symbol® (a/p) as a function on the additive group of the residue 
class field of the prime p and employing the relation between the convolution 
of the functions (a/p)* and (a/p)* and the product of their Fourier trans- 


1 Received November 12, 1851. 
°D. Hilbert, “Die Theorie der algebraischen Zahlkérper,” Jahresbericht der 
Deutschen Mathematiker Vereinigung, vol. 4 (1897), $ 109. 
2 H. Hasse, “ Bericht über neurere Untersuchungen und Probleme aus der Theorie 
der algebraischen Zahlkorper,” ibid., Erginzungsband VI (1930), § 10. 
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forms. Theorems 1 and 2 concern the factorization of the values of the Fourier 
transform of («/p)*. Theorem 8 gives the factorization of the values of the 
‘convolution of (a/p)* and (a/p)f. 


2. The Fourier transforms. Let p be a prime ideal of the ring of 
integers of F which does not divide n. Let & be the additive group of the 
residue class field of p and * the multiplicative group of non-zero residue 
classes. If a is an element of & (or &*), then g will be regarded either as 
a residue class or as an integer which represents this residue class, whichever 
suits the context. Np is the customary notation for the order of ©. 

Let X be the character group * of &*. For ye X the Fourier transform 
$y of x is the function ¢,(A) = Xax(a)A(a), ae ®*, defined on the charac- 
fers * À of $. Among the elements of A occur the functions (a/p)*, where 
(a/p) is the n-th power residue symbol? in F and s is a rational integer. 
When it requires special consideration, the Fourier transform of («/p)* will 
be denoted by ġa. For convenience, (0/p) will be set equal to 0. Then (a/p)8 
becomes a function defined on &. 


THEOREM 1. If 4541, then | TL (A)? = per 

> Xe | 

Proof. Order the elements of &* and of X in a fixed manner and 
consider the determinants 

| A == det{A(aB)| a, Be d*} 

and 

D = det{x(a)| xe X, ce b*}, 


each consisting of Np— 1 rows and columns. Summing on a gives . 


DA = det{x(B) Sax (#8) a(aB)| xe X, Be &*}, 


where x(8) is the complex conjugate of x(B)- The sum occurring in this 
determinant is ¢,(A) and hence DA = DIL, $,(A), xeX. 


D may be shown to be different from zero by forming 
DD — det{s,x(a)x(8)| æ 8 e &*}. 


The sum occurring in this determinant is zero unless & == 8, in which case 
- itis Np—1. Therefore DD = (Np—1)4*"_ It now follows that 


| by (A)| ep | A |- 


* The values of the characters are roots of unity. 
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The theorem requires the evaluation of | A |?. Since 
| A | = | det(a(—vB)| », Be 8] 
it follows by suming on 8 that 
| A |? | det{spa({a —v}8)| ave o*}|. 


. The sum appearing in this determinant is —-1 unless æ = v, in which case 
itis Np— 1. That is to say, 


| A |? = | det{— 1 + ôr Np | v, p= 1, 8," ` -, Np—1}I, 


where 8,, is the Kronecker delta. This determinant may be evaluated by well- 
known methods and gives the desired result. 

Further considerations will be restricted to the special Fourier transforms 
$.. The values of A(a) are p-th roots of unity, where p is the rational prime 
which b divides. The values of ¢,(A) are therefore integers in the extension 
E obtained by the adjunction of a primitive p-th root of unity to F. The 
problem is the factorization of the integers ¢,(A) in the field Æ. Theorem 1 
shows that the divisors of ¢,(A) are necessarily divisors of p. 

It will now be assumed that p is a prime of first degree relative to R. 
This condition prevails throughout the remainder of the paper. Let 
Pe —og(b),geN. According to Hilbert’s theory of the factorization of primes 
in normal extensions,® the primes bg and py are distinct when q=«q’ in N 
and as g runs through the elements of N the primes p run through the 
divisors of p in F. It is not difficult to see® that pa is completely ramified 
in E, that is, there is a prime P in E such that p == BoP". As q runs 
through the elements of N, the primes ‘8, run through the divisors of p in E. 

According to Theorem 1, the factorization of 4,(A) in E may be written 
Palà) = Brel, The values of the exponents v(s||q) are given by the 
following theorem. 


THEOREM 2. If X541, then v(s| g) = (p—1){1— (gs) /n} tf s30 
(modn) and v(s||g) —0 if ss==0 (modn), where w(m) is the least non- 
negative integer congruent to m (mod n).. 


Proof. The elements of @ are represented by the rational integers 
0,1,2,---,p—1, hence 


g(a) = 5 (pA) =È (0/)*0"(1). 


5D. Hilbert, loc. oit., Chap. X. 
*D. Hilbert, loo. cit., Chap. XXI. 
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Since A541, A(1) is a primitive p-th root of unity. Let r=A(1) — 1. 
Then r = OPa ge N. Applying og to the congruence?! (v/p)?==ye-Va/n — 
(mod p) gives (v/p) == #47 (mod pa) and 


p-1 
os(A) = 2 v@)/n (1 + r)” (mod P+). 


Since = 1] (mod p), one may replace the exponent (p — TER by 
(p—1)o(gs)/n. 


Using the binomial theorem, 


p-1 pet y | ped. 
d(A) = Ÿ rt DS ( ) y@-Lo(gs)/n |. S ,@-1)u(as)/n (mod P). 
HTL pan \H y=] 
If s is divisible by n, then ¢,(A) ——1 and v(s | q) = 0. It may be 


assumed that s5£0 (mod n). In this case the exponent (p—1)w(qs)/ n is 
not divisible by p—1, which means that the second sum in the congruence 
for $a(à) is congruent to zero mod p. It may be dropped mod R,” =. 

} - 


Let p21 and 1=1<p—?, It follows from C- (vt! +. terms 
of lower degree in vy) /u! that ž 


5 C) a E P 
0 (mod p), p = p—1—1. 


Applying this to the congruence for Plà), one concludes that 


Pap 


pa (A) = amd) 2—0t08)/ n} Gi BP ovens), 


where a is a rational integer 5£0 (mod p) and hence sé 0 (nod Po). 
Theorem 2 now follows from this congruence. 


3. The convolutions. The coefficient of A(«) in the product $,(A)¢:(A) 
. will be denoted by g,’(a). Its explicit value is %(8/p)*({«— B}/p)', 
which is an integer in F. Owing to the multiplicative nature of the power 

residue symbol, g,* is almost the function (a/p)**?. | 


Case 1. «= 0. 
gs (a) = Xg (28/9): (a — aB}/p)* = (a/p)***g.f(T). 
Case 2. a—=0. 
ar 0 ,s + t340 (mod n) 
gat (0) == (— 1/p) ‘Ze (8/p) TE j (— 1/p¥ (Np wi 1), S + t= 0 (mod n). 
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Using these values of g,*(a) it follows that 


| ge (L)pau(à) + (Wp —1)(—1/p},s + t= 0 (mod n). 
The factorization of g,*(1) in F may be written g,'(1) = Upp,7ltlo, 
as will be demonstrated in Theorem 3, which gives the values of the exponents 
(slt q) in most cases. 


Tarorex 3. If neither s nor t is divisible by n, then 


v(s|t |g) = 1— [g(s + t)/n] + [gs/n] + [at/n]. 
Proof. Case 1. s+¢540 (modn). 


g (1) = b (À) be (A) /dout(A)- 
The results of Theorem 2 and the relations bg == P, and 
o(m) =m — [m/n]n 
give the desired result. 


Case 2. s+ t= 0 (mod n). Put À == 1 into the expression for 4,(A)¢:(A). 
Then g:*(1) =— (— 1/p)' == + 1 and x(s |t || g) = 0. 


"4. The class group relations. The proof of Theorem 4 may now be 
given. Let & be the ideal class which contains p. For this ideal class we 
may state from Theorem 3 that Igoq(St)”@l##@ is the principal class, provided 
that neither s nor + is divisible by n. Furthermore, the factorization p = yb, 
- shows that If,og({*) is also the principal class. This means (1) that the first 
statement regarding $ is true even if s or ¢ or both are divisible by n and 
(2) that 

Tog (&)**lti@ 


is the pindal class. The latter statement is Theorem 4 for the case wien 
& is the ideal class containing p. 

The generalized theorem on arithmetic progressions’ assures us that 
every ideal class of F contains not only one but an infinite number of primes 
satisfying the conditions on p in this paper. Hence Theorem 4 is true for 
every ideal class of F. 


INDIANA UNIVERSITY. 


7 For the most general statement of this theorem see H. Hasse, ibid., vol. 35 (1926), 
$ 8. 


A THEOREM ON UNIFORM CAUCHY POINTS.* + 


By W. L. Gordon and C. W. MCARTHUR. 


The purpose of this paper is to prove a theorem which implies the main 
results of recent papers of B. J. Pettis, [4], A. Alexiewiez [1], and A. M. 
Ostrowski [8] concerning the Osgood-Kuratowski-Banach theorem and some : 
of its consequences. The terminology of [4] aa be ree throughout 
this paper. 

Let X be any opira sane, and & any cardinal number. A subset E 
of X is a J» set if it may be represented as the union of ® nowhere dense 
sets; otherwise it is a IJ» set; E is &-residual if its complement X NE is‘a 
ls set. Let Y be any completely regular topological space, and of all uni- 
formizations of the topology in Ÿ [5], let {Va|aeA} be one having least 
cardinal number | A |. For each element À of a fixed directed set A, let fa 
be a function on X to Y. A point z in X is a Cauchy point of {fy} if 
(0.1) given any ae A, there is some À, such that f\(xo) © Valfrue(o)) for 
all A= Aq. A point To is a uniform Cauchy point of {fa} if (0.2) for each 
ae À there is some Age A, and an open set G containing £o such that 
f(z) © Valfra(2)) for all A= àa and all re G. The set of Cauchy points 
of {fx} will be denoted by C and the set of uniform Cauchy points by Cy. 
The closure and interior of any set E in a topological space will be denoted 
by #* and E° respectively. __ | 

Our main result may now be stated. 


Txrorem 1. Let | A] represent the least of the cardinal numbers of 
cofinal subsets? of A. If each fy ts continuous, and if $ = max(| 4j, |à f|), 
then ONC, ts Ia. 


For each ae A there exists ([5], p. 14) a non-negative real function 


ca(p,q) on FX ¥ such that (i) ca(p,p) —0, (ii) oa(p,g) = oa(4 p), 
(iii) if ca(p,q) < 1 then pe Va(q) and ge Va(p), and (iv) given e>0 


* Received September 13, 1961. 

1 Part of this paper was written under contract N7-onr-434, Task Order IL, Navy 
Department (the Office of Naval Research). 

4 Equivalently, let | A | be the least of the cardinal numbers of Re of subnets 
of the net {fa} in the sense of J. L. Kelley, “ Convergence in topology,” Duke Mathe- 
matioal Journal, vol. 17 (1960), No. 3. 
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-there is some Be A such that | ca(r,s) —oa(p,q)| < e whenever re Va(p) 
and se Vg(q). Let M — [p] be a cofinal subset of A having cardinal number 
| A |, and for each ae A and pe M, let | 


Qan = X[z: | oa(fa(x), fa(2))| S$ for all AZ p]. 


In [4] it is shown without using the continuity of the fys that C = a y Qay 
and Cy = N U Qaa. From this it follows that 


ONO. CH= U U (Qaa N Qlan). 


By hypothesis, each f, is continuous; hence, by (iv) above, for fixed A and p, 
| oa(fx(z), fa(z))| is a continuous function of s. Therefore each Qax is 
closed, and Qo, N Q°a, is nowhere dense. Hence E is the union of | A|- |A] 
nowhere dense sets. If |A|-|A| is finite, Æ is nowhere dense and so 
obviously Iş. If |A|-|A] is infinite, then |A]-|A|—max(|Al,|A|)<4, 
and # is necessarily a Iẹ set. As a subset of a Ja set, C \ Cy is also Ja. 

With the same hypotheses on the spaces X and Y as in definitions (0.1) 
and (0.2), and with {f,} a directed family of functions on X to Y, a potnt 
of almost equt-continusty of {fx} is a point x, satisfying the condition that 
(0.3), for each ae A there exists a A, and an open set G containing To, such 
that f\(x) € Va(fi(to)) for all A= Aq and all ze G. The set of all such 
points will be denoted by Cy. We recall the following result ([4]). 


Lemma 1. The relations Oy D C* N Ca = C N CS always hold, and tf fy 
ts continuous for each À in a cofinal subset of A, then Cy = C*N Ca = CN Co. 


The following corollary is a combined statement of Theorems 1 and 2 
of Pettis (f4]), the latter part being an extension of a theorem of Alexiewicz 
({1]). 

COROLLARY 1.1. If each fa is continuous, and & = max(| A|, |A|), 
then Cy C Ca, and 


(1) tf C ts &-residual, then Cu and Ca are -residual ; 

(2) if C is a IIa set, then C N Ca (= Ca) is a Ile set. 

By Theorem 1, O N C, is Ig, and since X N \Cy== (CN Cu) U (XX C) 
is the union of two I» sets, X N Cy is Ip; that is, Cy is d-residual. By Lemma 
` 1, Cy C Cy, 80 C is also @-residual. The second part of the conclusion is 


evident since C == (ON Cu) U Cw and ONC, is Ie. 
Given any function fo on X to Y, let C be the set of points of continuity 
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of fa; and given f, and {f1}, let € (fo) and Cy(fo) represent the sets of those 
points for which (0.1) and (0.2) respectively hold when fy, is eee by fo. 
We recall the following lemma ([4]). 


Lamma ?. For any fo and any {fr}, we have : 

(1) CD Ofo); () DC) NC 

(3) C(fo) N Cy D Culfo) D C(fo)° N Cu; 

(4) af fa ts continuous for each À in a cofinal set, then Cy D Cu (fo). 
The Osgood theorem now takes the following form. 


THEOREM 2. Given {fa} and fo, suppose that each fy is continuous and 
that 6 = max {| A|, |A|}. Then Calfo) C Co N Co and C(fo) N Calfo) is Io. 


From (1) and (3) of Lemma 2 we have Caffo) CCM Cu and from 
~ Lemma 1, CN Os= CN Ca; thus Culfo)C Ca By (4) of Lemma 2, 
Cu(fo) € Co, hence we clearly have Cy(fo) C Ca N Co, or equivalently Cu(fo) 
= Oy(fo) N CaN Co. Using 3 of Lemma 2 we have 


OGN Ofo) € OF)? N (OGO)? N Ca) = Ca) \ Cu C ON Cu 
Hence by Theorem 1, O (fo)? N Cu(fo) is Ie. | 
CoROLLARY 2.1. Assuming the hypothesis of Theorem 2, then 
(i) if O(fo)° is &-residual then so is Cy(fo)N Ca N CoM C(fo)®; 
(ii) tf C(fo)° is Ie so ts Calfo) O CaN CoN C(fo)® - 
From Theorem 2, Cu(fo) = Cu(fo)N Ca N Co, and since 
(XN C(fo)°)U (C (fo)? \Cu(fo)) =EN (C (fo)? N Cu(fo)); 


where X XC(f:)° and C (fo)? \Cu(fo) are Ie sets, (i) follows. To establish 
(ii) note that O (fo)? = (G(fo)°\ Cu (fo) )U (Cu(fo) N O(fo)®), where C(f)° 
is IIe and O (fo)? \Cu(fo)is Ie. Therefore Cu(fo)M C(fo)® is Ils. ' 

Observe that in the special case of Corollary 2.1 obtained by requiring 
C(fo) == Z, one may conclude in addition that Ca == Cu == Cy(fo) C Co, because 
in this case parts (3) and (4) of Lemma 2 imply Cu = Cu(fo) C Co and 
Lemma 1 implies that C, = Ca. 

The set A is called essenttally denumerable if | AlS N (eg shave 
integers). The following theorem summarizes the foregoing results in case À - 
is essentially denumerable and Y ‘is pseudo-metric. Parts (2), (8), and a 
conséquence of (5) have been stated by Pettis [4] and in less generality by 
Alexiewiez [1]. 
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THEOREM 3. Let Y be pseudo-metric and A essentially denumerable, and 
suppose fy is continuous for each AeA. Then 

(1) CNG, ts first category;. 

(2) tf C ts residual so are Ca and Cu; 

(3) if C is second category so are Oa and C4. 
If also fo ts on X to Y, then | 

(4) C(fo)° \Ca(fo) ts first category; 

(5) if C(fo)° is residual so is Calfo) N Ca N Co N C(fo)?; 

(6) if- C(fo)® is second category so is Oy(fo)M Ca N CoN Olfa)’. 


If X ts second category then so are C, and Ca in cases (2), (3), and in the 
cases (5), (6) so 18 Cx(fo)N Ca N Co N C(fo)°. 


Following Bourbaki [2] we call X a Baire Space if every non-null 
open set of X is second category (e. g. a locally compact Hausdorff space or 
a complete pseudo-metric space). In such a case it is clear that any residual 
set is second category and everywhere dense. Hence 


COROLLARY 3.1. Let Y be a pseudo-metric space, X a Batre space, 
A essentially denumerable, and suppose fy ts continuous for each Xe A and 
fo is on X to Y. If C(fo)° ts residual, then Calfo) O Ca N CoN C(fo)® ts 
residual, second category, and everywhere dense. 


In a recent paper A. M. Ostrowski [8] states the following theorem: 

Let f(t,z) be a continuous function of the point (t, s) for a << x < b and 

t= T, and suppose we have limf(t,z) == f(x), where f(z) is also con- 
t-»00 


tinuous in (a,b); then for any « > 0 there exists a subinterval J of (a, b} 
and a number Te such that we have | f(t, £) — f{x)| < «fort = To and zed. 

Using Corollary 3.1, Ostrowski’s theorem may be strengthened to the 
following: Suppose for each t = T that f(¢,x) is a continuous function on 
A = real interval (a, b) into a pseudo-metric space Y, and that f is a function 
on X to F such that lim f(t, z) = f(x) for eachzreZX. Then Ca N Cy(f)N Co 


is residual, second category, and everywhere dense, and Ca = Calf) C Co. 


TULANE UNIVERSITY. 
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MATRICES WITH INTEGER ELEMENTS IN COMBINATORIAL 
INVESTIGATIONS.* 


By H. J. RYSER. 


1. Introduction. Let it be required to arrange n elements into n sets, 
such that each set contains exactly & distinct elements and such that 
every pair of sets has exactly À == k(k—1)/(n—1) elements in common 
(O<A<k<n). The significance of this n, k, À combinatorial problem has 
been described in detail in [2]. The problem for n=—N?+N+1, 
k= N +1, N= 2, and À — 1 is equivalent to finding a projective plane 
with N + 1 points on a line. For n == 4N — 1, k = 2N — 1, and À = N — 1, 
the problem reduces to a determination of an Hadamard matrix of order 4N. 

Let æ,: ` -,2, denote the n elements and let s,,- - -,s, denote the n sets 
formed from these elements. The elements 2,,- -.-, 2%, may be listed in a row 
and the sets 8,,- - -,8, in a column. One forms the incidence matrix A in 
the usual way by inserting 1 in row + and column j if the element 2, belongs 
to the set s; and 0 otherwise. The matrix A of order n is composed entirely 
of zeros and ones and satisfies the matric equation AA’ == B. Here A’ denotes 
the transpose of A, and the martix B has k in the main diagonal and À in 
all other positions. Moreover, for the incidence matrix A, one readily proves 
that A’A == B. Clearly, the matrix B is congruent to the identity, relative 
to the field of rational numbers. The utilization of this fact has resulted in 
a proof of the impossibility of the n, k, A problem for large classes of n, k, 
and à ([1], [2]). 

Consider now two n by n symmetric matrices A and B, with integer 
elements. The matrix B is integrally represented by A provided there exists 
a matrix C with integer elements such that C’AC = B. In particular, Bis 
integrally represented by the identity aan there exists an integral A such 
that AA’ = B. 

Let B now denote the n by n symmetric matrix with k in the main 
diagonal and A=k(kK—1)/(n-—1) in all other positions. If the n, k, À 
problem has a solution, then clearly B must be integrally represented by the 
identity. The purpose of the present paper is to show that for certain n, k, 
and A, the converse proposition is also valid. 


* Received September 20, 1951. 
| 769 


770 H. J. RYSER. 


Unfortunately, the classical problem of deciding whether or not one 
- matrix is integrally represented by another is not entirely solved. An excellent 
account of this and related arithmetic topics may be found in [3]. 


2. Theorems concerning the n, k, À problem. The following is a 
generalization of Theorem 3 derived in [1]. 


THEOREM 2.1. Let B be the symmetric matrix of order n, with k in the 
main diagonal and À = k(k—1)/(n—1) in all other positions (O0<A<k<n), 
Suppose that AA’ = A’A mm B, where A has integral elements. Then A is 
composed entirely of zeros and ones, or entirely of zeros and manus ones. 
Consequently the matrix A ytelds a solution of the n, k, À problem. 


Let s; denote the sum of column + of the matrix 4 = [a]. Then 


: A 
(1) 2: Qasi me K?, 
$1 
where j ==1,:-:,n. Adding, one obtains 
(2) > 877 == nk}, 


It is clear from A'A = B that |s; | = È ay |S E ay? = k, whence s} = kè. 
‘ ‘ 


But then (2) implies | 8 | = k. But if s; — k, then all of the a’s in the j-th 
column of A consist of zeros and ones. On the other hand, if s; = — k, then 
all of the a’s in the j-th column are zeros and minus ones. Thus the columns 
of A are either composed of zeros and ones, or, zeros and minus ones. Since, 
however, the inner product of two column vectors of A is the positive integer . 
À, the matrix does not contain columns of both varieties. 

Actually, the restriction of the normality of A in Theorem 2. 1 is unneces- 
sarily severe. However, any restriction imposed on the transforming matrix 
is undesirable. This difficulty is overcome subsequently for certain values 
of n, k, and À 


THEOREM 2.2. Let B denote the symmetric matris of order n, with k 
in the main diagonal and X—=k(k—1)/(n—1) in all other positions 
(O<A<k<n). Suppose further that k and k— À are relatively prime, 
that k — à ts odd, and that AA’ == B, where A ts integral. Then upon suitable 
multiplication of the columns of A by +1, the matriz A is transformed into 
an incidence matrix composed entirely of zeros and ones. Consequently A 
yields a solution of the n, k, À problem. 
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Again let s; denote the sum of column + of A, and let ty denote the inner 
product of the 1-th and j-th column vectors of A. We first derive a basic 
relationship connecting the quantities tų and the products s,s,;, namely 


(3) k liy = ASS; + k? (k — A) By, 
where êy is the Kronecker delta. 


The matrix A is nonsingular, with determinant | A | = + k(k—-A)@)/?, 
For if column one of B is subtracted from each of the other columns, and if 
to row one there is then added each of the other rows, it readily follows that 
| B | = k? (k—aA)**. Thus AA’ = B implies that 


(4) A'A == ABA, 


Let A,, denote the cofactor of the element Ars Of the matrix A. Then com- 
paring elements in the (u,v) positions on both sides of (4), one obtains 


| A | tuo = À 2 Aw tin + (&— À) 2 Ain 


But À Ages = | À | Sue, and equation (1) implies that 
4 


(5) | A | su = K? X Aw. 
Hence (3) follows. 


- Any column of A may be multiplied by ——1 and the equation AA’ == B 
remains yalid. Hence we may suppose without loss of generality that s; Z 0. 
Now | A | == + &k(k—A)“-»/, and by hypothesis, k and k — À are relatively 
prime. Hence by equation (5), it follows that each s,==0modk. Thus we 
may write sı == uk. Moreover, from (3) it follows that 


(6) du Mug + (k—A). 


Let us now suppose that some w==0. Then #—0, and by (6) it 
follows that tu = k — Aà. But 


Ose g = ţa He + ++ an? =k—A(mod 2), 


and this contradicts the assertion that k— À is odd. Hence each u s£ 0. 
But s? p- -+F sa? = kn, whence w? -4> -+ usn. Hence it follows 
that each u == 1 and thus s; =.k for all+. But then tu — k, and hence each 
. &, must equal 0 or 1. Thus A is an incidence matrix. 
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The. preceding theorem is ‘of interest for the special case of projective 
planes and Hadamard matrices. 


THEOREM 2.3. Let B denote the symmetric matrix of order n == N? 
+ N +1, with N -+ 1 in the main diagonal and 1 in all other positions. Let 
N be an odd integer >1. Then the assertion that there exists a projective 
plane with N +1 points on a line is equivalent to the assertion that the 
martis B is integrally represented by the identity. 


THROREM 2.4. Let B denote the symmetric matriz of order n == 4N — 1, 
with 2N — 1 in the main diagonal and N—1 in.all other positions. The 
assertion that Hadamard matrices of all orders congruent to zero modulo 4 
exist is equivalent to the assertion that the matrix B is integrally represented 
by the tdentity, for every odd integer N. 


If B is integrally represented by the identity for every odd integer N, 
then by Theorem 2.2, there must exist Hadamard matrices of order 4X. 
To construct the Hadamard matrix of arbitrary order congruent to zero 
modulo 4, it is only necessary to form the direct product with the Hadamard 
matrix whose order is a suitable power of 2 (cf. [4]). 

Theorem 2. 2 is not necessarily valid for k — À an even integer. In this 
case certain of the i may actually equal zero. If t4, Ug, * + ,u, constitute 
those u equal to zero, then equation (3) merely implies that A’A is a direct 
sum of two matrices, one factor of which is (k —A)J, where I is the identity 
matrix of order t. | 

To furnish an example, let H be an Hadamard matrix of order N = 2 
or Ne=0(mod4). The first column of H is to be composed entirely of plus 
ones. Consider now the matrix of order N? -+- N, which is the direct sum 

of the matrix H, taken N+ 1 times. Let this matrix be bordered by a row 
vector 
(1,0,---,0,1,0,:- 0 --,1,0,---,0) 


of N° + N components, where each of the sequences of zeros contains N — 1 
members. Let the resulting array be bordered by a column vector of 
N? + N +1 components, consisting of 0 in the first position and 1 in all 
other positions. The resulting matrix A is of order N? + N + 1, and satisfies 
the matric equation AA’ = B. However, the matrix A is not the incidence 
matrix of a finite projective plane.* 


OHIO STATE UNIVERSITY. 
* The writer expresses thanks to Dr. C. J. Everett, whose correspondence with the 


author provided considerable help and encouragement. Thanks are also due to the 
referee for improvements in the exposition. 
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A GENERAL THEORY OF RADICALS.* 
I. Radicals in Complete Lattices. 


By 8. À. AMITSUR. 


The various radicals which have been hitherto defined by various authors 
(Artin, Levitzki, Jacobson, Brown-MeCoy, etc.) constitute an important tool 
in the study of the structure of rings. The theory of radicals was recently 
extended to non associative and non distributive rings as well as to more 
general structures. The similarities which exist between some of these radicals 
(in the underlying definitions and reasoning) have been already observed by 
B. Brown and N. H. McCoy, and they developed in [4] a theory for radicals 
in groups which, in particular cases, yields some of the known radicals in 
the theory of rings, but bears no relations to others. The purpose of the 
present paper is to give an axiomatic study of radicals. In order to achieve- 
the greatest possible generality it was found suitable to develop the theory 
of radicals for complete lattices.! The axiomatic approach and the genera] 
results obtained here will be applied in a subsequent paper where also the 
the results of [4] will be incorporated in our general theory. 

One readily observes that each of the radicals which have been hither 
defined in rings is connected with some ring-property which is invariant under 
ring-homomorphism.? Thus the Jacobson-Perlis radical ([3]) grows up out 
of the property of quasi-regularity. Generally, by a r-radical N of a ring S is 
meant a maximal ideal N of 9 possessing a given property m of this type, and 
such that the quotient S/N is free of non zero ideals with the same property. 
It turns out that the theory of radicals is based on the following simple con- 
sequence of the homomorphism-invariance of the property +: If A, B, C, are 
any three ideals in a ring S such that the quotient ring A/B has the property 
m then (A,C)/(B,C) has the same property: This fact, and the method 


* Received March 9, 1950; revised September 15, 1951. 

1I am indebted to Prof. R. Baer for a remark which led to the present general 
treatment of the theory of radicals. 

3 Compare with [4], ‘Theorem 2. 

*This follows immediately since A/B is homomorphie with 4/A N (B,0) 

cx (A. B,O)/(B,C) ce (A, 0) /(B, 0). 
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which has been applied by Baer for defining his Lower Radical in nm are 
the starting points of the theory of radicals developed in this paper. 


It is found convenient to formulate our conditions and results not in 
terms of properties but rather in terms of binary relations p between elements 
of a complete lattice. Thus in the case of ideals in a ring 8 and a ring- 
property. r we write 4pB if AB and the quotient ring A/B has the 
desired property x. In particular, a p-radical r of a lattice L is an element 
reL such that rp0 and g pr implies z =r. In this notation the above men- 
tioned condition may be formulated as follows: if ap b then (aU c)p(b Uc). 


In Section 1 the definition of Baer’s lower radical is extended to complete 
lattices with binary relations of the preceding type. The discussion of the 
existence of the radical is carried out in- Section 2. In order to cover the 
problem of the connection between the radical of a ring and the radical. of 
its ideals in the theory of radicals of associative rings the whole theory is 
extended in Section 4 to more general structures to be called complete pseudo- 
lattices. Some related questions and the dual development of the present 
theory is dealt with in Sections 5 and 6. The last section deals with an 
application to lattices m which multiplication is defined. We obtain an 
extension of Baer’s lower radical of [1] to such lattices. The dual definition 
of this radical yields the maximal idempotent element of such lattices. The 
latter is an extension of the idempotent kernel of rings and semi-groups 
defined by J. Levitzki in [2]. 


1. The upper radical. 


Notations. Let M be a complete lattice. We denote by Iar and by Ox 
the unit and the zero of M. When no confusions are expected, the subscript 
M will be omitted. Lattices and sublattices will always mean completé 
lattices and complete sublattices. By an M-interval [a,b] is meant the set 
{e;ceM,aS2=b}. The notation Sup[z;---] and Inf[z;- : -] will be 
used to denote the greatest lower bound and respectively the least upper 
bound of the elements z subjected to a condition which will replace the dots 
in the brackets. We refer to the relation = of M as to an inclusion relation, 
and we say that a includes Dif a = b. | 

We consider a set of sublattices {L} of M such that if a, b e L, where 
Le {L}, the L-interval [a,b] belongs also to the set {L}. 


Definition 1. A binary relation p defined in M is called an H-relatton 
in M if P satisfies : 


2 
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(A) Ifapb;a beM, then a=b. 
(B) apa for every ae M. 
(C) Ifapb andc=bd hennu C)p c. 


Remark. Let apb. Since BUCS b, it follows by (C) that 
(a U c)hp((b U c) for every ce M. 


When a p b and a, b e L we write a p b in L, and a is said to be a p-element 
over b in L. An element ae L is said to be a p-element in L if ap Or. 

A sublattice L of M is said to be p-semi simple in M if L does not 
possess non zero p-elements, i.e. zp Or in L holds only for z = Oz. Leta = b 
be two elements of L. If the L-interval [a,b] is p-semi simple in M, we 
write apb in L. The element b is said to be a p-element over a in L. If 
aplz, à is said to be a p-element in D. 


Definition 2. An element re L is called a p-radical in L if r is both 
a p-element in L and a p-element in L. 


Ezample. Let M be the lattice of the ideals of an associative ring 5. 
The relation » in M defined to be: avb if at Sb = a for some integer n is 
readily seen to be an H-relation in M. In this example, the elements are 
the radical-ideals defined by Baer in [1] and the »-radical in M is the nil- 
potent radical of the ring S (in case it exists!). | 

Unless otherwise stated, binary relations to be considered hereafter will 
be H-relations and the sublattices of M will be restricted to the set {L} 
‘considered above. 

Define inductively the following chain of demena in L: uo(L, p) = On, . 
u (L, p) = Sup[p; pp Or in LT, u(L, p) = Sup[u (L, p); »< a] for limit 
ordinal à, and (L, p) == Sup[p; p pt- (L, p) in L] for non limit ordinal À 
Thus the chain {u} * is a well-defined non-decreasing chain of elements of L. 


Ligxcma 1.1. There is an ordinal + such that ur(L, p) = to(L, p) for 
every ordinal o = r and tly(L,p) < ua(L, p) forv<pSer (tf r>1). 

Since the chain {ua} is a subset of L it is readily verified that there 
exists a minimal r such that ur, 4, The rest of the lemma follows now 
immediately by the definition of the chain {u,} and by the minimality of 7. 

The element #1(L,p) is called the A-th p-radical of L, and u,, the 
element of the preceding lemma, is called the upper p-radical of L e M). 
This element will be denoted by u(L, p).* 


‘When no confusion is expected #,, will replace u (Z,p). Similarly u and r 
will replace u(Z,p) and r(L, p). 
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The object of the present. section is to determine the relation between 
the upper p-radical of L and the p-elements of L. 

The following fact will be often used: if apb in L, then a 5 b in every 
sublattice of L which contains both a and b. 

The following lemma is fundamental: - 


LEMMA 1.2. Let p,q be two elements of the L-interval [a,b] such that 
gpb and ppa; then q Zp. 
. Proof. It follows by (C) that (pU-q)pq in L. Since qpb and 
b=pUq=zq,pUq=gq. That is q Èp. | 
In particular if a == Ir, and b = 07, we have 
COROLLARY 1.1. Hach p-element in L includes every p-element of L. 


A simple consequence of the preceding corollary is: 


THEOREM 1.1. Every sublattice L possesses at most one p-radical. 


Indeed, if r, and r, are two p-radicals of L, then since rp and 17, p 0, 
Tite Similarly r: =r, Thus ry = ra. . 

If L possesses a p-radical, in the light of the preceding theorem we refer 
to this radical as the p-radtcal of L and denote it by r(L, p). 

Since r(L, p) is a p-element it follows by Corollary 1.1 that 


COROLLARY 1.2. If r(L,p) exists in L, then r(L, p) ts the maximal 
p-element of L. 


Lemma 1.8 Let Q—{q} be a set of p-elements tn L, then 
t = Inffg; qe Q] ts also a p-element in L. 


Let pe L be such that ppt. Since q = t, q e Q, it follows by Lemma 1. 2 
that g = p. This holds for every ge Q; hence t = p. This proves that t is 
a p-element. 

The set of all 5-elements of Z is non vacuous, since evidently Iz is a 
p-element in L. We obtain, therefore, by the preceding lemma, 


CoRoLLARY 1.3. The meet of all pelements of L is the nummal 
p-element in L. 


The following is the main theorem of the present section. 


Tarorem 1.2. The upper p-radical u(L, p) ts the minimal p-element 
of L. 
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Proof. Since by Lemma 1.1 u(L, p) =u, = um it follows by defi- 
nition of ur that u(L, p) is a p-element in L. Hence, if m = Inf[q;q isa 
p-element in L], m= u(L,p). To prove that u(L,p) = m, it is sufficient 
to show in the light of Lemma 1.1 that m = u,(L, p) for every ordinal v. 
By the preceding corollary m is a p-element in L, hence by Corollary 1.1 
m= p for every p-element p in L. This yields m= u, (L, p). Let 
m © u,(L, p) for every ordinal y < À. For limit ordinal À it is evident that 
m = un. If is not a limit ordinal, since m = uya it follows by Lemma 1. 2 
that m = p for every p which is a p-element over 41. This implies m = uy 
and the proof is completed. 


THEOREM. 1.3. A necessary and sufficient condition that r(L, p) exist 
is that u(L, p) 18 a p-element, and in this case r(L, p) = u(L, p). 


Proof. In view of the preceding theorem, u(L, p) is a p-element. Hence, 
if u(L, p) is a p-element, u(L, p) is the p-radical of L. Conversely, let r(L, p) 
exist in L. Since r(L, p)p I it follows by Theorem 1. 2 that r(L, p) = u(L, p). 
On the other hand, since r(L, p) is a p-element, u(L, p)= u (L, p)= r(L, p). 
Thus r(L, p) = u(L, p), and the latter is therefore a p-element in L. 


Since r(L, p) =a u (L, p) we have 
COROLLARY 1.4. If r(L,p) existis, it is the maximal p-element of L. 


A relation between the upper p-radicals of two lattices is given in the 
following theorem : 


THEOREM 1.4. If LƏL such that 0==0',5 then u(L, p) = u(L’, p). 


The proof is achieved by showing inductively that w(L, p)= u,(L’, p). 
If pp 0 in I’, the same relation holds in L; hence u(L, p)= u (L, p). For 
a limit ordinal A it is evident that u(L, p)== u(L’, p) if u(L, p) = uy(L’, p) 
holds for every v < À. Let À be not a limit ordinal. If p pux1(17,p}, since 
p and u1(Z’, p) belong to L, this relation holds also in L. Hence, from 
u( L, p)= ux (L, p) it follows by Lemma 1.2 that u(L, p)= p. This yields 
that u(L, p) = uù (Lp). q.e. d. 


Taeorem 1.5. Denote by La the L-interval [a, I]. If u(L,p)Za, 
then u(L, p) = u( La, p). 


Since u(L, p)p I in L, the same holds in the interval La since u(L, p)= a. 


50 and 0’ denota reapectively the zeros of L and KF. 
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Hence, Theorem 1.2 yields u(L, p) = u(Le,p). The same reasoning implies 
that u(La p)p T in L, since this holds in La; hence u(L,,p)= u(L, p) and 
the theorem is proved. | 

À relation between the upper radicals of two different relations p, and 
p2 is discussed in 


THEOREM 1.6. If either 1) ap, b imples a po b, or 2) bpe I in L implies 
b pı I in L, holds then u(L,p;) = u(L, pa). 


We first show that (1) implies (2). Indeed, if + pe Z holds and J is not : 
a p.-element over z, then there is a pe L such that p > z and ppiz. Hence 
(1) implies ppax which is a contradiction. Now assume that (2) holds. 
Since u(L, pe)p2l it follows that u(L,ps)p, 1; hence by Theorem 1.2 
u(L, pr) = u(L, pe). 

Hence, 


COROLLARY 1.5. If apib implies a p.b, and bp, I imples b 5: 1, then 
u(L, pi) = u(L, pe). 


2. The p-radical. This section deals with the existence of the p-radical 
r(L, p). For ae L, we denote by Qa the L-interval [0,a]. If u(Qa, p) < a, 
then [u(Qa p),@| is a non zero p-semi simple L-interval. If [x, a] is a non- 
zero p-semi simple L-interval in L, then u(Qa, p) = rt <a. Hence 


LEMMA 2.1. u(Qa p) = a if and only if none of the non zero L-intervals 
[r,a], £ < a, ts p-semi simple. 

Since L -2 Qa and both have the same zero, it follows by Theorem 1. 4: 

LEMMA 2.2. u(L, p)= u(Qa, p}. 

Lemma 2.3. If apb in L, and bpcin L, then ape in L. 


Indeed, if c = p Za such that ppa, (pUb)pb. Since c= pUb=b 
and cpb, it follows that p U b = b, i.e., b = pa. But then apb implies 
p—a This proves that ape in L. 

The main theorem of the present section is 


THEOREM 2.1. The p-radical exists in every lattice L of M tf and only 
if p satisfies 


(D) For every abe L such that a< b and such that b is not a 
p-element over a, there ts an element ce L, such that cpb in L. 
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Proof.. Let p be an H-relation which satisfies (D). If u(L,p) were 
not a p-element, then there is u(L,p)> c= 0 such that cpu(L,p). By 
© Theorem 1.2 u(L,p)pI in L. Hence the preceding lemma yields cpl. 
Thus u(L,p)> c contradicts Theorem 1.2... This proves that u(L,p) is a 
p-element, and therefore we obtain by Theorem 1.3 that u(L, p) ==r(L, p) 
and the latter exists. | 


Conversely, let p be an H-relation for which the p-radical exists in every 
lattice L (of the set {L}). Let b >a and b be not a p-element over a in L. 
The L-interval [a,b] belongs to the set {L}, hence its p-radical r exists. 

Evidently, r is the required element, i. e, b >r 2a and rpb in L. 


Remark. 2.1. From the first part of the preceding proof it follows 
that if (D) holds in some lattice L only for the element a==0, then the 
p-radical r(L, p) of this lattice L exists. 


Definition 3. An H-relation which satisfies (D) is called an R-relatton. 


THEOREM 2.2. Let p be an R-relation. Let {a} be a set of elements 
in L which are p-elements over b, be L; then Sup ag ts also a p-element over b. 


Proof. Let r be the p-radical of the L-interval [b, a], where a == Sup ag. 
Since rp a, it follows by Lemma 1.2 that r = aa. Hencer=a. Thus r= a, 
and therefore a p b. 


oar may replace (D) by the conditions of the following theorem. 


PAaoaeit 2,3. The relation p ts an R-relation tf and ae if p satisfies 
the folowing two conditions: 


(Dı) If apb and bpc then apc (Transitivity). 


(D2) Lf “Sa "++ ts an ascending well ordered sequence of p- 
elements over b, then Sup a is also a p-element over b. 


Proof. Let p satisfy the conditions of the theorem. Applying (D,) to 
the p-elements of the lattice L (in the case b == 0z), one obtains readily by 
(D:) the existence of a maximal p-element r. This element r is also a 
p-element in L, for if ce L, x > r such that x pr then since rp 0, it follows 
by (Dı) that zp0 which contradicts the maximality of r. This proves that 
rs t(I,p). Hence by Theorem 2.1 it follows that p satisfies (D) and, 
p is an À-relation. 


Now let p be an &-relation. Condition (D+) is a simple consequence of 
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Theorem 2.2. To prove the validity of (D1), let r(C') be the p-radical of the 
M-interval [c, a] == C, where apb and bpc. Since bpc, r(C)= b, and we 
obtain, therefore, by Theorem 1.5 that r(C) is also the p-radical of the 
M-interval [b,a]. Since apb,r(C)= a. Thus r(C) — a, which proxes that. 
apc. This completes the proof of the theorem. 

The reasoning of the first part of the preceding proof yield also the 
following corollaries. 


COROLLARY 2.1. If p ts any relation in M (not necessarily an H-relation) 
which satisfies (A), (B), (Di), and condition (Dz) only in the special case 
b= Oy, then M possesses maximal prélements, and each maximal p-element 
is a P-radical in M. | 


In particular, it follows by the preceding proof that if p is an H-relation 
which satisfies (D,), then every sublattice L either possesses the p-radical or 
does not contain maximal p-elements. Hence 


Ce 2.2. If p ts an H-relation ee atia (Dı), then every 
lattice L which satisfies the ascending chain condition for do: possesses 
a p-radical. 


Example. ‘Let M be the lattice of the ideals of an associative ring &. 
Consider the following relation between the iedals of S: apb if the quotient 
ring a/b is quasi regular in the sense of Jacobson ([3]). -One readily proves 
that p is an H-relation which satisfies (D,) and (Dz). Thus the theorems 
of the present section yield the existence of the Jacobson-Perlis radical. 


It is readily seen that- the H-relation v defined in the preceding section 
satisfies (D,) and need not satisfy (D2). 

Let L be a fixed sublattice of M. Suppose we distinguish among the 
elements of L a class 3, which contains the unity J, of special elements of L. 
We prove that: 


THeorem 2.4. If for every p-element ain L which ts not a p-element, 
there exists a special p-element q of X such that a > a N q then the p-radical 
of L exists and tt ts the meet of all the special p-elements of x. 


Proof. Let m==Inf[q;qe%, g is a plement in L]. Since Je%, m is 
well defined. It follows by Lemma 1.3 that m is a 5-element in L. If m is 
not a p-element, then m > m N q for some p-element q of Z. But this con- 
tradicts the definition of m. Hence m is the p-radical of L. q. e. d. 
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.. 8. Complete pseudo-lattices. There are still some general aspects in 
the theory of radicals of rings whose generalization is not covered by the 
theory developed in the preceding sections. This section deals with one of 
these problems, the relation between the radical of a ring and the radicals 
of its ideals. To this end the notion of complete pseudo-lattices is introduced. 


Definition 4. A set M is called a complete pseudo lattice if a binary 
relation == (inclusion) is defined in Wt which satisfies 


1) OeM such that «= 0 for every re Me. 


2) Every W-interval [a,b] = {r;zeM,a=z<b)} is a complete 
lattice with regard to the inclusion relation. 


Note that the relation = defined in Ÿ% must be reflexive and anti- 
symmetric but need not be transitive, as can be seen by the following example: 
Let St be the set of all subrings of a ring S. For a, be Mt, we write a = b 
if b is an tdeal in the subring a of S. The interval [b,a] of M can be 
identified with the complete lattice of the ideals of the quotient ring a/b. 

By an H-relation p in M we mean a relation p defined in Wt which is an 
H-relation in every Yt-interval and satisfies the condition 


(C,) IfaU b, an 6 are defined in W, then ap(a U b) implies (a N b) pb 
in M. | | 


- - For complete lattices Yt, condition (C,) is a consequence of (C). Indeed 
if (a N b)pb does not hold in Mt, then pp(@m b) for some b= p >and. 
Hence by (C) (pUa)pa, which implies p U a =a, ie, a= p. This 
together with b = p contradicts p > a Nb. This proof does not work in 
the general case, since p U a may not exist in M. 

We denote by r(n,m) the p-radical (if it exists) of the Y-interval 
[n,m]. The aim of the present section is to prove 


THEOREM 3.1. If r(n, m) exists, then r(q, m) exists for every qe [m,n], 
and r(q,m) = q N r(n, m) if and only tf p satisfies 


(E) If apb then cpb for every ce [b,a]. 

(E,) If apb then ape for every ce [a,b]. 

Proof. Suppose p satisfies the requirements of this theorem. Let 
r…r(n,m) exist. Since r=>qNr=n and rpn, (Hi) yields (gNr)pn. 


e Note that if ce [b,a], the M-interval [6,0] is not necessarily a subinterval of 
[b,a]. 
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Now m=qUr=Zr and rpm; hence (Es) yields rp(q Ur), which implies 
by (C,) that (q Mr) pg. This proves that q N r(n, m) is the p-radical r(g, n). 


The necessity of (E:) and (Ez) follows immediately since both conditions 
are the particular cases k a) =a and r(a,b) =a of the statement of the 
theorem. 


4, The mapping a—r(a). Let L be a sublattice of M, and let p be 
an R-relation in M, For every ae L we denote by r(a) the p-radical of the 
L-interval [a, 7]. The correspondence a—r(a) is encountered in many 
problems in the theory of rings, e.g. the correspondence between primary 
ideals and their prime ideals. A general property of this correspondence is 
treated in this section. 


THEOREM 4.1. Let p be an K-relation satisfying (E,) and the condition 
(F) (aU b)pb implies ap(a N b). Then the correspondence a — r(a) ts an 
idempotent meet homomorphism of L onto tiself. 


Proof. The mapping a — r(a) is isotone. For let a =b. Since r(a)pl 
in the L-interval [a, I], the same holds in the Z-interval [b,7]. Thus 
Theorem 1.2 yields r(a) = r(b). 


Now let apase L. Put r, ==r(a,) and fz == r(a). Since & = a, N 4z, 
r= r(t N ae), and therefore r, N Ta = Tr(a, Na). Since r, È (r, N r2)U a, 
= a, and since r,pa@, it follows by (E) that ((r: Nr:)U a,)pa,. The 
condition of the theorem implies (r, N r2)e( (ra N Ta) Na) =r: N a. Simi- 
larly, since 7, == (@: N T2)U as = a, and fopa» (ai N T2)U as)}pas, and 
hence (ai N re)p( (t N re) aa) =a, N ae. We obtain (rı N r2)p (a1 N aa) 
and (a N ra)p(@ N ae). Hence it follows by (D;) that (1, n 2) p(d, N az). 
This yields r(&Næ)=r Nr. Hence r(a.)M r(a) ==r(a Made). Since 
r(a)p I, we have r(r(a)) =r(a), which proves the aati | of this 
mapping. 


5. Dual relations. On account of the duality of lattices, we develop in 
this section a theory of dual relations and dual radicals. . 


_ Definition 5. A relation o defined in a lattice M is called a dual 
H-relation if o satisfies: 


(A’) If acb, a,be M then a = b. 
(B) == (B) aca for every ae M. 
(C) If aob and ce = b then nee 


` 
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Dually to the non decreasing.chain of elements {u} we define a non 
increasing chain of radicals {h} as follows: h (L, a) —Inf[q;qoJ in L]. 
h(L,o) = Inf[l,;» < À] for limit ordinal A, and h (L, o) = Inf[q; go ni 
in L] for non limit ordinal À The element A(L,o) is called the à-th 
o-radical of L. This non increasing chain of radicals terminates at some 
1, (L,o), that is, there is a minimal r such that l, =l, for every p © r. 
The element 1,(L,o) <= L(L, c) will be called the lower o-radical of L. 

One readily develops a theory for the lower radical dually to the theory 
of the upper radical developed in the preceding sections. In particular we 
refer to a dual H-relation as a dual R-relation if it satisfies - 


(D’) If acb does not hold, then cob does not hold, then cu b for | 
some cel, aSc < b. 


Let p be an H-relation defined in M. The relation p defined in Jf can be 
considered as a dual relation in M. We have ~ 


THEOREM 5.1. If pis an H-relation in M, then p is a dual H-relation 
which satisfies (D’,)." Furthermore, if the set L of the sublattices of M is 
the set of the M-intervals, then p ts a dual R-relation, and u(L, Ay == r( L, p) 
for every M-ainterval L. 


Proof. Evidently p satisfies (A’) and (B’). We proceed in proving (0’). 
Let apb and bÆc. If cp(aN c) is not true, then pp(a Nc) for some 
c= p>cNa Since p satisfies (C), (a U p)pa. Butin view ofb =pUa=a 
and apb, it follows that p U a == a, i.e., a= p. This together with c= p 
contradicts p > c N a, and thus (C’) is Saye Condition (D’,) was proved 
in Lemma 2.8. | | 

Before proceeding with the proof we remark that if {Z} is the totality 
of the M-intervals of M, then apb in an M-interval L is the same require- 
ment as a pb in the whole lattice M. | 

We prove now that the upper p-radical u(Z,p) of an M-interval L is 
the 5-radical of L. By Theorem 1.2 it follows that u(Z, p)p Ir in L, and 
hence u(L,p)p Ir in M. The interval [0:,u(L,p)] is p-semi simple, for 
otherwise qpu(L, p) for some 0, = q < u(L,p), ge L. Hence Lemma 2.8 
implies q p Iz. This contradicts the minimality of u( L, p) proved in Theorem 
1.2. This shows that u(L, p) = r(L, p), which, by the dual of Theorem 2. 1, 
proves that p is a dual Æ-relation. | 


T (D’,) denotes the dual condition of (D,). 
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In the Light of the preceding theorem, Theorem 1.2 is the dual of 
Corollary 1. 4. 

Some of the known relations are at the same time both H-relations aad 
dual H-relations. The following theorem deals with a class of such relations. 


THEORRM 6.2. If p is any relation defined in M which satisfies (A), 
(B), (Ei) and the requirement that (a U b)pa implies b p(a N b), then the 
relation p defined by ap’ b tf bpa, ts a dual H-relation. 


Evidently p’ satisfies (A’) and (B’). Let ap’b and b= c. Since 
b=cUa—a‘and bpa, it follows by (H,) that (cU a)p a and, therefore, 
cplaN c). This proves that (a N c)p’c, hence the validity of (C^). 


6. Multiplicative lattices. We conclude this paper with an example 
which generalizes two known radicals, the lower radical defined by Baer in 
[1], and the idempotent kernel of rings defined by Levitzki in [2]. 

By a multiplicative lattice M we mean a complete lattice in which 
multiplication is defined satisfying 


1) For every a, be M, abe M is uniquely defined, 
2) ab Cand, 
3). a(b U c) = ab U ac; (b U c)a == ba U ca. 


If a=b, aU b= b; hence by (8), it follows that ca U cb — cb, which 
implies that ca = cb. a particular a? = ab = b°. 

Consider the two relations £ and its dual ¢’ defined in M as follows: 
agfbandb(aifaSbsSa. Evidently ¢ and é’ satisfy (A), (B) and (A’), 
(B^) respectively. Now let a £ b and c = b, then (a U c)? = (a? U ac U ca U c?) 
=bUc=cscUa. This proves that ¢ is an H-relation. The relation 2 
satisfies (C’), for if b¢’a and c = a then c SaS b. Hence, since c? Sc, 
CsbNcSec,i.e, (6N ce’ c. Thus £ is a dual H-property (One readily 
verifies that ¢ satisfies also E,). Hence the upper £-radical and the lower 
¢’-radical are defined in M. 

In case M is the multiplicative lattice of the ideals of an associative 
ring 9, the upper £-radical is known as the Baer’s lower radical of 8 ([1]). 
It is readily seen that the theory of this radical is valid also in non-associative 
rings. Further properties of this radical will be discussed in Part ITT of this 
paper. | 

The lower £’-radical can be approached from a different point of view, 
due to the fact that the notion of ?-elements coincides with the idea of the 
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idempotent elements of Af. Indeed, if a? — a it is evident that a is a Ÿ-element 
in M and conversely, since a? £ a, the fact that a is a ¢’-element must yield 
== a, Thus we obtain by the dual of Theorem 1. 2 that the lower ¢’-radical 
of M is the maximal idempotent element of M, and that the interval 
[I(M, 2’), I] does not contain idempotent elements. This result has been 
obtained for ideals in rings and in semi-groups by J. Levitzki in [2]. 
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ON THE STRUCTURE OF MULTIPLY TRANSITIVE 
PERMUTATION GROUPS.* : 


By T. ©. HOLYOKE. 


1. Introduction. Since Jordan [1] first considered the problem of 
transitive extension of finite transitive permutation groups [2], not much 
improvement on his work has been made in the way of general results. 
Zassenhaus [2] obtained results for certain groups of automorphisms of finite 
geometries. Witt [3, pp. 257-259] specialized Jordan’s results to the case 
of multiply transitive groups, giving his results in such a way that they are 
still valid if infinite groups are admitted. Miller [4] showed that if a finite 
group of degree n > 12 does not contain the alternating group on its letters 
and is s-fold transitive, then s < 3ni — 2. From this result it is possible to 
infer an upper limit of the number of successive transitive extensions which 
a given finite group can possess. 

In this.paper, the theory is extended to cover transitive extensions in 
general, the finite group appearing in the rôle of a special case for which 
certain simplifications of a calculational nature can be made. A general 
. transitive extension theory, paralleling Schreier’s extension theory, is given. 
Then the case of extension of a multiply transitive group is taken up in detail, 
in such a way as to emphasize the important rôle played by certain conju- 
gates of the given group, not only insofar as the existence of transitive 
extensions is concerned, but also in the actual construction of them. Unlike 
the results of Jordan and Witt, the process given here is constructive in 
nature, reducing both the number of permutations to be investigated and the 
number of tests that need be applied to them, and leading eventually to the 
realization of the strong dependence of any multiply transitive group on 
„certain associated groups which are exactly doubly and triply transitive. 


2. Statement and general solution of the problem. Let there be given 
a permutation group @ fixing a certain letter, say O, and transitive on the 
remaining letters (not necessarily- finite or countable in number). We wish 
to find a permutation group H which is transitive on all the given letters and 


* Received February 27, 1951; revised June 11, 1951. 
1 This paper is based on the authors doctoral dissertation at The Ohio State 
University. 
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in which G@ is the (largest) subgroup fixing the letter O. Such a group H 
has been referred to as a transitive extension of G [2]. 

For sections 2 and 3, the following notation will be used: The letters 
displaced by G will be denoted by {x}. The subgroup of G fixing the letter 
le {x} will be denoted by F. For each letter x, a representative use G will 
be prescribed which displaces 1 by x. This can be done because G is transi- 
tive. Let u, = I. Then G = 5, Fus. A permutation g e G will be considered 


the same as 
Fus i Us if 
Fuzg ÿ JUs tk P 


upon identification of letters x, Fu, and ws’. The group G will be given 
as acting only on letters {x}, but will be considered the same as that group 
having the same permutations and fixing any other desired letters. H will 
denote a transitive extension of G, if one exists. The symbols f, g, and h are 
generic for elements of F, G, and H respectively, and the symbol u for the 
chosen coset representatives of F in G. Functions will be denoted by Greek 
letters, placed to the right of the elements on which they operate, composition 
of functions by ©; transformation by a permutation p will be denoted by Tp, 
and the composite function ao yom by y7, except that tp% oyo rtp will be 
denoted by y”. Finally, g:(gsy) will be written as gigey, and (gıy)' 92 
88 91yJe- 

Suppose a transitive extension H exists. The following facts, well- 
known in the finite case, will be of use: 


2.1 H contains an element a transposing 0 and 1, hence a? e F [1, p. 31]. 
If {x} is finite, a? can be taken as Z. 


2.2 a1Fa—#F. The proof here differs from that in the finite case 
[1, p. 82] in that a *Fa could conceivably be a proper subgroup of F. It is 
not, however, since a? induces an automorphism of F. 


2.3 For each g#F there exist g, and g£ F such that aga = g:ag: 
[1, p. 32]. 

2.4 H = G + 3, Gaus, and every h has the form g or the form gau 
[ef. 3, p. 258]. 


2. 5 9149 is gaga if and only if 9s "Qi € F and (9392) Ta — Gaga. 


The following theorem serves to formalize the problem of transitive 
extension in terms of the internal structure of G. 


2.6 THEOREM. A necessary and sufficient condition for the existence 
of an extension H is that there exist an element q and an automorphism a 
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of F, and two single valued mappings B and y of G— F into itself, satisfying 
the following relations for every g, 91, and g, not in F and every f, f,, and fs 
in F: 


(a) gyisau, qa =q, fao a= fa? = fra; 


(b) {fifrtagfayB}gBe F and 
( {fa Fragt) BY 298) a = (fr tagfa) yf ta( gy); 


(c) gB(gyf)BeF and {98 (gf) B}a = gafat (grf)y}"; 
(d) {(fg8)B}"gfag eF and ({(f98)8}“afag)o = {f98}y (gy) ; 
(e) g:1(9:8) € F if and only if g:yg.e F, in which case 

9:89 (G1y92)%— 991928 }agay 5 


(£) For gig28 not in F, {(g.gs8)A}“9:8(guyga)BeF, and 
({( 91938) BY JB (91v92)8)% = {919 2B }ygay{ (givgs)y}- 


Proof. Assume the existence of H. By 2.1 and 2.2, H contains an 
element a such that a°eF and a'Fa==F. Take a and q as rts and až, 
respectively. By 2.3, 2.4, and 2.5, for g £ F, aga = d'au (uniquely), with g 
and u not in F. Define g8 = g and gy==u. Relations (b)-(f) now follow 
from 2.5 (except in the case of (e)) and the associativity of H, considering 
respectively elements of the following types: a(fı'agfı)a, agafa, afaga, 
‘agiagea with g:1928 € F, and ag.ag.a with 9:9:8 £ F. Conversely, assume that 
q, a, B, and y are given and satisfy the prescribed conditions. A suitable 
group H will be constructed. Consider all objects of types (g) and (gı, g2) 
for all g, gı, and ga in G. Define the equivalence ~: (g)~(g’) if and only 
if g =g; (9) # (91 92); (Ju 92) (gs 91) if and only if gs*gieF and . 
(gs g1)& = gaÿ2 *. Denote equivalence classes by [g] and [91,92]. Let 
H denote the set of equivalence classes. Products are defined as follows: 


[Jig] = [nat [alig g] = Logs 98], Longa] Lge] = [gs 9295], 
[gas 92] (9s, 9a] = [9:9 (9292) a94] 
if gogse F, and [gu 92][9s, 9a] = L91 (9293) B, 929s) yga] otherwise. That 
these products are well-defined follows directly from the definition of 
equivalence, except in the last two cases. For those cases, suppose 
| (9, 92’) —~ (915 9a) and (gr, 94°) — (gs, 94). Then there exist fı and fz such 
that g = gifs, go = fi ag Js’ = Jafa, and ge == fi "ags Therefore gogs 
belongs to F if and only if g.’g,’ belongs to /’, in which case 
gı ‘a (929 3 aga = Gif1gf1 tat (929s) aJa = 919 (929a) gas 


by (a). If gags does not belong to F, then the equality of [g:, ga] [9s ga] and 
[ 91’; ge’ JEg, gs | follows from (b) and the definition of equivalence. 
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The element [7] is a right identity, and right inverses for elements [g] 
and [g:, ga] exist in [g*] and [g.*, (g.q)*] respectively. . | 

That products in H are associative follows directly from the definition of 
products and the associativity of G, except in the case of [91,92 ]([ ga, 94 1 9o9e]). 
For the various possibilities gage F and gigse F; gogsf F and gigseF; 
gigse F and gags £F; Gags F and gags Ê F and g29s(g.gs)8e F; and finally 
Jags EF end gaga ý F and g2:9:(9a95)B £F, associativity follows from relations 
(a), (ce), (d), (e), and (£) respectively. Hence À is a group. Define 
a= [1,1], g-=[g], à the set of all g, F the set of all f. Then G is iso- 
morphic to G, and [g:,9a] = 91493. Also, afi — [g (qa) fa] = fa, and 
ã& = ĝğ. For GFF, aga —= (98, gy] = g8 å gy. Ë = + X, Ga, for, given 
h = [91,92], h can also be written in the form [g, u], where gee Fu. Thus 
h == Gai. The cosets are clearly distinct. It remains to be shown that H 
has.a faithful permutation representation H on letters O and {x} in 
which the image of @ displaces O and the image of @ is exactly the permu- 
tation g with the added fixed letter O. Such a representation is given by 


+ Gaih - 


is Ga 0 1 - - G- - - Ga : 
Here à — a | )=C 0. ), and (4. . Gang c) But 


g = ( a) and Gaiig — Gai, if and only if Fug — Fus. Thus H has the 


b> (gy nr a under the correspondence OG, ze Güüx. 


properties asserted i in the theorem. 


2.8 Definition. If q, a, B, and y satisfy the conditions-of Theorem 2. 7, 
(q, & B,y) will be called an embedding system. | 


Notation. The “bar” notation of Theorem 2.7 will now be discarded. 
Let the mappings ¢ and y be defined as follows: gẹ is the coset representative 
u for g, and gy the element of F such that g = gẹgẹ. 


2.9 Definition. Two systems (q, «, B, y) and (q*, a*, 8*, y*) are similar 
if there exist an element f and an automorphism a of G mapping F onto itself 
such that gy* == (gy'far) for all gg F. Two similar systems for which + 
can ,be taken as the identity are equivalent. 


2.10 Definition. Two transitive groups of permutations on the same 
set of letters are permutation-tsomorphic if there exists a permutation of 
those letters transforming one onto the other. 


2.11 Texorenm. Two transitive extensions of G are permutatton-tso- 
morphic tf and only if the corresponding embedding systems are similar, 
‘and are identical if and only if the corresponding systems are. equivalent, 
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under the natural e of letters Gau with Gatu and G with G, 
respectively. 


Proof. Suppose H aa H* are permutation-isomorphic. Of the permu- 
tations transforming H onto H*, at least one fixes the letters 0 and 1, since 
H* is doubly transitive. Let p be such a permutation. Then oy == G and 
Frp == F. Also, ar, € Fa*, so that a* = fp ‘ap. Now 


gB*a*gy* — a*ga* = fp'apgfp ap = fp agrprafry+ © ap 
— fgpPar gyfar i gy?far)p = [fg B?(gy?faPy o (a)ri ]a*(gy?faP)d, 
so that gy* has the desired form, with r = rp. 

Conversely, suppose two systems and an element f are given such that 
gy* = (gy*fa*), where ~ is an automorphism of G mapping F onto itself. 
Recall that in H* the letter Ga*u, and in H the letter Gau,. correspond to 
the letter Fu as given in G. In the following discussion, all representatives w 
are different from the identity. There exists a permutation p fixing letters 


0 and 1 such that r=, [3, p. 259], in particular, p (re) To show 


that p Hp = H*, it will suffice now, by 2.4, to show that a* = far,. 


arp — (01) ( a) == (01) ( SA (01) LE Puy o oe 


Gaur Gatu 
el ta orj (01) TEDA 


Hence 
= Ga*u \ Ga*uy7 Ga*u 
far, = argfat = (01) ( Eu): (0) (2) ( casa) = (OD ( garunrter) 


Ga*u Ga*u ” 
= 0D (cartaetarys) = CD (oara) T 
If ~ is the identity automorphism, then p can be taken as the identity 
permutation, and fa ==a*, hence H and H* are the same. 


2.12 Cororrary. The relations similar and equtvalent of 2.9 are 
equivalences. 


‘The importance of the concept of similarity of systems is brought out 
in section 4. 

The connection between the mappings 8 and y and the permutation a 
can be partially expressed in terms of permutations. Define the permu- 
tations b and c (on the cosets of F in G as letters) by the following: 
(F)b = (F)c= F; (gF)b == 9BF and (Fg)c— Fgy for gf F. If band c 
are considered as permutations of the letters of G, they fix the letter 1, and 


3 
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b-t == c = (01) a Furthermore, Gre Q. G unless G contains all finite even 
permutations of its letters. 


2.13 Remark. G has no transitive extension if it does not contain all 
finite even permutations of its letters and if its normalizer in the group of 
all permutations of letters {x} — 1 contains the normalizer of F on those 
letters. ; : 


3. Some groups having no transitive extensions. The following 
theorems indicate two infinite classes of finite simply transitive groups for 
which transitive extensions do not exist. 


. 8.1 THEOREM. Let G be a transitive permutation group on letters 
1,2,---,nn+in+2,---,n-+n such that the subgroup F fixing the 
letter 1 also fixes n + 1, and has two multiply transitive constituents on the 
sets 2,---,nandn-+2,---,n-+n respectwely, so constituted that in each 
element f, the fixed letters are congruent (mod n) in pairs, and congruent 
letters are displaced by congruent letters; or let G be permutation-tsomorphic 
to such a group. Then G has no transitive extension. 


Proof. Permutation-isomorphic groups have or fail to have nat 
‘extensions together; so the group G can be taken as described. F contains an 
elements f of order two, having an even number of transpositions, say 2j. 
Then 2j <n—1. Suppose an extension H exists. H contains an element a 
interchanging 0 and 1, and vu to f [1, p. 311, therefore having 2j — 1 
transpositions among letters 2,3,---,2n. Now a*Fa—F (2.2), hence a 
fixes the letter n-+ 1 and either eae the letters of each transitive set 
among themselves, or must interchange the sets entirely. The latter case is 
impossible, for a would have n—-1 transpositions among 2,3,- - -, 2n. 
Therefore it may be supposed that a takes each transitive set into itself. 
Then a has the transposition (tj) among letters 2,- - -,n if and only if it 
has the transposition (n-+1,n-+ 7), since different permutations induce 
different automorphisms of a multiply transitive group. This contradicts the 
fact that 21 — 1 is odd. Hence no such group H exists. | 


3.2 COROLLARY. I f the symmetric group of degree n > 4 ts represented 
as a group G of permutations on the cosets of one of its alternating subgroups 
of degree n— 1, then G has no transtlive extension. 


3.3 THEOREM.? If G is a transitive group (£I) of odd order and of 
degree n= 1 (mod 4), then G he no transitive extension. 


3 The author is indebted to M. Hall for this theorem. 
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Proof. Suppose an extension H exists. The order of H is divisible by 2 
but not by 4; hence H has a Sylow subgroup of order 2. Since a subgroup 
of order 2 is in the center of its normalizer, H contains a normal subgroup H* 
of index 2 in H [5, p. 32%]. G, being maximal in H, is not contained in HF. 
Therefore GNH* has index 2 in G, yielding a contradiction. 


4, Multiply transitive groups. The notation will now be changed in 
accordance with the following: for k > 1, let Gy represent a k-fold transitive 
group on letters {x}, 0,1,- © -,k— 1, not containing an element consisting 
of a cycle of length 2 or 3; and fori = 0, 1,- - -,&—1, let Q; be the subgroup 
of Gu: fixing the letter i. The letter added in the attempt to find transitive 
extensions of G, will be called k. Let G:6), for variable index p, represent 
all the distinct transitive extensions of G,., other than Gp. 


4.1 Remark. In Gy (1—=2,- > -,k), there exists an element a; trans- 
posing letters 1— 1 and +— 2, permuting letters {z} among themselves, and 
fixing the rest [cf. 1, p. 32, and 3, p. 257]. Let elements similar to a, be 
chosen also in each G and designated by ait. All these elements are 
permutable with Ge [3, p. 257]. 


4,2 Definition, Let api. = ar" (k,k—1,k—2). 


4.3 Remark.. If adjunction of various elements a;,, to G; produces 
transitive extensions of Gy, then all such extensions are distinct. 


Proof. Tf ay. and ay. yield the same extension, then 
Oxy) € Gots”, 


from which it follows that a, e Gaz, and GO = GO’, ie. p= p. 


4.4 THeoreu. In order for a particular az, to yield a transitive 
extension of Gr, tt ts necessary and suficient that (aa;)f eG, and 
Grn Gerster? = Gy, For k > 2, these conditions are equivalent to the 
two conditions (a,a,)% e Go and (arara) E Go (in Theorem 4.11, it ts 
shown that for k > 8, the single condition (arParı1)? € Gy ts sufficient). — 


Proof. Since (artk)? (ay a;,)*, this theorem follows from a 
theorem of Jordan [1, p. 33] and Witt [3, p. 257]. 


4.5 THEOREM. . Each transitive extension of Gye can be obtained by 
adjoining to it one of the elements ax,:), in which case the corresponding 
G0) (uniquely determined, as follows from 4.3) is permutation-tsomorphic 
to Gy, the element ay,,: (k, k— 1) transforming Gy. into itself and ax 
into some element of the coset Goa,™. . 
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Proof. Let Gy be a transitive extension of Gkr, dpa an element. of 
Gyx Which interchanges k and k— 1, and fixes k—2,---,0. Define 
Oy = AkTaa ` (k, k — 1, k — 2). Then a,’ # Gy, otherwise (k, k —1;&—~2) 
would belong to Gk, in which case G, would also contain a cycle of length 3, 
since Gyn is triply transitive. Gy and Gk U {ax} are permutation-isomorphic, 
since the element arz,’ (k,k— 1) transforms Gx. into itself and a, into ay. 
Gr U {ax} is an extension of Gz and is therefore one of the G,™. Now 
ax®) == fax for some element fe G,, and 


Ons”) = arg, (k, k — 1, k— 2) 
= Ak fakakaka (k, k — 1, k— 2) ay: (k, k —1, k — 2) 
— Ap fär One € Ars, 
hence Gyi = GU {i} (2. 4), and agn” == fiae for some element f, € Go. 


Since all the a’s are permutable with Go, the final assertion of the theorem 
follows. 


4.6 COROLLARY. If the number of distinct extensions of Gy. which 
are permutation-tsomorphic to Gy ts a finite number t, then the number of 
extensions of Gy ts less than t; in particular, if a finite simply transitive 
group G of degree n > 3 has at most t permutatron-ssomorphic extensions, 
then G cannot be extended to a (t +1) eee transitive group of degree 


n+i+i. 
4.7 Definition. If every ax::®) produces a transitive extension of (x, 


it will be said that G, can be extended in every possible way. 
4.8 Lemma. If, for k > 8, Gi and Gx are two extensions of Gi, 


then re exist Permutations Sı, Sr, Sa and 8, on letters {x} such that 
Gyo) = Gy, U {s (k —3, k —4)} (5 = 1, 2, 3, 4) are transitive extensions of 
Gy-s; a = Gia U {srn (k — 2, k — 3)} (j == 2, 3, 4) are transitive exten- 
sions of Gya (= Gp), and Gy = Gha U {sare 0 ru (k —1,k —2)} 
(m= 3,4) are the two given extensions @G, and Gx, respectively of Gy, 
(== Fy). 

Proof. This follows from successive application of 4. 2-4. 5. 

Let +; represent ra throughout the remainder of this paper. 

4.9 LEMMA. 8° == (828m)®=T (mod Go), 

SmT2 O T1 pro, ANA 84T3 O Te O TE Syrg O Ta, 


(i = 1,2, 3, 4; m = 3, 4). 
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. Proof. 87=1, by (2.1). (ss,)°= I, since, by 4. 4, 
| {ssi + (k—2, k—8) sur: (k— 2, k— 3j} =. 
By eos 4.4, I == (Sure O 7181) * = SmT2 © 71872, from which it follows that 
SmT2 © T1 = 8m T3 == Ste. Finally, 
8473 © Te E= BgT gh e879 
C= Sete o 718472 © TiSaTe O Ty E (Sg845g)T2 O Ty 
TE 84Ts 2 TaTTi. | 


4.10 LEMMA. (sr 0 1728271) += I, tf and only tf (8473 0 T282)" == I, and 
if these relations hold, then (sers © rasta) P =L 


Proof. Lemma 4.9 will be used here repeatedly. Assume 


(ers o Tar) =L. 
`- Then 


I == (847g O ra O 748971) * == (847s O T383) Ti 
whence (S473 © 7282) =I. Assume that (sir, ° ross) te J. Then 
(8472 O T28oT1)? == (Ser, O T2 0 ee = fae © 7983) "7, = l. 
Also S473 O Tg E= 84 Ta = S473, and 
(Sets O raser) (sarssore) == (Syrs8ors)® = (8482) ra = L. 


4.11 THEOREM. In order for ayy” (cf. 4.2 and 4.4) to yield a tran- 
sitive extension of Gy when k > 8, it is suffictent that (ak Par)? £ Go. 


Proof. Let the groups G, and Gx’ of 4. 8-4. 10 correspond to the groups 
G, and G,%) of this theorem, respectively, sgre 0 r,’ (k—1,k—2) and 
Sat, 071 (k—1,k—2) to ay and a), and sari’ (k—2,k— 3) to ax. 
Then ar == 8473 © 72071" (k, k— 1), and the theorem is seen to follow 
from 4.9, 4.10, and 4. 4. ) 


4.12 Tusorem. If, for k > 3, every (k —1)-fold transitive extension 
of Gy-s can be extended in every possible way (cf. 4.7), then all the extensions 
of Gua are permutation-tsomorphic and can themselves be extended tn every 
possible way. i 


Proof. If Gy and G,™ are two extensions of Gy-.,, it is required to show 
that aru yields a transitive extension of Gy. Let the same correspondence 
be set up as in the proof of the previous theorem. Then the following groups 
are (k —1)-fold transitive extension of Gr : 
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{Gea 8: (k — 3, k—4), SoT 1 ‘ (k — 2, k — 3)} (= Gr) 


{Qro 8 (k — 3, k-— 4), 8371 (k — 2, k—3)}, 
and 
{Gus 81 (k — 3, k— 4), Satı (k — Rs k — 3) }. 


Since Gy-srat = Gy, (Theorem 4. 4), it follows that 
{ Gra i(k TRER 3, k gro 4), Sarı (k eemnes 2, k — 3) Jra” 
| == {Gks 82(k—3,k— 4), 8ra (k — 2, k —3)} 
and 
{rss sı (k — 3, k ar 4), 8471 (k — 2, k — 3) Jrg” 
= {Gks Sa (k — 3, k — 4), 8472 (k — 2; k= 3)} 


are also (&-— 1)-fold transitive extensions of Gy-3. The assumption. that each 
such group can be extended in every possible way leads to the conclusion that 
I == (83 Ta84T2SaT282) == (847g O r382)* (mod Ge); and the desired result. now 
follows from 4.10 and 4:11. 


4.13 Remark. It is easy to show that each permutation of the letters 
{z} which, with the adjunction of a suitable transposition, is used to obtain 
an extension of G, having degree of transitivity greater than three, has already 
been used similarly in obtaming some extension of G, which is exactly triply 
transitive. This fact seems to lend weight to the conjecture that there 
are only a finite number of triply transitive groups which have transitive 
extensions. sg 
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ON THE DETERMINATION OF MULTIPLY CONNECTED 
DOMAINS OF AN ELASTIC PLANE BODY, BOUNDED 
BY FREE BOUNDARIES WITH CONSTANT 
TANGENTIAL STRESSES.* ? 


By C. Arr. 


1. Formulation of the problem. 


B. Consider the closed curves L of the z plane which are boundaries of 
multiply connected domains C of multiplicity m, such that there exists a state 
of stress of C which satisfies the following conditions. 


B;. The stress tensor (os, oy,7) satisfies the condition os + oy = 4g 
with a given constant « throughout 'C and on L. 


Ba. The stress tensor (os, cy,7) has determined finite or infinite values 
everywhere in C and on the boundary L, with a possible exception at 
Z==T—+1y—00. More precisely the analytic function T(2) = (03 —0y—?tr)/4a 
has no singularities other than poles in C and on the boundary Z except at 
the point z = œ 


B;. The boundary L is a free boundary for the state of stress (04, oy, T). 


B, T(z) has only a finite number of poles in C and on L. Besides 
these we shall require that the following geometrical conditions are satisfied. 


Bs. The domain C does not contain the point z==oo. But the point 
z =œ might be a point of the boundary L. For a variable point z of the 
domain which tends toward œ continuously, arg z has limits which are the 


numbers pn pa, * Dr (0 S pi <p <:i < Gn < Rr). 

Be. To every ¢; is associated a set of separated intervals 

(a, b,), (a_”), Ba), +s, (a,,9, by”), 
which are described by the expression lim Sz exp(—-id,), where zeC is 
supposed to go to œ continuously and jim A = y. 
s> 
* Received February 20, 1951. 
1I wish to thank Dr. R. C. Roberts for helping me prepare the English version of 


this paper. 
COT 
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Br. Z has only a finite number of points of inflection and a finite 
number of cuspidal points. 


It is clear that these conditions require that the curve L have the form 
shown in (fig. 1) and that the isolated exterior forces which are applied to 
the elastic plane body (C -} L) ‘are like those shown on that figure. 

The purpose of this paper is to determine.the domains C and the stress 
tensors gs, oy, 7 which satisfy the conditions above. 





2. In our former publications? we have shown that a state of stress 
for which os + oy = 4a is a constant has free boundaries if and only if it is 
defined in the following manner except for the case where the stresses are 
constants throughout the plane. | 

Let x(t) be an analytic function which takes real values on some parts 
of the real axis of the T-plane. We put 


(2. 1) z = B(L) mmr fx(e(S—1)/(E + 1) ) dee} 
The function z == (¢) defines a conformal mapping (locally) of the £-plane 
onto the z-plane. At the point z = ®(f) we consider the tensor 


3C. Arf, “Sur les frontières libres à tensions constantes d’un milieu élastique plan 
en équilibre,” Notes communiquées au VI’ congrès international de mécanique appliquée, 
1946, | 
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oe = 2a (1 + RE), 


(2.2) oy = 2a (1 — REE), 

T= asb’, 
which defines 'a state of elastic stress of the z-plane. The point 
(2. 3) z= ((1— it)/(1 -+ tt)) 


_ describes a free boundary of this state of stress, when t varies on the part of 
the real axis of the plane where y(t) is real. If ẹ denotes the angle of the 
tangent to the boundary with the x axis, the center of curvature of L at the 
corresponding point z of the boundary will be 


(2. 4) z + ix(tgd¢) 6, 


and we will have 


(2.5)  z=@((1—itg4e)/(1 + itgłe)) — (et), geit 


3. We consider now the function 
(3.1) Z = $? m (og — oy — Zir) /4a =T (z) 


which transforms conformally our domain C and its boundary L into a 
Riemann surface À and its boundary k respectively. The point Z T(z) 
tends toward the point Z — exp(— 2t¢;) when z tends toward z ==œ con- 
tinuously under the condition lim arg z == pr The set 2+ k = #, in which 


£700 
we include the points exp(— 2t¢;), is then a closed domain of a certain 


Riemann surface over the Z plane. We consider now the symmetric surface 
Q! of © with respect to the boundary k of E. The set +24 k =R will 
then be a closed Riemann surface. Let us consider a connected part L, of L. 
According to our assumptions, L has only a finite number of cuspidal points 
and a finite number of points of inflection. Therefore the variation of the 
angle of the tangent to L, when the point z describes the connected part Ly, 
will be such that Z=exp(—2t@) will draw a finite number of arcs of 
finite length of the unit circle | Z | =— 1. The boundary k will then be con- 
stituted by m such closed arcs. If we now take into account that Z =T(z) 
can take the value Z — only a finite number of times, or that F has only 
a finite number of points at infinity. We can conclude that Æ and therefore 
E has only a finite number of sheets. R ts therefore an algebraic Riemann 
surface of genus m — 1 and has only a finite number of points of ramification. 

Let Mz, be a point of # different from the images of the point z=, 
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Let t= (Z—Z,)/# (or t—=Z-/# if Zo=—co) be the local uniformization 
parameter of R at this point My,.: We consider the inverse function z == A(Z) 
of Z=-I'(s) at this point Mz, Because of the fact that the mapping 
z =— A(Z) of E into C -+ L is conformal, we shall have 


(3.2) A(Z) = do Gt + Hat Hess with a, = 0, 
and therefore | 

(3.3) A(Z) = 1/pt* (a, + Pat 4 > + nant" +) for Z finite, 
(3.3) A(Z) = v/it (as + Zaat Le + nat te +) for Zoo. - 
From this we can deduce the following results: | 


An ordinary point of E which does not correspond to a pa at a 
on L is an ordinary point of A’ (Z). 


A point of ramification of order p of E which does not correspond to a 
point at infinity on L is a pole of order »—1 of A(Z), tf tts affia ts finite. 
A point M, of ramification of order u on E ts a zero K order p+- 1 1 
A(Z). 


‘The function A(Z} is Gai equal to A(Z) == (Zi), We have 
therefore. 


(3.4)  A(Z) = (ZB) /278 — dy (i (Z4—1) /(ZA + 1)) /2228, 
or = 
(3. 5) — x(iZ4—1)/(Z4-41)) — 21274" (Z). on 


Thus the function Z244’ (Z) has to be real on the boundary k of E. We 
can therefore extend this function on &* by the formula 


(3. 6) AD TAAT(Z) = E*n (Z*) 

where Z* is the symmetrical point of Z with respect to k. One can write 
this as follows: 

(3.7) © A(Z) = — Fae) 

This relation enables us to extend the Sou A’(Z) on ge. Our results 


about the singularities of A’(Z) on © will then have the following conse- 
quences on 2%. 


A point of ramification of order p on &* is a pole of order u — 1 of A' (ZY, 
tf this point has a finite affiz different from zero. . 
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A point of ramification of order u on & whose aie 18 zero, 18 a pole of 
order Rai of A(Z). 


À point at infinity on R? is a zero of order Qu + 1 of A’(Z), tf thts 
point has an order of ramification u on Le. 


We can also show in exactly the same way as we have done in our 
former work * that a point P of R which corresponds to a point at infinity 
on L 1s a pole of order y for A’(Z), +f this point P ts a point of Greate 
of order p on R. 

In the following : parts of the paper "9 ‘we shall study only the special case 
m==2. The case m > 2 will be studied in a HS paper. 


- 4 Let us denote by L, the exterior boundary of our domain C, and 
by L its interior boundary. L, will have no point at infinity.. 


For m==2 the genus of R is 1, and we can represent Z and A’(Z) as 
‘elliptic functions H(T) and R(T) of a variable T =t + if’. 


Let w, w be the fundamental periods of these functions, and let us consider 
the corresponding o-function of Weierstrass. It follows from the fact that R 
is symmetrical with respect to k that to each zero a of order p of Z == H (T) 
corresponds a pole b of order » of H(T). The function H(T) has then the 
following form 


(4. 1) H(T) — A (eT — a)/e(T —3))#, 


where the points t, da, - = „Qv; bis Oa > +, 5, are different. from each other 
and satisfy the condition _ | 


y r 
(4.2) D pyly = D dy 
gril j=1 


We consider now a point M on R and the symmetrical point M* with 
respect to k. Let T and T* be the corresponding points of the T-plane. 
(4.3) | TT 


y 


is then a conformal mapping of the finite T-plane on itself. This mapping 
is therefore of the form 


(4, 4) - TT -+- B a, B constants. 


4 


30. Arf, “Sur la détermination des états d’équilibres d'un milieu élastique plan 
admettant des frontières libres à tensions constantes,” Revue de la Faculté des Sciences 
de l'Université d'Istanbul, tome XII, Serie A, 1947. 
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From (M*)* == M we deduce (TS) =T mod (an, we), Which means 


G(eT LB) + B=T mod (w wz), 
| o| == 1, a8 + B=0 mod (w:, wz). 


By a preliminary substitution of the form T —>aT + b we can make a = 1 
and B real.‘ We can then either choose as one of our periods w;, ws (w, for 
example) a real number, and we have 8 —w,/2 or B—0. Besides this, to 
every set of congruent points T + miw + M:ws must correspond a set 
T: + mo, + Mw of congruent points. This means that we must have 
T -+ myo, + Med. + B= T+ B+ m'o + Mw. Therefore the conjugates 
of periods must be periods too. The fundamental periods are then either of 
the form w = o, œ == to’, or of the form o, = 2o, w = w + tw’ (w, w” real). 
If 8 = œ,/2, the images of k in the T-plane are the lines T == T+ w,/2 


-+ Mii -} Mhata, or 


(4. 5) 


(4.6) 257 = myo’, m,+4—0, for w, =, wg == Ww’, 
(4. 7) 2% XT == mow’, Ms + 2m, + 1 =0 for 01 = 20, wg == w + WwW’, 


The equations (4.6) have no solutions, while the lines which are solutions of 
(4.7) are deduced from one of them by the translations nws. In the case 
B == w,/? the boundary k will have therefore either no point at all or consist 


only of one piece. 
We must have therefore 8—0. The images of k in the 7-planes are 


then the lines 
(4. 8) RST = mw’, Mi = 0, for w == 0, w = Ww, 
(4. 9) IST = mao, Ma + 2m, = 0, for w, = 20, w: == -+ to’. 


The lines which are solutions of (4.9) are obtained from one of them by the 
translations mo» The boundary k will consist in that case of a curve of 
one piece only. We shall therefore have to consider only the case 


(4. 10) o, == W, vo m= tw TT, (w, w real) 
The fundamental periods being of this form, the functions 
o(T) = TH {(1 — T/(mo + im'e’))exp(T/(mo + ima’) 
+ T?/2(ma + im'e’)*)}, 
ET) = 1/7 + S(L/(T — mo — im'o’) + 1/(mo + im'o”) 
+ T/(mo + im’e’)*), 


‘Such a substitution carries the coefficients a and 8 into aa/d, B + (Gb — aab) /a. 
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will be real on the real axis, and we shall have o(T) —o(T), €(f) —£(T). 
The points of affix zero and the points at infinity on À being symmetrical 
with respect to k, the corresponding points a; and b; of the T plane will 
have to satisfy the condition 


(4. 11) b=ûy ` mod (a, tu”). 


We consider now the functions R(T) =A (Z) =A’ (H(T)) and F(T) 
—A(Z)—A(H(T)). Since the functions R(T). and H(T) are elliptic of 
periods w, tm’, the function 


(4. 12) P(T) =a'(Z)-H’(T) = R(T)’ (T) 
is also elliptic of periods w,tw. The function A’(Z) has to satisfy the 
condition 
A’ (Z) == — A’(Z)2°, 

at every point Z of k (3.7). The function F’(T’) will have therefore to 
satisfy the condition 

————— —— ——, 
(4.13) P(T)/H'(T)=—H(T) F(D)/Æ(T) 


for all values of T for which XT = 0 or w/2. But for these values of T 
we have 


ZZ = H(T)-H(T)=1, H'(T)H(T) + H(T)H(T) = 0. 
The condition (4.13) can therefore be written as follows: 
(4. 14) H(T) = P(T)/F(T), for ST = 0, 0'/2. 


If we put F(T) = F(T), we can deduce from (4.14) and from the fact 
that F(T) is an elliptic function of periods (w, tw’) that 


(4. 15) H(T) =F (T)/F (T), 
for all values of T. Reciprocally one can deduce from (4.15) the relations 
(4.14), H(T)-H(T) —1 and (4.13) for ST —0 or o’/2. The function 
z = A(Z) = F(T) maps one of the strips | 

0 < ST < o’/2, —w'/2 <S7T <0 


on our domain C. But by a substitution of the form T — aT + b (a = +1, 
b—0,iw/2) we can make this function map the strip 0 < ST < o’/2 on 
the domain Ç and the line XT —0 on the exterior boundary L, of C. This 
mapping must obviously be conformal in that strip 0 < ST < 4/2. The 
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zeros and the poles of I(T) are therefore in the strips which can be obtained 
from — 0/2 < ST =0 by translations of magnitudes mo’ 

Let us consider a point Te on NT —0 or ST —wo’/2. If the image 
F(To) == A(H(T.)) of this point on the boundary L is different from oo 
and from a cuspidal point of L, then the point Ze = H(T,) of k is a pole 
of order u—1 of A’(Z), where u is the order of ramification of this point 
on k. The point T, is then a zero of order »—1 of H’(T), and the 
function (T) = A’(H(T))-A’(T) will be regular at the point Ty. If 
the image F(T,) is a point at infinity on L, (in which case XT. = 0), 
the point Z2,=-H(T,) on k is a pole of order x of A’(Z) = A'(H(T)), 
and the function F(T) = A’(H(T))-H’'(T) has a simple pole at To. 

The function #”(7) has therefore no singularities on ST —o’/2, and 
its only singularities on ST == 0 are poles of order 1. | 

The zeros of F(T) on the lines $T = 0, 3T = w’/2 have also to be 
of order 1. In fact, if T, is a zero of F(T) on one of these lines, then the 
image of the neighborhood of T, in 0 < ST < w’/2 by the mapping z = F(T) 
will have more than one sheet unless #”(T%) 3&0. Under this condition the 
neighborhood of F(T,) in C will have to be of one of the following three 
forms ° 


FIT) Fir} í “ 
o “(7 F 
c C c 


i T I 
Fie. 2. 


But it can be easily shown that the cuspidal point F(T.) of L has one of- 
these three forms if and only if 


= &(FO(T,)/P'(L)) > 0 for XT, — 0 
(4. 16) for odd values of v, 
3 (FO (To) /F"'(To)) <0 for To u//2 
where FO(T) is the lowest order derivative of F(T) such that 


(FO) (Do) /E” (To) ) 0. 


SC. Arf, “Sur la détermination des états d’équilibres d’un milieu élastique plan 
admettant des frontières libres à tensions constantes,” Revue de la Faculté des Sciences 
de l'Université d'Istanbul, tome XII, Serie A, 1947. 
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Finally, the function z = F(T) = fF (T)aT has to be chosen in-such 
a way that the domain 0 S 37 Sw'/2, 0 = RT.< o is mapped on a doubly 
connected closed domain of the z plane. For this it is RSR to have 


(4.17) F(T 40) —F(T) =f" P(T 4 tdi = 0 


for all values of T with 0 < ST < w’/2. Jo order to make this condition 
explicit we consider the following representation of F(T): 


(4. 18) FE me Bane Bi) + ALT — By) 
| otre + ADO (T — By) }, 
where 
(4. 19) Lo B) — A’ LE RD RATE = Bi) 
(DE (wy 1) 14 (T — By) 
is the principal part of P (ry at the pole B;, c is a suitable constant, and 
where the coefficients A, have to satisfy the condition 


(4. 20) ee 
ja 


We put now this representation of F(T) in (4.17), and we obtain the 
following condition for the coefficients A;, A’, and the constant c: 
(4. 21) o= f P(r + t)dt = co + À {Ay | ET +t— pdt 
0 f=1 o | 
| HAUT + © — fs) — LT —8))}. 
Using the known relations 
t(P — By +0) UT — BD = Elo?) =n 
J ET — B +t) dt = log (o(T — Bi + ©)/o(T — 85). 
=q (T — B; + 2/2) + ir, 
we can write this condition as follows | 4 
(4, 22) co —n( Š A8 È 4) —0. 


We consider again a pole T = 8 of F(T) on the line XT = 0. As we 
have noticed before, this pole is of order one, and in the neighborhood of 8 
we have 
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(4.28)  F(T)— A fE(T— B)AT + R(T) 
= Alogo(T —8) + ET) — A log(T — 8) + R(T), 


where R(T), R(T) are regular in the neighborhood of T= 8. If one 
follows the variation of this function in the neighborhood of 8 in the strip 
0 = $T = w’/2, one sees that the function F(T) maps such a neighborhood 
on a domain like the one shown in figure 3. 


ayvéw 
LD 
de Ê = 





The neighborhood of T == 8 corresponds to an infinite strip of c whose 
direction is given by the coefficient — A of the principal part of (T) at 
T—8$. The thickness of this strip is obviously |A |m. If therefore 
Bi Ba, * `, 8x is the increasing sequence of the poles of F(T) mO ST <v, 
and A, —=— fı exp(i¢;), 4z = — f: exp(thz),° * °, An = — fn exp (tn) are 
the corresponding residues of F(T), we must have 


0S pe — hi = ps — hi = | -S hr — di S 2, 


in order that the corresponding strips of c do not overlap each other. 
Besides this we must also require that F(T) be such that none of the 


closed curves | 
z= P(i(o’'/2—0) + t), 0<t< 


z= F(+ 40 + 2), | 0<t<o, 
cuts itself. | 
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Conversely let a function 
k à h - 
F(T) == o( 2 (Ass — 4’;) — 2 Bif exp(ibs)) — PAE exp(te)e(T — Bj) 


: | 
+ 2 {LET — yj) + AT — yy) 4 + + AD (T — y;)} 


be given which satisfies the following six conditions: 


I S4 Šf exp (dj) = 0, 

Me MN M OS P< Br << <Br<o, 

III. fp>0, 0S pa— pi < ha — pi << dab S20 | 
IV. a 2 <Yn<O OS Ry <a. 


V. The function F(T) has no zero in 0 < ST < w’/2, and its zeros « on. 
the lines ST == 0, ST == w'/2 are all simple and satisfy the condition 


SP (u)/F"(u)) >0 for Sa —0 and v odd, 
(PO) (a) /F’(a)) <0 for Sa, = w'/2 and v odd, 
where FO(T) is the first derivative of F(T) al which SIFO a) /F’(a))) 54 0. 
VI. None of the curves 


z == F(+ 40 Hé), | 0=t <w, 
z ms I (4(w'/2— 0) +t), Sto, 
cuts itself. 


The function 
(424) a= P(T) mon $ (Any — A) —È fb; exp (64s) )7 
— Š fyexp (lo (o(T — 8) 


+ 34, log (o(L — y;)) + AT — ys) 
Pails we + AD EU T — y;)} 


maps the domain 0S ST S0’/2, OS RT <w on a doubly connected simple 
domain C which satisfies the conditions Bs, Be, Bz, and the ey of 
stress given by the formula 


4 
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(4. 25) t -+ iy = 2 = F(T), 
oz = Ra(1 + R(E (T)/E'(T))), oy = 2a(1 — R(F(T)/F(T))), 
r = — aP (T/E T), ET) =P 
satisfies the conditions B,, Bs, Bs, Bu. 


5. In this section we shall compute the following quantities. 


a) The resultant X -+ tY of the foxes which are exerted on the boundary 
(b) of a small body containing the point z; = #(y;) where F(T)/F(T) 
== (ay — a, — Êir)/4a becomes infinite, 


b) The resulting momentum of these forces with respect to the point 
F (is); 


c) The displacement u + tv which di a to ths state of stress 
given by (4.265). . 


i ware A (rdt — oedy) +i d (ode — riy) 
= f, IEDF (DD) — (1 RE T/F T), 


tai À (RETYPE) de + ET) 


| (5.1) X+44Y == Yai pa — (F(T) /F'(1)) dz = — Rat $ F(P)dP, 
: (br) 
where (br) designates the image of (b) in the T-plane. Since 


AKT — yi? — A'T — ys)? (1) — 1) ADT — y) # 


is the principal part of #’(T) at the point y; the value of this integral is 
A, + iY; = — 2at(2rid,), 80 that 


(5.2) X; + iY; = — Ana As 


' The thickness of the strip which corresponds to the pole 8; being #f, the 
resultant of the forces exerted at infinity on that strip is — 4raf, oxp (1). 
We remark therefore that the condition 


A k 
(1) 21 exp (ty) — 2 A 0, 
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which expresses the fact that the function F'(T) is elliptic, also expresses 
the fact that the resultant of the external forces acting on (C), is zero. 


b) The resulting moment of the forces which act on the boundary (b) 
is given by 


Mi= $, (e— RP) (oyde —rdy) — (y —BPCG)N rd ~ eat), 


= 2a f, Ape RE (T)/E (TJ) — REG) de + I (T)/ E (Te — RF) dy 
y + SET FT) — IF Gde + + RE T)/E TI — SEG) ay, 


— 2a $ ia | z — EG — RE (T)/ P (THR (2 — F(7))dz) 
+ IPTE (THI — FG) dz), 


=a È 4a 2— Fpl — BUEDE) e — PGi], 


mea $ RPC — FGAT], 
(br) 


— tar [E E G) — AG) + + CODAGE (G,)], 
and the moment with respect to the origin is given by 
M$ = M; — trag AF (73). 


The moment P,” of the forces which are acting on the strip which corresponds 
to the pole £; of F(T) is easy to compute. One finds 


MP = — 4ral QPL) + fj exp(ipi)log o(T — ;)) ræ, — rff]. 
If we compute now the sum 
A k 
À M, ga 2 Mp, 
we obtain zero. 
c) From the usual form 
(7 T _ ~ + EAU + Vy) pu + Va) | 
| De Eu(uy + Ve) py SAS + vy) 


of Hooke’s law one can deduce easily the following expression of the displace- 
ment vector which corresponds to the distribution of stress 


T Ty 
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Op = RAL + R(EFCT)/FT))), oy = 2a(1 — RET) /F(T)), 
r = — (P(T) P(T); 
u -+ iv = (2a/u)2Ru/(A + w) + SEXT)aT). 
This displacement is obviously uniform in our domain C tf and only if 
A, = Ag =" + mm Ay m 0, and 
w k o k ; 
0 = Í, PCT + t)dt = nf TÈ z PRE exp(— tdy)B; 
k h 
+ nf 2 A’; + 2 fy exp(— 143) 83) 
which is in fact identically satisfied. 


6. In this section we shall consider the special case where the quantity 
FT) FAT) — (05 — oy — Rir)/4a is finite everywhere in C. In that case 
the function Æ (T) can have no pole in the strip 0 < ST <w’/2. P(T) is 
therefore of the form 


(6.1) P(T) =— > fy exp(idy) (E(T — Bi) + 181/9). 


The function F'(T) must not have all its zeros on the lines XT mm mw’, 
NT = w’/2+ mo’; for in this case the function H(T) == F(T)/F(T) 
would be a constant. Indeed, if 


k À n 
(6.2) P(L) =A II (o(r—a)/o(T—f)) with X a— $ p= 0, 
where the points a are on the lines ST = no'/2, then & = q -+ nio’, 


A 
with D nı == 0, and 
t=1 


PT) = À LL (CT —a)/o(P — B) exp (— È raf (T — a — im! /2)), 
(6. 3) | 
PCT) == (A/A)P(T) exp ( È nof (eu + imw/2)). 


Now we are going to show that the function F(T) must have no zero at all 
on the lines NT em nu /2. 

Let us suppose that a,, for example, is on one of these lines XT == nw’/2; 
a, is then a simple zero of F(T), and according to V. has to satisfy the 
condition 
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Fm) 0 BP’ (a) /P’(a.)) 20 for n even, 
(6. 4) 

F” (a) FO SF’ (a:)/P’(o.)) S0 for n odd. 
We have 


(6.8) PUL) = PIN È (CT — a)/e(T — a) 
—È GT — p) /o(T — 8))) 
(6.6) PT) PATNÈ (UT — ai)/o(T — ai) 
— Š (CT — B)/o(T — pd) 


+ POMS GT —a)/o(P — a) — X(T — B)/o(T — BD), 
and 
(6.7) F(T)/P'T) = P'(T)/P(T) 
+ (È (T — a) /o(T — a) — SoC — B)/o(T — B)Y)P(T)/P"(D). 
From this formula we get 
(6.8) F” (a,)/F’(a,) 
= [PDP T) + (T a) /o(T — a) Y F(D)/P(L) re 


But from (6.5) we can deduce the following expression of F’(T)/F(T) 
in the neighborhood of T==a,: ` 


(6.9) POPO = 1/0(T — a) + Ag + Aso(P — a) ++: - 
with - , 
(6.10) Ape > (o° (a — @:)/o(a, — a1)) — 7 (o(a, — Bi)/o(a, — Bi). 
We have therefore 
(6.11) P(o)/F" (on) = [Ao + 1/o(T — a) 
+ (UT — 4,)/o(T — a,))'o(T — a,)(1 — A(T — m) ++ + ma 
We have also 
(6.12)  o(T — a)/o(T — a) = 1/0(T — a) — foeo°(T — a) + ;, 
(6.13) (o(T — a)/o(T — a)y = — 1/o%(T — a) + Ho UT — a) +--+, 
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and therefore 


(6.14) P"(a)/P" as) = 24o =U 3 Ka — a) + BCH — AD), | 


(6.14) 3F"(a:)/F"(a,)) = 23 È Ua — a) — (as — BD). 


We have seen that the zeros 1, %,-*-:,@ of F(T) are congruent to some 
points @’1,@a,° * -, a, of the strip —o’/2S 3T 5 0, and that at least one 
of these points a’, is in the strip —w’/2< JT < 0. Using this and the 


> R : 
relations >) a;— > bı = 0, Yı == 0, we can write a= 4; inw, with 
i=1 i= 
ok h x 
ND ENT + 0” Bm = 0, 
i=l j=1 t=1 
and 


SPF" )) = BIL È (a — a1) — Hm — ms Ee! /2)) 
— 3 (Cas — BD + Pme /2))], 


CP") /P'(as)) = BT È Clea — a) — UCE, — a) fil ES /2)) 
— 3 (Eos — Bi) — (e1 — B) ta Niel /2)], 


(6.15) 3(F"(a:)/F"(a)) = (— 4/0 HL È (Cals — aia! /2 


— (a's — a" )R(i0'/2)) — À (El, — Bio! /2 — (a's — Bie /2)] 


We have now 


R(E(T)iw’ /2 — Te(iw’ /2)) = 0, for no’ SST Sno’ + 0/2, 
(6. 16) | 
PET Yi /2 — TEli /2)) <0, for no’ + 0'/2 EST < (n + le’, 


where the equalities hold if and only if ST == muw’/8. In (6.15) the points 
a’ — BB, are, according to our hypothesis, all on the line ST =0 or 
l= —o’/2, and the points a,— «^, are in the strip 


OSZT Za, for Ya’, — 0, 


—w'/2=3T <0, for Xa’, = — w’/2, 


. © See Appendix. 


AN BLASTIO PLANE BODY. 813 


at least one of them being inside of the corresponding strip. From this and 
from (6.15) we obtain the inequalities 


SP (a1) (FP? (a1)) < 0 for 3a’, = 0 
SF (a1)/ F (a1)) > 0 for Yo’) = — w’/2 
which contradict the condition (6.4). 


The function F(T) must have therefore all tts zeros inside the strips 
Wa + 0/2 OST < (n+1)o0’ and the curve L has no cuspidal point. 


We will show now that the curve L has no point of inflexion. 


Let us consider a point z == F(t + tew’/2) of L (t real and e— 0 or 1). 
The angle of the tangent to the boundary at this point, with the æ axis 
being ¢, we have 


P(T)/P(T) = H(T) —exp(—2%ip), T == t + iea’/2, 
and therefore 
— Rip = log F(T) — log F(T) 


h 
=: log À — log À + X (logo (T — &) — log o (T — a) ). 
i=1 


It is then enough to show that the derivative of this expression does not 
vanish for real values of t =» T — tew’/2. 


me 3 EET — à) — E /2 ~ a), 
— 21 = BSCE H Hea’ /2 — 81) + Br (oi/2) 
= ¿(i + tew /2 —_ a'i) + 2 (wt /2)), 
(6.17) be [ BREE + tale? —Wo'i/2 — (E + twle/2@ —WNLlWi/2)) 
= EC + ilef? — d'u/i/2 — (t + iae? — WEDL. 
The points a’, being all in the strip —o’/2<$7 <0, the points 


t+-tw’e/2-—@, are all in the strip —w’/2< ST <0 for «=O and 
0 < IT < w/2 for «= 1, while the points ¢+ tu’«/2— a; are all in 
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0< ST < 0/2 for «=0 and w/8 < KT <w for e— 1. We obtain then 
by the inequalities (6.16) / 


(6. 18) o:<0 fore—0; > 0 for em. 


) 
Let us follow now the variation of $ when the point z == F(T) describes 
one of the curves L,, La. We have 


(6.19) #— (20 f À RECE + io’? —Ho'/2 
— (t -+ tw’ /2 — &'1)£(0't /2) ) dt 
ue 2 R(C(t + to a — % or 1/2 — (t + Lo 'e/R =< xilo” oo 


The variation of ¢ along iee lines is therefore 
(6.20) ap (1/8 À ( S 7 Eoi — r(ari/2))de 


u J. nc (rw't/2 — rf(w't/2)) dr), 


with 1; = tw’e/2 — a’), rpm w'e/2 — Wwy where the integrals are taken along 
the lines parallel to the real axis of the + plane. By integrating the 
function {(r)tw’/2 —7f(tw’/2) on the parallelogram (—w/2 + tw’/2, To, 
To bw, w/2 +- w’/2), we obtain 
Tot a ; (w+tw’)/2 
(6. 21) f (E(r}u/i/2 — r£(0"t/2))dr = f (E(r)u/i/2 — rtlai/2))dr 
To | (w+ dar) /2 
— mih To + 0/2 — Ww’ /2) — rw, | 
with € mm 0 for w > Sr) > 0, and e = 1 for — w < Sro < 0. Thus 


à 
86 = (1/o’)R > [— rt(tw’e/2 — w: + 0/2 — iw’ /2) 
= 
+ milio e/2 — a’, + 0/2 — 10/28) — (1 — e)re], 

h 
(6. 22) Sh =m (— 1/0’) D Pao’, — ACL — er. 

1=1 
The interior boundary L», which has no point at infinity, cuspidal point, or 
point of inflection, will not cut itself if and only if 8ẹ == -+ 27, when the 


point z == F(T) traces this curve, i.e. when e==1. For this, it is obviously 
necessary and sufficient to have 


k 
(6. 28) > ya’; = — w, 


łzi 
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Now, if this condition is satisfied, 8 will be equal to 2r— hr when the 
point z == F(T) traces the exterior curve Lı, which has k infinite branches. 
From this, one can easily conclude that L, does not cut itself. | 


The functions F(T) which correspond to the solutions of our problem 
for the special case considered in this paragraph are therefore of the form 


(6.24) F(T) =A Il (o(T — a) /o(L— B:)) 


where OSB, < PaL: <B Lo; a =a, + to’, Go em Dot * +, 0, = Os, 
i A R . 
with —w'/2 < as < 0, and Sa—DPi=—04 It follows from the pre- 
11 I=1 


ceding analysts that such a function satisfies the conditions V, VI of $ 4. 
It satisfies obviously by construction also the conditions I, II and IV of that 
paragraph. 


Let us show now that the zeros of any function of the form 
(6.25) F(T) — (—2/a)k(w/2) È frexp(ig)Bi—B frexp (tel — Ar) 


` with À frexp (ig) =) 0 = Sı < Ba <: < Ba <o, and (84, III) fi > 0, 


! ò< e ds — hi Œ; -S ha — di < 2m satisfy the conditions above, 
KE such a a has h zeros a'i, a o,a in — o/22 < IT < 0, 


ORT <w and À Se :—=—o’. We consider first the function 


(5 æ P(T) = (o(T + to! /h — iw’)/o(T)) I (o(T + to’ /h — lw/h)/o(T — lw/h)), 


KJ 


ATC exp(— lior /2)(T + io” /h — in! /2)) TI (G(T + iw /h — o/h) /o(P — a/b), 
which satisfies the equation 
(6. 27) P(T + o/h) = F’o(T) exp (2ni/h). 


The coefficient A, of the principal part of this function at the pole (7 —1)w/h 
is obviously the ratio of 


— exp(—2¢(¢u'/2)((j—1)o/h + io” /h — ta"/2)) TT (G — o/h + o/h — o/b) 
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to 

o((j —1)w/h)o((j — 2)w/h) + > + o(w/h)o(— o/h) : - *o((ÿ—hRjuw/h); 
we have | 
(6.28) À; = À; exp(2(1—1)mt/h). 


The function 
(6.29) Fo(T) = (@4s/a) À exp(2(j —1)i/h) 
X (LT — (7 — Lu/h)w/2 — (T — G — 1)w/h){(w/2)) 


differs therefore from Fo (Tẹ by a constant K. But it is easy to verify that 
the function F'e(T) is also a solution of the linear functional equation 
(6.27). The constant K is therefore zero. The zeros ao == — iw /h, 
Cog = — to’ /h + o/h, © ©, duo —w/h +- (h —1)w/h of the function 
Fy(T) = F(T), which is of the form (6. "r are actually in the rectangle 


—w/2 < ST <0, O= RT <v, and we have > SX jo = — w. 


We consider now an arbitrary function 
P(T) — (— 2/0) È frexp io) (EP — B)a/2— (T — 80/2) 


of the form (6.25). This function has A zeros 1, #2, + +, da, which are 
continuous functions of ¢1,¢.,° °°, a; fifa" cofa; Bo Be; © >, Ba, and 
which take respectively the values @10, @g0,: * * , &’r0 for 


bi = Do 2G—1)a/h,  fi= fom 1, By a ida 
| (j—1,2,---,h). 
From 
à Va/,=0 modo’, > eo 

we deduce by us 

a 

> Sa’; = — 0”, 

J=1 | A ; 
We will show now that the points a;, a’,,- + +, as, which are initially inside 
of the strip —w’/2 < ST < 0, always remain in that strip. Suppose they 
are not inside of that strip for p; = op, fp fi, By = By, and let us con- 


sider a system of continuous functions ¢,(X), f(A), By(A) OS <A 1) which 
satisfy the conditions 
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Je hal) = (A) = Ps(A) — p1(à) re pa (A) Te 1(A) < 2r, 


HANSO Bfi(Aexp(i#s(a)) = 0, 
0S fi (A) < B2(A) <*> < Bald) <a, 
(0) =p (0) frs  B5(0) = Bo, 
H) =a HO) =f, B) = Ba, 


at least one of the differences ¢;(A) — (À) being different from 0 and #. 
The numbers g’; = «;(X) are then continuous functions of A which take the 
values @19, &'aos * °°, @ ao for A= 0. Some of the values of a, (A), @’2(A), 

‘+, @n(A) for à= 1 being outside of the strip —w’/ < ST < 0, we can 
find a value ào (0 < Ay < 1) of the variable À such that the points «’,(A), 
&'a(À),  - ", @n(A) lie inside of that strip for 0 <= À < A», and some of the points 
(Xo), @2(Ao),* © +, aÀ) become boundary points of —o’/2 < ST < 0, 
the others being still inside of it. Let us consider now the expressions 


BUT, A) = (— 2/0) f à F(Aoxp (io d))(C(T — B,(A))u/2 
— (T — Bi(d))t(w/2))aT, 


P(E, x) — 4 exp(—24(ia!/2)T) TL oI — a (0))/o(T — BO): 


Since the points @’,(A) are all in —’/2 < ST <0 for À < Ao, we can say, 
according to what we have shown before, that arg F” (t + tw’/2,A) == p changes 
monotonically from arg E” (to + 10/2, À) to arg F” (to + w’/2, A) + 2v if the 
real variable ¢ varies from tọ to to + w, for À < Ao. By continuity we can say 
the same for A =A, with the only difference that if, for example, a’, (ào) is on 
the line ST ——o’/2, then the expression arg W (t -+ tw’/2,A,) makes a 
jump of magnitude r at the point o’,(Ao) + to of the segment (to + tw’/2, 
to + w’/2 Low). On the other hand, the point F(t + 1w°/2, ào) traces a closed 
curve when ¢ varies from to to ło + o. But this is only possible if this closed 
curve is a line segment traced twice and that would be only possible if all of 
the numbers #2(À0) — pı (ào), Ps(Ao) — b1(Ao), > * > Da(Ao) — làn) were equal 
to zero or 7. The points /;(A»), a’2(Ao),° © <, Walo) are therefore all in the 
strip —w'/2 < ST <0. It remains to show that none of them can be on 
the line ST = 0. 

Since the points @’;(A) are all in the strip —o’/2 < ST < 0 for À < Ay, 
arg F(t, À) changes monotonically from arg F’(to, À) to arg F’(to, A) + 2a — hr, 
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when the real variable t changes from t, to fo + œ; also it changes from 
dı — kr to dui — (k + 1)r when ¢ traces the interval between two consecu- 
tive poles £:(A) + Nw and Sui + Mo of F(T, à). By continuity one can say 
the same for A = À, with the only difference that if, for example, & (À) is in 
the interval (B:(Ao) + No, Bur(Ao) + Mo), then the expression arg F” (t, Ao) 
will make a jump of magnitude — ~ at the point a,(A,). We shall have 
therefore 


(dir (Ao) — (k + 1)r) — (bi(Ao) — kr) < — r, 


OT nı (A0) — gı (ào) < 0, which contradicts our hypothesis dui(Ao) > pı(ào). 
We can now summarize the results of this paragraph as follows. 


One obtains a solution of our problem, for m ==? and os, oy, T finite 
everywhere in C, by putting: 


z = P(T) = (— 2/0) X fy expli) S (ET — 80/2 — (T — B)Ro/2) a7, 


h 
= — À frexpliss)log 6. (T — 8/0) 
with 0 S ps — pi = ds — hi =: ` = ba — di < Rar, 0O= fi < Pa LB: <: ns 
A 
= Ba <o, fy > 0, 2 fs exp (143) —0; and H— F(T)/F(T) 


= Sf exp(— iy) (C(T — By)o/2 — (T — By)t(w/2)) 


x > fy exp(ih;)(ECT — By)o/2 — (T — By) f(w/2)) 
. os = 201+ RA(T)), oy 20(1—RA(T)), +r—— 2aSH(T). 


The domain C is then the image of the rectangle w’/2 > GT >0,0 AT <a, 
in the z plane, and every solution of that problem can be obtained in this way. 


Appendix. 


Let w, w be real and positive; then the following inequalities hold for 
the Weierstrass £ function corresponding to the periods w and tw’: 


R(ECT iv /2 DES TE(tw’/2)) > 0 for nwo’ = XT < w/2 + nw’, 
R(C(T) iw’ /2 — Té(iw/8)) = 0 for —o’/2+ no = ST Sno’, 
and equality holds only on the boundaries of the strips. 
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Proof. Because of the relations 
ECT + w)to’/2 — (T + a) f(io’/2) 
— (T Jiws /2 — TE (to! /2) + t0’f(w/2) — wl (iw’/2), 
— (T Jio /2 — Te (tw'/2) + ri, 
ECT + w’)tw’/2 — (T + tw’) (to"/2) 
= €(T) tw’ /2 — Telia /2) + to’ f(iw"/2) — tof (tw’/2) 
= €(T)to’/2 — T(iw’/2), 
it is sufficient to prove the inequalities for n == 0 and — w/2 < RT S 0/2. 
According to the relation of Legendre, the function 


g(T) — ¢(L)iw’/2 — Te(tw'/2) 


x 
oLdmT Lw _ 
oL T Lufa -w/2ltmT Lo 
o L Re TLwW/2 
7 st a2 
Zev? Tx € 


T= dw fre 


© a 
o L ImT 2w7/2 -w/2 LImMT Lo 
-~w/2 L ReTLO _w/) LRTLo 


Fia. 4. | Fre. 5. 
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takes the same value tr/2 for T = w/2 and for T m (w + iw)/2. Its 
derivative 


g (T) = — (P (TL) tw" /2 + E(tw’/2)) 


is purely imaginary on the segment (w/2, (w+ tw’)/2). This derivative has 
therefore a zero T == € on this segment. The other zero of g’(T) in the period 
rectangle (— tw’/2, — w’/2 + w, to” /2 + o, w’/2) is then T =z. The func- 
tion z == 9(T) therefore maps the rectangle (0, w/2, (o + tw’)/2, to/2) con- 
formally on the domain shown in fig. 4. By symmetry with respect to the 
segment (iw/2, 0) we see that the rectangle (—o/2, 0/2, (o + w’)/2, . 
—w/2 + tw’/2) is mapped on the right side of the imaginary axis of the 
z plane, while the rectangle (—w/2, w/2, w/8 — 14/8, — w/2 — tw /2)' is 
mapped on the left side of this axis (symmetrically with respect to the 
segment (—/2,w/2)), and our inequalities then become obvious. 
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By Harvey Conn. 


1. Introduction. In a very famous memoir in 1896, Minkowski [5] 
set up a continued fraction type of algorithm for the product of three real 
linear homogeneous forms in three integral variables. By the precedent set 
in the ordinary theory of binary quadratic forms, such an algorithm has to 
supply a definition of reduced form with several properties: First of all every 
form should be equivalent under unimodular change of variables to one or 
more reduced forms. Furthermore a concept of netghboring form should be 
present so that the reduced forms will arrange themselves into chains. 
Finally when the three linear forms are conjugates, each spanning a (totally 
real) cubic module, the number of distinct reduced forms should be finite. 
Probably the most immediate application of such an algorithm would be the 
determination of units of a totally real cubic field as automorphs within 
the finite chain of forms. 

The purpose of this work is to present a new algorithm for such cubic 
forms, combining some of the features of an ordinary (modified) continued 
fraction algorithm with some of the features of Minkowski’s algorithm. This, 
new algorithm follows the former one to the extent that reduction is based on 
a visually convenient array of + and — signs rather than on “admissible ” 
bodies; and it follows the latter algorithm to the extent that the proof given 
here for the reduction theorem uses Minkowski’s wotk as a convenient starting 
point. Once the theoretical aspects are established, it will be seen that the 
actual calculations in cubic fields are very simple, although the units obtained 
there are far from thoroughly investigated. 


2. Modified simple continued fraction algorithm. The familiar simple 
continued fraction (for binary quadratic forms) of course fulfils the above 
requirements par excellence. We present a modification to emphasize some 
curious resemblances to the definition of reduced forms that we presently 
give for cubics. The quadratic form may be written 


(2) - n, m) == 222, 


* Received August 27, 1951. Research currently sponsored by the U. S. Army 
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where z; = n— hm, (n,m integers), i= 1,2 and 6, are conjugate real 
quadratics. The condition for reduction (as stated by Gauss) is that 6, and 
— 1/6, be each greater than 1. If we consider the lattice in the (%, 23)- 
plane we find this is almost the condition that V1, Ve, Vs, the (T1, 2.) -vectors 
corresponding to (n,m) = (0,1), (1,0), (—1,—1) respectvely, do not all 
three lie in one pair of opposite quadrants of the (21,%2)-plane. Here note 
that Vi, V2, Vs have the property that any two of the three are basis vectors 
of the lattice, and V,-++- Vz + V = 0. The idea of using not two but three 
such vectors (but in another formulation), goes back to Selling [1]. The 
concept of neighbor in the simple continued fraction is (again) almost the 
condition that two of the three vectors V1, Vz, Vs be common to the two forms 
in question. The resemblance of this modified continued fraction algorithm 
to the one presented in this paper will become clear as matters develop. 


8. Minkowskian basis. We now use as a-point of departure the exis- 
tence of a Minkowskian basis, an immediate consequence of Minkowski’s 
algorithm. 

We recall that a lattice is said to be admissible with respect to a convex 
body K (or vice versa) if no point of the lattice except the origin is interior 
to K. The convex body which we use is the rectangular parallelopiped : 


(3. 1) P(E, Én, Éa) : | Ti | <h. 
The lattice we use can be written as 
(3. 2) Ty == bum + bioma + bisMs, My integral, 4, q = ls à, 3. 


Its determinant D is assumed =“ 0, and we henceforth make the simplifying 
assumption that none of the components 24, To, or x, shall vanish for any 
vector of the lattice except the origin. This fits in conveniently with the 
intended application, where the triple (bn, biz; bis) spans the totally real 
cubic field K, (where the index à denotes the conjugate). 

We consider an ordered triple of lattice vectors (A, 42,43), where 
A, (20,20, £3). We call such a triple Minkowsktan if P(a,™, 2,©, x) 
is admissible. Such triples exist under very broad assumptions ([2]) and 
from Minkowskt’s algorithm ([5]) such a triple ts either co-planar or a 
lattice basts. (The proof consists essentially, [4], of eliminating the possi- 
bility that the triple generate a sub-lattice of index 2, and this can be done 
more simply by the methods of 5 below). 

Minkowski’s algorithm also supplies a process of forming neighbors 
which we need not discuss in detail except for the following points of imme- 
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diate concern: The process [3] of “lowering the faces” shows that every 
Minkowskian triple has exactly three neighbors. The process, in addition, 
involves a “ visualization ” of the lattice with a view to admissibility. (The 
neighbor process proposed in 10 below will be less simple in the first respect 
but much more simple in the second.) 

Minkowski’s neighbor process is also such that a co-planar Minkowskian 
triple (fortunately) cannot have co-planar neighbors ([3]); hence we have the 


THxoREM. Every laitice has a Minkowskian triple that serves as a basis. 


We call this a Minkowsktan basis and proceed from there. 


Reduction Theorem, 
4 Definition of reduced form. We start off by considering a 3 X 4 
mairiz ġ written as four column vectors P, Q, R, 8 with three z; components 


Pi Tb Ty $i: 


E © B À 
(Zi 5) Pi qi F1, 8: : 
(4.1) d: (Te::) 4 Pa (qa Te R 


(T3:) Pa q3 fs . 8s 
Such a matrix is said to be reduced if 


(421) - O=P+Q4R48 
und if | 
= Sk aie 
(4, 22) oise ee ae seks 
— — + + 


(i.e., if the components of @ have either the exact or reverse pattern of 
-+ signs and — signs of the last matrix). Such a matrix is written out 
in 11 (below). 

From the definition it is clear that no three of the column vectors 
P, Q, R, 8 are co-planar (for, if so, there would be a common perpendicular 
to all four of them in contradiction to the fact that theng four vectors and 
their negatives lies one in each octant). | 

We next define classes of PORN RON matrices, by saying p and ¢’ are 
proportional, i. e. 
(4. 31) E jag 
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if the three (a) rows of each are proportional, pi/p’4 = Q/ i = TYT 8/8 
— @;(540).° We say that ¢ and ¢’ are strictly proporttonal, or 


(4. 32) om p, 
if p~ p and, in addition, WWW =m 1. 


Clearly if 6~ ¢’ and ¢’ is reduced, then ¢* is reduced, where A is a 
permutation in the Klein four-group on (P,Q, 8,8). (Tf all constants, w, 
are positive, then A is the identity.) | 


We next consider degenerate ternary forms, i.e. 


8 
(4. 41) : P === 2 at UiM MeMa, 
where 
(4. 42) 
$ == Tilels, Ti — bum + biotfia + bigs, 1 < $, j < 3; 


By; == (Bay, boy, Bay). 


We call such a form reduced, or we say the three column vectors B,, Ba, Bs 
are a reduced basts, if these three vectors, taken in some order, come from 
the column vectors P, Q, R, S of a reduced 3 X 4 matrix. This definition is 
immediately invariant under permutation of variables Mi, Me, ms. This 
definition is such that given a form %, the question of whether or not it is 
reducible does not depend on how the factors a, are identified. In fact if 
the factors z; are transformed by the appropriate group: 2, — cit, Te — Cof}; 
Es — Gta, te ISR, (Cs — 1), the corresponding 3 X 4 matrix obeys 
p — $’, where | 


(4. 5) p = $%, 


and o denotes a permutation from the alternating group on (P,Q, R, 8). 
We could finally discuss a degenerate quaternary form given by formulas 
similar to (4.41) and (4.42) except that the index f would go from 1 to 4 
and there also would be 4 values of my. Then a reduced form would be one 
in which the B,, Bs, Bs, By were, in some order, the P, Q, R, 8 of a reduced 
3 X 4 matrix. Thus any reduced degenerate ternary form ® results from a 
reduced degenerate quaternary form in which the vanishing of a single m 
leaves the form equal to & (in the three remaining variables). The quaternary 
forms are such that each strict proportionality class of ¢@ determines the same 
form (to within permutation of the nu) together with exactly all the 4° 
described in (4.5). The table in 13 (below) will provide instances where 
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4 or 12 such ¢ determine the same quaternary form. Such properties neces- 
sarily extend to the ternary forms. 


5. Proof that every degenerate ies form is equivalent to a 
reduced form. 


THrorem. If Ay, As, A, are a Minkowskan basis, then + Ay, + As, 
+ As, with an appropriate choice of signs, ts a reduced basis. 


Remark. It seems that some significance was attached: to the 3 X 3 
array of signs of + À, by Minkowski [6], but the role of a fourth vector was 
not considered. 


Proof. We can without loss of generality multiply the A, by constants 
and reflect the coordinate planes so as to have 


(5.11) ; au == 1, [ay] <1 if 4 4 J, an > 0, ds, > 0, 
(5. 12) A, = (1, dia, ais), As — (an, T; Qes), A; = (aa, 2) 1). 


Now the hypothesis that A,, A+ Ás is a Minkowskian basis requires, 
-among other things, that the 20 vectors + A; + Ay (1567), tA, + Aga A; 
lie on or outside the cube |a,| <1. So from here on, we weaken the hypo- 
thesis, (see [4]) so that the a, satisfy the conditions in (5.11) together 
with merely | 
| max |+mtanm|>1 (j), 
(5. 2) k 
max | + lip + Gek + Gg | > 1, for each choice of +. 
x 


We now assert that the pattern of signs of the four vectors 
(5. 3) at À, 4+- Aa, + As, par ws Ay + As T As; 


does in some order accord with the system (4. 22), if the + signs are chosen 
properly for each + 44 

Next we visualize the II, : (a21, @3,)-plane, the IL: (dra, G3)-plane, and 
the I: (ais, @23)-plane, written more generally as (£,7)-planes. — We see that 
the regions determined by the inequalities (5.11) and (5.2) are bounded, 
by lines of the types: + £ me 0,1; y<=0,1; té+y==0,1. Thus in the 
IT, X I X I, space, 4 X 16 X 16 == 1024 regions with isoscles right-triangu- 
lar projections are determined. In fact, considering the sixteen M- and the 
sixteen Il,-projection triangles, we see that each.one contains in its interior 
exactly one point of one of the 16 types (+ $, + +), (+ 4, + 4), (+, +), 
(+4, +4), while the H,-projection triangle contains only of the four types 
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formed using only + signs, (axı > 0). In each of these 1024 (open) regions 
the inequalities in (5.11) are always true, while the inequalities in (5.2) 
are each always true or always false. In the.184 cases where (5.11) and 
(5.2) are always true it is easy to choose the vectors in (5.3) to have the 
proper array of signs. ‘The handling of all 1024 cases can be easily accom- 
plished in a few hours by using 4 + 16 + 16 strips of paper with the z,-, 
Ta, and zs-components of the 26 vectors + Ay + A; + A; + À: + 4: + As, 
(té j). | 

6. Alternative form of the reduction theorem. We have shown that 
every basis is equivalent under change of basis to a reduced basis. It is no 
loss of generality to assume that the change of basis involves a matrix of 
determinant + 1 (as all basis vectors can be multiplied by — 1 without 
affecting the definition of reduction). - Likewise we may assume by (4. 21) 
that B,, Ba Ba are 8, P, Q respectively. Finally we divide each z; by a 
constant so as to put the lattice in inhomogeneous form, whence b;; == 1. 
Then calling ba == é, bas = n; we obtain the following result: 


Let three non-collinear points (nm) of the projective (Ën)-plane be 
given in some fired order. It is possible to find an integral unimodular trans- 
formation such that the points (é, m) simultaneously go into the points (Ey ni), 


da + bib + orm , he + bits + C275 
6D Fe Eh came’ HT ane Bek cop ahat] 


lying in the following three regtons of the projective plane respectively : 


Ri: &£20mS0, 144420; 
(6. 2) Rs: é = 0, m2 = 0, 1 + fe + ms = 0; 
Rs: é, = 0, m = 0, 1 + és + ns = 0. 


Note that in order to cope with our previous lattice restriction (that no 
lattice vector have a zero component except the origin}, we must extend the 
regions to the projective plane, thus permitting division by zero. 


7. Cyclic basis. A very important type of lattice is one with a cyclic 
basis, | 
(7.1) bij = ap, where k==1-+ 7 (mod 3) (k == 1,2,3). 
In this case the ternary form %, as a function of the m, is invariant under 
cyclic permutations, and conversely. Here the basis B;, (j = 1, 2,3), (in the 
notation of 4) is reduced if and only if, of the four quantities a,, a2, a, 
— (a + a, + as), two are positive and two are negative, 


(OT Xaaa (G1 + Go ++ as) < 0). 
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We now single out the “hard case,’ where, under a change of indices 
and (possibly) a change in sign of.all a, we have the inequalities 


(7.2) Oy + ag > 3 > a >a, >0. 


Then, except for the hard case just cited, the cyclic basis will be finitely 
- close to a reduced basis in the sense that the vectors P, Q, R, & for the 
reduced basts can be chosen from among the 26 vectors + B, + B; + B; 
+ Bi + Bi + By (1 7). 


The above statement can be easily verified. We further note that the 
hard case must be separated since the three numbers ai, a2, a; can otherwise be 
arbitrarily close to one another and still satisfy the conditions (7.2). There- 
fore, even if the set of 26 vectors above were extended to any finite set, 
however large, of the type k;Bı + LB: -+ m,Bz, it would still be possible 
to choose the a; so that of the four desired basis vectors P, Q, R, S, the 
one (8S) which is in the all- -+ (or all —) octant would be the one for 
which k, + 1; + m;5£0, while the other three vectors would be such that 
k; +1, + m; = 0, contradicting condition (4.21). . 

Fortunately, in many applications, the hard case simply does not occur. 
For instance, for later reference, take 


(7. 3) Ai — 2 exp(2rim/p), (& == 1, 2, 3); 


where p (== 1 mod 3) is a prime and m through a complete set of residues 
of cubic character indicated by k. Here a, -+ a, -+- a, == — 1, and therefore 
if the a, were all of one sign (as in (7.2)), we should have | aires | & 1/27 
in contradiction to the fact that a is an algebraic integer. Hence the lattice 
given by (7.1) and (7.3), (determined by contraction of a cyclotomic field), 
has a reduced basis very close to the cyclic basis described here. 


Finiteness. 


8. Norms and discriminants. We now consider the case where the 
Pi, Le, Ta components in (4. 42) are the conjugates of three numbers spanning 
- a (totally real) cubic field. We shall show that although the neighbor process, 
for instance, produces a chain of 8 X 4 matrices (see 12 below), they are 
strictly proportional to only a finite number of classes. Thus the ternary and 
quaternary forms take on only a finite number of values. 

As a preliminary step, multiply through the matrices so as to make all 
of the Ppa qu 7%, 3; algebraic integers. We let A represent the (common) 
absolute value of the determinants formed by omitting any one of the four 
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columns. Here A? is an integer which represents the field discriminant 
multiplied by j?, where j represents the index of the sub-lattice (or module) 
of integers in the ring of all integers of the field. Of course A is invariant 
under change of basis. 

` In the usual notation, where sub-scripts denote conjugates, we denote 
the norm and discriminant of the vector A — (a, G2, as) by means of 


(8.1) N(A) = mm; (8.2) d(A) = [(t, — aa) (a — ts)(as — a )]’. 


Clearly d(4) = 0 only if a, == a, = 4, =a rational number, while N (4A) = 0 
only if a, == a, = a = 0. Furthermore when À is an algebraic integer, N 
and d are natural integers. 

We shall next show that when A is bounded’ (and > 0) the norms of at 
least three of the four algebraic integers P, Q, R, S are bounded (<(A/3)*) 
while the discriminants of all twelve fractions of the type P/Q = (pi/q:) are 
likewise restricted to a finite set of rational fractions (whose numerators go 
from 1 to [(4/3)*] and whose denominators go from 1 to [(A/3)#]). 

The above conclusions follow from the expansion of A in (4.1) along 
(say) columns Æ and g using, each time, the minors of P and Q. 


À == (Pigs — GiPa)s + (pqa = GaP1)1's -+ (P243 a GaPs)T 15 
+ À = (9192 — GiPa)8s + (PsG1 — GaP1)82 + (Page — Y2Ps) 51. 


Now take either the upper or the lower lines of (8. 3) according as (p1gs — 9:P2) 
is negative or positive. (Note that pig; — piq = 0 for +3<7 by the rational 
independence of P and Q.) In (say) the first case, reference to system 
(4,22) reveals that — A is the sum of three negative quantities, abbreviated 
ty -+ te + ts, whence easily, 


. (8.4) (A/3)* | titets | = | N(R)|-| @(P, Q)|, 


where G*(P, Q) — (p192 — q1P2)*(pa91 — q8P1)° (Pags — QP)”. Since Œ(P, Q) 
is a rational integer, it follows that one column, À, of the chosen pair R, 9, 
has bounded norm. By repeating the argument we see that some three of 
the column vectors (say) P, Q, R have bounded norm (as indicated above). 
Likewise, regardless of whether R or S has the bounded norm, 


(8. 5) PCP, Q) = N*“(Q)d(P/Q) = N(P)d(Q/P); 


hence any of the twelve fractions of the type P/Q has, from (8.4), a dis- 
criminant restricted to the set of values indicated above. 


(8. 3) 


9. Completion of finiteness proof. Using the previous information let 
us suppose that fixed values of N(P/R), N(Q/R), d(P/R), d(Q/R), d(P/Q), 
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d(S/R) are given as rational numbers gı,’ - -, 9. respectively, chosen from 
a finite set. We next see that then P/R and Q/R have only a finite set of 
values. . 

To see this we write P/R==(w), Q/E = (un), P/Q = (w/tvi), 
S/E = (— 1 — u — u) by virtue of (4.21). Thus we find that 


Uj Ugly = Jise. ViVoUs == Joy 
(th, — Ua) (Ua — Us) (Us — ty) = + V fs, 
(9.1) (ui — V2) (V2 — Va) (Vs — 191) = EV ga, 
(14/04 ice Uz/Ve)(Ur/Va m= Us/V3) (tis/Vs — 1/01) — + V gs 
(th —- Vs — Ug — Ve) (Ue + Ve — Ug — Us) (ts + Vs — Uy, — V) = + V Je- 


This constitutes six equations in the six variables t4, vrn There are either 
no more than 3°-6- 2* solutions or else infinitely many. The latter possi- 
bility is somewhat tedious to exclude, but if there were infinitely many 
solutions for some g; (all s40), it would be possible to parametrize a one 
dimensional manifold in terms of ¢ == u,/u, as (say) t—»o. By trying to 
calculate from (9.1) the order of magnitudes in @ of the uw; and v, we see 
that this possibility leads to a contradiction. 


Now knowing that the values of 


pri O/T and s/r (== —1— pri — qiri) 


are finite in number we can complete the proof. For then the 3 X 4 matrices 
 belong to only a finite number of proportionality classes. But since the 
number of values of pipep, (—N(P)) is limited, there must also be a finite 
number of strict proportionality classes. Finally (see 4) we have a bound 
on the number of forms ®. 


Neighbors and Chains. 


10. Definition of neighbors. Our definition of neighbors will be given 
as a definition of neighboring reduced 3 X 4 matrices ¢, but it can be carried 
over-to the corresponding ternary or quaternary forms ©. Since the order 
of the column vectors P, Q, R, 8 is fixed by the array of signs, we need only 
supply the “parabolic” generator of the chain. In fact we take the simplest 
ones consistent with condition (4.21), namely those of the type 


(10. 1) pp (PoP, Q-O4+ Pf, R—k S>S—P) 
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which are written for convenience as 


(10. 2) p(Q.P.S) o @¢’(8.P.Q)¢. 
Of the 24 matrices ¢’ thus formed, we call the reduced matrices netghbors of ¢. 


This process creates 3, 4, 5, or 6 neighbors, depending on the relative 
magnitude of the components in the matrix ¢. Furthermore, (positively) 
proportional reduced matrices have the same neighbors. To calculate the 
neighbors is very easy in that it requires not even a mental picture of the 
lattice as did the Minkowskian algorithm. The automatic process will now 
be given in terms of an illustration. 


11. Illustrative calculation. For instance consider the lattice with 
reduced basis, (compare 7), by == 2 cos 2rt7/?. We obtain the array of 
(approximate) numerical values: 


P Q R S 

-o 125 — 45 —180 1 
bot Ted —180 125 — 45 1 
a, |— 45 —180 —125 1. 


Looking at the x, row we find the elements of like sign compare as 
foliows in numerical magnitude: 


(11. 1) In| >lal [pil >| si |, 


written as ( R.Q), ( .P.S). The elements of unlike sign compare as follows 
in numerical magnitude: 


(1.2) Inl<lnk lal<imb Jal<lab Ial<inl 
written as (P.R. ), (Q.P. ), (Q.8. ), (S.R. ) respectively. 


Looking at the x, row we obtain six more entries, ( .P.R.), ( .Q.8.); 
(Q.P. ), (S.P. ), (E.Q. ), (B.S. ) ; and looking at the x, row we obtain six | 
final entries, ( .Q.P.), ( RSS (P.R. ), (P.5. ), (E.Q. ), Ge }). 

We now. have 18 entries (possibly repetitive), and the rule is simplv 
that the neighbors are those remaining when the triples of the above 18 type: 
are eliminated. Thus going back (11.1) we see the entry ( .K.Q) disposes 
of (P.R.Q) and (S.R.Q) as neighbors, while in (11.2), the entry (P.R. ) 
disposes of (P.R.Q) and (P.R.S), ete. It is seen that only three neighbors 
for ġo are left, namely ¢o(P.Q.2) di, bo(Q.R.P)hs, bo(R.P.0 és, which occur 
in the lower left hand corner of figure 1 below. 
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ae (aps) % 





to (PR) #1 


12. Closed chains. By use of this neighbor process we obtain a suc- 
cession of 3 X 4 matrices ¢. They must necessarily correspond to a finite set 
of strict proportionality classes. For instance, referring to the case we obtain 
the succession of neighbors po (PQR): (EPS)ps (RIP) (PRQ)¢ġs; it is not 
hard to guess even from the approximations used above, that gs = do, and 
indeed it can be seen to check with the defining equations. 


In this way we obtain by succession sub-sets of the matrices in each 
strict proportionality class (in fact, we obtain sub-sets with postitve relative 
proportionality constants). Certain of these strict proportionality classes are 
neighbors to one another. Hence we may always draw these classes as points 
connected by lines indicating neighbors. This is done in figures 1 and 2 (q. V., 
also see tables below). 


- 13. Further calculations. We submit now, five calculations of closed 
chains, summarized in the accompanying table. The modules taken are some 
of the integral modules with lowest discriminant. The case A? — 196 is the 
sub-module of index 2 of A*== 49, while A? == 148 is, of course, non-abelian. 
The (x) conjugates are taken in an order consistent with the sign matrix 
(4. 22). i 
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(er) 












Defining Equation 





Number of prop. 





classes 
49|p® + p?-— 2p —1 = 0 12x4 en 
se  —3p—1=0 —2—p+p ‘Tjilx4 +1 x 12 = 16 
Oise  —4p+2=0)—3+p+p) 2—p Txs 0 = 88 


169| p? + p*§—4p + 1=0/—3+4 29+ p%| 3—p—p*|—1—p |1|1 x 4+2 x 12 — 28 


arenas | attirer 0 SKY | HiinaNrineiNtentiin it an | its | 


196| p5 + p?—2p—1 = 0 p —p—p*|—2+ Pl 211x446 12—76 © 
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In each case the number of strict proportionality classes (see 4) of 
8 X 4 matrices is computed. Naturally more than one of these proportionality 
classes may correspond to the same quaternary form (see 4) under permu- 
tation of the m, (or of the P, Q, R, 8). On the basis of simple group- 
theoretical considerations, if more than one proportionality class corresponds 
to a given quaternary form the correlation is g to 1 where g is the order of a 
sub-group of the alternating group'on P, Q, R, S. This correspondence 
(of classes of matrices into forms) for the cases in the table is by fours 
(Klein four-group) or by twelves. For non-abelian cases, if the correspon- 
dence is not unique, it is necessarily by fours, as can be easily proved. 


14. Units. Consider two 3 X 4 matrices in a chain or, even more 
generally, two such matrices having three of their four column vectors respec- 
tively equivalent under a unimodular transformation. If such two matrices 
are proportional, they are strictly proportional, since the constants of propor- 
tionality, being the eigenvalues of a unimodular matrix, have the product 1. 
Since the eigenvalues are also conjugate algebraic integers, in the conjugate 
cubic fields, they are either all 1 or are conjugates of a non-trivial unit of 
the field. From the rational independence of the column vectors, the eigen- 
. values are all 1 only when the two 3 X 4 matrices are identical. In fact 
in the example (A? =— 81) of fig. 2, there are even closed circuits such as 
do(Q.P.R) b2(B.P.S) ds (S.P.Q)po which produce the trivial unit. (The cir- 
cuit do(Q.P.B) do(P.8.Q) ps (P.Q.8) d4(Q.8.P) bo incidentally produces a non- 
trivial unit). In each of the five cases treated here, independent (non-trivial) 
units can be observed. It is clear that as we take an increasing large number 
of different fields the a priori necessity of obtaining different units will 
increase the complexity of the non-trivial circuits, but no further speculation 
on this will be attempted at present. 
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ON HYPERBOLIC PARTIAL DIFFERENTIAL EQUATIONS.*. 


By Pmr HARTMAN and AUREL WINTNER. 


1. Introduction. In the standard existence and uniqueness theorems 
for the hyperbolic differential equation 


(1) toy = Í (7, Y, 2, P, q); 


where p== Z», g==2,, it is assumed that f is continuous in (x, y, z, p,q) and 
satisfies a uniform Lipschitz condition with respect to (z, p,q). It will be 
shown (Section 2) that the assumption of a Lipschitz condition with respect 
to z can be omitted in these existence theorems, though not in the uniqueness 
theorems. On the other hand, it will be shown in Section 3 by an example 
that the Lipschitz condition with respect to (p,q) cannot be omitted and, 
what is more, that there exist continuous f such that (1) has no solution 
whatsoever (in a vicinity of a given point of the (a, y)-plane). 

The existence theorem to be proved for (1) leads to improvements of. 
some of the results of H. Lewy ([14]; cf. the presentation in [6], pp. 487- 
608). For example, it will be shown (Section 6) that if F(x, y, 2, P, q, 1, 8, É) 
‘is a function of class C°, and.if the partial differential equation 


(2) Oe F(z, Y, 2, P, q, T, 8; t) =Ù, 
where r = Len, S = Zgy, É == Zyy, 18 of hyperbolic type, that is, if 
(3) F — 4F,F; > 0, 


then initial data (belonging to a z of class C°) determine a unique C?- 
solution of (2). The conclusion, the existence of a solution z of class CP, 
is the same as that of Lewy (cf. [14], p. 189, where it is asserted that 
Z, P, q, T, & t are of class CT). But Lewy assumes that F is of class C® 
(instead of being, as above, just of class C?) and he has the somewhat artificial 
assumption that the initial data belong to a z of class C+ (instead of belonging, 
as above, to a z of only class C°; cf. [14], p. 187, where it is assumed that 
the initial data of z, p, q, r, s, t are of class C?). The conclusion of unique- 
ness is a corresponding improvement of that of Lewy. (Incidentally, his 
statement of uniqueness involves solutions of a class which is apparently more 
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restricted than the class C*, but it turns out that all solutions of class CS 
belong to this restricted class.) | 
When (2) is of the Monge-Ampére type, 


(4) À + Br + Cs + Dt + H(rt — 8s?) —0, 


where A, B, C, D, E are functions of the five variables x, y, z, p, q, and (3) 
is replaced by 
(5) C? — 4BD + 4AE >0 and #0, 


it will be shown (Section 6) that if A, B, C, D, E are of class O}, then initial 

data (belonging to a z of class C?) determine a unique C*-solution of (4). 
Following Lewy’s procedure, the theorems involving (2) will be reduced 

to one on a system (1) by means of an intermediary system of first order of 


the type 


(6) 3 awit — bi, 1£Li<m(£<n), 


(7) S anty — by : m+tisisa, 
k=1 


where the given functions ay, b; are functions of z, y,2',: - -,2* satisfying 
det aw 540. For the system (6)-(7) it is sufficient to assume that ay, b; are 
of class (1, in which case initial data belonging to a 2 (z4,---,2") of 
class C+ determine a unique C‘-solution z which possesses a continuous second 
mixed derivative Zey == Zya; Section 4. This is an improvement of a theorem 
of Lewy ([14], pp. 186-187), where it is assumed that ax, bı and the initial 
data are of class C*, while the assertion is unchanged.: The system (6)-(7) 
can fail to have solutions if it is only assumed that the given functions ay, bi 
are continuous (instead of being of class C4), with det aix £ 0. 

It will also be proved that every C?-solution z of (6)-(7) has a con- 
tinuous second mixed derivative Zey == Zys. This permits a sharpening of the 
wording of the above-mentioned uniqueness theorem. 

In Part II, the results of Part I just. outlined will be applied to two 
problems of differential geometry; first, the problem of embedding into 3- 
dimensional Euclidean space a positive-definite line element, 


(8) ds? Lares gudu’ -+ 2Gi2dudv -+ Jootv*, 


of negative curvature; second, the question of transforming (8) into the 
Tchebychef form | 


(9) ds? = di? + 2 cos ¢ dedy + dy”, p= p (7, y). 
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Part III adapts the method of Part I to the quasi-linear hyperbolic 
system for the vector z = (21,: + +, 2), 


Za = fay + 9; 


where a and y are scalars, f—=f(z,y,z) is a matrix and g—=g(z,y,2) a 
vector. The linear case, where f == f(z, y) is independent of z and g is linear 
in z, was first treated by Holmgren [11] under the assumption that f and g 
are of class C? (and the system is hyperbolic, that is, f has simple elementary 
divisors and real characteristic numbers). Perron ([16], pp. 662-564) has 
shown that Holmgren’s method remains applicable if g is not linear in z, 
but is merely of class C? in (a,y,z). Friedrichs ([4], pp. 575-578) has 
proved that the Holmgren-Perron theory is also valid if f(x, y) and g(x, y, 2) 
are only assumed to be of class C*. The latter result was stated already by 
Holmgren ([12], pp. 1-2), whose proof however contains a gap. 

Friedrichs has extended the results also to the case in which f is allowed 
to depend on z but both f and g are subject to the classical C?-restriction ([4], 
pp. 582-584; ef. also Cinquini-Cibrario [2] and her papers referred to 
there). It will be shown in Part ITI below that it is sufficient that f(x, y, z) 
be of class C* only. In particular, all of the results mentioned above appear 
as consequences of a single theorem. While the method of Holmgren, Perron 
and Friedrichs is that of the successive approximations, the proof of the 
general theorem is based in Part III on a combination of the process of 
successive approximations and the method of equicontinuous functions, as 
used in Part I. 


Part I. 


2. The system (1). A function z = z(z, y) will be said to be of class 
C* if z(x,y) is of class C* and possesses a continuous second mixed derivative 


Zey — ayn. 


(I) Let z== (z,---,2"), pm (ppt), q— (T, >>") and 
f= (f: °°, f”) be vectors with n components. Let f — f(x,y, 2, p,q) be 
continuous and bounded on the product space of the rectangle 


(10) -R:0SeSa, 0<y<b 


and the entire (z, p, q)-space, and let f satisfy a uniform Lipschitz condition 
with respect to (p,q) on this product space. Let a(s), r(y) be n-dimensional 
vector functions of class Ct on the respective intervals 0 x Sa, 0Syb, 
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and satisfy (0) =17(0). Then there exists on (10) a function z == 2(2, 4) 
of class C* satisfying (1) and ; 


(11) 2(2, 0) —= (x) and 2(0, y) = r(y). . 


It will be clear from the proof that if f is not bounded, then it is possible 
to find an a, where 0 < a = a, such that the solution z == z(x,y) exists on 
the square 0S ¢@ Sa, Oya. For example, if the absolute value of the 
components of o(z), o(z), r(y), t (y) are bounded by a number M, and if 
C > 0 is a bound.of | f | on the product space of (10) and the 3n-dimensional 
parallelopiped | st | = 4M, | pi| 54M, | gi| 54M, where 1—1,2,-- -,n, 
then a can be chosen toibe min (a, b, 83M@/C, M4/C4). In this case, the absolute 
value of the components of a solution z and its partial derivatives p = zs, 
q = zy do not exceed 4M. 

In the simple case when f(z, 4, 2, p,q) is independent of the derivatives 
p and q, the assertion (I) reduces to a theorem of Montel [15], p. 282. His 
proof, as well as that of (I) below, is adapted from the standard proof of 
the Peano existence theorem in the theory of ordinary differential equations. 


Remark. It should be noted that, in the wording of (I), the specification 
of precisely the class C* is essential. Of course, every C*-solution of (1) isa 
solution of class C*. On the other hand, the example Zey = 0 shows that 
differential equations of type (1) can have solutions which are not of class C". 
In fact, such a solution is F(z) + G(y) if F, G possess first derivatives 
having discontinuities (which are, of course, of the second kind by necessity). 


Actually (1) need not possess any solution of class C? if f satisfies the 
assumptions of (I). In fact, if f(z, y) is a continuous function in a vicinity 
of (z, y) = (0,0), it is clear that the second derivative es (Or yy) of the 
function 


n y) ~ff f(a, 8) dadB 


will not in general exist; so that (x, y) fails to be of class C° (though it is, ~ 
of course, of class C*). In addition, — b(x, y} will not become of the form 
F(x) + G(y) if f(z,y) ~0. Hence, if f(x,y) is just continuous, then for 
no choice of F(z) and G(y) need the sum $ + F + G become of class C?. 
Since every solution 2(2 y) of (1) is such a sum if f = f(x, y), the assertion 
follows. 


Proof of (1). For a fixed m, e me == Ry”, where j,k==0,--+,m—1, 
denote the rectangle 
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(2) Ry Ry”: ja/m Sa < (j + 1)a/m, kb/m Sy < (k + 1)b/m. 


Three vector functions Z == Z_,(2,y), P= Pm(2,y), Q = Qm(z,y) will be 
defined on R with the properties that Z, P, Q are constant on Ay, and that if 


(13) 0 z= 2m(2,y) = o(2) + 7(y) —o(0) 


+ ff f(u, v, Z (u, v), P (u, v), Q(u,v))dudr, 
then, on Rp, 
(14) Z (a, y) = 2(ja/m, kb/m), 
(15) P(e, y) = plja/m, kb/m), where p(z, y) — lim 4,(2 +a, y) 
(16) Q(a,9) = glja/m, kb/m), where q(x, y) — lim a(z, y + A) 


(if either s = 0 or y= 0, the limits defining p and q in (15) and (16) are 
meant to be replaced by limits as a — + 0 and B—> +0). 

In order to obtain the functions Z, P, Q, first put Z(z, y) = o(0) == r(0), 
P(x, y) = 02(0), Q(x, y) = 7,(0) on Ro. Then (18) defines z(s,y) as a 
function of class C* on the closure of Roo, and the analogues of (14), (15), 
(16) hold on By, = Roo. Define Z, P, Q on Ryo, Ror, Ru by (14), (15), 
(16), respectively, and define z on the closure of these rectangles by (13). 
Repeat this procedure, defining Z, P, Q on Ros, Re, Bes, Ris, Roo by (14), 
(15, (16) and z on the closures of these rectangles by (13). Continuing in 
this fashion, the desired functions Z, P, Q, z are defined on R. (In the last 
step, where either 7 or k is m — 1, the functions Z, P, Q can be defined on 
the closure of Ry.) 

If none of the functions | «(z)|, | r(y)|, | o’(x)|, |7’(y)|, | f | exceeds 
the number M, then | z‘|, | pt}, | gt | do not exceed 3M + Mab, M + Mb, 
M + Ma, respectively, for +——1,---,n. In particular, bounds for z, p, q 
can be chosen independently of m. Hence there exists a subsequence of the 
integers with the property that the corresponding subsequences of the sequences 
21 Zg °°» Pas Da,’ °°, and Gi, Go," * * converge on a dense set of points of R. 
Let 2, Z237 ° * 5 Da, De, © * 3 Gay Joy > > denote these subsequences. It is clear 
from (13) and thé boundedness of f that 2, 2° + - is equicontinuous on À. 
Consequently, Z, z2,° > - converges uniformly to a continuous function z(z, y) 
on À. The relations (14) show that Z,,2Z.,-- - also converges uniformly to 
2(z,y) on À. 

It will be shown that the sequences p,, p2,: * - and Qu qat > : also con- 
verge uniformly to continuous functions on À. For any (scalar or vector) 
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function A and for any positive number 8, let w, == w,(8) denote the least 
upper bound of | A(z, y) —h(a*,y*)| for |e—a2* | 8, | y—y* | S83, 
where |h | denotes the sum of the absolute values of the components of a 
vector A. In order to prove the existence of uniform continuous limits for 
Pi, Pas * * ANA Gi, 42,’ °°, it is sufficient to show that for every e > 0 there 
exist a § == ĝe > 0 and an integer N = WN, such that 


(17) WaS) Ce if h— Dm, dm, and M = Na 


To this end, note that if (z, y) is not on any of the lines 2 —=ja/m or 
y = jb/m, where j =—= 0, 1, < -,m, then, by (13), 


(18) p(a,y) = (2) + J F(x, v, Z(E, »), P(E, 2), (e, v))du. 


Hence if (z*,y*) is not on any the lines g == ja/m or y = jb/m, and if 
ja—a* | <8, |y—y* | £8, then 


| p(z, y) — pat, y*)| S wo + M | y—y*| + b(w + Kwr + Kwo), 
where 


(19) w= hab. |f(292(2,9), P(e 9), Q(e9)) 
— f(x*, y*, Z(2*, y*), P(x,y), Q(x,y))| 


for | r — e*t | 8, |y—y*| S8, and K is a positive constant implicit in 
the assumption of a uniform Lipschitz condition on f. Clearly, 


(20) Wy = wo + MS + b(w + Kwp + Kwo). 
It is similarly seen that 
(21) Wa Swe + M8 + a(w + Kwp + Kwo). 


The relation (15) shows that wp(8) S wP(8 + 2a/m), so that wp(S) = wp(28) 
if 2a/m 8. For any function h, wa(28) Æ 2w,(8); hence wp(d) S 2w,(6) 
when 2a/m & ê. Similarly, we(8) < 2w,(8) if m is du large. Thus 
(20) and (21) give, for large m, 


(22) wp + wa € (wor + wr + 2M8 + (a + b)w)/(1 —2(a + B)K), 


provided that 2(a + b)K <1. There is no loss of generality in supposing 
2(a + b)K < 1, for otherwise the rectangle À can be divided into a finite 
number of sufficiently small rectangles; and theorem (I) applied successively 
to each of these sub-rectangles (in a suitable order). 

In view of the definition (19) of w, the existence, for every e > 0, of a 


6 ‘ 
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== à and an Ne satisfying (17) follows from (22) and the fact that 
Z (x,y) == Zn(x, y) tends, as m—oo, uniformly on À to a continuous func- 
tion z(z,y). Consequently, pi, fe,” °° and Qu ga` °° tend uniformly on 
R to continuous functions, say p(z,y) and g(x,y). The relations (15) and 
(16) show that Pm(z, y) — p(z, y) and Q,(x, y) > g(x,y) also hold uni- 
formly on À as m—>co. It follows from (13) that 


(23) a(2,y) = ole) + ry) —o(0) S S Fav, p, dude 


Y 
on R, and from (18) that 2.(z, y) = p(z, y) = o'(£) + f F(z, v, 2, p, g)dv if 
0 


(x, y) is not on any line z = ja/m or y == kb/m, where j,k =0,1,:--, m and 
n == 1,2, -. By the continuity of the functions involved, Za(z, y) = p(z, y) 
on R. Similarly, z,(t,y) ==q(x, y). In view of (23), this completes the 
proof of (I). | 


(IT) Let f(x, y,2, p,q) satisfy the conditions of (I). Let œ(x), r(y) 
be functions of class Ct for 0OSaSa, OS yb, respectively. Let 
Tig—=a2(u), y= y(u), where OS ul, be an arc of class CT such 
that (7(0),y(0)) == (0,0), (x(1),y(1))— (a,b) and z’ (u) > 0, y(u) > 0. 
Then there exists a function z == z(x,y) of class C* on (10) satisfying (1) 
and 


(24) 2((u),y(u)) = o(e(u)) + r(y(u)), Susil 


The proof of (II) is similar to that of (I) and will be omitted. If f 
is not bounded, one obtains a solution z = z2(%, y) only in some vicinity of 
the open arc To: T =a (u), y == y(u), where 0 <u <1. For example, if the 
absolute value of the components of o(s), (æ), r(y), r (y) do not exceed 
M, and if | f | does not exceed © > 0 on the product space of (10) and the 
3n-dimensionel parallelopiped | 24 | S 3M, | pt] < 8H, | gt |< 3M, where 
i= 1,: +, n, then there exists a solution of (1) and (24) on the common 
part of the two (x, y)-sets 


(25) max (0, z(u) —a) Ss S min (a,t(u) +a), y == y(u), Su S1, 
(26) T= t(U), max (0, y(u) a) = Y= min (b, y(u) +aj, Sus], 


where a == min (Mi/C4, 2M/0). 
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8. Counter-examples. In this section, it will be shown that 


(i) a solution z == 2(a, y). of (1) and (11), whose existence is assured 
by (I), need not be unique; and that 


(ii) (I) becomes false if the Lipschitz condition on f with respect to 
(p, q) is omitted. 


Ad (i). Let n= 1 in (I), so that z, p, q, f are scalars. Let f(x, y, 2, p, r 
= | z |^, where 0 < À < 1, and let o(x) — 0, r(y) #0. Thus (1) reduces 
to Zzy = |z| and the initial conditions (11) to 2(%,0) == 0, z(0,y) = 0. 
This initial value problem has on the rectangle R:0 S21, OS yl, 
more than one solution of class C*, since it is satisfied by both 2(x, y) = 0 
and 2(z,y) = p(zy) C0, where p mm (1—A)#/O-N, | 

Ad (ii). By a solution of (1) is meant a function of class C* satisfying 
(1). Consider the case of a scalar equation (1) of the form Zsy = f(a, Zy) + y. 
It is clear that this equation has a solution of class C* if and only if the 
first order partial differential equation | 


(27) | | Za == f (2,2) +4 i 


has a continuous solution z(z,y), which then possesses a continuous partial 
. derivative with respect to s. 

Let it be granted for the moment that there exist continuous functions 
f(x, 2) on —1 & r5 1, —w<2<, with the property that the ordinary : 
initial value problem ` E 


t 


(28) = da/da = f(z, 2), 2(0) mx Zo, 


has more than one solution for EVETY Zo; and that if 2* (x), 2 (x) denote the 
maximum and minimum solutions of (28), then 


(29) 2¥ (27) = za + 2 A and 2,(27) S 2 — e 


hold for 7 == 0,1,: > - and some positive c which is independent of z and 7. 
It will be shown that, for such an f, (27) possesses no continuous solution 
whatever in any square |z| Se |y|«. Consequently, there exist con- 
tinuous functions f such that (1) hga. no solution (of class C*) in any 
vicinity of a given point. 

Suppose (27) has a solution z= 2(2, y) on some | square EET 
[y| & < In particular, z(0,y) is continuous for | y| Se For a fixed y, 
the function z === z (x, y) satisfies the ordinary initial value problem 


dz/ds = f (2,2) +y,  2(0) = 2(0, y). 
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If y is positive, then z(x,y) is not less than the maximal solution of (28), 
where 20 —2(0,y). Hence 2(27%,y) = 2(0,y) + c2-W1f21<e Similarly, 
if y is negative, 2(2%,y) = 2(0,y) —c2-*4. These two inequalities imply 
that z(z, y) is not continuous at (x, y) = (27,0), since c > 0. 

Thus, in order to complete the proof of the assertion (ii), it remains 
to show that there exist functions f(z,z) having the properties specified in 
connection with (28). It turns out that an f(z,2) defined, in another 
connection, by van Kampen ([13], p. 151) has the desired properties. His 
function f(z,z) is defined as follows: 

In an (2, 2)-plane, consider the curves 


(30,) z = 4n + a(1 — cos 2rz), where OS 7X1, 
(303) z= 4m + 2 + B(1 + cos 2x), where OS 2751 
depending - on the parameters n, m, a, B, where n,m—0,+1,--- and 


—1<ca<cl,—15821. The curves (30,) belonging to a fixed n and 
varying a have only the points (z,z) = (0, 4n) and (1,4n) in common, at 
which points the derivative z, is 0: These points are also on the curve (3803), 
where m = n — 1 and 8 — 1. The curves (30:2) belonging to a fixed m and 
varying B have only the point (z, z) — ($, 4m 4-2) in common, at which 
point the derivative z, is 0. The points just mentioned are the only points 
common to two curves in the families (30,)-(302); at such a point 2,— 0. 
Through other points (x,2), where 021, —œ < z <%w, there passes 
one and only one curve in the families (80;:)-(30;). 

Let g(z,z), for OS @S1, —wo<z< om, denote the slope 2, of 
(30,)-(80;) at (x, z). Clearly, g(z,z) is a continuous function and satisfies 
g(0, z) = g(4, 2) = g(1, z) = 0. If zo is a number satisfying 4n= zo <4n-+ 4, 
where n=—0,+1,-:-, then the ordinary initial value problem de/dz 
= g(x, 2),2(0) = 20, has a solution z = 2(x) which, for 0 S x = 4, is (802), 
where m—m# and 4n-+2-+28—2, (so that —1=<B<1), and, for 
¢SoSl, is z(x) —4n+2-+ (1-+ cos 2x). Hence, +(1) = dn + 4. | 

Define f(x, 2) for — 1 Sr S 1, —o < z <% as follows: 


f(— z, 2) — f(z, 2), f(0, z) = 0, and Î (x, 2) = 27g (2 (r — 27), 2%z) 


if <p sq, — 00 << g< and j—1,2,- 

Since g(0,z) —=g(1,z) —0, the function ih 2) is ee and 
satisfies f(2-7, 2) — 0 for j == 0,1,2,-:°. If 2#<æ&< 2-1 the equation 
dz/dz==f(z,z) is equivalent to e = g(t, u), where u—2%2 and 
$ == 2* (z — 27%), Hence it is seen from the above description of certain solu- 
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tions of the latter differential equation that through the point (a, z) = (2%, zz), 
where 2m Say < 28m -+ 1) and m=0,+1,---, there is a solu- 
tion g(x) of dz/dr'æf(x,z) satisfying 2(2***) = (m + 1)2-264, Hence 
this solution can be chosen so as to satisfy z(2**?) mm (r+ 1)2- or 
g(a?) — (r+. 2)2 #4 according as m is of the form 4r, 4r+1, 4r+2 
or is of the form 4r+-3. Thus, in any case, 2(2-#3) > 2(2*) + 2-7 or, 
if k—2 is denoted by k, simply 2(2-*) = 2(2**) +. 9-24, 

If 2* == 2* (x) is the maximal solution of the initial value problem (28), 
it is clear that 2* (2-2) = 2*(0); hence 2*(2*) = 2*(0) HR #3, This is 
the first inequality in (19), with c =— 2-2 > 0. It is proved in the same way 
that the minimal solution z,(x) of (28) satisfies the second inequality in 
(29). This completes the proof of (ii). 


4. The system (6)-(7). The existence theorem for the system (6)-(7) 
will be reduced to that of a system (1). 


(II) Let an G(T, y,2), bi bi(z, yY, zZ), where i, k= 1," : n, be 
functions of class C* on the product space of the (x, y)-rectangle (10) and the 
n-dimensional z-space (—w< zt<w,:++,—-o< 2*< 0), and let 


(31) det am + 0. 


Let the arc T and the functions o(x), r(y) satisfy the conditions of (II). 
Then there is a number a> 0, such that, on the common part of the sets 
(25)-(26), there exists a z == z(z, y) of class C* satisfying (6)-(7) and (24). 


It will be clear from the proof that one can also obtain the existence 
of solutions of initial value problems of the type (6)-(7) and (11) on a 
sufficiently small square OS @Sa, OS ya. 

It turns out that the situation in (III) is similar to that in (I) and 
(IT) in that every C*-solution of (6)-(7) is of class C*. 


(iii) Let ap, b; satisfy the conditions of (IIL), and let the vector 
g=22(¢,y) be a function of class C1 satisfying (6)-(7) on some domain. 
Then z(x,y) ts of class C*. 


In contrast to (I) or (II), there is a uniqueness theorem corresponding 
to (III) which does not involve any additional hypothesis. 


(III bis) Under the conditions ‘of (III), there cannot exist two dis- 
tinct Ct-solutions z==2(2,y) of (6)-(7) and ve) on the common part of 
(25) and (26), for any a > 0. 


844 PHILIP HARTMAN AND AUREL WINTNER. 


Lewy ([14], pp. 186-187) has proved a uniqueness theorem for the case 
in which the coefficient functions ay, and b, and the initial data T, o(x) 
and +(y) are of class C°, and the class of solutions considered is the class C*. 
In view of (iii), Lewy’s restriction to the class of (*-solutions is not more 
severe than the restriction in (LII bis) to the class of C?-solutions. 

' Both the existence theorem (III) and the uniqueness theorem (III bis) 
become false if the assumption that ay, bi are of class CT is lightened to the 
assumption that they are continuous. As to (III), this is seen from the 
example (27) above, which is of type (6)-(7), where m—n==1. (This. 
remark concerning the impossibility of reducing the assumptions on dy, bi 
in (III) is valid if the system (6)-(7) is of the type considered by Lewy 
([14], pp. 186-187), where ax, b; do not depend on the independent variables 
z, y. For, under suitable initial conditions, (27) is equivalent to a system 
of type (6)-(7), namely to Tu = 1, 4,—f(z,z) + y, Yo = 1, where x, y, z 
are the dependent, and u, v the independent, variables and n == 3, m = 2.) 

As to (IITbis), the equation 25 == | z |}, where 0 < À < 1, which is of 
type (6)-(7), with m = n = 1, has the trivial solution 2(x, y) = 0, as well 
as a solution given by 2(t,y) —=[(1—A)(e#—y)]”@™ or z(x,y) — 0 
according asx=yorz<y. Both of these solutions nu (24) if T is the 
line z =— y, and o(z) —0, r(y) — 0. 


Proof of (III). If z==z(z,y) is of class C* and satisfies (6)-(7), let 
(6), (7) be differentiated with respect to y, x, respectively. In view of (81), 
the resulting set of n equations can be solved for the n components of 2sy == Zys. 
This leads to a system of equations (1) in which each component of f is of 
the form U + V + W, where U is a quadratic form in the components of Za 
and zy with coefficients which are continuous functions of £, Y, 2, V. Ba 
corresponding linear form, and W is a continuous function of x, y, z. Con- 
versely, if z =— z (z, y) is any solution of class C* of this particular system (1), 
then 2 == 2(%, y) is also a solution of (6)-(7). Consequently, (III) follows 
from (II) and the remark made immediately after (II). 


This proof shows that (6)-(7) is equivalent to a system (1) if only 
solutions of class C* are considered. In view of (iii), the same is true if 
solutions of class C1 are considered. ` 


Proof of (iii). Let (To, Yo) be a point of (10), and let a40, B 340 
be number such that z(x,y) is defined on the rectangle with the vertices 
Pı = (zo, Yo), Pas (To + a, Yo), Ps = (To + a, Yo + 8), Pa = (Zo, Yo + B). 
Let (6) be integrated with respect to x from z to To +a (along P,P). 
Then an integration bý parts shows that 
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(32) 3 an (P1) [2] = — 3 [ag] (Pa) + f 3 dyyethde + f bd, 
k=l k=1 PP, k= pip, 


where aus = 0Gx/0T LS (dax/02?)241 and, for any function k, the bracket is 
jot 

defined by [A]? = k (P) —A(P,). Similarly, an integration of (6) from 

P, to Ps, gives 


" # n 
(38) Rau(P.)[#]¢ —— à [ul (Ps) + J Satide f bde, 
kro =a | A ket EA 
where the left side can be written as 


3 ag (Pa) [P] + 3 [anh [7]. 
kzi k=1 


If 2*(P,) on the right side of (82) is expanded to 2*(P;) —[z#].5, then 
subtraction of (82) from (33) gives 


(34) Sau(Ps) [A] =— 3 [a] (Pa) + (f — f Jansz de 


P,P, PP: 
— 3 [uhle Jt —3 Loads] S — fade, 
k=1 k-1 
P,P PP. 


where [h] = A (P1) —h(P2) +h(P3) —h(P,), for any function h, so that 
[A] — Ch] — [A] = [Alt Ch 

It will be shown that if the right side of (84) is divided by af, ther 
the quotient tends to a limit if first a — 0 and then B—0. This is clear 
for the last three terms of (34). As to the first two terms on the right of (34), 
the corresponding quotient has, as a — 0, the limit 


BUS [tio] (Ps) +3 [awat ]i*), Le, BOS diza (P1) [7]. 
k=1 Rex ket 
But this expression tends to a limit as 8 > 0. 


For the purpose of combining equations (34), which resulted from (6), 
with the corresponding equations which result from (7), it will be verified 
that the ratio of the right side of (34) to af also tends to a limit if 8—0 
and then a—>0. To this end, add and subtract the term 


(38) —( f — f) 3 ainetay 
| ; k=1 
PaPe PiP, 
on the right side of (34). This term, when combined with the first term 
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on the right of (34), behaves as did the first two terms of (34). The ratio 
of the last three terms of (34) Ge aß clearly has a limit as B—> 0 and'then 
a — 0. 

Thus there remains to consider the difference of (35) and the second 
term of (34). This difference is the line integral 


f — 3 aè (tirede + amydy) 
k=1 


around the oriented rectangle P,P,P,P,. If the derivatives Girs and any are 
of class OT, then Green’s formula shows that this line integral is 


J S È (anet, — awa) day, 
a=1 


where the double integral is taken over the rectangle P,P,P;P,. But the 
Lemma in [8], p. 761, shows that this reduction is also valid in the present 
case. Since the ratio of this double integral to a8 tends to a limit as 
(a, 8) —> (0,0), this completes the proof of the statement made before (85). 

Let (34) denote the set of equations which results from (7) in the 
same way as (34) did from (6). Then, by (81), the system of linear 
equations (34), (34) can be solved for the components of [2] , and so the 
preceding considerations show that 


lim a (a8) [2] = ae + (gy (Pa) —2,(P3)) — Zey(P1) 
exists and is aie This proves (Hi). 


Proof of (IT bis). Suppose that (6)-(7) and (24) have two C}-solu- 
tions, say z = z(x,y) and z = z(x,y) + £(x, y), on the common part of (25) 
and (26), for some a > 0. The difference, £, of these solutions vanishes on I. 


If, as above, ay, = dix (Z, ¥,2), bi = bi (2, y, 2), then it follows from (6) 
that, if 1<i<m, | 


ant +3 (2 + Es *) (aw(T, y, 2 + €) — lir) == D4 (2, Y,%-+ 6) — by. 
Since ax, b; are of class C*, this implies that 
3 aak = O( 3 | oI), 
k=1 k=1 
where the constant implicit in the O-term depends only on the partial 


derivatives of z + $, ay and bi If (z,y) is in the common part of the sets 
(25)-(26), let the last relation be integrated with respect to x from the point 
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(z(u), y(u)) on T, where y == y(u), to the point (z,y). An integration by 
parts shows that 


wo e 
” n n 
Santi È Zante + | O(3|¢ |ds, 
kaL k=1 k=1 
a(s) olu), 
since ¢ vanishes on T. Consequently, 


Santé 0( S s|#| dc) for 1 Stim. 
ka i 


Similarly, (7) implies that 


y 

n n 

3 antt = 0( È x || dr) for m+IS<i<n, 

k=1 k=1 

yiv) | 

where (x(v),y(v)) is the point of T for which æ(v) ==z. Since (31) shows 
that the system of n linear equations represented by the last two formula 
lines can be solved for the n components of ¢, it is seen that 


v 
n 
[t(2,y)|—n0( f æ+ f |£ | dy), where | ¿| =3 | ¢ |. 
a(t) wo) 

Hence if y is the maximum of | £ | on the common part of (25) and (26), 
then p == 2na0 (u). 

Since the constant implicit in the last O depends only on the functions 
Z, É, Gr, b; and their partial derivatives, it follows that p = 0 if a is sufficiently 
small. In view of the definition of y, this means that £(x, y) ==0, so that 
the solution of '(6)-(7) and (24) is unique on the common part of (25) 
and (26), if a is sufficiently small. Actually, the last proviso concerning 
the smallness of a is superfluous, for it is only necessary to divide the common 
part of (25) and (26) into a finite number of suitable parts and to apply 
the arguments just used successively on these parts, arranged in a convenient 
order. 


3. The hyperbolic equation (2). The following theorem is the im- 
. proved version, mentioned in Section 1, of the corresponding result of Lewy 
([14], pp. 187-191). 


(IV) Let T':z—œ(u), y=—y(u), where OS u1, be an are of 
. class O°, and To the open part of T, 0 <u <1. Foro Sui, let z—2z(u) 
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bè of class C5, and p == p(w), q == q(u) of class O°, finally r—r(u), 3——3(u), 
tu t(u) of class Ct. In an 8-dimensional open set containing the points 
(z(u), y(u), 2(u), p(u), q(u), r(u), s(u), t(u)), where OSuS1, let 
F(a, Y, Z, pP, 9,7,8,t) bea function of class C? satisfying (3), Foro Sui, 
let the functions —æœ(u),: : -,1—t(u) satisfy the, relations (2), 


(36) pet, (37) pr tay, (38) de + ty, 
and l 
(39) Fy? — Fry + Fr se 0, 


where ° — d/du. Then, in a vicinity of To, there exists one and only one 
function z == z(x,y) of class C? which satisfies (2) and the initial conditions 
z(x(u), y(u)) = z(u), * a (a(u), y(u)) =t(u), OS US. 


Although the statement of (IV) is rather awkward, (IV) is simply the 
analogue of (II) when z is a scalar. The arc T plays the same role in both 
theorems. The conditions 2’(u) > 0, y(u) > 0 in (IX), which mean that T 
is not in a characteristic direction at any point, are replaced by (39). The 
initial conditions in (II) are given by (24) -in terms of two arbitrary func- | 
tions (x), r(y) or, equivalently, by the derivatives o” (x), (y) and quadra- 
tures. . The same is true in (IV), where, if p(w) and q(u) are given, z == z(u) 
is determined by a quadrature of (36), and r ==r(u), 8==8(u), { —ti(u) 
are determined by (2), (37), and (38). In fact, if 2, Y, % p, q are considered 
as functions of u, and r, s, t as unknowns in the equations (2), (37), (38), 
then (39) expresses the non-vanishing of a Jacobian, thus assuring that r, s, t 
are uniquely determined as functions of u (if (2), (37), (38) are satisfied 
for at least one value of u). | 7 

The proof of (IV) will not be given, since it becomes identical with that 
of Lewy’s, if use is made of (III), (III bis) above instead of his theorem on 
systems of the type (6)-(7). (Another reason for not giving the proof of 
(IV) is that a similar proof will be given in detail for the case of a Monge- 
Ampère equation in the next section.) 


6. The Monge-Ampére equation (4). As is well known (cf., e. g, [5], 
pp. 42-43), if the hyperbolic differential equation (2) is of the Monge- 
Ampère type, then the differential equations for (q, y,2, p,q, 1, 8, t), which 
define a characteristic strip of (2), can be replaced by differential equations 
which involve only (+, y, z, p,q). This formal simplification permits a reduc- 
tion of the degree of differentiability in the assumptions and assertions of 
(IV) when (2) is of the form (4). This is the content of the following 
theorem. 
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(V) Lei T:z=œ(u), y—y(u), where OZ ui, be an arc of class 
C°, and T, the open part ofT,0<u<1. For0=uZ 1, let z2—2(u) be a 
function of class. C°, and let p =m p(u) , g==q{u) be functions of class CA. 
In a 5-dimensional open set containing (æ(u),- : -,q{(u)), where 0 Sui, 
let A, B, C, D, E be functions of x, y, z, p, q, of class C satisfying (5), and 
let Ay = Ài (T, Y, 2, D, q), Às = àa (T, Y, 2, p, q). denote, the ms distinct) roots 
of the quadratic equation 


(40) at + Oa + BD — AB 0, 
80 that Ax, À, can be chosen to be of class C. | 

For 0SuSl, lei z—x(u),: : :,q—q{u) satisfy (36) and 
(41) (re! + By + Eq’) (De + day’ + Ep’) 60. 


Then, in a micinity of To, there extsts one and only one function g == g(x,y) 

of class C? satisfying (4) and the initial conditions z(x(u), y(u)) = z(u), 

to(2(u), y(u)) = p(u) and 2,(z(u),y(u)) = q(u) for 0S Si 
Proof of (V). Consider the system of partial differential equations 


(4%) Arty + Byw + Equ 0, | (83) Dae + lite + Eps 0, 
(4%) Auto Byo + Ego 0, . . (42) Dre + Myo + Epe = 0, 
(42s) © Pte + 90 — Zo = 0 | 

in the dependent variables (zt, z%,: - ; , 25) = (2, Y, 2, P, 6) aid the inde- 


pendent variables u, v (which do not occur explicitly). This system is of 
the type (6)-(7), where n == 5 and m ==2. It is readily verified that the 
determińant of the matrix of the coefficient functions is 


— E? (M — àr)? m — E3(C3 — 4BD + 44B)’, 
which, by (5), is not 0. The coefficient functions of (42) are of class C1. 
Consequently, (III) is applicable if suitable initial conditions are given. 

In order to choose such conditions, let T* be the segment v= u, 
osuus a in the (u,v)-plane. Then, corresponding to the initial functions 
T= œt(u), © `, q= q(u), there is an a, 0 <a < 1, such that in the closed 
hexagonal region H bounded by the- six line segments 


(v= 0,0 £u Z a), (v—u—aaSuSt), (u—a1—aSvS)), 
(v=1,0—a Sv 1), (outa 0 SuSi—a); (u=0,0SuSa), 


there exist five functions s == z (u, v), - °,q—q(u,v) of class C* which 
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satisfy (42,)-(42,), and which reduce to the given functions æ(u),: : :,q(u) 
when v==u, Susil. 

It will be shown that, in the region H, the functions x, y, p, q of (u,v) 
satisfy the identity 
(48) Duby + Quilo = Poly + Jou 
To this end, multiply (421), (424) by Ty, Zu respectively, and subtract the 
resulting two equations. This gives 


Aer — Mol + E (Puto — Pou) = 0. 
Similarly, (42:) and (42,) lead to 
| | Aral — Meta + E (QoYu — quo) — 0. 
Since #540 by (5), the last two relations show that 
(44) Puby — PeZu = Wu — Juos 


and this is equivalent to (438). 

The following analogue of (42,) will now be verified: 
(45) | Plu + Vu Zu = 0. 
If v= u, then (45) follows from (42s) and (36). Henee, (45) will be 
proved on H it is shown that the right side of (45) has, with respect to », 
a partial derivative which vanishes identically. Since 2,-+-,g are of class 
C*, the right side of (45) has, with respect to v, a partial derivative which 
is equal to 

Dotu + Tou + Pluv À WYuv — Zuv. 

A differentiation of (42,5) with respect to u and the identity (43) show that 
the last expression is identically 0 (since Tuy == Zou, Yur = You, Zuo == Zou). 
This proves- (45). 

The Jacobian of v, y with respect to u, v does not vanish on T*, that is, 


(46) Lou — Tuÿo FO 


for v == u and 0S u <1. First, if (46) does not hold at some point of I*, 
then, by (42,)-(42,) and #=<0, the ratios Tu: To, Yui Yo, Du: Po, Qu: Qo are 
identical. But then ty: 2’, yu: Y, Du: P, Qu: Z are identical, where ’ denotes 
differentiation in any direction, say along ==. This contradicts (41). 
Hence (46) holds in the region H if a is sufficiently small. 

In view of (46), the linear equations 


(47) Pu == Ly + Stu; Po = Thy + Yo 


HYPERBOLIO PARTIAL DIFFERENTIAL EQUATIONS. 851 


determine a pair of continuous functions r==r(u,v), s=—s(u,v) on H. 
Similarly, 
(48) Qu == Sy + Yu, dy = 8Ly + tify 


determine a pair of continuous functions s—=s(u,v), t= (u,v) on H. It 
follows from (44) and (46) that the two definitions (47), (48) of s = s(u, v) 
are identical. | 

That the functions r(u,v),+--+,¢(u,v) satisfy (4) follows by standard 
procedures, which will be indicated here for the sake of completeness. Multiply 
(421), (422) by Yu Zu respectively, and add. Since (40) shows that 
Ay Ham — C, the result is 


By? — Cru + Daw? + E (puts + Quy) = 0, 

or, in view of (47), 
(49) By — Cruÿu + Day? + E (rit? + Remy + dy?) = 0. 
Multiply (42,) by Dyu — Equ— Acts, and (42,) by Bza — Eu — MYu, and 
add. Using the relations A, +- Às == — C and A,A, = BD — AE, one obtains 
A(tu? + yu?) + (B — D) (puta — Gutfu) + C(puyu + Juzu) — E (pu? + qu?) = 0, 
after dividing by E 40. If pu, qu are eliminated from this relation by the 
use of (47), (48), it follows that 

(A + Cs)(ay? + yu") + (B — D) (ray? — tya) + Canyu(t + t) 

— Es? (ay? + yu?) + rau? + By? + 2(r + t)stuyu] = 0. | 
If (49) is multiplied by r + # and the product added to the last equation, 
it is seen that 
(4 + Br + Cs + Dt + E(rt—s*)} (av? + ya?) = 0. 


Since, by (46), the last factor does not vanish, (4) is satisfied on H. 

It follows from (46) that in a 2-dimensional vicinity of the open segment 
Tot: y m u, Ou <1, the transformation t == g(u, v), y == y(u, v) from 
(u,v) to (z, y) has an inverse (of class Ct). Hence the existence statement 
in (V) follows. 

The uniqueness statement follows from (III bis) since, as is well known, 
every C?-solution of (4) is built up of characteristics; ef. [5], pp. 43-44. 
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7. -Embedding a hyperbolic ds*. Let (gi) = (gu(u, v)) be a binary, 
symmetric, positive-definite matrix of class C? in a vicinity of the point 
(u,v) — (0,0). The line element (8) is called hyperbolic if the curvature 
K == K(u,v) belonging to (8) is negative. The problem of the existence of 
a surface X == X (u,v), in 3-dimensional Euclidean space, X = (2, 4,2), 
such that 


(50) B | dX k — gudu’ + 2Gi1,dudv + oe à 


can be reduced to the determination of a function Z = z(u, v) such that the 
line element 


(51) ds? — dz? me (911 — 247) du® + 2 ( 912 — tuto) dudv H- (gaz — 25°) dv? 


is positive-definite with a curvature 0, and to the determination of je of 
the equation 
(52) de? + dy? = ds? — dz? 


for the functions z == z (u, v), y = y (u, v) (Weingarten; cf. [3], pp. 253-254). 


When the coefficients gx are of class C?, the problem of determination 
of a z(u,v) such that (51) has zero curvature leads to a Monge-Ampére 
equation (4), where p == %, q = 2%." `. tma Zo; cf. e.g. [8], pp. 253-254. 
The coefficients B, C, D are linear forms in p, g, with coefficients which 
depend on gy, and their first order partial derivatives. The coefficient Æ is 
— (det gx) < 0, and the function A is Q + K(det gw)”, where K is the 
curvature of (8) and Q is a quadratic form in p, q with coefficients depending 
on gy and their first order partial derivatives; cf. [9], p. 883. Hence, if 
p= q = 0, the right side of the first inequality in (5) is — 4K (det gu)”, 
so that (5) holds if (8) is hyperbolic. 

Consequently, the existence theorem (V) for a z= 2(t, v), with p(0, 0) 
== (0,0) = 0, is applicable when the functions gg are of class C° (so that 
A, B, C, D, E are of class C+). The theorem: (V) shows that in this case 
there exist functions z = z(u, v) of class O? in a vicinity of (u,v) == (0, 0) 
such that (51) is positive-definite and of curvature 0. A result in [9], p. 882, 
then implies the existence of functions t == (u,v), y==y(u,v) of class C? 
in a vicinity of (u,v) = (0,0) satisfying (52). Hence one obtains the 
following theorem : 


' (*) Let (ga(u,v)) be a binary, symmetric positive-definite matris of 
class O° in a vicinity of (u,v) = (0,0). Then there exists a vector function 
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X = (z(u,v), y(u, v), 2(u,.v)) of class C? in a vicinity of (u,v) = (0, 0) 
with the property that (50) holds. 


Remark. The statement (*) remains true if the classes C? and C? in 
the assumption and in the assertion are replaced by C*** and O”, respectively, 
where n > 2 is arbitrary. 


The truth of this remark follows from the corresponding analogues of 
(II), (III) and (V), analogues which (n in C* being at least 3) are supplied 
by the classical theory of characteristics (and which are clear, of course, from 
the proofs of the above theorems also). 

This theorem contrasts with that of [9], pp. 876-877, where (8) is of 
the elliptic type (E > 0), in which case it is sufficient to assume that the gu 
have second order partial derivatives satisfying a Hölder condition (instead 
of assuming that the gy, are of class C?) in order to assure the existence of an 
X(u,v) of class C° satisfying (50). In the treatment of the hyperbolic case 
(K <0), we have blundered in [7], [9]; see [10]. The above result and 
the remark following (*) fill in the gap created by that blunder. 


8. Tchebychef nets. The following theorem on the possibility of trans- 
forming (8) into the Tchebychef form (9) will be proved: 

(+) In a vicinity of (u,v) — (0,0), let the coefficients of 
(53) ds? == gi, (u, v) du? + 29,.(u, v) dudv + ga (U, v) dv? 
be functions of class C* and have a non-vanishing determinant. Then there 
exists, in a vicinity of (x,y) == (0,0), a pair of functions - 
(54) umu(ty), v=o) 
which are of class CT, of non-vanishing Jacobian, and such that (53) becomes 
identical with 
(55) ds? == de® + 2y (z, y) dedy + dy? 
by virtue of (54). | 

As observed by Bianchi ([1], vol. I, p. 157), the possibility of trans- 
forming (58), when 
(56) det gw 0, 
into the normal form (55) follows from an existence theorem of classical 


type if the functions gy. have continuous partial derivatives of first order 
satisfying a uniform Lipschitz condition. Thus,-the point in (+) is that the 
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imposition of a Lipschitz restriction is claimed to be superfluous. The role 
of the assumption (56) is that of assuring the existence of the contravariant 
representation (g**) of the tensor (gx), which, combined with the C1- 
character of gx, means that the Christoffel symbols Tt = Tyzt (u, v) exist 
and are continuous. Hence, it is possible to consider the pair of Servant’s 
partial differential equations 


(57) Utoy == — Tagt (ut, U?) usuh,, where (ut, w?) = (u, v), 


which represent the formal conditibn for a pair of functions (54) trans- 
forming (53) into (65); cf. [1], vol. I, pp. 156-157. | 

If (56) is omitted, the assertion of (f) becomes false even if the 
coefficient functions of (53) are analytic. For instance, if (53) is chosen 
to be the square of g(v)du, where g(v) is a non-constant, positive, analytic 
function of v, and if (58) is identical with (55) by virtue of (54), then 
Jus == 1 and guy==1. This implies on the one hand that u,—u,, which 
means that u is a function of æ + y alone, and on the other hand that 
g*(v) (de + dy) is a complete differential, and so g™(v), therefore v itself, 
is a function of v -+ y alone. Hence the Jacobian of (54) must vanish 
identically, and so (64) cannot be a transformation. 


Proof of (f). Since the Ty,’ are continuous, (I) is applicable to 
(57), which is of type (1) with (21,2%) == (ut, u’). Let «> 0, and let 
o(z) = (o'(x}),o*(x)) and r(y) = (r (y), 77(y)) be vectors of class C* for 
|o] Se |y | Se, respectively, satisfying o(0) —+r(0) 0. Then (I) im- 
plies that, if e is sufficiently small, (57) has on the square |s| Se |y|Se 
a solution (u(z,y),0(x,y)) = (w (x,y), u’ (x, y)) of class C* satisfying 
(58) ut (z, 0) = ot (2), w (0, y) = tt (y), (i = 1,2). 
Let the initial data o(s), r(y) be so chosen that 
(59)  gap(a (z); o° (z))o" (z) (2) =1, |æļSe ('—d/ds), 


(60) gap(7*(y), (y) y (y) (y) =1, ly|Se  (—d/dy), 
and that 
(61) oY (0) (0) — o” (0) (0) 0. 


In view of (58) and (61), the Jacobian of (54) does not vanish at | 
(x,y) = (0,0) and, therefore, for | s| S e, | y |S. if e is sufficiently small. 
It remains to show that (53) is transformed into (655), that is, that 


(62) Jap (ur, u*) uu == 1, where ut = ut (x, y) 
and where the primes denote either 0/dx or 6/dy. 
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This will be deduced from the following geometrical interpretation of 
(57): If y = y, is fixed, the vectors (u1,(x, Yo), u*y(Z, Yo) ) form a parallel 
sheaf in the sense of Levi-Civita along the are ut == ul (T, Yo), U? — u? (T, Yo) 5 
ef. [1], vol. II, pp. 806-811. Hence, the squared length gag(ut, u?)us,uf,, 
where ut == ut(z, Yo), is independent of x. But if s = 0, it is seen from (58) 
and (60) that this length is 1. Consequently, (62) holds if tHe primes 
denote #/%y. Since it is clear that the same is true if the primes denote 
8/0x, the proof of (t) ig ee 


Part OL 


9. Quasi-linear systems. The general theorem announced at the end 
of Section 1 is as follows: ’ 


(VI) Let f and g in the system of partial differential equations 
(1) | | dis f. ay + 9, 


where 2==(z!,:++, 2") is a vector, satisfy the following conditions: f == f(z, y, 2) 

is a matriz function of class C* on the (x, y, z)-region 

(i) O0SeSaly|Sb (2) |#|So---,|*| So, 

and has simple elementary divisors and real characteristic numbers hi (a, y, 2), 
+, An (2, Y, 2), while g mm g(x, y, 2) 18 a vector function which is continuous 

and possesses continuous partral derivatives wrth respect to y, z, - +, 2" on 


(2;)-(22). Then there exists a positive a(S a) such that, if the conan K 
18 80 chosen that 


(3) | ASKE] de 1SE on (21)-(2s), 
the system (1) possesses on the region. | 

(4) 0ZT£ a, | ly| +Kz<b 
one and only one C'-solution z == z(x,y) satisfying 

(5) | _ 4(0,y) = 0. 


It will be clear from the proof that it is possible to give a (lower) 
estimate for a in terms of bounds of the elements of the matrix f and their 
partial derivatives and of the PRE of g. Theorem (VI) implies that 
(1) and arbitrary initial (-data. 


(5) 2(0,y) = z(y), where | y | <b and Lay) <o i=l, c, 
have one and only one C‘-solution on a region of the type (4). | 


T rx 
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10. Preliminaries. For a vector (or matrix) v, the symbol |v | will 
denote the absolute value of the largest component (or element) of v. 

The assumptions of (VI) for the matrix f == f(z, y, z) imply that there 
exists on (2:)-(2) a pair of real matrices H = H(x,y,2), F == F(z, 4,2) 
of class C? such that H is non-singular, F is diagonal, and 
(6) | H f — FH ’ 
where | F| SE by (8). | 

The Ct-character of F (hence of H) can be deduced as follows: The 
diagonal elements of F are the zeros of the invariant factors of f— M, 
where J is the unit matrix, When f is of class C1, the invariant factors of 
f — AI are polynomials in À with coefficients which are of class C* in. (a, y; 2). 
The assumption that the elementary divisors of f are.simple means that the 
invariant factors have no multiple zeros, and so their zeros are of class C1. 

The symbol M will be used to denote a constant (not always the same 
constant) which is a bound for | v | on (2,)-(22), if v is a combination of f, 
g, F, H, and their partial derivatives. 

In the remainder of this section, all functions will be scalar functions. 

Let F(z, y) be a function of class C+ on 
(7) 0Zr£<a |[y|+KzSb, 
and suppose that, on (7), | 
Ge |F| SK. 

Let $(é,7) be the solution of the ordinary initial value problem 


(9) dp/dé + F(é¢)=0, — $(0,9) =, 
and y == ¥(zx,y) the solution of the implicit equation 


(10) | p(T, Y) = y. 
The transformation (x, y) — (£ 7), 


(11) „Emt, g=H(2,9), 


is defined and of class C* on (7), and has the inverse 


(12) tei, y= ġ(é, n) 


and the non-vanishing Jacobian 


(13) Ô(É, n)/8(x, y) = Oy /by = QXD f F(t, a(t, Y(T, y)) at. 


wt 
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If Q(z, y) is a continuous function on (7), then the partial intial value 
problem 


(14) Ze Fey +G, — 2(0,y) =0 
is transformed by (11) into 
(15) =, 2(0,7) = 0. 


The latter problem has the unique solution 


£ 
(16) pus [ G oltm) at, 


or, in terms of (x,y), 
um e= CTI 
| 3 


If G is of class Ct, then (17), defined on (7), is the unique solution of (14). 
Under the assumption of mere continuity of G, it cannot be verified and, 
in general; is not true, that (17) is a solution of (14). If, however, G is of 
the form | 

(18) G = (H,—FH,)U +F, 


where H == H (x,y), U = U (x,y), V = Y (x, y) are of class C! on (7), then 
(17) is of class C* on (7) and is the unique solution of (14). (This remark 
is a simple case of Theorem 4.4 in [4], pp. 570-571). In order to verify 
this remark, note that (15), (16) can be written as | 


(19) z= HeU + V, (0, n) == 0, 
| é 
(20) ics f (HU + V)dt, 


respectively. Let Ah denote the difference between the value of the function 
h at the points (én +8), (£n). Then (20) shows that 


£ 
nr f {(AH)eU + Hy*aU + AV}dt, 


where the argument of He corresponds to (£,7-+ 8). The first term can 
be integrated by parts and. is 
£ 
(AH)01— | (aH) Uiit. 


o 
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This shows that z has a continuous partial derivative with respect to », 


£ 
(21) ty —= HU |i | (EaU Hey + Vadi. 
: 
It is seen from (20) and (21) that z is of class C* with respect to (é,n), 
hence with respect to (x,y). It is also clear that z is the unique solution 
of (14), (18). 
The derivative z, can be eines Don (13) and (21), 


(22) 4 = HU + f (H.U, — H,U, + Vy} exp ( f F,dr)dt, 
` e $ 


where the argument of H,, Hy, Us, Uy, Vy in the integral is (t, (t, y (z, y))) 
that of F, is (r, ġ (7, y(x, y))) and, in (22), it is assumed that U (0, y) — 0. 


11. The semi-linear case. In order to obtain certain inequalities for 
the proof of (VI), the existence statement in the semi-linear case of (VI), 
where the matrix f does not depend on the vector z, will be considered first. 
In this case, the matrices H, F in (6) depend only on (x, y). 


Remark. In the application of this section to the proof. of (VI), the 
matrix f(z, y,z) will be made a function of (x,y) alone, by letting z be a 
function, says z == £(x, y), of class CT. Then H and F also become functions 
of (x, y) alone. In accordance with the paragraph following (6), the symbol 
M will again be used to denote an upper bound of | H | or | F' |. On the other 
hand, C (not M) will be used as an upper bound of | Hs |, | H, |; | Fe | and 
| F, |, since these partial derivatives depend not only on the functions f, g 
but also on the partial derivatives of the function £(zx, y). In other words, 
C can be taken to be #(1 + B), where B is an upper bound of | ¿s | and | % |. 


Existence: proof for the semi-linear case. This proof is a modification 
of that of Holmgren [11], pp. 8-8 and Perron [16], pp. 562-564. Since it 
is assumed that f, H, and F depend only on (z,y), the introduction of the 
new dependent variable | 


(23) | u = Hz 
changes (1), (5) into 
(24) Us == Fuy + (He — FH) Hu 4+- Hg, (0, ¥) = 0, 


if use is made of the identities (6) and of the relations HH“, = — H,H-, 
HH, —— HH. 
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Consider the successive approximations u,(à, y), t (z, y), - - defined as 
follows: uo(z,y) — 0 and, for k==1,2,---, 
(25) Ura = Fury -+ (He —FH,) Hy. + Hg (a, y, Hu), 
(25 bis) ux(0, y) — 0. 
Since F is a diagonal matrix, it is easily verified that each of the n initial 
value problems for the components of ux is of the type (14), (18) provided 
that w,,(2,y) is a ‘function of class C? satisfying | Hura | Sc on (4), 
where 0 < a == ax a. Under this proviso, the system (25)-(25 bis) has a 
unique Ot-solution up == u(x, y) on (4), with a = agı, since F satisfies (8). 
The analogue of (17) shows that ux satisfies the inequality 

| ux | S a max |(H, — FH.) Hura + Hg (2, y, Hiwa) |, 


where max refers to (x,y) on (4). Since | Hux- | Sc, this can be written 
ag | us| < (MO + Ma Hence, if a is chosen 80 that 


(26) (MO + M)aSd,- 
where i | 
(27) | d = c/n max | H> | Sc/M, 


then zs — Hug, satisfies || <c. Thus there exists a positive a(S a), 

independent of k, such that (25)-(25 bis) has on (4) a C*-solution uz(z, y) 

satisfying 

(28) (us| S (MMC+ Mjesd ` | (k = 1,2,- :). 
If k = 2, then, according to (25)-(25 bis), the difference Vy == ug — Ur- 

is a solution of the initial value problem 


(29) -Vra = Py, + G, v;(0, y) = 0, 


Ne 


where 
G = (H,—FH,) Hy. + H{(g (2, y, Hp.) — 9 (2, y, Hy-2) }. 


Hence | G| S (MC + M)|%.|. A comparison of (29) and (14) shows 
that, in view of the analogue of (17), 


[o| S(HO+M) [Los de 


Since 4=0 and vı == t,—U,==u,, the inequality (28) implies that 
| vı | S (MC + M)z. A simple induction then gives | vs | S (MC + M)'2*/k! 
on (4) for k= 1,2,: +. Consequently, Uo, un, * - converge uniformly on 
(4) to a continuous function, say u—u(x, y), which satisfies 
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(30) ful Ss (MO+ M)z. 


It is clear from (25) that the existence proof for the semi-linear case 
will be complete if it is verified that the sequences of partial derivatives 
Uos Wie,’ * * aNd Uy, Ury,* © © converge uniformly on (4). In view of the 
uniform convergence of Uo, Wa,’ * >, it is therefore sufficient to show that the 
sequences of partial derivatives are uniformly bounded and equicontinuous. 

In order to prove their uniform boundedness, note that 


(31) | uxo | S K | wy | + MC +H, 
by (25), (27) and (28). Consequently, 
(32) tm (2) € Kx:(z) + MC + M, 
if pxi(B), Hx2(B) denote the maximum of | ws |, | ux, |, respectively, on that 
part of (4) on which OZS2=8(Sa). An upper estimate of wry can 
be obtained from an analogue of (22), where z= ur, U=H 4, and 
V — Hg (zx, y, Hur). The exponential factor in (22) is majorized by 
e(MC+M)a which does not exceed an M, by (26) and (27). The non-integrated 
term H,U of (22) is majorized by (MCO + M)|u4.|S (MC + Myr in 
view of (28). The term HU, under the integral sign has an absolute value 
which is not greater than (MC + M) (Mypr1.+ MC + M), which can be 
written as (MC + Af)? + (MC + M)pess. Similarly, 

| H,U |S (MO + M)? + (MO + M) peas 


Finally, | V, | S MO + M+ Myuz+2. Consequently, 


(33) (x) = (MC + M)*a + (MO + iM) f (ue + Bei) at. 


The relation (32), with k replaced by k— 1, and (33) imply that 
| @ 


pua(e) S (MO + M)’ + (MC +M) | pra ad. 
0 
Since po, (£) = 0, a simple induction gives 


(34) x2 (2) = à (MC + M)%ot/jl € —1 + exp(MC + M)°x. 


The definitions of vz, and mx and the inequalities (31) and (34) show that 
the sequences Uos, tiss’ * * and Uoy, ty,’ - + are uniformly bounded on (4). 
There remains the problem of proving the equicontinuity of these sequences. 
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In view of the uniform convergence of the sequence uo, w%,- : +, there exists, 
for small positive §, a positive monotone function w(8), which tends to 0 as 
ô—> -+ 0 and exceeds the moduli of continuity of H, Ha, Hy, F, 9, Je, Jys Uo 
th’ ©- and of those combinations of the latter functions which will occur 
below. (By the modulus of continuity of a vector or matrix is meant the 
maximum of the moduli of continuity of its components or elements.) Hence 
(25) shows that 


(35) Wei (8,2) E Kwy(8, s) + Aw(S), 


where A is a constant and wx:(8, 8), wee(S, 8) are the moduli of continuity 
Of Une, Ugy ON that portion of (4) on which 0Zz=B(£a). 
Straightforward estimates, analogous to those leading to (33), give 


À 


(36) xo (8, 2) S Aw(8) + À f (nas + Was) at 


with some constant A (which is a bound for certain combinations of H, F, g 
and their partial derivatives). It follows from the last two formula lines that 


g 
mald 2) < Aw(8) + À f wa-a (8, t) dt 
0 

(if À is an appropriate constant, independent of k, x and 8). Hence w..==0 
implies that | 

E 
(87) Wr (8, £) = Aw (8) 2 Adri /j 1S Aw(S)e{s. 

j=0 
The definitions of Wyr, Wga and the inequalities (85), (87) prove the equi- 


continuity of toa, Ui,’ * * and toy, thy,‘ * © on (4). 
This completes the proof of the semi-linear case of (VI). 


Remark 1. The number a determining the region (4) on which the 


solution u(z,y) was proved to exist is subject only to the inequalities 
0 <a a and (26). 


Remark 2. The mequality (34) shows that the partial derivative uy of 


the solution u—u(x,7y) of (25)-(25 bis), the existence of which was just 
proved, satisfies the inequality 


(38) | uy (z, y)| S — 1 + exp (HC + M)’ 
on (4). Hence, by (25) and (80), l 
(39) [us(z,y)| SK{—1 + exp(MO + M?)a} + (MC + M)'a + M. 
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12. Proof of (VI). The existence proof just completed shows that if 
%o(x,y) = 0, and if z,1(z,y) is a function of class C* satisfying |: |S ¢ 
on (4), where a = azı, 0 < akı = 4, then the initial value problem 


(40) Zro == f(T, Y, Zi (T, Y) ) ey + 9 (T, Y, 2x), Z (0, y) =0 


has a C-solution z4(x, y) with the same properties on (4), with some a == ag 
and 0 < ar = ap, for k= 1,2,---. In order to make the inequalities of 
the last section more readily available, transform (40) by the change of 
variables (23). Thus (40) becomes 


(41) Ung == Piles + (Hro — Pig) Hr ty + Ang (2, y, Heir), 
(41 bis) Ux (0,7) == 0, 


where us == Hyzy, Fe = F (2, Y, 2z (2, y) ), and Hi = H (2, Y, %1(2, Y) ) 3 cf. 
the transformation from (1) to (25). Remark 1 at the end of the last section 
shows that a == a, is subject only to the restrictions 0 <ax SS & and (26), 
where C == Ck- is a bound of the absolute value of the partial derivatives of 
the elements of the matrices Hy, Fr, and M is a fixed upper bound of certain 
combinations of f, g, H, F and their partial derivatives (in which x, y, z are 
considered as independent variables on (2:)-(2:)). 
In view of the Remark made at the beginning of Section 11, 


(42) SM + MB, 


where B, is any upper bound for | uza |, | usy | on (4), with a = az. It will 
be shown by induction that there exist, positive numbers a, B GS 
of &) with the properties that 


(43%) | ak = a > 0, 
and 


for k= 0,1, °- on (4). 

Let the bound M be fixed so large as to satisfy all of the inequalities 
involving M in Section 11, and put B== 2M. Let a(< ao) be a positive 
number satisfying the inequality 


(45) (MC* + M)a<d, where C*—M+MB d=c/M 
(cf. (27)), as well as the inequalities | 

(46) — 1 + exp(MO* + M) £ B, 

(47) - K{—1exp(MO* + M)%a} + (MC* + Ma -+ MB. 
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The inequalities (434), (44:) are trivially satisfied when k—0, Suppose 
that they hold for some fixed k = 0. In view of (42) and the fact that By 
can be taken to be B, it is seen that C, = C*. It follows from (45) and the 
sentence following (41 bis) above that æ&,, can--be chosen so as to satisfy 
(48x41). Finally, (44...) is a consequence of (38), (39) in Remark 2 at 
the end of Section 11, and of (46) and (47). This completes the induction. 

Thus the functions 29(z, ¥),2(%,y),° °° are defined (and of class C+) 
on (4), where a(>0) is independent of k. In addition, || Se for 
k mem 0,1,---, and the sequences Zos, Z10,° © * and oy, Zy,° * * are uniformly 
bounded on (4). | ` 

It will be proved that 2, Z” ‘+ converges uniformly on (4). To this 
end, let Zy == 2; — %,. Then £, satisfies’ 

ra = febry g (Arf) ora + Arg,  &(0, y) = 0, 
where 
Af = ffia Arg == Jr — Jri and fe f(z, Y, Zk- (£, 9) 
Resa) | 
Let vn = H rz, where Hy = H (2, Y, 2%: (2, y)). Then vy panes the partial 
differential equation 


Vro = Fevry + (Hye — FPrH ry) Hi -Wwy + Hef (Aaf) liay + Arg}; 


cf. the transformation from (1) to (25). Since | Asf | Æ Const. | vsa | and 
[Ag |S Const. | ve |, it follows from an analogue of (17) that 


| ve | £ a const. (| ve | + | vea |), 


where const. (independent of &) is a bound for combinations of H, and the 
partial derivatives of Ay, Fy, g. If r= aconst. < 1 then 


[vm [Sr] wa |/(1—r). 
Hence, by induction, 
| v | S Air 0 Ss), 


where A is a bound of | v, |. Consequently, if a is 80 small that r/(1 — r} < 1, 
then v, + ve +: > + is absolutely and uniformly convergent on (4). Hence 
the same is true of £, + ê + ++, -In view of the definition of &, this 
proves that the sequence 2, 2:,- > * has a uniform limit, say z(z,y), on (4). 

It is clear that the proof of the existence statement in (VI) will be 
complete if jt is shown that the SEQUENCES Zog, Zim’ ` * and Low Lim ' °° are 
uniformly convergent on (4). Since these sequences are uniformly bounded 
and Zo, 21, ** is uniformly convergent, it is sufficient to prove that 2, Zia °° 
and Zoy, Zıy,* * * are equicontinuous or, what is the same thing, that tas Uis- - 
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and-uoy, y, * are equicontinuous. But the proof of this fact is analogous 
to the corresponding proof in Section 11 (if a > 0 is sufficiently small) and 
will therefore be omitted. 

The proof of the uniqueness statement in (*) follows the standard argu- 
ments which are applicable when successive approximations converge. 


THE JOHNS HOPKINS UNIVERSITY. 
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ON PICARD VARIETIES.* 
By ANDRE WEIL. 


In an important recent paper [7%], J. Igusa has defined two abelian 
varieties attached to a non-singular algebraic subvariety V of a complex 
projective space, and proved some basic results concerning these varieties and 
their relationship to each other. In the language of the Italian school, these 
varieties are those attached respectively to the periods of the simple integrals 
of the first kind on V, and to the continuous systems on F. It is my purpose 
here to present a somewhat different approach to the same problem, leading 
to a proof of Igusa’s theorems under more general conditions, and to further 
results in the same direction. I shall avail myself freely of some of Igusa’s 
ideas, but shall not otherwise make any use of his paper. 


SI. Igusa’s duality theorems. 


1. A vector space. À of dimension q over the field C of complex numbers 
is at the same time a vector-space, which we shall denote by Ao, of dimension 
2q over the field R of real numbers; the scalar multiplication by + in A is an 
automorphism J of Ao, satisfying J? == — J, where I is the identical auto- 
morphism of Ay. Conversely, if À, is a vector-space of dimension 2q over R, 
and J is a linear mapping of A, into itself, satisfying J? == — I, we can 
define on A, a vector-space structure over € by putting (a + 18)x == ax + BJT 
for any «e R, Be R; with this additional structure, À, will be denoted by A. 
Linear forms on À, will be called real-linear; linear forms on A will be called 
complex-linear. The complex-linear forms on A are those complex-valued 
real-linear forms L(x) on Ao which satisfy L(Jz) == L(x); if M(x) is any 
real-valued real-linear form on Ao, then there is one and only one complex- 
linear form on A with the real part M (z), viz. L(x) == M (z) —iM (Jz). 

A and À, being as above, let 4”, be the dual space of A,; denote by 
<z’, £> the canonical bilinear form on A's X Ao Put J! == tJ me — tJ; 
as we have J’? =«— I’, where J’ is the identical automorphism of A’), J’ can 
be used to make of A’) a complex vector-space A’. Put 


B(x’, x) $[ <a’, > — ta’, Jey] = f [<r a> + ide", a>]; 


* Received December 21, 1961. 
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for each g'e A’, B(a’,z) is a complex-linear form on A, and every such 
form can be so written in one and only one way; similarly, for each ae A, 
B(z’,a) is a complex-linear form on A’, and every such form can be so 
written in one and only one way. We shall say that the sesquilinear form 
B(x’, x). defines A’ as the antidual space of A. 


2. By a complex torus ®©, of complex dimension g, we shall understand 
a torus of real dimension 2q, with a translation-invariant complex-analytic 
structure. ‘The universal covering group of © is then a vector-space of 
dimension 2q over R with a translation-invariant complex-analytic structure, 
or, what is the same thing, a vector-space A of dimension q over C. In other 
words, a complex torus ® is the quotient of a vector-space A of dimension q 
over C by a discrete subgroup A of rank 2q of A. If ©, = A,/A;, ®, = Ap/As 
are two such complex toruses, a complex-analytic homomorphism of ©, into @, 
will be given by a complex-linear mapping L of A, into A, such that 
L(A:)CAz: If @;, ©, have the same dimension, and if there exists an 
` invertible complex-linear mapping L of A, into A, such that, L(A:) C Ag, 
then we say that @,, ®©, are tsogenous; as L. must then map A, isomorphically 
onto a subgroup of finite index of Aj, there will then be an integer n s40 
such that nL- maps A, into A,; it follows that isogeneity is an equivalence 
relation between complex toruses (to this relation, an unfortunate tradition 
had attached the word “isomorphism,” which of course is here restored to 
its proper meaning). 


8. Let © be a complex torus, of complex dimension gq; let A be the 
universal covering group of @, considered as above as a vector-space of 
dimension q over €. Let A, be the underlying real vector-space of A, of 
dimension 2q over R, and let J be the automorphism of A, defined by the 
scalar multiplication by 4 on A. Let A be the kernel of the canonical homo- 
morphism of A onto ®, so that © — A/A. Let A’ be the. antidual space to A, 
as defined in no. 1, so that its underlying real vector-space A’, is the dual of 
A,, and that A’ is determined over A’, by the automorphism J’ = tJ- == — tJ, 
Let A’ be the subgroup of A’, associated with the subgroup A of Ag, i. e. con- 
sisting of all the elements 7 of 4”, such that <r’,r5 =0 mod 1 for all reA. 
Then A’ is a discrete subgroup of rank 2g of A’; and @’ = A’/A’ is a complex 
torus, which will be called dual to ©. It is clear that © is then dual to @ 

Let ©, = A,/Ai, ©: = 4:/A be two complex toruses, and @’,, @, their 
duals. Consider a complex-analytic homomorphism of ®©, into ®,, given as ` 

above by a complex-linear mapping L of A, into As, such that L(A,) CA. 
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But, if A,, As are defined by the underlying real vector-spaces and the auto- 
morphisms Jı, Ja of these corresponding to the scalar multiplication by 1, a 
complex-linear mapping of A, into A, is the same as a real-linear mapping 
Lo satisfying Lo, => JaLo; as this implies 'Lo(— ‘J;) = (— ‘JY Lo, it follows 
that ‘Lo is a complex-linear mapping of A’, into A’,; and one verifies at once 
that ‘Lo (A2) CA’, Therefore tL, defines a complex-analytic homomorphism 
of ©’, into ©’;. 


4. With the same notations as above, let © == A/A be a complex torus 
of complex dimension g. Let T be the group of all representations of the 
additive group A into the multiplicative group C* of complex numbers = 0; 
let To be the subgroup of the elements » of T such that | a(r)}| = 1 for all 
reA,i.e. the character-group of A. As A is a free abelian group of rank 2q, 
I, is a torus of real dimension 2q, and T is isomorphic to (C*)* Elements 
of T will be called multtpltcator-sets. By a multiplicative function belonging 
to ©, with the multiplicator-set p, we shall understand a complex-valued 
function ¢ on A, not everywhere 0 or œ, such that (x + r) == d(z)y(r) for 
all ze A, re A. A multiplicative function which is an entire (i.e., every- 
. where holomorphic) function of the complex coordinates on A, and is nowhere 
0, must be of the form? e| L(x) + c], where c is a constant and D(z) a 
complex-linear form on A; the multiplicator-set e[ L(r)] of any such function 
will be called trivial ; we shall denote by y the group of all trivial multiplicator- 
sets. 


If peT, log | u(r)| is a representation of the additive group A into the 
additive group R; this can be extended in one and only one way to a real- 
valued real-linear form M(x) on Ay; let L(x) == M(x) —tM (Jz) be the 
complex-linear form on A with the real part M(x). Then v(r) — 6/0) is a 
trivial multiplicator-set, satisfying | v(r)|.= | »(r)| for all re A, and it is 
the only such set. Hence every coset of y in F has one and only one element 
in Lo, i. e. we have T == y X To; and T/y may be canonically identified with Tp. 

Let 4’, A’, A’ be as in no. 3. Each element of T, can be written as 
e(<a’,r>), with a’ e A’; this defines therefore a homomorphism of A’ onto To, 
the kernel of which is A’, hence an isomorphism between D, and A’/A’. Thus 
we have canonical isomorphisms between T/y, To, and the underlying real 
torus of @ == 4’/A’; we can use these to transport to T/y and T, the complex 
torus structure of ©’, and to. identify these three toruses with one another. . 


1 Here and in the rest of this paper we put e(t) = e™". 
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5. On T, one can define a complex-analytic structure in an obvious 
manner, viz. by the condition that, for each re A, a(r), as a function of wel, 
should be a holomorphic function on Tr. We now prove that the canonical 
homomorphism of T onto T/y is complex-analytic, when the complex structure 
on T/y is defined as in no. 4, and that this complex structure on T/y is the 
only one for which this is so. In fact, let B’ be the vector-space of dimension 
2q over C, derived from A’, by extending the field of scalars of A’, from R 
to C; every element of B’ can be written as z == g + iy’, with à e 4°, y e A’; 
if we write py (r) = e(<2’,r> + icy, Tò), the mapping 2’ — uy is a complex- 
analytic homomorphism of B’ onto I. Now the element v of y which satisfles 
[v(r) | = | we (r)| for all re A is v(r) —me(<y’, Jr> + ty’, r>); hence the 
element of I which belongs to the same coset of y as pe. is e(<2’, r> — <y’, Jr) 
= e( <7 + J'y ,r>). Now denote that coset by f(7} ; f is a homomorphism 
of B’ onto T/y. Call œ the canonical homomorphism of A’ onto @ == A’/A’; 
and, for 2’ == g + iy’, put g(2’) =r + J'y; © and T/y being identified as 
in no. 4, what we have just shown amounts to f= «wog. As we have 
giv) = — y + Ie =J (r + J'y), g is a complex-analytic homomorphism ; 
so is w; the same, therefore, is true of f. Conversely, if J’, is an automorphism 
of A’), defining on A’, a complex structure such that f, hence also g, are com- _ 
plex-analytic mappings, then we must have g(12’) ==J’1g(z), hence J’; = J”. 


6. From the theory of abelian varieties and of theta-functions ([8], [9]; 
cf. [11]), we borrow the following facts. In order that there should be q alge- 
braically independent meromorphic functions on the complex torus ® = A/A, 
it is necessary and sufficient that there should exist a real-valued alternating 
bilinear form H(z, y) on Ao X Ao, such that E(r,s) =0mod1 whenever 
reA,seA, and that the bilinear form F(a, y) — E (Jz, y) is symmetric and 
positive-definite (i.e. satisfies F(z, s) > 0 for all 540). Such a form # 
will be called a Riemann form for ©; if we write it as E(x,y) = <2, y), 
where # is a linear mapping of A, into A’» the condition that it should be 
alternating is expressed by ‘ ==— H; this being assumed, we have F(x,y) 
== (HJ2, y> = — <Hy, J£, and the condition that F should be symmetric is 
expressed by EJ =t(EJ) mm J'E, hence it is equivalent to the condition that 
E should be a complex-linear mapping of A into A’. The condition E(r, s) = 0 
mod 1 for re A, 8e A, is equivalent to H(A) CA’. Hence F defines a complex- 
analytic homomorphism of ® into its dual ©’. Finally, if F is positive-definite, 
we must have Hz =< 0 for x 5 0, hence E is invertible. Therefore the existence 
of a Riemann form implies that @ and @ are igogenous; if moreover Æ maps 
A onto A’, they will be isomorphic, but they need not be so otherwise. 

A Riemann form # being given, one can define (by the explicit con- 
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struction. of so-called theta-series) theta-functions belonging to © and £E, i.e. 
entire functions Ÿ of the complex coordinates on A, satisfying periodicity 
conditions which, suitably normalized, may be assumed to be 


D(a + 7) = P(a)e[— 4H (r, 2) + $B (r, Je) — 4E°(r, r) + gE (r, Jr)] 


for all ce A,reA, where E° (z, y) is a symmetric bilinear form on Ag X Ao 
such that E° (r, s) = E (r,s) mod? for allreA,seA. Then, for any ae À, 
the function 


O(c + a)0(2)*e[ 48 (a, 2) — SE (a, J2)] 


is a multiplicative meromorphic function of the complex coordinates on 4, 
with the multiplicator-set e[#(a,1)] — e(<Ha,r>). As E maps A, onto 4’, 
this, in conjunction with the results of no. 4, shows that there exist mero- 
morphic multiplicative functions with arbitrarily given multiplicator-sets. 

Now consider a maximal set of linearly independent theta-functions #,(2) 
belonging to © and the Riemann form NE, N being an integer > 0. These, 
must be in finite number; and, if they are taken as homogeneous coordinates 
of a point P(z) in a suitable projective space, we have P(x +r) =P(z) 
for r e A, so that the mapping «— P(x) induces a complex-analytic mapping 
® of @ into that projective space. By a theorem of Lefschetz [8], as soon 
as N is large enough, & is a one-to-one mapping of © onto an algebraic 
variety ®(@), and its Jacobian matrix has everywhere the rank g, so that 
@(®) is without multiple points; can then be used to identify © with 6(@). 
For that reason, we shall say that a complex torus ® is an abelian variety 
whenever there exists a Riemann form for @. 

If © is an abelian variety, so is every complex torus isogenous to 9, 
hence in particular the dual torus @’. In fact, let ®©, = A,/A, be isogenous 
to ®; then there is an invertible complex-linear mapping L of A, onto A, such 
that L(A;)CA. Let E(x,y) be a Riemann form for @; then the bilinear 
form E (La, Ly:) is alternating, and is = 0 mod 1 for ze A, Yı € Az} also, as 
LJ, == JL, we have 


E(Ld it, Ly) Fer E(JLa,, Ly) T F (La, Iy), 
where F is defined as before; this is symmetric, and > 0 whenever Le, = Ly, 


5 0, hence, since L is invertible, whenever Tı = 4, = 0. 


7. Now let V be a Kabler manifold, i.e. a connected compact complex- 
analytic manifold with a Kahler metric; I shall use the AIRES of a pre- 
vious note of mine ([10]*; cf. [8], Part IT). 


3 In that note, one should ei Q = + 2,0, Aa, instead of Q = Z w „Aë, on p. 110, 
line 7 from bottom. 
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If G is the fundamental group of V, and G’ the commutator-group of G, 
H = G/G is the one-dimensional homology group of V with integral coeff- 
cients; it is the direct product of its torsion group T, i.e. of the finite group 
of its elements of finite order, and of a free abelian group, whose rank, by 
Hodge’s theorems, is an even number 2q. If we consider H as a module 
over the ring of integers, and extend è its ring of operators to R, we obtain 
a vector-space À, of dimension 2q over R, which is the one-dimensional 
homology group of V with real coefficients; we shall denote by A the canonical 
homomorphism of H into Ay; the kernel of A is T, and the image A == A(H) 
of H by A is a discrete subgroup of rank 2q of Ap. 

Let Ÿ be the covering manifold of V belonging to the subgroup G of G; 
every element o of H determines an automorphism of V, transforming each 
point M of V into a point oM lying over the same point M of V as Ï. Ite 
is any closed differential form of degree 1 on V, and P, M are two points on V, 


fr ie, te R 
the integral Í, 0 (taken along any differentiable. path from P to M on V) 


defines, when P is fixed, a function f(ü ) such that df — 6; we have simplified 
notations here by writing 0 also for the inverse image of # on V. For any 
oe H, pomf(oM) —f(M) is a constant, which we can also write as 


Po == f 6, the integral being taken along any closed differentiable path of 


class o on V. Then o — po is a representation of H into the additive group 
R; this must be 0 on T, and it can be extended, in one and only one way, 
to a linear form on 4,; this form will be denoted by p(6,2), so that we 


have po = f 0 = p[ 8, A (€o) |. 
g 

Now let B be the vector-space of real harmonie differential forms of 
degree 1 on V; then p(8,x), as a function of (6,7) e B X Ao, is a bilinear 
form, which, by Hodge’s fundamental theorem, determines a duality between 
B and Áo; hence we may use it to identify B with the dual space A’, of Ao, 
i.e. with the one-dimensional cohomology group of V with real coefficients ; 
and we write, from now on, <0, z> instead of p(6,z) when @ is harmonic, 
i.e. when #e A’. - | 


a. A | x Q 
If 6 is harmonic, and if P, M are two points on V, the integral Í, 0 is a 


real number depending linearly upon 8, which, when P is fixed, can be written 
as <0, F(M)>, with #(M)e A>. Then F is a mapping of V into Ao, satis- 


fying <0, Pol) —PUD> = f 0 = <0,(0)>, ive. Plolt) — PUD +A), 


* Cf. N. Bourbaki, Algèbre, Chap. MI, § 2, no. 1. 
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hence F(oM) = FA) mod A. Therefore À determines a mapping F of V 
into the torus A,/A; F and F, or any mappings derived from these by the 
addition of constants, will be called the canonical a of v into Ag, 
and of V into A,/A, respectively. 

So far we have made no use of the complex structure of V. Now we 
introduce the operator C derived from this structure (cf. [10]); this trans- 
forms real differential forms into real differential forms of the same degree, 
harmonic forms into harmonic forms; hence it induces an automorphism on 
the space A’) of real harmonic forms of degree 1, whose transpose will be 
denoted by J. As we have C(C6) —=— 6 for any form of degree 1, we have 
J? == — I. Furthermore, if f is any holomorphic function in the neighbor- 
hood of a point of V, then we have C(df) =t- df, O (df) == — i: df; con- 
versely, any closed form ¢ of degree 1, satisfying C == 1, is holomorphic, i. e. 
it is locally the differential of a holomorphic function. In particular, if 0 
is a real harmonic form, the form £ == 4 — 108 is closed and satisfies Cf == tf, 
hence it is everywhere holomorphic, i. e. it is a simple differential of the first 
kind; since, conversely, the real part of such a form is harmonic, this implies 
that the space A’, of real harmonic forms of degree 1 depends only upon the 
complex structure of V, and not upon the choice of a Kahler metric ees 
one exists). 

Now we use the automorphism J of.4, in order to convert À, into a 
vector-space A of dimension q over €, so that @ — A/A is then a complex 
torus. As any complex-linear form in A can be written as 


L(z) = <6, 1) — 1<0, JTY == <8, 2> — KCO, x), 


| : & 
with some 624’, we have, for such a form, L[F(M )] = f pt with 


Sos, 6-—+C6, which shows that L{ FR(M )] is then a holomorphic function 
on V. Therefore # and F are complez-analytte mappings of Ÿ into A, and 
of V into ©, respectively. . 


8. Let O be the differential form of degree 2 on V canonically associated 
with the given Kahler metric (cf. [10]). If all the periods of Q are integers 
(i. e., if Q is homologous to an integral cocycle), we shall say that V satisfies 
the Hodge condition, or that it is a Hodge manifold.. A recent theorem of 
Hodge [6] states that, when that is so, the complex torus ® associated with 
V is an abelian variety. In our notation, Hodge’s proof for this is .as 
follows. Let * be the usual operator, transforming forms of degree d into 
forms of degree 2n—d if. n is the complex dimension of V (cf. [10]). 


8 ` 
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If 8 is any differential form of degree 1, one verifies easily that (Ce)ar: 
= — (#—1)1+9, multiplication being of course the exterior multiplication 
of differential forms. Put now: 


E (8, 9) -— f Oan; 


this is an alternating bilinear form on 4’, X A’y. Call A’ the subgroup of 
A’, associated with the subgroup A of A); it consists of those harmonic forms, 
all of whose periods are integers. As the periods of Q are integers, one of 
de Rham’s theorems shows that E’(8,n) == 0 mod 1 for 8e A’, nes. If J- 
is defined as usual by J’ == — tJ, we have J’6 = — C8 for 8 e A’, hence 


BJ) = (n—1)1 fn (48). 


As this is symmetric and positive-definite, we see that Æ is a Riemann form 
for @’, so that @’, hence also ©, are abelian varieties. We shall call @’ the 
Picard variety, and ® the dual Picard variety, of V. 

9. Henceforward, let V be a Hodge manifold. Let all notations have 
the same meaning as above; in particular, we still denote by À the canonical 
homomorphism of H into A», and by À, F the canonical mappings of V 
into A, and of V into ©. Let « be any representation of H into the multipli- 
cative group C*; by a multiplicative function on V, with the multiplicator-set 
«, we shall understand a complex-valued function ¢ on F, not everywhere 0 
or œ, such that (of) —(M)e (o) for all Hef, oce H. In particular, 
if y is a multiplicative function belonging to ©, with the multiplicator-set p, 
w[F(M)], provided it is not everywhere 0 or œ, is a multiplicative function 
on V with the multiplicator-set «== po à; any multiplicator-set e of that 
form will be called special, and any multiplicative function on V with such 
a multiplicator-set will be called special. A multiplicator-set « is special if 
and only if it is equal to 1 on the torsion-group T. The mapping p—>uoa 
is an isomorphism of the group T of multiplicator-sets belonging to ® onto 
the group I” of special multiplicator-sets for V; we shall denote by I”, y the 
images, by this isomorphism, of the subgroups To, y of T as defined in no. 4; 
elements of y” will be called the trivial muitiplicator-sets for V. 

If y is any holomorphic multiplicative function without zeros, belonging 
to ©, and x is its multiplicator-set, then HEY, pokey’, and wl F(M)] is & 
holomorphic multiplicative function without zeros on V, with the multipli- 
cator-set wo A Conversely, let + be a holomorphic multiplicative function 
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without zeros on Ÿ ; then £ — 4 (log $) is a holomorphic differential on V, 
hence of the form {= 0 — 400, with 8e A’,; then we have 


Fr À A 
si) (fete FD) 
with | | 


ba) —=elL(2) +c], Le) = <0, 2) —K06, 2) = <8, 2> — KP, Jay, 


where c is a constant; as L is a eons eas form on A, this shows that 
the multiplicator-set of $ is trivial. 

If y is any meromorphic multiplicative function belonging to ®, with 
the multiplicator-set », one can choose a constant ae A so that WLP (À ) +a] 
is not everywhere 0 or oo, and then this is a meromorphic multiplicative fanc- 
tion on V with the multiplicator-set uo À; in conjunction with the results of 
no. 6, this shows that there exist meromorphic multiplicative functions on V 
with an arbitrarily given special multiplicator-set. 


10. One can define the disor on V of any meromorphic multiplicative 
function on Ÿ, or more generally of any meromorphic function ¢ on V such 
that, for every oe H, ¢(cM)/(M) is a holomorphic function without zeros 
on V; the definition is briefly as follows (cf. K. Kodaira, [3], Part II). 
Then Zn are local complex coordinates in a neighborhood of a point P 
of V, and P is a point lying over P on V, %4,' **, Za can be used as local 
coordinates on V at Ê, and ¢ can be expressed as a product ¢ “BO Az)": 


of a unit-factor H(z) (i.e. a holomorphic function, 50 at P) and of powers 
of irreducible holomorphic functions ¢,(z) (irreducible, that is, in the ring 
of holomorphic functions at P). Replacing P by another point oP of V lying 
over P will merely affect H(z), but not the ¢,(2) or the mj. The divisor of ẹ 
on V will then be defined locally, in a neighborhood of P, as = mW, where 


W; is the irreducible algebroid variety, of complex dimension n—1, defined 

by ¢;(2) == 0, with the orientation determined by the condition Q" > 0. 

Then the divisor (¢) of ¢ on F will be defined globally, by means of any 

suitable finite open covering of V; it will be of the form F, &pZp, where the 
8 


a are integers, and the Zp are irreducible compact ‘analytic (i. e., everywhere 
algebroid) subvarieties of V, of complex dimension n — 1, with the orientation 
defined above. More generally, any such expression will be called a divisor 
(more precisely, an analytic divisor) on V. 
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11. Now, let again ¢ be a meromorphic multiplicative function on Ÿ, 
and put ¿= d(log $); it follows from the multiplicative property of ¢ 
that this is a meromorphic differential form on V (more accurately, it is the 
inverse image on V of such a form). By analytic continuation, one sees that 


: # | 
PCM) = 8 ( Í, +c), where c is a constant; the integral is taken along 
any differentiable path, from the fixed point P on Ÿ to M, which does not meet 
($); hence, for oe H, we have (ol) = p(M}e( f t). If $ is factored 
| , g 


As ọm B(2)TI ġ;(z}™ in terms of local coordinates in the neighborhood of 

a point of F, then €— & md (log $) is holomorphic in that neighborhood ; 
F T 

. from this, one deduces, by first considering the case of a singular 2-cell in 


such a‘neighborhood and of its boundary, that, if Sis any 2-dimensional 
singular chain in V, whose boundary C is a differentiable singular chain and 


does not meet (¢), the intersection-number of S and (¢) is equal to Í, €; in 


the language of the theory of currents (cf. [8]), this shows that the Ce (¢) 
of dimension 2n— 2 on F is the differential of the current ¢. This implies, 
firstly, that (¢) is homologous to 0 with real coefficients, hence also (since 
it is an integral cycle+) with rational coefficients. In particular, a holo- 
morphic multiplicative function ¢ on Ÿ cannot have zeros: for.otherwise the 
integral of Q” on (¢) would be > 0, and, as this is a closed form, (4) 
could not be homologous to 0. Also, if re T, the linking coefficient of r 


and ($) is equal to f £ mod 1 (cf. Igusa [7]); for, if is any differentiable 


singular cycle of class + which does not meet (4), that linking coefficient 18 
by definition the intersection-number of (¢) and of any 2-dimensional singular 
chain with real coefficients, with the boundary t, reduced mod 1. As it is 
known, by Poincaré’s duality theorem, that the linking coefficient defines the 
torsion groups of V, of dimensions 1 and 2n — 2, as a dual pair, it follows that 


($) is homologous to 0 with integral coefficients if and only if J, ¿= 0 od 1 
for all re T', i.e. if and only if the boire of œ is special. 


12. Let now Z be any analytic divisor on V. We can cover V with 
open sets U+, so small that, in each Uy, Z can be written as © m,;W,, where 
| 7 


t As to this and other “obvious” homological properties of the subvarieties of V 
and in particular of the divisors on FV, they can best be justified by the definitions and 
results in N. Hamilton’s forthcoming thesis [4]. 
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W; is the variety of zeros of an irreducible holomorphic function ¢;(z) in Un, 
the z’s being local complex coordinates in Uy. Define the differential form 
ĉa in Uy by a = > my; 2 d(log $4) ; then & — £x is holomorphic in U, N Ux; 


hence, by the main theorem of [10], if Z is homologous to 0 with real coeffi- 
cients (and only in that case), there will be a meromorphic differential form 
£ on Y, such that, in each Us, £— #3 is a closed holomorphic form. Analytic 
continuation and the monodromy principle then show that there exists a 
meromorphic multiplicative function ¢ on V, such that, in each Um 
h == EWI $(z)™4, where H(z) is a unit-factor in Up, and that £ = zalog $); 


then we have (¢) == Z. By the results of no. 11, Z is homologous to 0 with 
integral coefficients if and only if the multiplicator-set of ¢ is special. 

Now suppose that ¢:, ¢ are two meromorphic multiplicative functions 
such that (¢) = (¢,) =Z; then ¢,/¢ is a holomorphic multiplicative func- 
tion without zeros, hence its multiplicator-set is trivial. Therefore, if #4 is 
the group of the analytic divisors which are homologous to 0 with real coeffi- 
cients, we have attached to each Z £ By a coset c(Z) of the group y’ of trivial 
multiplicator-sets in the group of all multiplicator-sets, consisting of the multi- 
plicator-sets of all meromorphic multiplicative functions ¢ such that (¢) = Z. 
This coset will consist of special multiplicator-sets, i.e. it will be in Y/Y, 
if and only if Z is in the subgroup &, of &, consisting of the divisors which 
are homologous to 0 with integral coefficients. We have c(Z) = y if and 
only if Z is the divisor of a function ¢ with the multiplicator-set 1, i.e. of a 
meromorphic function on V; then we say that Z is linearly equivalent to 0; 
the group of such divisors will be denoted by $. 

But I’/y’ can be canonically identified with T/y, hence also with T, and 
©. Therefore the mapping Z — c(Z), restricted to $a, defines a canonical 
homomorphism of $a onto the Picard variéty @ of V, with the kernel $1; 
we may also say that we have defined a canonical isomorphism between 8./#: 
and the character-group I, of A: this is Igusa’s first duality theorem. Simi- 
larly, the mapping Z — c(Z) determines a canonical isomorphism between 
&,/&, and a subgroup of finite index of the character-group of H; this sub- 
group will be the whole character-group of H whenever every character of H 
of finite order is the multiplicator-set of some meromorphic multiplicative 
function on Ÿ, or, what amounts to the same in view of the above results, 
whenever every homology class of dimension 2n —— 2 and of finite order on V 
(with integral coefficients) contains an analytic divisor. This is Igusa’s 
second duality theorem. By a theorem of Lefschetz ([8]), V will have that 
property -whenever it is a non-singular algebraic subvariety of a projective 
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space; indeed, it seems likely that, for such variety V, every covering manifold 
of V with a finite number of sheets is again an algebraic variety. 


§ II. Construction of a system of representatives for the 
group of divisor-classes. 


13. For the proof of the main result of this §, we shall need various 
lemmas on theta-functions. As explained in no. 10, if Ÿ is a theta-function 
(other than 0) belonging to an abelian variety ©, one can define the divisor 
(8) of Ÿ on ©; this is a positive divisor, i. e. all its components have positive 
coefficients. If a point u of © lies on a component of (Ÿ), we shall say that 
Ÿ is 0 at u. 

Periodicity conditions for theta-functions will always be understood to 
be in the normalized form given in no. 6. As this still depends upon the 
choice of a symmetric form E°, when © and # are given, we shall further 
normalize this by choosing a set of generators 11, * -,r:4 for A, and taking 
E°’(r, ry) = E (1, re) for 1S j Sk S 2q; then E° depends linearly upon #. 
In applying this to a product ® X @, of two abelian. varieties @ — A/A, 
®, — A,/®,, it should be understood that, after having chosen the sets of 
generators for A, A,, we take, as the generators for A X A, those for A and 
those for A;, in that order. 

From this agreement it follows that, if # and E, are Riemann forms 
for ©, and Ÿ, #, are theta-functions, belonging to @ and #, and to @ and E, 
respectively, then #0, is a theta-function belonging to E + E; and so is 
Ÿ(z—ÆE E;a)v(x + a) for every ae A, as one easily verifies. It is clear 
that one can choose a so that this is not 0 at a given point u of ®, provided 
Ÿ, Ÿ. are not everywhere 0. : In other words, if a Riemann form Æ is the sum 
of two Riemann forms, and if u is any point of ®, there is a theta-function, 
belonging to © and E, which is not 0 at u. 


14. If E is a Riemann form for @, the set of theta-functions belonging 
to © and Æ is a vector-space of finite dimension over C. Let (0) .<,<y be a 
basis for the space of theta-functions belonging to ® and mE, where m is an 
integer > 0; by what has been said above, as Soon as m = 2, there is no 
point of © where all the #, are 0; furthermore, by a theorem of Lefschetz 
which we have mentioned in no. 6, as soon as m has been taken large enough, 
the mutual ratios of the Ÿ, cannot'be the same at two points of A unless 
these points have the same image in ®©; let m be so chosen, once for all. Let 
now Z be an infinite subset of @; consider all the homogeneous polynomials 
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BU,‘ °, Uu) in A + 1 indeterminates, such that (do, >>, dir) is 0 
on Z; they generate a homogenous ideal in the ring of all polynomials in 
Uo," + +, Uy, whose set of zeros, in the projective space of dimension M with 
the homogeneous coordinates (t%,° - +, uw), is infinite and therefore has at 
least one component of dimension > 0. In the vector-space of all homogeneous 
polynomials & of degree r in Uo, - +, Um, consider the subspace of those 
for which ®(%,---,@x) is 0 on Z; let 5(1) be its codimension, i.e. the 
difference between the dimensions of the space and of the subspace. By 
Hilbert’s theorem on the characteristic function of a homogeneous ideal, 5(1) 
increases indefinitely with r. 

Now take for © the dual Picard variety of a Hodge manifold V, and 
for Z the image Z == F(V) of V by the canonical mapping F of V into ©; 
Z is connected, hence it is an infinite set unless it is reduced to a point, in 
which case we must have q = 0; this trivial case will be excluded hence- 
forward. The product #¥ of two theta-functions cannot be 0 on Z unless 
# or # is 0 on Z; for, if HW is 0 on Z, O[F(M)]¥[F(M)] is 0 on Ê, and, 
as this is the product of two holomorphic functions on Ÿ, one factor must 
be 0 on an open set, hence everywhere. The integer m and the set (dz) 
having been chosen as above, we use Z, as above, to define a homogeneous 
polynomial ideal; and we choose r so that 8(r) Zq + 1. 


15. Let E”. be the sum of two Riemann forms for the product 
©” == ®@ X @ of © and of the dual variety @’. In our usual notation, we have 
@ = A/A, @ = A’/A’, hence O” == A”’/A” with A” = A X A’, A” = A XN; 
as usual, write Áo, A’), and A”) == A, X À”, for the underlying real spaces of 
A, À’, A”. As E” is a bilinear form on A”, X A”,, it can be written, more 
explicitly, as E” (z, 2’; y, y), with (a, £) € 4o X 4°, (y, y) € Ao X A'o. Then, 
for each integer N = 0, the bilinear form 


Le, 05 9,9) = Bae 5 yy) NEC, y) 


is a Riemann form for 9”; let Ay be the vector-space of all theta-functions 
belonging to ©” and Hy. Take any wu’ ce’; we shall now prove that the co- 
dimension of the subspace of Amr, =e of the functions in it which 
are 0 on Z&w, is 2=g-+1. 

In fact, as Æ” is the sum of two Tienes forms, the result in no. 13 
shows that we can choose a function Peo in Ao which is not 0 at (z, wu’), 
z being an arbitrarily chosen poni in Z. Now, being a homogeneous poly- 
nomial of degree r in Uo,- +, Um, put 


: Fals, r) = Vo (x, r )P[P (1), ` e 
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the mapping ’-»>#’» is a linear mapping of the space of such polynomials 
into Amr; and e'e is 0 on Z X w’ if and only if (&,- - -, dw) is 0 on Z. 
As the codimension of the inverse image of a linear subspace by a linear 
mapping is at most equal to that of the subspace, it follows that the subspace 
of Amr, consisting of the functions in it which are 0 on Z X w’, has at least 
the codimension ê(r). a 


16. Now we shall prove that there is a function in Am, which is not 0 
on any of the sets Z X w’, where w is any point of ®’. In fact, let (0p) ocp<p 
be a basis for Amr; writing any function 0” in Amr as Wir $, tpp, we can 

p 


identify Amr with the affine space C+! of dimension À + 1 over C; from this 
we can derive, in the usual manner, a projective space PE of dimension À, 
with the homogeneous coordinates (t,: - >, tr). The mutual ratios of the 0p 
are meromorphic functions on @”, hence algebraic functions on @” = @ X ©” 
when ©, @’ are identified with algebraic varieties by Lefschetz’s theorem (cf. 
no. 6); therefore the condition that the function #”; should be 0 at a point 
(u,u’) of ©” determines an algebraic set of points ((u, w), (do, : *,te)), 
iie. a bunch of varieties, on the product-variety ©” X PA, Hence, for any 
zeZ, the condition that 9”; should be 0 at (z,u’) determines an algebraic 
set B, in the product ©’ X PE. Let B be the intersection of all the sets Bs, 
for all ze Z; this is again an algebraic set; let B’ be its projection on PA, 
If Em (do, © >, tr) is not in B’, then, to every u’e ©”, there is a ze Z such 
that (u’, t) is not in By, i.e. such that #”; is not 0 at (z, uw’) ; hence #”; has the 
desired property. What we have to show is therefore that B’ -£ PE; and for 
this it is enough to show that no component of B can have a dimension = R. 
Assume therefore that some component W of B has a dimension = R; then, 
if wu’ is in the projection of W on ©’, the intersection B N (w X PA) has a 
component of dimension = Æ— q. But this intersection is nothing else than 
the set of points (u’,t) of w X PE such that #’; is 0 on ZX «w; as such 
functions #”, form a subspace of Amr of codimension = q + 1, it follows that 
Bo (wv X PE) is a linear subspace of w X PE of dimension S R—g—1, 
and this contradicts the above assumption. 

17. After these preliminaries, we are now ready to attack the main 
problem of this §, which is to construct an algebraic family of divisors on F, 
parametrized by @’, containing one and only one representative of each class 
in 84/8, 

In the first place, consider on A’), A”. the bilinear form 


E” (2,259, 9) = <y’, T> — <2’, YY. 
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The dual of A”. == Ao X 4’, being A’) X Áo this form can be written as 
<E” on", >, where g” = (2, 2’), y= (y, y), and where E”. is the linear 
mapping E”. = + ne Jof Ay X A’, onto A’y X Aos I and F = + denoting 
again the identical automorphisms of A,, A's. The scalar multiplication by + in 
A” = À X A’ induces on 4”, = A9 X A’ ý the automorphism J” = A J . 
Then we have EF (Jr, y) = <y, Jz> + <2’, Jy>; as this is symmetric, it 
follows that, as soon as the integers N, N’ are large enough, the bilinear form 


By.y (2, y) = Era”, y) + NE (a,y) + NE (+, y) 


is a Riemann form for ©” — © X @’, if FE, F’ are, as before, Riemann forms 
for @, ©” respectively. 

By no. 18, as soon as N = 2, there is a theta-function #, belonging to ® 
and NE, which is not 0 on Z2—_F(V). Also, H(z,y) + F(x,y) is a 
Riemann form for @”; hence, if #”’y y is a Riemann form for O”, Ein 
is the sum of two Riemann forms for ©”; then the main result of no. 16, 
applied to this instead of E”, shows that there is a theta-function #Ÿ”, 
belonging to ©” and to E” Ymr,’ Which is not 0 on any of the sets Z X w. 
If we write again N, N’ instead of N + 1 + mr, N° + 1, we have thus shown 
that, for a suitable choice of N, N’, there will be a theta-function #, belonging 
to © and NE, which is not 0.on F(V), and a theta-function Ÿ”, belonging to 
8” and E” yw, which is not 0 on any set F(V)X w. 

In this, it is understood that the periodicity conditions for these functions 
have been normalized as explained in no. 13; this implies that, if E°, H’” are 
the symmetric forms attached, as there, to E, F’, the symmetric form attached 
to Ex, Ne 18! 


cy, E> + <a, y> + NE (ay) + NE (e, Y). 
18. 2, # being chosen -as ane in no. 17, we now put 
se) 9a) 0" wa). À 
This is a meromorphic function with the periodicity properties 
net?) ne oR, r> + E, J), 
n(m a +r) =n(2, 2 )e[Ly (2, )], 
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for sre A, a’ e A’, re, red’, L(x, 2’) being a certain complex-linear func- 
tion on A X A’, which depends upon 1’. Hence, if we put, for any a’e A’, 


Ya (T) = (2, a)Je ($a, 1y — $ <a, Ja), 
we have 


Ya (2 -+ 1T) = pa (2) e(<a’, T>); 
Yorr (2) = Ye (2) 6[ Lore (2) ], 


where Z4,-(x) is a complex-linear function on A, depending upon #,7; 
Ya (x) is a meromorphic function on A, which, by the properties which we 
have assumed for 0 and W”, is not everywhere 0 or œ on Ê (V) ; and it is a 
multiplicative function, with the multiplicator-set e(<a’,r>) of absolute 
value 1. . This shows that e[ LZ. (2) | has the multiplicator-set 1, hence it is 
a constant (as could also readily have been verified by its explicit calculation). 
Therefore we have 


Pour (2) = 0(0', 1) far (2), 
where c(a’,r’) depends only upon a’ and r. 


19. It follows from the relations in no. 18 that ¥o[F(M)] is a mero- 
morphic multiplicative function, not everywhere 0 or œ, on V, with the 
multiplicator-set pa ° à, where pa (r) —=e(<a,r>), and À is as in no. 7. 
As w is multiplied by a constant when a’ is replaced by a’ + +’, its divisor (Ye) 
on V depends only upon the image w = w(@) of a’ by the canonical homo- 
morphism w of A’ onto @' = A’/A’; hence we may write it as (Wo) = D(w’). 

D(w) is also the divisor of the multiplicative function 


DÊ (M) 10" [P (A), a} 


on Ÿ. Now PH )] is a holomorphic function on Ÿ, which, when M is 
replaced by oM, is multiplied by an exponential factor; hence (cf. no. 10) 
one can define its divisor W, on F. Similarly one can define the divisor W 
‘of #’[F(M), 2] on V X @. By purely local considerations, using the expres- 
sion of this function as a product of irreducible holomorphic functions in the 
neighborhood of a point, one shows that the divisor of #’[F (M), a] on V, 
for a fixed a’, is the intersection of W with V X w, where w == w(a’), each 
component of that intersection bemg counted with its multiplicity; more 
_ correctly it is the divisor W(w’) on V such that W(u’)X w is the inter- 
section of W and V X «w. There is, in a case such as this, no difficulty in 
defining the intersection-multiplicities, by function-theoretic or topological 


7 4 


- means. 
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Therefore we have D(u’) = W,— W (w); and what we have done shows 
that this is a divisor in the group $a, which has the image w’ in ® by the 
canonical homomorphism of $. onto ©. As ®’ is an algebraic variety, we 
may express the relation W(w)X w = W-(V X wu’), where the - denotes 
the intersection, by saying that the W (w) are an algebraic family of positive 
divisors, parametrized by the variety ©’. The canonical homomorphism of 
%, onto @’, with the kernel #;, can then be defined by saying that it maps 
each divisor X e 8, onto the (uniquely determined) point # of ©’ such that 
W(u’) is linearly equivalent to Wa — X. This implies of course that W(0) 
is linearly equivalent to W., so that, in this last statement, W, may be 
replaced by W(0). 


§ III. The main theorem. 


20. By an analytic subset of a complex-analytic manifold, we under- 
stand a closed subset of it which, in some neighborhood of everyone of its 
points, is the set of common zeros of a finite number of holomorphic func- 
tions; an analytic subset which is irreducible (i.e. which is ‘not the union 
of two other such sets) is called a subvariety. By a divisor X, we understand, 
as above, any formal sum of subvarieties of maximal dimension, with integral 
coefficients ; if the latter are positive, X is said to be positive, and we write 
X>0; we write X > Y for Y—Y>0. By the carrier | X | of X, we under- 
stand the union of the components of X. 

In all this $, we shall denote by V a connected compact complex-analytic 
manifold of complex dimension n. If S is a complex-analytic manifold, and 
X a diyisor on V X 8, the relation X(s)K s—=X-(V X s) defines a divisor 
X (s) on V for every se 8 such that V X s is not contained in | X |; as | X | 
is closed, the set S’ of these points is an open subset of S, which may be 
considered as a complex-analytic manifold; we shall say that the set of all 
divisors X (s), for se 8’, is an analytic family of divisors on V, parametrized 
by 8’, or having S’ as its parameter manifold. | 

Notations being as above, one may always assume that X has no com- 
ponent of the form V X T, where T is a subvariety of S of maximal 
dimension; in fact, adding such a component to XY does not modify X(s) 
when s is not on T, and makes X¥(s) undefined if s is on T. That being 
assumed, we shall show that the set S — of points s of S for which Z (s) 
is not defined is an analytic subset of S, of (complex) dimension = p— 2 
if p is the dimension of 8. It is clearly enough to prove this for X>0. 
Each point M X so of V X 9 has a neighborhood where X can be written as 
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the divisor ($) of.some holomorphic function ©; let 2,---,%, be local 
coordinates on V in a neighborhood of M; then, if a point s, sufficiently near 
to 8, is such that V X s C | X |, we must have @(z,3) — 0 identically in z 
near z = 0; therefore the points of 9 — 8’ near s, are common zeros of all 
coefficients of # when ® is expanded into a power-series in 2,,:° *,%, with 
coefficients in the ring of holomorphic functions of s at 8 == 8); conversely, 
if a point s, sufficiently near to so, is a common zero of all these coefficients, 
then it is easily seen, by analytic continuation along V X s, that V Xs is 
contained in | X |. Applying a theorem of H. Cartan,® one sees that S — S’ 
can be defined, in a sufficiently small neighborhood of &, by equating to 0 ` 
a finite number of the coefficients of ®; therefore it is an analytic set. If 
now T is any component of S— 8’, V XT is contained in | X |; therefore, 
if T were of dimension p—1, V X T would be a component of X, which is 
against our assumption. 

In particular, if 9 is connected, S’ also is connected. Then the homo- 
logical theory of subvarieties of a complex-analytic manifold ([4]) shows 
that any two divisors of the form X(s) are homologous to each other on V; 
in particular, if X(s) is homologous to 0 for some s, the same is true for 
all sed. 

The main purpose of this § is to show that, if V is a Hodge manifold, 
the canonical mapping c of the group Ba of the divisors on V, homologous 
to 0 on V, into the Picard variety © of V ($I, no. 12) induces an analytic 
mapping into @ of every analytic family of divisors belonging to Ba on V. 
In other words, if S, X, S’ and X (s) are as above, and if Æ (s) is homologous 
to 0 for all se 8’, the mapping s —> c[X(s)] is a complex-analytic mapping 
of © into ®’. Assuming for a moment that this is so, we shall show that 
this mapping can be extended to a complex-analytic mapping of S into @. 
In fact, write as before @ == A’/A’, where A’ is a complex vector-space and 
A’ a discrete subgroup of A’; if a’ is a variable point of A’, we may consider 
dz’ as a vector-valued differential form on A’ (with values in A’); as this 
form is invariant by translations in A’ and in particular by A’, it induces 
on ©’ a vector-valued form which, in terms of the complex structure of @’, 
is a holomorphic form; its inverse image w on 8’ by the mapping s—> c[X(s) ] 
is therefore a holomorphic form on S’. As 8 — 8 is an analytic subset of S 
and has no component of dimension p—1, it follows, by Hartogs’ theorem, : 
that œ can be extended to a holomorphic form on S. As every 1-dimensional 
cycle on § canbe deformed into one on 8’, the periods of w on S are the 


5“ Théorème a” of [1], p. 191. 
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same as those on 8’; as the latter must belong to s, the same is tie 
true on §; as in BI, one concludes from this that the mapping $ —> ie w of 


the universal covering of S into A’ (for a fixed 4) induces a holomorphic 
mapping of § into @’, which, on 8’, coincides (up to a translation) with the 
given one s—>c|X(s)|. This proves our assertion. 

Even go, our result will remain incomplete in one important respect: 
we shall not prove it for families of divisors which are parametrized by alge- 
broid varieties. By an algebroid variety, we understand one on which each 
‘point has a neighborhood isomorphic to a locally irreducible analytic subset 
of a complex-analytic manifold. It seems likely that the proof which is to be 
given here of our main theorem could be applied to this more general problem 
with no more than slight modifications, or at any rate that the more general 
result could be shown to follow from ours, if only the foundations of algebroid 
geometry were not even now as shaky as those of algebraic geometry once 
used to be.’ | 


21. Let X(s) and Y(t) be two analytic families of divisors on V, 
respectively parametrized by the manifolds S and T. We shall now prove 
that the set of points (s,t) of SX T such that X(s)>Y(t) ts an analytic 
subset of SX T. If we put Y= X KT, X is a divisor on V X(S XT), 
and we have (s, t) — X(s); operating similarly on Y, we see that it is 
enough to show that, if X(s), F(s) are two families, parametrized by the 
same manifold S, the set of points se 8 such that X(s)>Y¥(s) is an 
analytic subset of S. If we write X = X — X”, Y = Y’ — Y”, where X’, X”, 
Y’, Y” are positive divisors, X (s) > Y (s) is equivalent to XY’(s) + F” (e) 
>X” (s) + Y’(s); therefore it will be enough to prove our assertion for 
positive X and Y. As the question is purely local so far as 9 is concerned, 
we may assume that S is a neighborhood of 0 in the space of p complex 
variables. a | 

Let M be any point on V; take local coordinates (w,2,,: + -,2»:) on 
V in a neighborhood of M, such that the subvariety (of complex dimension 1) 
of that neighborhood defined by 2, =~: * = Zı = 0 is not contained in 
_|X(0)| nor in | ¥(0)|. Then, by Weierstrass’s lemma, X can be written in 
a neighborhood of Mf KX 0 on VX 8 as the divisor @) of a function © ‘of 
the form 


; 8 It is to be hoped that someone will soon undertake the taxing but necessary task 
of consolidating them or rather building them up anew. As some at least-of the main 
difficulties have been removed. by the recent work of H. Cartan, W. L. Chow, N 
Hamilton, K. Oka and others, the time seems ripe for such an undertaking. 


i 
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| &(w, 2,8) = wt + X wtpu(z, 2), 


where the œ; are holomorphic and 0 at the origin; similarly, Y can be written 
as (Ÿ) in a neighborhood of M X 0, with ¥ of the form ` 


b 
¥(w, 2,8) = w? + À wryy(s, 8), 


where the y, are holomorphic and 0 at the origin. Considering & and W as 
polynomials over the ring of holomorphic functions of z, s at the origin, 
we can divide & by %; let À be the remainder, which is of the form 


© W 
R(w,2,s) — $ w*ya(z,8), where the x, are holomorphic at the origin. Put 
h=0 ; 


|z| —supisi<n+ |z|; take p >O and an open neighborhood 8 of 0 on 8 
so that the range of the local coordinates (w, z) contains the closure of the 
polycylinder P defined by | w | <p, |2| <p, that 6, Y are holomorphic in 
PX 8’, and that X, Y coincide respectively with ($) and with (¥) in 
PXS. Take e > 0 and < p and a neighborhood & of 0 in & so that, for 
|z| << and se 8”, & and Y, considered as polynomials in w, have all their 
roots inside the disk |w|<p. Then, if {= (f.,--+,fs1) is such that 
|t] <e and if se 8”, the roots of &(w, £, s) — 0, counted with their multi- 
plicities, make up the intersection of X(s) with the subvariety of P (of com- 
plex dimension 1) defined by z == %; and the roots of ¥(w, £, s) = 0 make up 
the intersection of Y with that subvariety; therefore, if X(s)>Y(s) for 
some se 8”, &(w, £, s) must be a multiple of Y(w,£,s), ie. R(w,£,s) must 
be 0, whenever | £ | <<; for such an s, each coefficient x,(2,s) of R must 
therefore be identically 0 as a function of z; if the xa(z, 8) are expanded into 
power-series in 21` °°, 2s with coefficients which are holomorphic functions 
of s in J’, every se 8” such that X(s) > F(3) must be a common zero of all 
these coefficients. Conversely, if s is such a common zero, then À — 0, and 
so ® is a multiple of Ÿ in the ring of polynomials over holomorphic functions 
of z in |z| <p and a fortiori in the ring of holomorphic functions in P. 
Therefore, when that is so, no component of X(s)-—Y(s) which has a 
- coefficient < 0 in that divisor can have any point in P. 


To every point M on FV, we have thus assigned a neighborhood P — P(M) 
of M with the above stated properties; V can then be covered with a finite 
number of such neighborhoods P,— P(M,). To each M,, the above con- 
struction also assigns a neighborhood 8”, of 0 on S; we may replace the 8”, 
by their intersection S”. Then our construction defines infinitely many 
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functions fa(s), holomorphic in 8”, viz. the coefficients of the expansions into 
power-series in z of the functions y,(z,8) attached to the various points M,, 
with the following properties: if se S” is such that X(s) > Y(s), then all 
the fa(s) are 0; conversely, if se 8” and all the fa(s) are 0, then no com- 
ponent of X(s)-—Y(s) with a coefficient < 0 in that divisor can have a 
point in any P,; as the P, are a covering of V, this a that X (8) > Y(s). 
By Cartan’s theorem,” this completes our proof. 

If X(s), Y(t) are again two analytic families of ‘ivan on V, then 
the set of points (s,t) of SXT such that X (8) mm Y(t) is an analytic 
subset of 8 X T; in fact, it is the intersection of the two analytic subsets 
determined by X(s)>Y¥(t) and by Y(t) > X(s). 


22. If X is any divisor on V, we shall denote by D(X) the set of all 
meromorphic functions ¢ on V which are either identically 0 or such that 
(¢) >—X; this is a vector-space over the field of constants. We shall now 
prove that, for every divisor X on V, the vector-space L(X) 18 of finite 
dimension. 

If X om À’ — X”, with positive X’ and X”, we have D(X) CL(X’); 80 
it will be enough to prove our theorem for a positive divisor X. Then every 
point M on V has a neighborhood U = U (M) in which X can be written as 
the divisor (ar) of a function @y, holomorphic in U; and the set @a- D(X) 
of all functions y == up, with de L(X), consists of functions which are 
holomorphic in U. Consider the ideal generated by yL(X) in the ring of 
holomorphic functions at M; by Cartan’s theorem,” this ideal is generated by 
a finite number of elements yP of duL(X), and there is an open neighbor- 
hood U’ == U’(M) of M and a constant k=-k(M) with the following 
properties: the closure U’ of U’ is contained in U; and every ye Syl (X) 
such that | y | S1 in Ü can be expressed as y = = yat), where the À are 


holomorphic and such that [ulk on C. Take a covering of V by a 
finite number of neighborhoods U’, = U’(M,); to each there belongs a 
function Ë, == a, a constant k, = k(M,), and a finite set of functions 
ni ep, L(X); put k= sup, k, and call ¢;,::+,¢m.the functions 
Py y»); these are functions in L(X). Put Op == U’, Then, for every 
peL(X) and every v, there are functions A,; holomorphic on C,, such 


m 
that $ = $, Ayp; on C,; furthermore, if | ®,¢ | 1, on C,, the A,; may be 
j=t 


taken such that |à» | = k on O, 
Now put 
ll $ | = sup, supo, | &,9 | 
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for each ge L(X) ; then every pe L(X) can be written in C, as D = X Apr 
j 


with | à| Ski] on O, We shall now prove that, if the vector-space 
L(X) is considered as a normed vector-space with the norm {| $ |, it is 
locally compact, i.e. that the “unit-sphere ” || 4 | & 1 is compact. In fact, 
take any sequence pa of functions in L(X) such that | pa | S1; in C» 
ġa can be written as da = 2 A, with | Ay ®©] on C, By the well- 


known elementary theorem on sequences of bounded holomorphic functions, 
we may, after replacing the sequence ¢a by a suitable subsequence, assume 
that, for each v and each j, the sequence A,;™ converges to a limit Aà» 
uniformly on every closed subset of U’,. Then one sees immediately that 
there is a function pe L(X) such that ẹ = DA, in U’, for each v; 
furthermore, as we have 


Bb E A(S) — lim EAN, = lim (Srba) 


uniformly on every closed subset of U’,, we see that the sequence $a tends 
to œ in the topology defined by the norm | ¢ |, and that | || 1. This 
shows that the normed vector-space L(X) is locally compact; by a well- 
known elementary theorem of Banach, this implies that it has a finite 
dimension. 


23. From now on, we assume that V is a Hodge manifold; and we 
proceed to prove the theorem stated in no. 20. Let X(s) be an analytic 
family of divisors, parametrized by a manifold 3; we have to prove that, if 
the divisors X(s) are homologous to 0, s—>c[X(s)] is a complex-analytic 
mapping of S into @’. We may assume that S is connected; and we choose 
a point s on S. Call XY’, — X” the positive and negative parts of X, i.e. 
the sums of terms, with positive and negative coefficients respectively, in the 
expression of X in terms of its irreducible components. Then X (s) is the sum 
of the divisors X’ (s) — X’ (8), — [£ (s) — X” (so) ] and X (s), which are — 
all homologous to 0, and it is enough to prove our assertion for the families 
X’ (e) — X (s0), X” (8) — X” (80). In other words, it will be enough to show 
that if X (s) is any family of positive divisors parametrized by the connected 
manifold S, 8—> c[X (s) — X (so) ] is an analytic mapping of S into @. Now, 
in $II, we have constructed an analytic family W (w) of positive divisors 
on V, parametrized by @’, such that u’=c[W(0)—W(w)]. This implies 
that there is one and only one point wu’ on ©’, .given by w = c[X(s) — X(s)], 
for which W(0)—-W(w’) is linearly equivalent to X¥(s) —X(s), ie. 
W(u’) + X(s) to W(0) + X(s). Let bo," *, gs be a basis for the vector- 
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space L| W (0) + X (so) ]; then, if s and wu’ are as we have said, there is one 
and only one point é in the projective m-dimensional space P” such that, if 
(Éo © *,&m) is a set of en coordinates for é, the divisor of a 


function ¢ = $ bits is 
($) = Wu) + X(8) — Ln) + £ (8) ]. 


For every $ — 2 éd in L[W(0) +X (80) put Z(é) — (4) + W(0) + X(&0), 


where É ee the point with the homogeneous coordinates (£o,° > >, &m) 
in P™; one sees at once that Z(£) is an analytic family of divisors para- 
metrized by P#, By the final result of no. 21, the set of all points (s, w, €) 
in SX ©’ X P” such that Z(£) = W(w) + (s) is an analytic subset T 
of Sk Q X P”. But we have just shown that, for every se 9, there is one 
and only one point (u’,é) in @  P™ such that (s,u’,é) is in T; as T is 
closed and @ and P are compact, this implies in the. first place that T is 
the graph of a continuous mapping f of S into @ X P"; it is then easily 
seen that f induces a holomorphic mapping on every subvariety of complex 
dimension 1 of any open subset of S; from this, using elementary results on 
functions of several complex variables, one deduces easily that f is holo- 
morphic on 8 itself. This completes the proof. 

The same method can be applied to the determination of all positive 
divisors in a given homology class. Consider a homology class which contains 
at least one positive divisor Xo; let do, + * , dm be g basis for the vector-space 
LEW(0) + Xo]; for every ¢ = 2 Éigs in. that space, put Z(£) == ($) + W(0) 


+ Xi, é being the point in P” with the homogeneous coordinates (&,- - `, Ém). 
Then we see, as above, that for every positive divisor X homologous to Xe there 
is one and only one point (w, é) of @ X P™ such that Z (£) = W(w’) + X; 
therefore this formula determines a one-to-one correspondence between such 
divisors X and the points (w, £) of ®’ X P™ such that Z(£) > W(w’). As we 
= have shown, the latter relation determines an analytic subset of @’ X P”, 
which, since @’ and P™ are compact, is the union of a finite number of sub- 
varieties of ®’ X P*; moreover, as @” is an algebraic variety, these are alge- 
braic subvarieties of @’ X P” by Chow’s theorem ([2]). This shows that 
the positive divisors in a given homology class on V make up a finite number 
of algebraic famsles, i.e, of families parametrized by algebraic varieties; of 
course the latter may have singular points and so need not be complex- 
analytic manifolds, but are algebroid varieties in the sense defined at the end 
of no. 20. One may also observe that for a given w in 0’ the points € of P* 
i 


9 


888 ANDRE WEL. 


such that Z (£) > W(w’) are those in a linear subvariety of P”, corresponding 
to the subspace L[W (0) + X,— W(u’)] of the vector-space L[W(0) + Xo]; 
in particular, each one of the above families of positive divisors may be con- 
sidered as a fibre-variety over a subvariety of ©’, the fibres being projective 
spaces. 


$ IV. The higher Jacobian varieties, 


24. I shall take this opportunity for making explicit some results 
implicitly contained in Hodge’s book ([5]; cf. also [6]), as this can be done 
very simply in the language which has been introduced above in § I and 
throws some additional light on the results of that &. 

As before, let V be a Kahler manifold of complex dimension n; take p 
such that 0S p< n— 1; call now À, and A’, the homology groups of V 
over the real number-field R for the dimensions 2p -+ 1 and 2n--2p—1 
respectively. These are vector-spaces of finite dimension over R; call A and 
A’ the subgroups of A, and of 4”, consisting of those homology classes which 
contain cycles with integral coefficients (i.e. the images in A, and in A’, 
of the homology groups of V with integral coefficients for the same dimen- 
sions) ; A is a discrete subgroup of À, of maximal rank, i.e. of rank equal to 
the dimension of Ao, so that A,/A is a torus of that same dimension; and 
the same is true of A’, and A’. 

By the Poincaré duality theorem, 4, and A’ are put into duality with 
each other by the intersection-number (or “ Kronecker index”), which induces 
a bilinear form <z’, £> on 4’, X Ap; moreover, by the same theorem, A and A’ 
are associated to each other in that duality, i.e. A’ consists of all the elements 
7 of A’, such that <7’, r> = 0 mod 1 for all re A. We may therefore identify 
A’, with the dual space to Ao, i. e. with the cohomology group of V of dimen- 
sion 2p + 1 with real coefficients, and similarly À, may be identified with 
the cohomology group of V of dimension 2n — 2p — 1 with real coefficients. 
In particular, À, and A’, may be identified with the de Rham groups of degrees 
*n—2p-—1 and 2p-+ 1 respectively; by the de Rham group of degree d, 
we understand the group of closed differential forms of degree d on V modulo 
the exterior differentials of forms of degree d—-1. Then A, A’ are the 
classes of forms of degrees 2n — 2p — 1 and 2p-+ 1 with integral periods; 
and if elements z, z’ of Ao A’, are the cohomology classes of two closed 
forms w, w of respective degrees 2n—2p—1 and 2p+1, we have 


<x’, TD = vw. 
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By Hodge’s existence theorems, each cohomology class contains one and 
only one harmonic form; s0 À, may also be identified with the space of 
harmonic forms of degree 2n — 2p — 1. As in no. 7, consider the operator 
C derived from the complex structure of V; if w is a form of degree d, we 
have C(Cw) = (—1)4%, so that C induces an operator such that C? == — I 
on forms of any odd degree. As C commutes with the operator A == dè + ôd, 
it transforms harmonic forms into harmonic forms; call J the operator 
induced by — C on the space A, of harmonic forms of degree 2n — 2p — 1; 
this is an endomorphism of A, satisfying J? == —TI; therefore A, must be of 
even dimension, and J can be used to define a complex structure on Ay; with ` 
that structure, Ay becomes a vector-space over the field of complex numbers, 
which will be denoted by A. In a similar manner, A’, becomes a vector- 
space’ over complex numbers by means of the operator J’ induced by —C 
on harmonic forms of degree 2p +1. Let w, w’ be two harmonic forms of 
respective degrees 2n — 3p — 1, 2p + 1; as C is an automorphism of the 
Ting of differential forms, we have C (ww) == Cw: Co; as every form ¢ of 
degree 2n can be written as fdz,dz,- - - dzydZ, in terms of local coordinates, 
we have C = ¢ for such a form, and in particular O (ww) —w’w. This gives 
Jo -Jo =o, whence <J'o, Jw> == <w, o>, or, if we replace w by Jo, 
d'u, © == <a, Jo); this shows that J’ is the transpose of J- for the 
duality determined by the bilinear form <z’,z>. According to our definitions 
in $I, no. 1, this makes A’ the “antidual” space of A; and, if we put 
© = A/A, ©’ = A’/A’, these are two complex toruses, dual to each other. 


25. We shall now give a definition of J, as an endomorphism of the 
de Rham group of degree 2n — 2p —1, which depends only upon the complex 
structure of V and not upon the choice of a Kahler metric; the existence of 
a Kahler metric on V, however, is essential to our purposes. Take any d such 
that 0 dS 2n; in each cohomology class of degree d, there are forms w 
such that dw ==d(Cw) == 0; in fact, the harmonic form of that class has that 
property. We now prove that, for do—0 and d(Cw) —0, the homology 
class of Cw depends only upon that of œ. In fact, assume that w is homologous 
to 0; let £ be any harmonic form of degree 2n — d, and put ¢ == Cg; then 
¢’ is harmonic; we have {w==C (fw) since o is of degree 2n, and 
C(u) == OY - Cw = £(Cw), and so fwo = {(Cw). As w is homologous to 0, 


we have f t’w = 0; this gives f £(Cow) = 0; as this is true for all har- 
Vv y 


monic forms £, i.e. for representatives of all cohomology classes of degree 
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in — d, and as Co is closed, it implies that Cw is homologous to 0.7 If now 
x is a cohomology class of degree d, and w is a representative of that class 
such that dw = 0 and d(Cw) == 0, we shall denote by Cz the class of the form 
Cw; this is an endomorphism of the de Rham group of dimension d which 
satisfies O? == (—1)47 and depends only upon the complex structure of V; 
for d == 2n — 2p — 1, the operator J defined above is J = — C. 


The complex torus © defined above by means of the cohomology group 
A, of degree 3n — 2p — 1, of the complex structure determined by J, and of 
the subgroup A of classes of A, with integral periods, will henceforth be 
denoted by ®,; with this notation, the torus denoted above by ®’ now appears 
as ©», Instead of A, A, we now write AW, AG), so that ©, — A@/A®), 


Thus, if V is any connected compact complex-analytic manifold of 
complex dimension n on which there exists at least one Kahler metric, we 
have defined a sequence @, @,,: : -,@, of complex toruses invariantly 
attached to it, in such a way that ©, and @,»., are dual to each other for 
0S psn—1. The torus © attached to V in Sb no. 7, is no other than @o 
in this notation, and its dual @’ is @, …. 


26. It will now be shown that, if V is a Hodge manifold, not only ®o 
and @,: (as we have seen in $1) but all the @, are abelian varieties; these 
will be called the Jacobtan varieties of V. As before, denote by Q the funda- 
mental form of degree 2 of the Kahler- metric, which by assumption’ has 
integral periods; we have CO==Q. If x is the cohomology class of a form o, 
that of Qu will be denoted by Le. If w is a representative of the class x 
such that dw=-Q and d(Cw) 0, we have d(Qw) —0 and d[C(Qw) | 
— d[Q(Cw)] = 0, and therefore, according to our definitions, (Cr) == U(Læ). 
For forms of odd degree, this. gives L(Jx) == J (Læs); s0 L is a complex-linear 
mapping of A®) into A®™ for all p. As Nw has integral periods whenever w 
has integral periods, L maps A®) into A®~); so L induces a complex-analytic 
homomorphism of @, into ®,., which will again be denoted by Z. But by 


"Using de Rham’s operator H (cf. [3], $ 19), this can be proved more briefly: 
if dw = 0, Hø = 0 is a necessary and sufficient condition for w to be homologous to 0; 
as H commutes with C, Hw —0 implies H(Ow) = 0. This argument applies also to the 
projection operators P.» which map each form w of degree a + b into the sum of the 
terms of type (a,b) in the expression of w in terms of local complex coordinates. As 
dw = d(Ow) = 0 implies d(P,,,0) = 0, and as H commutes with P.» one can define 
a projection operator P.s invariantly related to the complex structure on V, on the 
cohomology group of V with real coefficients for the dimension a +b. The dimension 
of the image of this group under P,,, is Hodge’s invariant p*,> ([6], Theorem I, p. 109). 


i 


ON PICARD VARIETIES. 891 


Hodge’s theorems, if w. is harmonic, so is Qw, and the mapping w — Ow of the 
space of harmonic forms of degree d into the space of harmonic forms of 
degree d + 2 has the kernel 0 if d & n— 1 and maps the former space onto 
the latter if d=n--1. So L maps ©, onto @p for 2p <n, and it maps ®p 
into @,-, with a finite kernel if 2p = n. 

For d & n— 1, call B, B,, Ba the spaces of. harmonic forms of degrees 
d, d+ 2, 2n — d respectively. As we have just said, L maps B isomorphically 
onto its image L(B) in B,. On the other hand, call # the kernel of the 
mapping LE of B, into Bz, i. e. of the mapping œ — 0" *4w; Æ is the space 
of “effective” harmonic forms of degree d + 2 in Hodge’s terminology, and 
Hodge has proved that B, is the direct sum of L(B) and of E. Let A, Ay, As 
be the groups of forms with integral periods in B, B,, Ba respectively ; as we 
have said, L maps A into A, and so L*-*4 maps A, into As; taking sets of 
generators of A, Ai, A, as bases for B, Bı, Ba respectively, we see that the 
mappings L and [**~4 will then be given by matrices with integral coefficients, 
and so the linear subspaces L(B) and EF of B, can both be defined by 
linear equations with integral coefficients. This implies that the group 
A’, = L(A) + (ENA) is a subgroup of B, of maximal rank and a sub-. 
group of A, of finite index, and that Æ NA, is a subgroup of Æ of maximal 
rank. ` ' | 

Now, assuming that d is odd, we give to B, B,, B, the complex structure 
determined by J = — C; as L and L"- are complex-linear mappings, L(B) 
and Ẹ are then complex-linear subspaces of B,. If we put d—2p — 1, we 
have 2p <= n, and, with the notation explained above, B == AC, By = Aer, 
A ` Alp), A, = Al?) and therefore Onp = B/A, Orp- = B1/A,. Put 
@ np = B,/A’,; the identical mapping of B, onto itself maps A’; into Ai, 
and so it induces a complex homomorphism of ©’,.,., onto @, #1; therefore 
these two toruses are isogenous ($1, no. 2); but the former is the direct 
product of the complex torus L(B)/L(A), which is isomorphic to B/A = @,,, 
and of the complex torus @”m-p-ı = E/ (EN A). So ®,,: is isogenous to 
the product of „p and of @’,»4 whenever 2p <n; and if we prove that 
ap 18 an abelian variety for 2p = n — 1, it will follow by induction on p 
that the same is true of ©,,., for the same values of p, and also of @, for 
these values of p since @, is dual to’ @,»4.1; as every integer q such that 
0<g<n—1 can be written either as q= p or a q = n—p— 1 with 
2p Æ n— 1, our proof will then be complete. Now consider the bilinear form 





F(a, «”) == (— 1)? S ww’ 29-1 
F 
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for we FE, wo eH; as w, w are of odd degree, we have ww == —w’w, and F is 
alternating. If w, w’ are in HMA, i.e. if they have integral periods, F (w, w) 
is an integer. Finally, again by Hodge’s theorems, we have, for every we E: 


(28-2P-1 (Cow) == (— 1) (n — 2p — 1) | to, 
and therefore 


F (Jo, a’) = (n—2p—1)! Í, w! (#0) ; 


this is symmetric and positive-definite; so F is a Riemann form for @”, 2, 
and this torus is an abelian variety. 


27. By an analytic cycle of (complex) dimension p on V, we under- 
stand a finite sum, with integral coefficients, of subvarieties of V of complex 
dimension p. Let 8,6 be the group of those cycles of dimension p on V 
which are homologous to 0 on V (with integral coefficients). Under the 
assumption that each analytic cycle on V defines a “ current,” i. e. essentially 
that the integral of a differential form of degree 2p on the manifold of 
simple points of a subvariety of V of complex dimension p is always con- 
vergent, one can define a canonical mapping of the group #24 into the 
complex torus ®,. This assumption is “undoubtedly ” true, but no proof of 
it seems to have been published; in order to simplify the definition of the 
canonical mapping of &, into @,, I shall assume even more, viz. that 
évery cycle in 4,®) can be expressed as the boundary of a singular chain of 
. such a nature that differential forms of degree 2p -+ 1 can be integrated on it. 

That being assumed, let X be any cycle in 4,0); put X == bQ, where 
b is the boundary operator and Q is a chain, with integral coefficients.. Let 
æ be a cohomology class of degree 2p-+-1 with real coefficients; take a 
representative w for x’ such that dw == 0 and d(Cw) ==0; we shall prove 


. that J A w depends only upon +. In fact, assume that w is homologous to 0. 


As « is then orthogonal to all harmonic forms, there is a form £ such that 
w = Af = dôf + dg; this implies d(8d£) == 0; as 8d(df) == 0, dg is there- 
fore harmonic; as it is homologous to 0, it is 0. This shows that d£ == 0 and 
w == dôf. As A commutes with C, we have Co == A(C£); as d(Cw) = 0, we 
can reason in the same manner on Cw, C£ as we have done on w, ¢, and so 
we get d(C£) == 0 and Cw = d8Cg (which proves again that Cw is homologous 
to 0). By another fundamental identity of the Kahler metric, we have 
Ad — dA == — C8C-* (the nature of the operator A need not concern us here) 
and so dC§ == — dAdC and dC == — dA (dC) = 0. By Stokes’s theorem, 
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we have L oO == Í, ô. But if À is any form of degree 2p, A and CA induce 


the same form on every analytic subvariety of V of complex dimension p; 
in particular, we have J, of = J, Cae = f d(C$£) = 0. This shows that 
Q 


f, « depends only upon 2’; as it is a linear function of 2’, it can be written 
Q 


as <T, £>, Where r==2(Q) is an element of the homology group A, of Y 
with real coefficients for the dimension 2p +1. If X is given, Q is well 
determined modulo cycles of dimension 2p-+1 with integral coefficients; 
if Z is such a cycle, its class z in Aj belongs to the subgroup of 4, which 
we have called A, or more precisely A®; if we replace Q by Q+-Z, z(Q) 
is replaced by z(Q -+ Z) ==2(Q@) +2. Therefore, when XY is given, z(Q) 
is well determined modulo A; if we denote by cp(X) the image of z(Q) in 
the factor-group A»/A, X —>cp(X) is therefore a homomorphism of 9,” 
into ©, whose definition depends only upon the complex structure of V 
provided there exists at least one Kahler metric on V. This is the canonical 
mapping that we wished to construct. 

For p = 0, the group %, is the group generated by the cycles M — P 
if P is a fixed point on V and M is arbitrary; in order to determine co, it is 
therefore enough to know the mapping M —> co(M — P) of V into 6,; it is 
easy to see that this is no other than the canonical mapping F which was 
defined in §I, no. 7. On the other hand, it follows from a theorem of Kodaira 
(Theorem 3, p. 110, in [3]) that the mapping c,. of 8, = §, into On- 
is the same as the canonical mapping c defined above in § I, no. 12. 

It is of course tempting to conjecture that any analytic family of cycles 
of dimension p on VY, belonging to the group %,), is mapped analytically 
into @, by cp; this seems very likely, but I have not yet succeeded in proving 
it. One would also like cp to map #:® onto @,, as this would pave the way 
to an algebraic interpretation of the Jacobian varieties ©, when V is an 
algebraic variety; in fact, @, could then be described as the factor-group 
of &,® modulo a concept of equivalence which one might hope to define in 
algebraic terms. But Prof. Hodge has pointed out to me that c, cannot map 
P onto @, unless all harmonic forms of degree 2p + 1 are sums of forms 
of type (p + 1, p) and of forms of type (p, p + 1) ; as in general this is not 
the case, some altogether new idea is required if the higher Jacobian varieties 
are to acquire the place which seems to belong to them in algebraic geometry. 
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ON PICARD VARIETIES.* — 


By Wei-Liane CHOW. 


1, Introduction. In a recent paper? J. Igusa has developed a theory 
of the Picard variety attached to a non-singular algebraic variety V. Let 
&,(V) be the group of all divisors in V which are continuously equivalent 
to zero, and let &,(V) be the group of all divisors in V which are linearly 
equivalent to zero; let A be the Abelian variety determined by the periods 
of the Abelion integrals of the first kind on V, and let P be the dual Abelian 
variety of A in the sense of Weil (see section 8). The variety P is called 
the Picard variety attached to V, and Igusa’s main result is that the group 
&.(V) can be mapped homomorphically onto the Picard variety P such that 
the kernel of this homomorphism is precisely the group (V). A. Weil? 
has taken up the same problem (for the possibly more general case of a Hodge 
variety) by a quite different method and has obtained among others also 
this result of Igusa, which he calls the first duality theorem of Igusa. There 
is however one important point concerning this theorem which is not settled 
in Igusa’s paper; this is the question whether the mapping of &,(V) onto P 
is an analytic mapping in the-sense (to be defined more precisely later in 
section 2) that itis analytic for every analytic system of divisors in &,(V). 
The importance of this question has been recognized by Weil, who considers. 
the solution of this question, which he has obtained by a very elegant method, 
as the Main Theorem of his theory. In this paper we shall give a new, 
simple proof of Igusa’s duality theorem, which will at the same time take care | 
of this additional question of analyticity almost without any further effort. 
Our method, like that of Igusa, is based on the existence of a “sufficiently: 
general” curve in V, but we shall make systematic use of the concept of 
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the parameter variety is an analytic manifold (i.e. a variety without multiple points) ; 
however, it can be extended to the general case of an arbitrary analytic parameter 
variety by using some of the concepts and results developed in our (unpublished) paper 
cited in footnote 10. | 
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duality between Abelian varieties introduced by Weil. Our theory holds only 
for an algebraic variety and is hence possibly less general than that of Weil; 
as a compensation, we are able to formulate and prove the analyticity of the 
mapping in a somewhat stronger sense than that given by Weil’s theory.’ 
In the last section we shall deal with the more algebraic aspects of the problem; 
on the basis of some results on the Jacobian varieties proved by us elsewhere,’ 
we investigate the fields of definition of some of the varieties and trans- 
formations introduced in the previous section. These results enable us to 
construct in a very simple way a system of divisors which represents the group 
&.(V)/8.(V) in a “ generally ” one-to-one manner. This is however a weaker 
result than that obtained by Weil,’ who has constructed a system of divisors 
which represents #,(V)/#81(V) in an exactly one-to-one manner. Finally, 
we should like to mention that the method used in this last section has far 
greater potentialities than the immediate objective there indicates; in fact, 
this method is part of an idea which can be developed into a theory of Picard 
varieties for algebraic varieties over an arbitrary ground field, as will be shown 
in a forthcoming paper of ours on this subject. 


We add here a few remarks concerning terminology. In this paper, 
the expression “analytic” shall always mean complex-analytic; and, unless 
explicitly stated to the contrary, the dimension is always the complex dimen- 
sion, which is twice the topological dimension.. By a cycle is always meant 
an algebraic cycle, except when explicitly stated to be a topological cycle, in 
which case the dimension-is of course understood to be topological. When 
we are dealing with mappings of group varieties Into one another, the 
expressions homomorphism, isomorphism, automorphism, etc. shall always 
mean analytic or algebraic homomorphism, isomorphism, automorphism, ete., 
according as we are dealing with analytic or algebraic varieties.. The possi- 
bility of any confusion on this score is excluded by the theorem ® that any 
(closed) analytic subvariety of an algebraic variety or analytic correspondence 
of an algebraic variety into another is an algebraic subvariety or an algebraic 
correspondence respectively. 


t A. Weil, loo. cit., $ L 
-5 We shall prove that the mapping is holomorphic in the sense defined in section 2, 
while Weil’s method (extended as indicated in footnote 3) yields only the somewhat 


_ weaker result that the mapping is analytic. 


° W. L. Chow, “ The Jacobian variety of an algebraic curve,” to appear in print soon. 

T A. Weil, loo. oit., § IT. 

sw. L. Chow, “On compact complex analytic varieties,’ American Journal of 
Mathematica, vol. 71 (1949), pp. 893-914, Theorem V and Theorem VII, . 


ON PICARD VARIETIES. 897 


2. Analytic mapping of cycles. By means of the method of associated 
forms ° the aggregate of all positive cycles of a given dimension d and a given 
degree m (i. e. the degree in the ambient projective space) in an algebraic variety 
V can be represented in a one-to-one and algebraic manner by the points of an 
(in general reducible) algebraic variety, which we shall denote by M (FV ; d, m). 
In fact, the (homogeneous) coordinates of a point in M (FY ; d, m) can be taken 
to be the coefficients of the associated form of the positive cycle corresponding 
to it. We shall call this representation the canonical mappings of the positive 
cycles into M(V;d,m). The canonical mapping has the property that if an 
analytic system of positive cycles | Z | of dimension d and degree m in V is 
parametrized by an analytic variety W, i.e. if there is a closed analytic corre- 
spondence 1° between W and V such that to each point in W corresponds 
(with a suitable definition of multiplicity) a positive cycle of dimension d 
and degree m, then this parametrization induces an everywhere single-valued 
analytic transformation of W into M(V;d,m). In case this last transforma- 
tion is a holomorphic transformation of W into V, then | Z| is said to be 
regularly parametrized by W. It is easily seen that if W is a manifold (i. e. 
a variety without multiple points), then the parametrization is always regular. 
If | Z, | and | Z, | are two analytic systems of positive cycles of the same dimen- 
sion d and of degrees m, and m, respectively, both parametrized by the same 
analytic variety W, then the difference system | Z,—-Z, |, consisting of all 


SW, L. Chow and B. L. van der Waerden, “ Zur algebraischen Geometrie. IX. Ueber 
zugeordnete Formen und algebraische Systeme von algebraischen Mannigfaltigkeiten,” 
Mathematische Annalen, Band 113 (1937), pp. 602-704; see also B. L. van der Waerden, 
Hinfuehrung in die algebraische Geometrie, §§ 36-7, pp. 153-162. More precisely, it is 
proved there that there is an algebraic correspondence (which is in general reducible) 
between M{V; d, m) and V such that to each point of 4f(V;d,m) there corresponds 
under this correspondence a positive cycle of dimension d and degree m in V, the multi- 
plicities of the components of the cycle being determined by the associated form corre- 
sponding to the point in Af(V; d,m), and that in this way all positive cycles of dimen- 
sion d and degree m in F can be obtained. This is what is meant by the statement that 
the positive cycles of dimension d and degree m in V are represented by the points of 
M(V;d,m) in @ one-to-one and algebraic manner. 

19 We shall use in this section some of the concepts developed in our paper, “ On 
complex analytic varieties,” to appear soon in this Journal. We refer to that paper 
for the definition of a complex analytic variety in abstracto and the definition of a 
holomorphie function on such a variety. We mention here that a closed analytic 
correspondence of an analytic variety W into an analytic variety V is defined by a 
closed analytic subvariety in the product variety W x V, and that such a correspondence 
is called an everywhere single-valued analytic transformation, if to each point in W 
corresponds exactly one point in F. A single-valued analytic transformation of W into 
V is said to be a holomorphic transformation, if every holomorphic function on V is 
carried by the inverse transformation into a holomorphic function on W. 
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cycles Z, — Z, as the common parameter runs through the variety W, is said 
to be an analytic system of cycles of dimension d and degree m == m, — M, 
and W is its parameter variety. The parametrization of | Zi — Z, | by W is 
said to be regular, if both |Z, | and | Z: | are regularly parametrized by W. . 

Suppose we have a mapping f(Z), which assign to each element of an 
aggregate {Z} of cycles of a given dimension d in V a point in an analytic 
variety U. We shall say that this mapping f(Z) is analytic, if for any 
analytic system of cycles in {Z} parametrized by an analytic variety W, the 
mapping f(Z) induces an (everywhere single-valued) analytic transformation 
of W into U. The mapping f(Z) is said to be holomorphic (or regularly 
analytic) if this induced transformation is holomorphic whenever W is a 
regular parametrization of the analytic system. Assume that U is an Abelian 
variety and that the mapping f(Z) is a homomorphism of a subgroup {2} 
of the group of all cycles of dimension d in V into U; then the mapping f(Z). 
is essentially determined by the mapping of the positive cycles in {Z}. It is 
then easily seen that the mapping f(Z) is holomorphic, if for the positive 
cycles of degree m in {Z} (for any m) the mapping f(Z) is the product of 
the canonical mapping of Z into M(V;d,m) and a holomorphic trans” 
formation of a subvariety of M(V;d,m) into U. 

Let Y be an algebraic subvariety of dimension r—d in V (r being the 
dimension of V) which is the intersection of V with a linear subspace L of 
the proper dimension in the ambient space, and let {Z} be the aggregate of 
all positive cycles of dimension d and degree m in V which has a proper 
intersection with Y. Let f(Z) be the mapping of {Z} in M(Y;0, m) which 
is the product of the mapping Z — 7: Y and the canonical mapping of Z -Y 
into M(Y;0, m); then f(Z) is a holomorphic mapping. In fact, the mapping 
Z—Z-Y induces a mapping f of an open subset** in M(V;d,m) into 


4 This subset is not only open in the sense of the ordinary topology, but also in the 
sense of the topology where the closed subsets are the (reducible or irreducible) alge- 
braic subvarieties. To show this, we recall the fact that if F(v,u™,...,u) is the 
associated form of a positive cycle Z of dimension d and degree m and if v® = (vy, 
o,,..., 0%), ¢=0,1,---,¢, are the hyperplane coordinates of any d + 1 hyper- 
planes in the ambient projective space, then we have F(v,o®,. .., 0) = 0 if and 
only if these d + 1 hyperplanes have a common intersection point with Z. See, e.g., 
B. L. van der Waerden, loc. oit., p. 157. Now, if we let v™,- . .,0 be the hyperplane 
coordinates of any d hyperplane whose intersection is the linear subspace L, then 
F(u®%,0®,...,0®) will vanish identically in the variables u® if and only if the 
cycle Z does not intersect L and hence also Y properly. The condition that F(u®, 
o”,. -+,0%) vanishes identically in the variables u® can obviously be expressed as 
a system of homogeneous algebraic equations in the coefficients of the form F(u®, 
u®,..+,u), which are the coordinates of the point in M(V;d,m) representing the 
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M(Y;0, m); and since f (Z) is evidently the product of the canonical mapping 
of Z into M(V;d,m) and f, it is sufficient to show that this mapping f 
is a holomorphic transformation. Now, the coordinates of the point in 
AM (V ;d, m), representing a cycle Z are the coefficients of the associated form 
of Z, and the associated form of Z- Y can be obtained by substituting for 
certain sets of variables in the associated form of Z the coefficients of the 
‘linear equations defining the linear subspace L. Furthermore, by a well 
known property of the associated form mentioned. in footnote 11, the so 
obtained associated form of Z-Y cannot vanish identically so long as Z 
intersects Y properly. As the coefficients of the associated form of Z- Y are 
the coordinates of the point in M(¥;0,m) representing Z: Y, it follows 
that the mapping f is a holomorphic transformation. _ 


3. Dual pairing of complex tori. Following Weil we shall introduce 
the concept of duality between complex tori. of a given dimension; a dual pair 
of complex tori-is characterized by the properties that the one is the character 
group of the fundamental group of the other and that the automorphism of 
the covering group of the one corresponding to the multiplication by Y—1 
induces the same automorphism of the covering group of the other. We can 
describe this concept in non-invariant terms as follows. Let 9 be the complex 
vector space of dimension p, and let a coordinate system be chosen as that 
a vector in S is represented by a point (2) = (2,: * `, Zp) in the p-dimen- 
sional complex number space. Let be a (2p, p)-matrix whose rows represent 
2p real-linearly independent vectors, and let [P] be the subgroup of 8 
generated by these _2p vectors. Then the quotient group U == 8/[Ẹ] is a 
complex torus of dimension p. Let 8” be another complex vector space of 
dimension p, and let a coordinate system be chosen so that a vector in F- 
is also represented by a point (7) = (2,,-::,2,) in the p-dimensional 
complex number space. We shall consider S’ to be invariantly associated 
with S in such a way that if S undergoes a coordinate transformation 
(z) — (z)X, then 8’ undergoes the coordinate transformation (z) —(z) fra, 
Let % be the (2p, »)-matrix such that (WP)! (WH) — 1; then the quotient 
group U’ == S’/[’] is a complex torus of dimension p which is invariantly 
associated with U and which can be considered as the character group of [$] 
by assigning to each point in U’, represented by a point (+) mod. [W], the 
character | | 


(1) (2°) (2) + 47) (2) (mod. 1) 


aN HELI : i ; 

cycle Z; it follows then that the set of all points in A (V; d,m) which represents cycles 
having improper intersections with Y is an (in general reducible) algebraic subvariety 
in M{V;d,m). 
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for all points (z) in [P]. It is clear that this relation between U and U’ 
is mutual; they are called the dual of each other, and we shall say that they 
are dually paired by the form (1). | 

The duality between U and U’ can be extended to the (closed, connected) 
analytic subgroups and the corresponding factor groups, which are also all 
complex tori. Let U, be an analytic subgroup of dimension p —q in U; then 
the component of the trace of U, in 8 which contains the zero vector is also 
an analytic subgroup and hence must be a linear subspace S, of dimension 
` p—q, so that we have Uy == S,/S.M [H] and hence U, is a complex torus. 
Without any loss of generality, we can assume the coordinate system of § so 
chosen that Sp is the subspace defined by 4 =" - ‘== gg = 0; let 9, be the 
subspace defined by Zg = * ‘7, m0, Similarly, let 8’) be the subspace 
of 9’ defined by 2’; ==" - ‘== 7/7 = 0, and let &’, be the subspace defined by 
Zg me’ #70. The fact that S/SN[P] is a compact manifold 
implies that the group SoN [H] contains 2p — 2q real-linearly independent 
vectors; hence, by a well known property of Abelian groups, it must possess a 
base which can be extended to a base of [W]. By a change of base of [$8] 
if necessary (which corresponds to the multiplication of P by a unimodular 
integral matrix on the left), we can therefore assume that the last 2p — 2q 
rows of P constitute a base of SoN [P]. The matrix P will then have the 
form + à.) , 80 that we have So N [H] = [Bo], and the corresponding 
matrix Y will have the form +4 +4 . The relation (PP) PB) = 1 


implies then the relations W R, + PP —1 and Boo + Woo — 1; 
this shows that the rows of each of the matrices R, We, Wi are also real- 
linearly independent and hence the groups U: == 8;/[$,], Uo = o [Fo] 
U’, == 8",/[@";] are all complex tori (of dimensions q, q — p, q respectively). 
Furthermore, these relations show that both Vo, U”’, and U, U’, can be made 
into dual pairs, if we define the character relations in each pair by the same 
form (1) as restricted to the pairs of subspaces So, So and 9,, 8’; respectively. 
The fact that the rows of Ws are real-linearly independent shows that 
V N [W] = [W], and hence UV’, == 9’,/98’, N [W] can be considered as an 
analytic subgroup of U’. It is also clear that U, is isomorphic to the factor 
group U/U, and U’, is isomorphic to the factor group U’/U’,, so that we can 
set U, — U/U, and U’, == U’/U’, and thus obtain the dual pairs Uy, U’/U’, 
and U/U,, U’;. Finally, we observe that U’,, considered as a subgroup of 
the character group UY’ of [$], is precisely the annihilator of [Ho], and hence 
can be considered as the character group of [$8]/[%.] under the canonical 
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homomorphism of [H] onto [%]/[%.]; and that if we identify [B1/[ Po] 
with [B] by projecting S onto the subspace 8., then for each element in U’, 
represented by a point (z) mod. [W], this induced character is defined by 
the form (1) for all (z) in [$1]. Thus the dual pairing of U/U, and U’: 
is an analytic extension of the well known group-theoretic pairing of [P]/ [$0] 
and U’, and we shall express this fact by saying that the dual pairing of 
U/U, and U’, is subordinate to the given dual pairing of U and U’. Similarly, 
the dual pairing of U, and U’/U’, if of course also subordinate to the dual 
pairing of U and V’. 

A complex torus U is said to be an Abelian variety, if U is an ETE 
variety, i.e. more precisely, if there is a one-to-one bi-holomorphie trans- 
formation of U onto an algebraic variety in some projective space. It follows 
from this definition and the theorem ë quoted in section 1 that any analytic 
subgroup Uo in an Abelian variety U is also an Abelian variety. Furthermore, 
it is known from the theory of Riemann matrices that the dual of an Abelian 
variety is also an Abelian variety; it follows then from this and the above 
paragraph that also the factor group U/U, is an Abelian variety." 


4. The Jacobian varieties. We shall give in this section a brief resumé 
of some properties of the Jacobian varieties which will be useful to us later. 
Let C be a non-singular algebraic curve of genus p. Let (a) = (a1,° ` >, ap) 
be a base of its first Betti group B (C), and let Ia be the intersection matrix 
of this base. Let (f®) == (f®,- -:, fp) be a system of p independent 
Abelian integrals of the first kind on C, and let Q be the (2p, p)-matrix whose 


4-th row is the vector Cf Do, 84, f p). The complex torus J == 9/[0] 
Qi as 


is called the Jacobian variety of C, and the dual complex torus J’ = §’/[Q’] 
is called the dual Jacobian variety of C; it is known’ that J is an Abelian 
variety and that J’ is isomorphic to J and hence is also an Abelian variety. 
In fact, if we set N == ta Q, then we will have from the known properties 


18 It can be shown by the method of associated forms that the factor group U/U, 
of an Abelian variety U over an Abelian subvariety (or a finite subgroup) U, is also an 
Abelian variety. More precisely, we have the following theorem: Let T be a homo- 
morphism of an Abelian variety U into an Abelian variety U’, and let K be a fleld over 
which U, U’ and T are all defined; then the kernel U, of T is a rational cycle over K 
and the factor group U/U, is an Abelian variety which can be represented by an alge- 
braic variety defined over K; furthermore, the homomorphism T induces then an igo- 
morphism of the so represented Abelian variety U/U, into U’, which is also defined 
over K. The proof of this theorem will be given in our forthcoming paper mentioned 
in section I. 


902 | © WEI-LIANG OHOW.. 


- of the Riemann matrix Q the relation La 0 = O'S; this shows that the linear 


transformation (2) == (#)9 of S’ onto S induces an isomorphism of J’ onto 
J, which we shall denote by N: 
Let x, be any fixed point i in C; then for any point z in C the mapping 


TOS E So) (mod. [a]) 


18 a holomorphic transformation of O into J, which can be extended to any 
Q-cycle Z == X niz; in C by the stipulation f(Z) =X muf(a). This mapping’ 
f(Z) is holomorphic. To show this we can without any loss of generality 
restrict ourselves to the case where Z is a positive 0-cycle of a given degree 


‘min C. Then the corresponding variety M(C;0,m) is simply the m-th 
“symmetric product of the curve C and hence is a non-singular algebraic 


variety. The mapping f(Z) induces an everywhere single-valued analytic 
transformation of M(C;0,m) into J, which on account of the non-singular 
nature of M(C;0,m) must be a holomorphic transformation. ‘As f(Z) is 
evidently the product of the canonical mapping of Z into M(C;0,m) and 
this last holomorphic transformation, our assertion is therefore proved. | 

Let fẹ be the Abelian integral of the third kind on C which has the 
0-cycle x — To as its residue divisor and whose periods are all pure imaginary. 


We can then define a character of B(C) by assigning to each element a in 


B (C) the real number eid % (mod. 1). If we identify B(C) with 


ap 

[Q] by means of the isomorphic mapping >) m;a; —> (m)Q, then this character 
izi 

is represented by a point hé in. In fact, we have the formula 


g(t) = ry ee J. Y, , fine | (mod. g), 


and this mapping Ba ne into J’ can be extended to any O-cycle Z == 3 net; 
in C by the stipulation g(Z) == 3 ng(z;). It is clear that g(Z) —0 
(mod. [Q’]) if and only if Z is a principal divisor, so that g(Z) induces an 
isomorphic mapping of 8,(C)/&1(C) into J’. Furthermore, this mapping 
g(Z) is also holomorphic. In fact, let fdi,- ~~, foz be the harmonic 
integrals on C corresponding to the topological 1-cycles a;,: > -, Gep respec- 


tively, and let M be a (p, aD) ae such that 


(fpo: . *; f bap) — (fn: . 3 Sr [Es : sen (2 


13 See B. L. van der Waerden, “Divisorklassen in algebraischen Funktionen- 
koerpern,” Commentarii Mathematics Helvetioi, vol. 20 (1947), pp. 68-108, § 13. | 


* 
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Then we have ` 


s) = f, dor $ of bop) 2’ D Fa | 
| Bj m PEN | | 
a z v 7 2 M 
ROL 
To 0 “e So >, 
D C © “= £ - 
= (f D, ° af. è» f D," "+, f Dp) (VE 
to Wo “to : £o 
= S o (ans (mod. [0]); 
35 @o 


this shows that g(x) == N“f(zx), which proves our assertion. Thus in the 
isomorphism N of J’ onto J, the mapping g(x) is carried over into the 
mapping f(z); this shows that these two mappings are essentially the same, 
being given here two different Eee een as: ye into a pair of dual 
Abelian varieties. 


5. The Picard varieties. Let V be a non-singular algebraic variety 
of dimension r embedded in a projective space, and let Ç be a non-singular 
algebraic curve in V such that any topological 1-cycle in V is homologous to 
a topological 1-cycle in C. Such a curve C certainly exists; we can take, 
for example, the intersection of V with a sufficiently general linear subspace 
of the complementary dimension in the ambient space of V.%* If 2q is the | 
rank of the first Betti group 8(V) of V, then there exist (according to a 
theorem of Hodge) exactly q independent Abelian integrals of the first kind 
f° +, (9 in V. Let (y) = (y1,' + +, Yiq) be a base of B(V), and let 


Q, be the (2q, g)-matrix whose 1-th row is the vector Cf (CARRE J. Ga). 


Since the rows of 0, are real-linearly independent, the quotient group S;/[Q, | 
is a complex torus of dimension q, which we shall call the Albanese variety 
A attached to V. The dual complex torus P of A is then called the Picard 
variety attached to V. Let x, be any fixed-point in V, which we shall assume 
for the sake of convenience to be also a point in C and take as the reference 


H That such an intersection has the indicated property is usually given a very 
sketchy proof in the literature. For a more detailed treatment, see W. L. Chow, “ On 
the fundamental group of an algebraic variety,” American Journal of Mathematics, 
vol. 74 (1952), pp. 728-736, Theorem 1.. 
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point in the definition of the mappings f(z) and g(a) in the previous section; 
then, for any point z in V the mapping 


F(2) = ( f ®y- f o) > (mod [04)) 


is a homoni k transformation of V into A, which can be extended to any 
O-cycle Z == 3 nz; in V by the stipulation F (Z) == 3m (r). It is easily 
seen that F(Z) is an analytic mapping of the 0-cycles in V into A; however, 
in contrast to the case of. a curve, we do not know whether this mapping is 
also holomorphic. 

The inclusion mapping of C into V induces a homomorphism L of 8 (C) 
into 8(V), which can be expressed by the relation (a) = (vy) on FV, where 
& is an integral (2g, 2p)-matrix. The assumption that every topological 
1-cycle in V.is homologous to a topological 1-cycle in C implies that this 
homomorphism L is onto, i.e. there exixsts an: ci (2p, 2q)-matrix Y 
such that QUY = 1. Since the integrals f ®.,°° +, f@, are also Abelian 
integrals of the first kind on the curve C, there exists a (p, q)-matrix & such 
that the relation ( fe) — (f®)X holds on the curve C. Integrating both 
sides over the base (a), we obtain the equation *20,—O2 and hence the 
equation Q — ‘WO; we have then the equation [QT] — [9,] and hence 
the mapping (z) — (z)& induces a homomorphism T of J onto A. The 
kernel Jo of T is an analytic subgroup of dimension p— q in J; further- 
more, if we denote by Sà the linear subspace of dimension p — q in S defined 
by the equation (2) = 0, then we have evidently Jo == 84/89N [OQ] and hence 
Jo is an Abelian variety. The homomorphism T induces an isomorphism 
of the factor group J/J, onto A, which we shall also denote by T; since 
J/J, is an Abelian variety, it follows that À and consequently also P are 
Abelian varieties. Let the subgroup J’; in J’ be the annihilator of SoN [Q]; 
we have shown before that J’, is the dual of J/J,:and that the dual pairing 
of J/J, and J’, is subordinate to the dual pairing of J and J’. The isomor- 
phism T of J/J, onto A then induces an isomorphism T” of P onto J’,, such 
that the dual pairing of A and P is carried by these isomorphisms into the 
dual pairing of J/J, and J'i. 

Let D be a divisor in V which is homologous to zero. According to the 
Weil’s generalization of a theorem of Lefschetz, there exists an Abelian 
integral fY# of the third kind on V with D as its residue divisor. Adding a 
linear combination of the Abelian integrals of the first kind if necessary, 


15 A, Weil, “Sur la théorie des formes différentielles attachées À une variété 
analytique complexe,” Commentarii Mathematioi Helvetioi, vol. 20 (1947), pp. 110-116. 
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we can assume that the periods of {W are all pure imaginary ; then the integral 
f¥ is uniquely determined by the divisor D up to an additive constant.: We 
can then define a character of 8(V) by assigning to each element y in 8 (F) 


the real number z Í, y (mod. 1). If we identify 8 (V) with [2] 


by means of the isomorphic mapping S ms > (m)Q,, then this character 


is represented by a point G(D) in P. Thus we have a homomorphism G(D) 
of the group $,(V) of all divisors in V which are homologous to zero, into 


the Abelian variety P. By considering the multiplicative function exp ( K Y) 


on V, it can be easily seen that the kernel of this homomorphism is precisely 
the group &,(V), so that G(D) induces an isomorphism of 9,(V)/&:(V) 
into P. We shall show that this mapping G(D) is holomorphic. We observe 
first that if the intersection 0-cycle C - D is defined, then the integral f# can 
also be considered as an integral of the third kind on the curve C with C- D 
as its residue; and as such it defines a character of @(C) which is the same as 
that induced by the corresponding character of @(V) under the homomorphism : 
L of B(C) onto B(V). We have then the equation G(D) =T’g(C-D); 
we observe here that the mapping 7’*g(C-D) is defined for any divisor D 
(not necessarily homologous to zero) such that ©: D is defined. Now, let 
D(w) = D,(w) — D;(w) be an analytic system of divisors in V, (regularly) 
| parametrized by an analytic variety W, where D,(w) and D,(w) are positive 
divisors such that D,(w) ~ D.(w) for all w. If w, is any point in W, we can 
choose the curve C such that the intersection 0-cycle C+ D(w) is defined; 
then the intersection O-cycle C-D(w) is defined for all points w in a 
sufficiently small neighborhood of wọ Furthermore, we can assume that C 
is the intersection of V with a suitably chosen linear subspace in the ambient 
space. Then we have the equation 


G{D(w)) = Tg(C - D(w)) = Tg (C -Di(w)) — T’g(C : Di(w)) 


for all points w in a neighborhood of wo. The mapping Tg(C:D,(w)) is 
obviously the product of the canonical mapping of D,(w) into M(V ; r — 1, m) 
(m being the degree of D,(w)), the holomorphic transformation of 
M(V;r—1,m) into M(C;0,m) induced by the mapping D—>C:D (see 
the last paragraph of section 1), the holomorphic transformation of 
M(C;0,m) into J’ induced by g(Z), and the isomorphism T°” of J’, onto 
P; it follows then that T’*g(C- D,(w)) is an analytic (holomorphic) trans- 
formation of a neighborhood of w, into P, and similarly also T’*g(C- D,(w)) 
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is an analytic (holomorphic) transformation. Thus we have shown that 
G(D(w)) is an analytic (holomorphic) transformation of a neighborhood of 
W into P; and since wọ is any point in W, it follows that G(D(w)) is an 
analytic (holomorphic) transformation of W into P. This proves our 
assertion. 

In order to complete the proof of Igusa’s duality theorem, it only 
remains to show that &,(V) —§%.(V) and that the mapping G(D) of 
&.(V) into P is onto. Since &,(V) is a subgroup of &,(V), both assertions 
will follow if we show that (D) maps the group §,(V) onto P; and this 
can be done by the construction of the so-called Poincaré family of divisors. 
However, we shall construct in the next section an analytic system of divisors 
which represents the group 9,(V)/%:(V) in a more precise manner. 


6. Representative system of divisors. We begin by observing (what 
we have implicitly assumed up to now) that the field @ of all complex 
numbers is the universal domain, in the sense of Weil,!® of the algebraic 
geometry we are concerned with here. We shall assume that the Abelian 
variety A is represented by an arbitrarily chosen, but fixed non-singular 
algebraic variety in some projective space; it follows then that the mapping 
F(z) of V into A is a rational transformation, defined (in the sense of Weil). 
- for all points of V. Let K be a field (i. e., in the terminology of Weil, a 
subfield of $ such that & has infinite degree of transcendency over K) over 
which the algebraic varieties V and A, as well as the rational transformation 
F(x) and the group composition in A, are all defined; furthermore, we shall 
assume that the point 2, the reference point in the definition of F(x), is 
rational over K. We can, in fact, take K to be a finitely generated extension 
of the rational field. Consider an (r—1)-dimensional linear system |C | 
of curves on V, which is cut out on F by a system of linear subspaces in the 
ambient space; by choosing the system of linear subspaces in a suitable 
manner we can assume that the system |C | has the following properties: 
(1) the system |C | is defined over K, i.e. the associated variety W of |C | 
in M(V;1,m), m being the degree of | O |, is defined over K; for any 
point w in W, we shall denote by C(w) the curve of the system corresponding 
to it; (2) the point z, is a base point of | C |, and a generic point of V over 
K is contained in exactly one curve of the system |C |; (8) for any generic 
point u of W over K, the curve C(u) is a non-singular curve, whose genus 


1s A. Weil, Foundations of Algebrato Geometry, American Mathematical Society 
Colloguium Publication no. 29 (1946). We shall use in this section the algebraic- 
geometric concepts and terminology developed in this book. 
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will be denoted by p. According to the theorem cited in footnote 14, the 
curve C(u) will have the property (stated at the beginning of section 5) 
that every topological 1-cycle in V is homologous to a topological 1-cycle in 
C(u). We can therefore apply the results of sections 4 and 5 to the curve 
C(u); let J(u) be the Jacobian variety of C(u) and let Tẹ be the homo- 
morphism of J(u) onto A defined in section 5. Since C(u) is defined over 
K(u), it follows from a result proved elsewhere 2’ that we can consider J (u) 
as represented by a non-singular algebraic variety, such that both the variety 
J(u) as well as the group composition in J(u) are defined over K(u). 
Moreover, since the point £o is a rational divisor of degree 1 in C(u) over 
K(u), the “canonical mapping” f, of C(u) into J(u), defined with æ as 
the reference point, is also a rational transformation defined over K (u). 
Then the homomorphism 7’, is a rational transformation of J(u) onto À; 
we maintain that it is also defined over K(u). In fact, the rational trans- 
formation F(s) of V into A induces a rational transformation of C(u) into 
A, which is evidently defined over K(u). Since A is an Abelian variety, 
this rational transformation has a uniquely determined linear extension,2® 
which is a rational transformation of J(u) into A, also defined over K (1) ; 
and it can be easily seen, in view of.our choice of the reference point x, for 
both F(a) and fw that this rational transformation is precisely the homo- 
morphism Tu 
The fact that Ty is dire over À (u) is the basis for the construction 
of what is usually called the Poincaré family of divisors,!® which is “ generi- 
cally ” parametrized by 4. Though this family does contain a representative 
‘for each element in 9,(V)/8:(V), it has the disadvantage that this repre- 
sentative is in general not uniquely determined, even for a “ generic” element 
in ,(V)/&:(V), there being a finite number of them in the family; this 
is due to the fact that A can be represented as a factor group J(u) /J,(u) 
of J(u), but not necessarily as a subgroup of J(u). In order to get a 
“ generally ” one-to-one representative system of divisors for #,(V)/#1(V), 
we: shall show that the isomorphism 7”, of P into J’(u), as defined in 
section 5, is also defined over K (u), provided we represent both P and J’(u) 
by suitably chosen algebraic varieties. In fact, since J(u) and J’(u) are 


17 See the paper cited in footnote 6. 

18 See A. Weil, Vartétés abéliennes et courbes algébriques, p. 77, Théorème 21. 

4 We have in mind here the method of construction due to F. Enriques, assuming 
the existence of q independent Abelian integrals of the first kind in V. See O. Zariski, 
Algebraic Surfaces, Ergebnisse der Mathematik und ihrer Grenzgebiete, vol. 3, no. 5 
(1935), p. 123 and the references cited there. - 
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isomorphic, we can represent both of them by the same algebraic variety 
and thus identify J’ (u) with J(u) by means of the isomorphism N defined 
in section 4; we can then consider J’ (u) as an Abelian subvariety of J (u) 
and we have evidently gẹ == fy, The construction of the algebraic variety 
representing P will be given in course of the proof below; we shall ‘see that 
the so represented variety P is defined over K.” 

Let X be a cycle of dimension q in J(u), rational over K (uw); then for 
a generic point v of A over K(u), the intersection À Tyt (v) is a rational 
O-cycle over K (u,v). If for any 0-cycle Z in an Abelian variety we denote 
(with Weil =) by ©(Z) the element in the Abelian variety which is the sam 
of all points in Z, each point being added or subtracted as often as its (positive 
or negative) multiplicity indicates, then the point 6(X-Ty"(v))-in J(u) 
is rational over K(u,v); hence, the mapping v>G(X- Tyi(v)) is a 
rational transformation of A into J(u), defined over K(w). The mapping 
H.: 0v G(X - Ty (v)) —S(X:T;1(0)), is then a homomorphism of A 
into J(u), defined over K(u), and hence the image H,(A) is an Abelian 
subvariety in J (u), also defined over K (u). It is clear that if s is the degree 
of the O-cycle X-Ty"*(v), then we have the equation TyHy(v) == © (sv); . 
this shows that H,(4) has the dimension q, and that the kernel A, of H, 
is a finite subgroup of A and hence is a positive 0-cycle, rational over K (u). 
Since the Abelian variety A is defined over K, the positive 0-cycle Ay, being 
a finite subgroup in A, must be algebraic over K; and as K(u) is a regular 
extension of K, it follows that À, is rational over K(u) NK = K. According 
to the theorem cited in footnote 12, the factor group 4/4, is then an Abelian 
variety which can be represented by a non-singular algebraic variety, defined 
over K, and the homomorphism H, of A into J(u) induces an isomorphism 
T’, of A/A into J(u), which is also defined over K(u). We shall now show. 
that 7’,(A/Ao) == J’,(u), so that A/A, is isomorphic to P and hence can be 
taken as a representative algebraic variety of P. Im order to prove this, we 
only need to show that for a generic point y of 4/4, over K(u), there exists a 
divisor D(y) in G(V) such that f,(D(y) -C(u)) = T’u(y). We recall that 
M(C;0,p) is a non-singular (irreducible) algebraic variety of dimension p, 
defined over K; in fact, it is the symmetric p-th product of the curve C(u). 


*° The first part of the proof below, namely the construction of the Abelian variety 
H,(A), is essentially the same as Castelnuovo’s proof for Poincaré’s “ complete reduci- 
bility theorem.” See G. Castelnuovo, “ Bugli integrali semplici appartenenti ad una 
superficie irregolare,” Rend. della R. Acoad. det Lincei, ser. V, vol. XIV (1905); com- 
pare also A. Weil, loo. ott., p. 94, Théorème 26. 

™ À. Weil, loc. cit., p. 28. 
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The mapping fa of the cycles in C(u) into J(u) induces a birational trans- 
formation Ay of M(C;0,p) onto J(u), defined over K(u):; hence, since 
T’.(y) is a generic point of T1”,(4/4,) over K(u), the inverse image 
hu*(T’u(y)) is a rational point of M(C;0, p) over K(u,y) and represents 
a positive 0-cycle Z (u, y) of degree p in C(u), which is rational over Æ(u, y). 
Over the field K(y), the mapping u— Z(u,y) defines an algebraic corre- 
spondence of W into V, and it is easily seen that the projection of this 
correspondence in V is a positive divisor Z(y) in V, rational over K(y); 
whose intersection with O (u) is precisely Z (u, y), apart from a possible fixed 
component Z} Let Z(0) be a specialization of Z(y) over the specialization 
y — 0 over K, such that O (u): Z(0) = pro + Zo; if K’ is an extension of K 
over which the divisor Z(0) is rational, then D(y) —2(y) oy is a 
divisor in 8,(V) such that 


fa(D(y) ` C(u)) = fa(Z (9) C(u) ) —fa(Z (0) - C(u)) 
= fu (Z (u, ¥)) — fu( po) 
SAATA) — fal p20) = Tay 


This proves our assertion. | 

If we now identify P with A/A., then the divisor D(y) will generate 
an analytic system of divisors in &,(V), “ generically ” parametrized by P 
in the sense that P is the parameter variety of this system for all generic points 
of P over K’; furthermore, if D (y) is any specialization of D(y) over any 
specialization y—>#, over K’, then we have G(D(yo)) =. However, this 
system gives a one-to-one representation of the group 8,.(V)/8:(V) only 
“in general,” since it is possible that for some special point yẹ in P there 
exist more than one —- of D(y) over the specialization y — Yo 
over K’. 

Finally, going over once more the arguments in this section, it will be 
readily seen that we have in fact proved the following result: If H is a 
homomorphism of any Abelian variety B into J(u) and if B is defined over 
K and H is defined over K(u), then H(B) is contained in J’;(u). Thus 
we can characterize the Picard variety P as the “largest Abelian subvariety ” 
in J(u) which is defined over K. As mentioned in section 1, this result is 
part of a purely algebraic theory of Picard varieties for algebraic varieties 

over an arbitrary ground field, which will be developed in a forthcoming paper. | 
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ON &-FOLD IRREDUCIBILITY OF MAPPINGS.* 


By G. T. WHYBURN. 


1. Introduction. In an earlier paper [1] it was shown by the author 
that a mapping f(A) == B on a compact set A is (strongly) irreducible if 
and only if the points x in A satisfying «== ftf (s) are dense in A. In this 
paper a similar characterization of the property of being irreducibly k-fold 
will be established. As in the earlier theorem, the proof can be made to 
hinge on the upper semi-continuity of a strategically defined diameter function. 

A mapping f(A) —B8 is said to be trreducibly k-fold, k a positive 
integer, on a closed set X in A provided that for each ye B, X-f%(y) | 
contains at least k points but if Æ’ is any closed proper subset of X, then 
X’: f(y) contains less than k points for at least one ye B. For k= 1 
this is identical with ordinary irreducibility in the strong sense as referred | 
to above. In what follows we shall assume that all spaces used are separable 
and metric. For any set Z, and positive number r, V,(Z) will denote the 
r-neighborhood of Z, i.e., the set of all points of the space at a distance < r 
from the set Z. | 


2. The function ex(x). For any set A ina metric space and any 
positive integer k, let us define e,(A) == g. l. b. [max 8(4A,)] for all decom- 


k 
positions A = $, À, of A into k non-empty subsets A; It will be noted at 


L. 
once that a set A is of power = k if and only if e(4)==0. Also we 
remark that if k were allowed to assume the values w (arbitrary finite number) 
and $, we would have 6,(4) —0 for all totally bounded sets A and, in a 
separable space, éw,(4) == 0 for all sets À. 

A mapping f(X) == Y is said to generate an upper semi-continuous 
decomposition of X provided the decomposition of XY into the sets [f-"(y) ], 
yeY is upper semi-continuous [2], i.e., the union of all sets of this collec- 
tion contained in any open set in X is an open set in X. 


THeormm. If the mapping f(X) =Y generates an upper semi-con- 
tinuous decomposition of X, the function e.(x) = e| f f(x) |, ce X, is upper 
semt-continuous. 


} r 


* Received April 21, 1952. 
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Proof. Let N be any real number and let U be the set of all ze X for 
which e(z) < N. We have to show that N is open. To that end let zeU. 
If 3d = N — e,(x) there exists a decomposition 


Am Fj) = A 


| | | : | 
with 8(4;) < N—2d for i==1,---,k. This gives Va(A) = X Va(4i) 
L 


` with 8[Va(4)] < 8(A;) + 2d <N, for t==1,---,k. Now by hypothesis 
the union V of all sets f(y) , y€ Y, contained in Fe) is open. Further, 
any such set admits the decomposition 


f(y) =F (9) Val) — à f(y) : Va(4o) 


with 8[f*(y)-Va(A)] < N, i= 1,2,---,k, so that ev(v) <N for all 
ve V, a U is‘open because ze Ve U. 


3. Characterization of k-fold irreducibility. A mapping f(£) = 
is at least k-fold provided f*(y) contains at least k points for each ye F. 


THEOREM. If X is compact, an at least k-fold mapping f(X) = 
arreductbly k-fold on X tf and only if the set of all x hice eh that rates 
consists of exactly E 18 dense in X. 


Proof. If the latter condition is satisfied, then for any closed proper 
subset X” of X, X — X would contain a point s for which f“f(z) consists 
of just k points and thus so that f(x) has at most k— 1 points in 47. 
Hence fi is irreducibly k-fold on X. 


On the other hand suppose fi is irreducibly k-fold on X. Let e be any 
positive number and let U be any open set in X of diameter <e Then since 
f fails to be at least k-fold on X — U, there exists a ye Y such that X — U 
‘contains at most k — 1 points of f*(y) and thus such that f-“(¥) is contained 
in U plus the union of k—1 additional points of X. Thus f“(y) admits 
a decomposition into k sets each of diameter < e so that e,(z) < « for each 
æef (y). Thus any open set U contains a point for which e(z) <e By 
the upper semi-continuity of e(z) established in §2 and the compactness 
of X, it follows that the set of zeros of ex(x) is dense in X; and it has already 
been noted that the zeros of e,(z) are precisely the points x for which f“f(z) 
consists of exactly & points. | 
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4, Existence theorem. In general, for a mapping the property of being 
at least k-fold on a set is not inducible for k > 1. ‘Hence the standard pro- 
cedure, based on the Brouwer Reduction Theorem, for showing the existence 
of a set on which a property is present irreducibly is not available for k > 1 
although it yields the expected result in case == 1. However for finite-to-one 
mappings this procedure does apply as will now be shown. 


Lamma. For fintte-to-one mappings the s property of being at least b-fold 
on a set is ‘inducible. 


For let F(X) =F be a finite-to-one mapping and let A, D 4: 432 
be a monotone decreasing sequence of non-empty compact sets in X on each 
of which f is at least 4-fold and let A be their intersection. If for some ye Y, 
A-f*(y) contained < points, then since f*(y) contains only a finite 
number of points and any point of f-*(y) not in A would fail to be in A, for 
some n, then for n sufficiently large A,- f(y) would contain less than k 
points. As this contradicts our supposition, the lemma is proven. 

The Brouwer Reduction Theorem now yields at once the following 


THEOREM. If X is compact and f(X) == Y is any at least k-fold finite- 
to-one mapping, there exists a closed subset A of X on which f ts an irreducibly 
k-fold mapping onto Y. 


For mappings which are not finite to one the existence question requires 
further study and it is proposed to deal with this in a later paper. 
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REPRESENTATIONS OF PRIMES BY QUADRATIC FORMS.* 


By N. C. ANKENY. 


Hecke proved that there exist infinitely many rational primes q such that 
(1) g= a + b? 


and b*==o(g), as g—> (cf. [3]). In this paper we shall prove on the 
assumption of the Extended Riemann Hypothesis (E. R. H.) that there exist 
infinitely many rational primes g such that 


(2) q == a + b? 
and b = O(log q). 


Hecke’s method was the following: let a be any integer in the Gaussian 
Field F (F == R(t), where R consists of the rational numbers). Now define 
the character x(a, n) == (a/a)*", where n is any rational integer. Define 


L(s,m) = Ex (a n)/Nat, Re(s)> 1, 


where (œ) runs over all integral ideals in F. These new functions L(s,n) 
define a new type of L-series which have many properties quite similar to 
the Dirichlet L-series. Hecke proved that the L-series had an Euler product 
and a functional equation. 

Let (P/P) — er, where P runs over all prime numbers in F. Then, 
with the ordering of the prime ideals by the norms, Ner(P;) = re(P u) 


(3) Op, Op, Py’ 


are equidistributed (mod 2r). From this fact (1) immediately follows. 

In the following we shall go further and prove a refinement of Hecke’s 
results on the assumption of the E.R. H. We shall make use of the work of 
A. Selberg on the zeros of Dirichlet L-series (cf. [6], [7]). 

We shall state here the two main theorems with regard to the equi- 
distribution of (3). 

Let | ü| be defined as the absolute value of %, where u == ù (mod 2r), 

* Received December 1], 1851; revised April 31, 1952. 


1 Prepared under the auspices of the Office of Naval Research. 
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—aStSn. Define fı = f,(0,7,A)=—1if |A—6| < (log T)**T; fi = 0 
otherwise, where e > 0 and T > Ti(e). 
Let N(P) be the norm from F to R of the ideal P. 


Taeorem J. Jf P runs over all prime ideals in F, then, for any à 

> fi (6p, T, A) (log N (P) je Nt | 

i = 1/rT* (log T) ™ + 0(T4 (log T)***), as T 00. 
Define f= f3 (0, T) = 1 if | 0 | S c (log T/T*) ; fz — 0 otherwise, where 


€ is a sufficiently large absolute constant. (This will be determined in 
Section 3.) 


TueoremM II. If P runs over all prime ideals in F, then 
ZA (Ge T) (log N(P)) MENT > ThogT, © To. 
P 


The result (2) is derived in Section 8 from Theorem II. | 


Theorem I and II can be generalized to any quadratic extension of’ the 
rationals and this will be done in Section 4. The result (2) can also be 
generalized (see Theorem III). 

I would like to thank A. Selberg for suggestions o1 on the a of 
this manuscript as well as actual sharpening of certain of the results. : 
= Sections 1 and 2 contain prelimnary lemmas. Section 3 deals with the 
proofs of Theorems I and II. Section 4 gives an outline of the generalization 
of these results to other quadratic extensions of the rationals. 


1. Define a ôi, de) = g(x) as follows: 

(a) g(z +27) —g(s), (b) g(—z)—g(z), 
© (e) g(z) = 1,14 1/8,(8;—2) 

for OSes, &SeSh.4+8 8e +h<TE 7, respectively, where 
1/100 > ô: = ê, > 0. Then 
(4) | 9 (%) =m + È a cos (n2), 
where 
(5) Raras — 8 +28, maa = (8n?) (cos n(8, +8) — cos nå, ). 


' We note that | | 
(6) | an | S5 min(1/(ôin°), 82). 
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Lemma 1. If p runs over all rational primes = 1 (mod 4), T. 1s a large 
positive integer, then | 


E Ap)? = 41 + o(T) 
P . r 
as T'->00, where A(p) = log p. 


We shall not prove Lemma 1 as it is a standard theorem on primes in an 
arithmetic progression. Let us note here that, if p is an odd rational prime, 
p == 1 (mod 4) holds if and only if p is the norm of a prime ideal in F. 


2. In the following let (a) run over all integral ideals in the Gaussian 
field F. Define x(a, n) == (a/a)", where n is any rational integer. Then 
x(a, n) = x (1a, n) = y(—14,n) = x(— a, n), so that x(a, n) depends only 
upon the ideal (4) and upon n. Further, x(aß, n) = x(a, n)x(8,n). Hf 
L(s, n) = 3 x(a, n) (Ner(a))-*, Re(s) > 1, then L(s, n) satisfies the following 
conditions : n 4 
(A) L(e,n) =H — x(g n) Wreg),  Re(s)> 1 


where g runs over all prime ideals in F. 
(B) If B(s) = (x/2)-*7L(s, n)I(s + 2n), 


then Æ(s) is meromorphic in the entire S-plane (actually, regular in the 
entire S-plane if n40), and R(s) = WR(1—s), where | W|—1. (See 
Hecke [2], [8] and [4] for proofs. Also see Landau [5] for a proof.) 

We assume L(s,n) 540, for Res > + and all n; we shall call this 
assumption the Extended Riemann Hypothesis. 

Let p run over all rational primes which are the norms of prime ideals 
in F (i.e, p= 4? + b? for some positive rational integers a and b). Let 
exp (ifp) — ((a + bt) (a — bt) *)*. 


Lemma 2. If T is a large positive number and a a positive rational | 
integer, then 


> (cos n6,)A(p)eP/? = O (T8 log(n + 8)). 
p 


The proof of this lemma will not be given. The proof for Dirichlet 
E-series was given by Ankeny (cf. [1]), and the difference between these 
two types of L-series has no real relevance to the proof. The results of A. 
Selberg on the zeros on the zeros of Dirichlet L-series can be extended to this 
new type of L-series, and Selberg’s results were the essential tools for the 
author’s result in [1]. 
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3: We are now in a position to prove Theorems I and II. First, 


(7) g (8p; 81; 82) =» = an CO8 m6, 


where g(a, 8., 5:) was defined in Section 1, and 6 in Section 2. Multiplying 
both sides of (7) by A(p)e*/T and summing over p, we obtain ` 


(8) E Ilp Br 8s) A(p)e-27F = a.I A(p) eo!” + E an (008 nly) A(p) e9" 


= ao 2 A(p)e #7 + OÇ È | ay | THlog(n + 3), 
p n= 
by Lemma 2. Now ‘ 
9) PEO | 
= | an | log (ni + 8) + E |as | log(n + 3), 
gS eo > (EA 
_ and by (6) 
Sö D log(n+3)4+5/8 D log(n+3)/nt 
na (6103) 1/8 n > (Bpa 

= 208,28,4 log 1/ 8,82. 
Hence, substituting (9) into (8), 
(10) E 9 (8 8, aJ A(P)E PT 

ds eae A(p) + O (T288, log 8183). 
The latter formula will yield the proof of both Theorems I, IT and of (2) 
by certain selection of &,, 8. 


If | 
(11) Ô: = (log TITA, ĝa sman (log T} t+e/ Th 


where e is some arbitrarily small number, then 
2 g (Ops 81; da) A (p)e?/T = bT /x + 48T + 0(8T) + O (T? (log T) =) 
— 1/7 Th (log T) + O (T (log 7)****) + o (Tt (log T)**). 
Let fa(0, T) be 1 if [0| £3 and 0 if D <é<2r—8 Then 
| 9 (@, 81, 8 — à) S f(a, 82) S g (T, 81, 32) 
and, using the values (11) of &, 83, | 
2 fı (6p, (log T)***/(T4)) A(p) eT — T4/ (x) (log T)™ + 0(T4(log T)*). 
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Similarly, we could extend the result of f, (8, (log T')*/(T#),A) defined 
in the introduction. This results by merely changing the definition of 
f2(0,8,, 82) by a translation où 8 of length À We shall leave this modifica- 
tion to the reader. 

We have now completed the proof of Theoren L. To prove Theorem IT 
and (2), we proceed as follows: Let f,(8, T) be 1 if | 8] <¢,T4logT, and 
fa be 0 otherwise, where c, is a constant that will be chosen later. . Then, 
in (10), letting 8, == 8; == CTA log T and using Lemma 1 


2 g (9p; oT log T, caT log T) A(p) eP/T ma 3102 TE log T+ O(Tilog T), 
o 
> Tòi log T, if c, is chosen sufficiently large. If c = 8c;, then 
falz, T) = g(a, c,T+ log T, cT log T), 
so that | er 
(12) Difs(O, T)A(p)e?/? = È g (Op, CT log T, GT log T) > T log T. - 
| p pO 
From (12) we can deduce (2) provided we can show that 
E fa (Op, T) (per? < 4T log T 
p> oT 
for. c, sufficiently large. To this end, define — 
ab) H (U) = $ fan T)A(P). 


We note that f(z, U) S g(a, T4 log T, aT log T) for U= T. Hence, 
if 8, = ô, == GT log T in (10), then 


H (U) == 1 F fa (s, U)A(p) S E fa (On U)A (per? 
S È g (0p GT log T, oTa log T)A(p) ee 
ma == (30/2) TA log T A Apen O(U4 log T) 
= (3¢,/2r) UT log T+0 Au log T) < ¢,UT log ro 
Hence, by partial summation, | 
G) E AG» DAT = Z H (n) (ONT — er), 
which, by (14), is | 


= Ti f H(U)eVTay S T7 f (esT log T)Ue van 
aT Oi 
== Cy (C4 + 1)e “TS log T 


918 N. 0. ANKENY. 


< 4Tlog T if 7 is sufficiently large. Hence, by (12), 
(16) 2 (Po T)(p)er/T > T log T — 2 f(O) A(P) eP/T > $T log T.” 
Hence there exists a prime q such that q < CT and 
(17) | ba | < aT log T. 
As q = a? + b’, a >b >00, 

exp + 10, = ( (a + bi) (a— 6t)*), =p 19q = CO8 Og lé + Bin Og. 
Hence, by (17), for T sufficiently large, 

bgr? == sin 6,/2 = cT log T <= cg log q, 


and so b = O (log q). This implies that there are infinitely many primes 
satisfying (2); in fact, from ue we can obtain a lower bound for their 
density. 


4. One can proceed to generalize Theorems I and II to all dd 
imaginary extensions of the rationals. If the class number À of F is greater 
than one, we must define our characters for ideals that are not necessarily 
principal. In F the group of classes is a finite Abelian group. ‘Therefore, 
the group has a finite number of generators, and so every ideal in F can 
uniquely be put in the form = (a) A,%A,%- + + At, where 0 = 1 < lu, * :, 
0<1<h, with h = hiha: --h,, and A: --,A,, are certain ideals in F.. 
Also A™ = (B;) with Bre F. | 

Let Bi* = Bj/M; this definition of 8,* is unique up to an h;-th root of 
unity. Define 


An) = (va TI (B/B) 


where e is half the number of roots of unity in F. Although B:*/Bi* is not 
uniquely determined, whatever choice of B.* we make, determines x; As 
hiha: + -hp = h, we have at most h different characters. 

To establish our theorems we must also introduce the characters ro, Tttt, 

ra which form the character group of the ideal classes in F. 

If we define exp (10p;) == y;(P, 1), then we can proceed as before to show 
that the 6,; are strongly equidistributed in the sense of Theorem I. Further- 
more, using the r’s, we can show that the 0p; are strongly equidistributed, 
where p runs over all prime ideals in a given class in F. We will state the 
interpretation of (2) in this case. 

Let H (x, y) = az? + Bry + ay? be a poetine definite binary quadratic 
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form associated with an ideal class in F. (See Landau [6] for the relation- 
ship between binary quadratic forms and ideal classes in quadratic fields.) 


THeoremM II. There are infinitely many primes q such that 
q == H (a, b), b = O(log q). 


If F is a quadratic real extension of R, then we define our characters 
as follows: If «e F, «s40, let x(a, n) == exp(ri n(log a) (log a) *(loge) *), 
where « is the conjugate of «, and e is the fundamental unit in F. 

The generalization for defining a character for an element to defining 
a character for an ideal is as follows: Let A= (a)A,A,%- - -A,*, 
Ap! == (By). Define Bj* = (8;) M, By* = (8;) M, where both f,* and B;* 
are real. Then 


xy (Ay, n) = exp mi n(log Bj*/log 8; (log e) + 21,/h;), 


where 1, runs through a set of residues (mod hs/ (2, hy). 

The condition in Theorem III that f(x, y) need be associated with an 
ideal class in a quadratic imaginary extension of the rationals can now be 
reduced to an association with an ideal class in any quadratic extension of 
the rationals. 


THE INSTITUTE FoR ADVANOED STUDY. 
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ON THE L'SPACE OF A LIE GROUP* 


x By G. D. Mostow.? 


1. Introduction. The purpose of this paper is to prove that the 
L3-space of a Lie group G has a base of functions which are analytic 
throughout G. For a compact group this follows readily from the Peter- 
Weyl Theorem together with the theorem that a closed subgroup of an 
analytic group is analytic. In order to establish the theorem for a general 
Lie group G, it is proved that any Lie group is analytically the direct product 
of a compact subgroup K and a euclidean subspace E; that, moveover, left 
Haar measure on G is the product measure of Haar measure on K by ordinary 
euclidean measure on Æ (relative to suitable coordinates). The main result 
follows from this. It is also proved that any Lie group can be embedded 
= analytically with non-vanishing Jacobian in euclidean space. 


2. Definitions and Preliminaries. We employ the terms “ analytic sub- 
manifold,” “analytic isomorphism of an analytic manifold,” “analytic sub- 
group ” in the sense defined in [1] (cf. pp. 74, 85, 100, 107). 


Definition. Let ¢ be an analytic mapping of A onto B. Let Ao, By be 
analytic submanifolds of A, B respectively. A, and Bo are called ¢-related 
if and only if A, is a connected component of ¢+(B,). 


Definition. Let G be an analytic group, let 4:,: - >, 4, be analytic sub- 


manifolds of G, and let 8 denote the mapping (ay, @g,°- +, n) > i ° Qatt ln 
of A; X 4: Xo -X A, into G. We say 

a) G = A; ° A3 °:::- A, if O is onto; 

b) GA, A::-::: A (UN) if 0 is one-to-one onto; 

c) GA; A,;:::::A,(TP) if 0 is a homeomorphism onto; 

d) G= 4: A+: ++ Aa(AN) if 6 is an analytic isomorphism onto. 

Lemma 1. Let G, G* be analytic groups, and assume 

1. G* == A,* A Ast ee de A,*(UN); 

2 AA; As": A,(AN); 


* Received November 13, 1950; revised April 16, 1952. 
+ Prepared under contract NR 045-004 with the Office of Naval Research. 
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8. Each A, and A,* are ¢-related, where FR is a locally 1-1 homomor- — 
phism from G onto G* (or vice versa). 
Then G* = A,*+ Ag*® +--+ +> An (AN). 
Proof. This lemma will be proved only for the case that ¢-is a homo- 
morphism of G onto G*. In the reverse case, the proof is essentially the 


same. We show that there is an open set about any element æ*e G* on 
which the mapping 


Q*- a, *a,* - . ` lyf —> (a, af, A * ay"), a e A,* 
is an analytic isomorphism. Let 2* == 0,*-6,*---b,*, be A (=I, 


-,n) and let ze G be ¢-related to z*. Then z == b, - bg +> +- ba, where 
be A; and b; is ¢-related to bi (t—1,---,n). Let F; be an open neigh- 
borhood of 6;* in A,* on which ¢ is one-to-one and let U = V,° Va 440e Va. 


Let © denote the mapping (th, aa’ + ', 0n) —> (p(t), *:;p(an)) of 
Vi X Va K++ X Vy onto (V1) &K °° X ATA. Since ¢ is an analytic iso- 
morphism on U, & is an analytic isomorphism. Let ¢* denote the mapping of 
the open set ¢(U) onto U which is the inverse of +. Inasmuch as 6* —D60p* 
(p* maps first), where @ is the mapping @,@2° - - An —> (i, Qs, °.' +, An) of G 
onto A, X Az X °° X As, and inasmuch as each of 4*, 6, ® are analytic 
isomorphisms, 6* is an analytic isomorphism on the open set ¢(U). Since 
z* was an arbitrary point of G*, 6* is an analytic isomorphism and 
G* == A,* . A,* sé ee A,*(AN). 


LEMMA 2. Let G be an analytic group, and let A, B be analytic sub- 
groups. If G — À - B(UN), then G =« À : B(AN). 


Proof. Let ©, A, B denote the Lie algebras of G, A, B respectively, 
and let Xp’ °, Xa and F,,:::,Y;, be bases for Ÿ and ® respectively. 
Then Xi, La, -Xo Yat *, Ya form. a base for ©. Let 


U = {2 | z = exp X, -expst Xo |t| <e i—l,---,a}, 
V = {z | z == exp Y, © exp È Yan |t] <o 1=1,:::,b}. 


Then for e suitably small, U, V, and UV are open neighborhoods of the 
identity in A, B, and G respectively and the mapping ¢: (u,v) —> u -v is an 
analytic isomorphism of.U X V onto U- V (cf. [5], p. 198). Select e 80 
that these conditions hold. 

Let L, and À, for ze G denote respectively left and right group trans- 
lation by z. Let Z,* for ae À and R;* for be B denote the transformations 
(z, y) — (az, y) and (z, y)— (z,yb) of AX B onto itself. Since A, B, 
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and G are analytic groups, L» Re, La”, and R? are analytic isomorphisms.. 
Let (x, y) be any element of A X B and let 8 denote the mapping (a, 0) — ab 
of À X B onto G. On the’ open set (cU, Vy) we have 6 mu LR bLe* Ry", 
so that 8 is an analytic isomorphism. Thus @ is a regular analytic mapping 
at all points of A X B and hence is an analytic isomorphism. 

As a consequence of Lemma 2, it is readily seen that the mapping 
ab — dot * bob of G onto G is an analytic isomorphism. 


3. Decomposition of Haar measure. 


Definition. A measure on an analytic n-dimensional manifold is an 
alternating analytic n-form (cf. [1], p. 146). 


Definiton. <A left Haar measure on an analytic group is a non-zero 
left invariant measure (cf. [1], p. 167). 


Suppose that G = 4+ B(AN). In the sequel we let a and B denote the 
mappings a: b—>a of G onto A and a'b—b of G onto B respectively. 
Suppose that #4 and wy are measures on A and B respectively. 


Definition. Wa X Up == ÔBWA O BWB (cf. 14 p. 151 for meaning of 
notation). This is called “the product measure.” 


As is known (cf. [1], p. 166), 


Japas Jef beans 


for any function A on AX B. If Gem A,- Azt- An(AN) and 
Wy," © °, W, are measures on Ai ©, An we define w, X w3 X°°°X Wy 
analogously. 

Let L(g) and R(g) denote left and right group translation by g respec- 
tively. If G— A: B(AN) where À and B are subgroups, let L* (aobo) 
denote the analytic isomorphism ab — aea > bob. Let L’(a) denote restriction 
of L(a) to À if ae A, and let F(b} denote the restriction of L(b) to B 
if be B. 


Lemma 3. Suppose that A and B are subgroups of the analytic group 
G such that G—A-B(AN). Let ọ ani y denote left Haar measures on 
A and B respectwely. Then (b X W) ay == OLA (a0) gp (Sache O Sf ewe), 
Where e ts the identity element of G. 


Proof. By definition, (4 X W)or = Sends O Baryo. Since and y are 
left Haar measures, pa = SL’ (at) ade and Yo == SL (b) oyo Since 


L’ (a*)a == aL* (a+), SL’ (a>) = 8L* (ab) 8a. 
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Consequently 
Scarpa mm SaandL’ (a*) ape == SL* (a DT) avdhede. 
Similarly Basyo == SL* (atb) 35884. It follows that 
($ X Y)an = SL* (01b) aaob O BL* (ab) ard Bei 
== 81)* (ab) gy (Skape O SBade). 


Let @ denote the Lie algebra of G, and let M, B denote the Lie sub- 
algebras of A and B respectively. 


Lemma 4. Let w denote the left Haar measure determined by 
Saepe n 5B oe, 4. €., Wap =™— SL (bat) 55 (Saepe E bBewe ) 


Let T(b) denote the linear transformation induced on the factor space ©/S 
by the differential at e of the inner automorphism L(b*)h(b), where be B. 
Then w =a f p X y, where f ts the function on G with 


f(a: b) == det T (b) =]|T(b)]. 
Proof. It follows directly from Lemma 3 that 
Wap = L(a) gpdL* (ab) 6( > X Y)ob 
== | 8L (ba) apBL*(ab)6 | ($ X Jo 


== | dL*(ab) dL (ba), | ($ X Ya 
= | dL (b-a*) gd L*(ab).| ($ X Wan 


To evaluate the determinant of the linear transformation dL (b-ta) dL* (ab) 
on G, we select as a base for @ the union of a base for X and a base for $. 

On A, L(bta*) - L* (ab) = E(b>)E(b), and on B, L(ba*) + L*(ab) 
is the identity transformation. Consequently 


f(a b) = | AL (Ha>) ad Et (ab) |= | 7) T | Ta) 


where Tm(b) is the matrix form of T (b) relative to suitable choice of base 
in @/8, and I is an identity matrix. It follows that f(a, b) — | T(b)|. 
COROLLARY 4:1. If B ts normal, then f(a, b) = 1. 
Proof. If XeW and Ye, then 
dL (exp-— Y)dR(exp Y)X = X[I + adY + (adX)?/21 +: ] =Z +Z, 
where Ze, Since any element of B is a finite product of exponentials, 
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dL (b)dR(b)(X) = X +Z, where Z is some element of B for all beB. 
It follows that T(b) is the identity transformation for all be B, and so 
f(a, b) =| T(b)| = 1. 


COROLLARY 4°2. If B ts compact or semi-simple, then f(a, b) = 1. 


Proof. |T(b)| is a real one-dimensional representation of the compact 
(or semi-simplé) connected group B. It follows that | T(b)| = 1 for all b e B. 


COROLLARY 4° 8. If the analytic subgroup determined by the LAe algebra 
B in some analytic group with Lie algebra © is compact, then | T(b)| —1 
for all be B. 


Proof. Let G’ be an analytic group with Lie algebra G, let B’ be the 
analytic subgroup determined by %, and assume B’ is compact. Let + denote 
the local isomorphism between Œ and @. Then T(b)—T(r(b)) when 
be B, Consequently, | T(b)|—1 for all b in some neighborhood U of the 
identity in B. Since T is a homomorphism of B, | T (b:ba: > -b,)| —1 when 
. b+ + -bae U. . Since B is connected, 3U*— B. Hence | T(b)|==1 for all 
be B. 


COROLLARY 4:4. If ad Y is nilpotent for all Y e B, then f(a, b) = 1. 


Proof. If Y e B, then T (exp Y} is the exponential of a nilpotent trans- 
formation and therefore has determinant one. It follows that | T'(b)| 1 
for all be B. | 


Leama 5. Suppose that G and G* are analytic groups and that w 13 a 
locally one-to-one homomorphism of G onto G*. Assume that G == M: N(AN), 
G* == M* - N*(AN), and that M, M* and N, N* are w-related. Suppose that 
Wu, Wy, Wa, Ware, Wye, Was are measures on M, N, G, M*, N*, G* respectively 
such that | i 


STÒ ware = SuwWy, Sn dv * Wye rm Svwy, Orge = WG, 


where u, v and u*, v* denote the projections of G onto M, N and of G* onto. 
M*, N* respectively. Then wae = wie X Wy. tf and only tf Wa = War X wy. 


The proof follows directly from the fact that dw is a regular onto mapping 
at each point and hence that ôr is an isomorphism of the ring of differential 


forms. Suppose @ is an analytic group with measure w and A,,---,A, are 
submanifolds with measures w,,: © <, Wa. 
Definition, G == A; > Ag: -Ån (W, Wi’ °°, Wa) means 


Gem A, + Az: > *An(AN) and w = w, X we: X wy. 


~~ 
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If A,, As,’ * +, À, are analytic subgroups, then G = 4; ° Ag: > -A,(m) 
means G@==A,4,::+A,(AN) and left Haar measure on @ is the product 
of left Haar measures on A,, Áa, © ‘Ap. 

If G and G* are analytic groups, if w* is a left Haar measure on G*, 
and if x is a locally one-to-one homomorphism of G onto G*, then &rw* is a 
left Haar measure on G. For L1(g*}m == ml1(g) , Where g* = (g), implies 


Sr * pe — Sr OL ge (g*) wt, — SL; (g) (srw gs ) j 


where e, e* are the identity elements in G, G* respectively. Thus drw* is 
the left Haar measure determined by 8r,w*,». It follows that if w is any 
Haar measure on G, then w and drw* differ only by a constant factor. 


THBOREM 1. Let G be an analytic group. Then G == E + K(wa, Wp, wx), 
where K is a compact subgroup, E is analytically tsomorphic to a euclidean 
space, wa and wx are left Haar measures, and wy ts euclidean measure on E 
relative to suitable coordinates. 


Proof. We shall make use of topological decompositions due to Malcev 
[2] and Iwassawa [3]. 


Let G denote the simply connected group of G, let m denote the natural 
homomorphism of G onto G, and let L- À be a Levi decomposition of @ 
into the semi-direct product of a semi-simple subgroup L and the radical À. 
Let L <= r(L), let L* — Ad(L), where Ad denotes the adjoint representation. 
Throughout our discussion, analytic subgroups of L* and L that are denoted 
by X* and X are Ad-related ; analytic subgroups of G and G that are denoted. 
by X and X are r-related. 

By a theorem of Iwassawa [2] which is related to the representatiom 
of a matrix as the product of a triangular by an orthogonal matrix, 
L* = §* - O*(TP) where S* is a simply connected, solvable analytic sub- 
group and C* is a compact analytic subgroup (cf. also [4]). From this one 
obtains readily that L = S : C(TP),C = À - Kı. (TP) where K, is a compact 
subgroup and A is a vector subgroup central in C, D<=S-C(TP), and the 
center of Z is contained in C. (This last result follows from the fact that 
L/C is a covering space of the simply connected space S* <= L*/C* and is 
therefore univalent.) Thus GoaL-R=5-O0-Re 5 (GR) (TP), where 
CR contains the center of G. It follows directly that G — S -(CR) (TP). 

Now, by a theorem of Malcev, CR == U,-U,+- +++ U,+(K3K2K,)(TP), 
where 1) U, is a subgroup isomorphic to the reals; 2) Uj: --U,- Kisa 
subgroup (t—1,---,7) that is normal in Urm © -Un © Ka (t= 2,---,7) 
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3) K;, K are compact subgroups of the solvable group AR which commute 
with each other and with K, (K, is in the closure of the commutator subgroup 
of AR); 4) KKK, = K; d K, : K,(TP). Thus 
CR (0,0,-- 06s) + (Ro) (TP) 
— (U,0,:-+UnKs)-(K,K,)(AN) . (Lemma 2) 
= (U,U,---U,Ks)+(KxK,)(m) (Corollary 4 : 8) 
— [U,-(U.: --U,Ks)]-(KsK1)(m) (Corollary 4 - 1) 
‘es [v, z Us LS: U, : K,] (K:K) (m) (Corollary 4 1) 
LE p Ue: eo On (É; 2 KK) (m) 
since the formation of the direct product of measure spaces is associative. 
But K,- ÉK, = É, K.K (m) by Corollary 4-3. Hence 
OR = Ü. £ Ue Fou Un i (K,K,K,) (m) 
| and CR = U, Us, EE Un : (KKK) (m) 
by Lemmas 1 and §. But &—= Ï : (m) = (8 - Č) - R(m), by Corollary 
4-1 and Corollary 4-3, hence G==8-(C:R)(m). Consequently, 
G = 8 - (CR) (m) by Lemmas 1 and 6. 
As is well known for simply connected solvable groups, 8 == V, - F3 
-© Vm, where each V; is isomorphic to the reals and Viz: > - Vm is normal 


in Vi: Va (1=1,:::,n). Hence, by repeated use of Corollary 4 : 1, 
we obtain 
Q = Vi: Fat te Ya Ua + + Un + (EKK) (m). 
Let 
E = V:i Fa: t- VU Un K — KKK, and let wa = W1 X° © X Oman 


where w; is left Haar measure in the 1-th factor. Let A; denote the Lie 


T subalgebra of the -th factor (t= 1,:::, m+ r) : let #™* denote the 


Cartesian product R: X +++ X Rmn, and let 8 denote the analytic isomorphism 
(y > +, dun) — CXP Gy,“ EXP Ge * EXPO eth, | 
(t—==1,---,m-+n), 
of fit onto E and let m, denote the projection of #"** onto F4 Then 
86(w1 X W:X’ ` X Wein) = bri (th) X ` on X Strmin (Uni); 


where 4% = ô exp (w) (i—1,:::,m+n). But, as is well known, 8 exp (w) 
is ordinary euclidean measure on the one (dimensional) linear space R, (cf. 
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[1], p. 155). Thus 80(w.X- +--+ Xwmin) is euclidean measure on St". 
Hence G= E + K(wg; wg, wx) where wa, wg are left Haar measures, and 
wgs becomes ordinary euclidean measure when the coordinate system 9° is 
introduced on the analytic manifold Æ. 


4 The theorems on embedding and on a base of analytic functions. 


THEOREM 2. A Ine group can be embedded analytically (with non- 
vanishing Jacobian) in Huchdean space. 


Proof, The Peter-Weyl Theorem tells us that a compact Lie group 
admits a (continuous) faithful finite dimensional representation. Since a 
continuous isomorphism of a Lie group is an analytic isomorphism ([1], 
p. 128), and since an analytic subgroup of the group of n X n matrices is an 
analytic submanifold of the euclidean space of all nX n matrices ([1], 
p. 101), a continuous faithful finite dimensional representation of a Lie 
group provides an analytic embedding with non-vanishing Jacobian in 
euclidean space. Consequently any analytic group G@ can be analytically 
embedded in euclidean space. For if G==#-K(AN) where K is compact 
and Ẹ is euclidean, and if 8 is a faithful n-dimensional representation of K, 
then the mapping @:(e, k)—>(e, 8(k)) of G into the euclidean space E X Er 
is an analytic isomorphism of G. Finally if @ is a Lie group, and if Go 
denotes the component of the identity of G, and if {Ga | n == 1, 2,- - -} denote 
the other connected components of @, then G’ can be embedded analytically 
in Euclidean space as follows: Let @ be any analytic embedding of G, in the 
euclidean space Æ. Select for each G, an element x (i == 1,2,---). Define 
(zag) = (0(g),n) for all ge G and for all n. Then # is an analytic 
embedding of G into the euclidean space Fo X E, where R denotes the real 
numbers. 


Turorem 3. The L? space of a Lie group G has a base of functions 
which are analytic on G. 


Proof. We may obviously assume that G is connected. Thus G == E : K 
(We, Wa, Wx), where K is a compact subgroup, E is mapped by an analytic 
isomorphism 8 onto a euclidean space À, and 8@(Way) is ordinary euclidean 
measure on À. Let œ denote a faithful representation of the compact group 
K by matrices of degree n, let F denote the euclidean space of all n Xn 
matrices (fy), the fy being regarded as coordinate functions (4, j == 1,2,--- , 1). 
Let f'y denote the function fi and let fa, Fate *, fn, * + be an ortho- 
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normal base with respect to Haar measure on K of the ring of functions 
generated by {fy |i, j= 1,:*',n}. Inasmuch as ¢ is an analytic iso- 
morphism into F (i.e. with non-vanishing Jacobian), Fa, f’s,- * > are analytic 
on K and form, in fact, a base for the L? space of K (with respect to Haar 
measure). Let {9’:,9'2,---°,9.,° ° *} be a base of analytic functions for 
the L° space of the euclidean space R. “Let a, 8 denote the projections of 4 
onto E, K respectively, and let fı =— f8, gs ga. Then {fi - gli j— 1, 
8," * *} is a base of analytic functions for the L?-space of G. 
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LOCALLY COMPACT RINGS. IIL* 


By IRvING KAPLANSKY. 


1. Introduction. In a series of papers ([3], [4], [5]) the author has 
carried out various investigations on locally compact rings. In the present 
paper we shall add three further theorems, as follows. 


(a) Two earlier results ([4], theorems 18 and 14) are generalized by 
showing that a non-diserete locally compact primitive ring of characteristic 
0 is a finite-dimensional algebra. 


(b) A conjecture ([4], p. 469) is verified by showing that a non-discrete 
locally compact simple* ring with minimal ideals is a finite-dimensional 
algebra. 


(c) <A structure theory is given for locally compact right bounded semi- 
simple rings. 


2.. Primitive rings of characteristic 0. The theorem to be proved in 
this section is the following: 


Tasorgxm 1. Let A be a non-discrete locally compact primitive ring of 
characteristic 0. Then A ts a finite-dimensional algebra over tts center. 


We need three lemmas.- The first two are implicit in [4], Lemma 10 and 
Theorem 11, and are given without further proof. 


Lemma 1. Let A be a locally compact non-discrete totally disconnected 
ring. Then for some prime p, the set of all x with p"x — 0 forms a non-zero 
closed ideal in À. 


LeMMA 2. Let À be a locally compact ring which is not a Q-ring. 
Then there exists a non-zero tdempotent e in A such that eAe is a Q-ring. 


The next lemma is a recapitulation of Jacobson’s theory ([1], p. 236) 
of the elgenring; we drop the assumption of a unit element and insert 
topological trimmings. 


* Received January 12, 1952. 
1 By a simple ring we shall always mean one that has no proper two-sided ideals, 
and not merely no proper closed two-sided ideals. 
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Lemma 8. Let A be a topological ring and M a closed regular maximal 
right ideal in A. Let B be the set of all x in A with zMCM. Then Bisa 
closed subring of A, M is a two-sided ideal in B, B/M is a topological division 
ring, and A/M is a topological linear space over B/M. 


Proof. Let e be a left unit mod M. The ring A acts by right multi- 
plication on A/M to produce an irreducible ring of endomorphisms, say with 
commuting division ring D. Take @ in D and suppose @ sends the coset 
e-+- M into b+- M. Then since 6 commutes with the right multiplication 
by z, we find that 6 sends ex + M into br + M. Since ex —zxe M, we have 
ex+M—œ+ M. Thus 6 sends + M into br + M, and coincides with 
left multiplication by b. Necessarily bM CM, that is, be B. In this way 
we obtain a homomorphism of B onto D. The kernel K consists of all y in 
B with yACM. Evidently K is a right ideal containing M. If K-<M, 
then K == A, A*CM, which is impossible since 6? is not in M. Thus K == M 
and B/M œ D. The remaining statements of the lemma are routine, and are 
left to the reader. | 


Proof of Theorem 1. Case I. A is a Q-ring and primary (in the sense 
that for some prime p, p"x — 0 for every x). Take a regular maximal right 
ideal M such that A is faithfully represented on A/M. Since A is a.Q-ring, 
M is closed. So we are able to apply Lemma 8. The vital thing is to know 
that the locally compact division ring B/M is non-discrete; this follows from 
the assumption that A, and hence B/M, is primary. By [4], Lemma 9, A/M 
is finite-dimensional over B/M. From this it follows that A is a simple 
algebra finite-dimensional over its center. 


Case IJ. A is primary but not a Q-ring. We apply Lemma 2 and 
obtain a non-zero idempotent e such that eAe is a Q-ring. Moreover eAe is 
again primitive, and again primary. By Case I, ede is a finite-dimensional 
algebra. From this it follows that A at least has minimal ideals (indeed if 
f is a primitive idempotent in eAe, it is also a primitive idempotent in A). . 
This allows us to quote [4], Theorem 14 to complete the proof of Case II. 


Case III. A is arbitrary. By [4], Theorem 2 we can assume that A 
is totally disconnected. We cite Lemma 1, and find a non-zero closed primary 
ideal J in À. Also J is again primitive and again locally compact. On 
applying Case I or II, which ever is appropriate, we deduce that I is a 
finite-dimensional algebra. In particular it has a unit element, whence it is 
a direct sumamnd of A. This is incompatible with the primitivity of A, 
unless J =" A. This concludes the proof of Theorem 1. 
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3. Simple rings with minimal ideals. With Theorem 1 we have con- 
cluded the study of locally compact primitive rings of characteristic 0. But 
characteristic p is another matter; the example on page 459 of [4] is an 
indication of the numerous possibilities. But if we go so far as to assume a 
simple ring with minimal ideals, we get the usual strong result. 


THEOREM 2. A non-dtscrete locally compact simple ring with minimal 
ideals ts a fintte-dimenstonal algebra over tts center. 


Two lemmas are needed, the first purely algebraic. 


Lemma 4. Let A be a simple ring with minimal ideals, and {a} an 
infinite set of orthogonal idempotents in A. Then there cannot exist in A 
an element y such that, for every i, ey is a non-zero element of made. . 


Proof. Represent A as a ring of finite-valued linear transformations on 
a vector space. Then the proposed element y, as a linear transformation, 
would have infinite-dimensional range. For its range contains the range 
(say Si) of eg = eye; and each S; is non-zero and is disjoint from the 
union of the remaining Ss. 


Lemma 5. Let A be a simple non-discrete topological ring, U a neighbor- 
hood of 0 in À, e an idempotent such that UN (1—e)A(1—e) =0. Then 
e is the unit element of À. 


Proof. Suppose e541. By the simplicity of A we have À = A(1—e)A, 
whence 


(1) , Bm >, t(l — e) yi- 
i=1 
There exists a neighborhood V of 0 such that VCU and 
(2) (1—e)V(1— e) CU, (3) (1— e) Vz,(1— e) CU, 
(4) (1— e)y,V(1—e) CU, (5) | (l—e)yVa2,(1—e) CU. 


Since UM(1— e)A(1—e) = 0, the left side of (2)-(5) is in each case 0. 
Multiply (3) on the right by y, add for j=—=1,:::,n" and use (1); we 
get (1—e)Ve—0. Similarly from (4) and (5) we find eV(1—e) = 0, 
eVe—0. On adding these four equations we obtain V == 0, contradicting 
the non-discreteness of A. 


Proof of Theorem 2. It is sufficient to prove that A has a unit element, . 
for then it has the descending chain condition, etc. Suppose the contrary and 
let U be be a compact open subring in A. Take any non-zero element x, in U. 
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It is known ([2], Theorem 9) that zı €6,46, for a suitable idempotent «.. 
By Lemma 5, we can pick a non-zero element x, in UN(1—¢,)A(1— 4&); 
again Ts E 64e, where €, is a suitable idempotent orthogonal to e, Con- 
tinuing in this fashion, we construct sequences 2, & with t s£ 0, {a} ortho- 
gonal idempotents, me UNeade. Write yma, +: : Lam; then yel. 
By compactness there exists in U a limit point y of the sequence {yi}. We 
have y, = 2m for all n = m, and hence emy = 3m. We have contradicted 
Lemma 4. 


4. Right bounded rings. In [4], Theorem 4 it was shown that a 
locally compact bounded semi-simple ring is a direct sum of a compact ring 
and a discrete ring. We shall now obtain a fairly complete structure theorem 
under the weaker hypothesis of right boundedness. , 


TreoreM 3. Let A be a locally compact right bounded semi-simple ring. 
Then A contains an open ideal which is a local direct sum -of finite simple 
rings relative to non-zero right ideals. 


Lemma 6. Let À be a semi-simple ring and I a right ideal in A. Then 
the radical R(L) of I is tts left annthtlator. If I/R(I) has a unit element, 
then I is of the form I <= 6A, 6 an idempotent. 


Proof. Let ze R(I), yeI. To prove ty —0 it is enough to prove that 
zy is in the radical of A; that is, we must show that zyz is quasi-regular for 
every z in À. But z(yz) eal is in R(T), and so is even quasi-regular in J. 


Suppose further that I/R(I) has a unit element, and let ee be any 
element mapping on it. Then (1—e)/CR(1), whence [(1—e¢)/]? —0, 
(1 — e)J is a nilpotent right ideal in A, (1—e)1—0. This proves that e 
is an idempotent and [*=el CeA. Further IDeA and so J eA. 


Lemma %. Let A be a semi-simple topological ring, and g a primitive 
idempotent in A. Then the closure of AgA is a primstive ring. 


Proof. Let C be the closure of 4g4. We claim that the representation 
of C upon the right ideal gC = gA is faithful. If not, there exists a non-zero 
element z in C with gAx—0. But then Cz — 0, which contradicts the fact 
that C, an ideal in a semi-simple ring, is itself semi-simple. 


Lemma 8. Let A be a locally compact right bounded semi-simple ring. 
Then À has a compact open right ideal of the form 6A, with e an idempotent. 
Suppose further that P is a closed primitive ideal in A not containing e; 
then A/P is finite, and P ts a direct summand of A. 
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Lexma 9. A locally compact right bounded primitive ring ts discrete. 


Proof. It is convenient to prove these two lemmas together. Let A be 
as in Lemma 8. An application of [4], Theorem 1 shows that A must he 
totally disconnected. Then A has compact open subgroups. By [3], Lemma 9 
it even has a compact open right ideal J. Let R(T) be the radical of J; 
R(T) is closed by [5], Theorem 1. Then by [3], Theorem 16 J/R(J) has a 
unit element. This makes Lemma 6 applicable and shows that J is of the 
form eA. We have proved the first part of Lemma 8. 


We now suppose further that P is a closed primitive ideal in A not 
containing e. Write B == A/P, and let f be the image of e in B; note that f 
is non-zero. We have that fB is compact open, since it is the image of ed. 
Likewise {Bf is compact, and moreover fBf (like B) is primitive. But a 
compact primitive ring is necessarily finite ([3] remark 7 on page 165). 
So fBf is finite, and this proves that B is a primitive ring with minimal ideals. 
Indeed f can be written as the sum of a finite number of idempotents which 
are primitive idempotents in fBf and likewise in B. Hence f lies in the unique 
minimal two-sided ideal of B, which we shall call D. Since D contains fB, 
it is open in B. Thus D is a locally compact simple ring with minimal ideals. 
If D is non-discrete, then by Theorem 2 it is a finite-dimensional algebra 
over a non-discrete center; but this is incompatible with the fact that D 
contains a compact open right ideal fB = fD. Hence D is discrete, whence 
fB is finite, from which it follows that B itself is finite (for an infinite 
primitive ring cannot have a finite non-zero right ideal). 


We have now completed the proof of Lemma 8, except for the fact that 
P is a direct sumand of A. Before showing this, we pause to prove Lemma 9. 
We accordingly let A be a locally compact right bounded primitive ring and 
let eA be a compact open right ideal, as above. There are two possibilities. 
If ¢==0, then A is of course discrete. If e540, we may take P = 0 in the 
above discussion, and we conclude that A is even finite. 


We are now ready to conclude the proof of Lemma 8 by showing that P 
is a direct summand of A. For this purpose we look next at the compact 
semi-simple ring eAe, whose structure is completely known from [3], 
Theorem 16; in particular, it is well stocked with primitive idempotents, 
which are primitive idempotents also in A. It is not possible that P con- 
tains all these primitive idempotents; for then since it is closed it would 
contain e, the latter being a limit of sums of primitive idempotents. We pick 
a primitive idempotent g not in P. Let C be the closure of AgA. By Lemma 
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7, C is primitive. It is again right bounded,? and so Lemma 9 applies to 
show that C is discrete. That is, C is actually Agd and is a simple ring 
with minimal ideals. Since Ọ is not in P, while both C and A/P are simple, 
we have a direct sum composition A == (@P at least in the algebraic sense. 
But this shows that C is isomorphic to A/P, hence is a finite simple ring 
with unit element; thus the direct sum is topological as well as algebraic. 
This completes the proof of Lemma 8. 


Proof of Theorem 3. With Lemma 8 at hand, it is not difficult to 
analyze the structure of a locally compact right bounded semi-simple ring A. 
The basic tool is the compact open right ideal eA. We consider the closed 
primitive ideals in A; it follows from [5, Theorem 1] that their intersection 
is 0. Let J denote the intersection of those primitive ideals (necessarily open) 
that contain e. ` Since J contains ¢A, it is again open. We shall prove that 
J has the structure described in Theorem 3. 


Let P, denote a typical closed primitive ideal not containing e. By 
Lemma 8 we have À = hA @ P, where M4 is a finite simple ring with unit 
element A; We observe that h, lies in J. For let Q be a primitive ideal 
containing e. Then Q must contain either hd or P,; but if it contains P; 
it must equal Pa, since A/P; is simple. This is a contradiction, and so Q 
contains hA. Thus À; lies in J, which is the intersection of the Q’s. 

We define a mapping T of J into the complete direct sum of the rings 
{hid} by sending ze J into {hy}. In the first place, T is faithful. For if 
cl == 0 then hæ = 0, x lies in every Pi; while ze J implies that æ lies in 
every remaining primitive ideal. Thus a==0. Next the range of T includes 
at least the algebraic direct sum of the rings h44, that is, the elements with 
all but a finite number of coordinates zero; this is an automatic consequence 
of the fact that {hA} are distinct minimal two sided ideals in J. From the 
compactness of eA we then deduce that eA is (algebraically and topologically) 
the complete direct sum of the right ideals AeA. Incidentally Aye is non- 
zero, since otherwise e would lie in Fi. 

At this point we know that J contains the local direct sum of the rings. 
hid relative to the right ideals hed. To complete the proof that J is pre- 
cisely this local direct sum, only one thing more is needed; for any yed 
we must show that all but a finite number of the elements Aw lie in hed. 
Let U be a neighborhood of 0 (we can suppose that UCeA) such that 
yUCeA, Since eA is precisely the Cartesian product of AeA, it follows that 


? Right boundedness is inherited by subrings. 
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U is unrestricted at all but a finite number of coordinates. That is, for all 
but a finite number of + we have yheA ChyeA, which ee ye Nga This 
completes the proof of Theorem 3. | 

The structure of J is thus completely determined, while A/J can be an 
arbitrary discrete semi-simple ring. We shall not attempt to study the ring 
extension problem that arises here, but it should at-least be remarked that J 
` need not be a direct summand of A. To get a counter-example, take J to be 
the local direct sum of finite simple rings relative to proper right ideals, 
and let A be the result of adjoining to J the unit element of the complete 
direct sum. 
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CARTESIAN PRODUCTS OF REALS.* 
By SAMUEL KAPLAN. 


Introduction. Cartesian products of reals PR, have been finding in- 
creasing use in the theory of topological linear spaces, essentially because of 
their intimate connection with the weak topology of such spaces. An investi- 
gation of the basic properties of these products appears, therefore, to be 
desirable. | | 

The primary problem is to free these spaces once and for all from their 
dependence on the special axes used to define them. In the present paper, this 
is attacked in two directions. The first direction, to which we devote part I, 
is that of finding intrinsic properties which characterize cartesian products of 
reals. We obtain two such characterizations. One of these is Lefschetz’ 
linear compactness ([8], page 78), which he defined for his “linearly. 
topologized vector spaces.” Lefschetz showed (cf. [4]) that a linearly com-. 
pact space of his type is a cartesian product of reals, the reals being taken 
as discrete. Clearly linear compactness as a concept can be defined equally 
well for ordinary topological linear spaces, and what we show is that the same 
structure theorem is obtained, viz. 


A convex topological linear space is linearly compact if and only if it is 
a cartesian product of reals. 


The second characterization is a not unexpected one: 


A conver topological linear space ts a cartesian product of reals if and 
only tf it is complete in tts weak topology. 

The second direction, pursued in part IL, is that of finding conditions, 
in a given cartesian product of reals PR), for a set of one-dimensional linear 
subspaces {f,’} to be an alternative set of axes for PR). A necessary and 


sufficient condition is given in Theorem 11. One result in terms of matrices 
is the following (Corollary 2, Theorem 16): ` 


Let {x} be a set of elements of PR,. Then a necessary condition that 
the zs generate an alternative set of axes ts that the matrix of the coordi- 
nates of the zs be column-finite. 


* Received October 4, 1951; revised February 23, 1952. 
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In part ITI there are also given the answers to some immediate questions 
about closed linear subspaces of cartesian products of reals. For example, 
every closed linear subspace has a complementary closed linear subspace, or 
(Mackey) the join of two closed linear subspaces is closed. 

Part II is devoted to studying the conjugate space of a cartesian product 
of reals and using it to establish the reflexivity of the latter. The topology 
of the conjugate space turns out to be simply the supremum of all convex 
topologies which can be imposed on it. 

In closing we wish to point out that the present paper is heavily indebted 
to Mackey’s thesis ({10], [11]). 


I. Characterization Theorems. 


1. Basic definitions and propositions. All our spaces are teal linear 
spaces, and we will omit the word “real.” We use the word “ linear ”—as 
applied to both spaces and functions—in its purely algebraic sense. 

We denote the identity of a linear space X by 6. If A and B are any 
two subsets of X, A + B consists of all z of the form a + b, where ae A, 
be B. For any collection of subsets {Ay}, Z A will denote the set of all 
finite sums of the form ax, +: + +--+ ax, Where ax, € Ar, (t= 1," : *,k). 

In a topological linear space, any open set containing 0 will be called 
a nucleus. As is customary, we will give the topology of á topological linear 
space by simply giving a nuclear base. i 

Given a collection {X,} of topological linear spaces, the cartesian product 
X == PX, of the Xys is the space of all collections x == {x}, where 


(i) for each A, the coordinate x, of z is an element of X); 
(ii) multiplication by reals and addition are coordinatewise ; 
(iii) we take for a nuclear base all sets of the form {z|za, e Uy,;i~1,---, k} 
where A1,° * *, Àp is any finite set of A’s, and Uy is any nucleus in Xy, 
(i= 1," °, k). 

This topology is called the T'ychonoff, or product, topology. We note 
that if the topology of every X, is convex, then that of X is also convex. 
For each A», we identify X), with the subspace {x|z1 — 0 for all A£ À}. 
As a result we have X == ($ X\)f (the dagger means closure), any sub- 
product PX, ({u}C{A}) can be written PX, = (3 X,)t, and a member of 
the nuclear base above can be written 


U om Š Un + (> X) T. 
) {=i pi 
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It is easily verified that if f is a continuous linear functional on PX, 
then f is zero on all but a finite number of the X,’s. It follows that every 
continuous linear functional on PX), can be written f— fx +: : H fue 
where f,, is a continuous linear function on Xy, (t—1,::-,#). And of 
course every such sum is a continuous linear functional on PX). 

If X is a topological linear space and X* is the set of all continuous 
linear functionals on X, then the weak topology on X is defined as follows: 
For a nuclear base we take all sets of the form {x| | fi(x)| <e(t=—1,---,h)}, 
where f1,' * -,f, are any elements of X*, and € is any positive real number. 
It is easy to show that for f,,: ' *,fw we need only consider linearly inde- 
pendent functionals. 

If X is a linear space and F is the set of all linear functionals on X, 
then the weak* topology on F is defined as follows: For a nuclear base we 
take all sets of the form {f| | f(æ)| < e (t=1,:--+,)}, where T1,' ` +, £x 
are any elements of X, and e is any positive real number. Here also we need 
only consider linearly independent elements for 2,,- © -, Ty. 

We will need the following three (known) propositions. 


(1) Let X be a linear space, F the set of all linear functionals on X, 
and E any linear subspace of F which ts total. Then under the weak* 
topology, E = F. | 


Proof. Consider any fe F. We have to show that given e > 0 and 
elements æ:,: °°, 2 of X, there exists an fe E such that’ | f(t) —fo(zi)| < € 
for+—=1,---,k. We will show in fact that there exists an fe E such that 
fai) = folz) for t = 1,- - +, k. If we let H be the subspace {f e F| f(z) = 0 
(t= 1,: : <, k)}, then our last statement says that. fo + H contains elements 
of E; it is this that we will prove. We assume that x,,: : -,2, are linearly 
independent; then they are linearly independent as linear functionals on F. 
It follows ([3], Théorème 1) that F/H is exactly k-dimensional. Now EF is 
total; hence zı,’ : * ,æx are also linearly independent as linear functionals 
on E. Therefore E/HN E is also exactly k-dimensional, and so is identical 
with F/H. It follows that F = E + H, which immediately gives the required 
conclusion. | 


(2) The set of all linear functionals on a linear space X forms, under 
the weak* topology, a space topologically isomorphic to a cartesian product of 
reals PRe, where for the index set {£}, we can take any Hamel basis in X. 


Proof. Let {é} be any Hamel basis for X, that is, every ze X can be 
written uniquely in the form g == té +: +--+ trés (the ts real numbers). 
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If f is a linear functional on X, f is completely determined by the values f (é), 

€ running through the Hamel basis. Denoting f(£) by fe, the mapping 

f — {fe} is clearly an algebraic isomorphism of the set of all linear functionals 

onto PR. It is easy to see that the Tychonoff topology on PRg is precisely 
the weak* topology. 


(3) Let X — PR; be a cartesian product of reals. Then no conver 
topology on X different from the Tychonoff has exactly the same set of con- 
tinuous linear functionals. | 


Proof. As we remarked earlier, each continuous linear functional on PR 
(under the Tychonoff topology) has the form f == fu +: : -t fr,, where fa, 
is a linear functional on Ry, (t==1,:--,k). This implies immediately that 
the resulting weak topology is A the T'ychonoff topology. Now suppose 
we are given a convex topology on PR, which has exactly the same set of 
continuous linear functionals as the Tychonoff. From what we have just 
remarked, this topology must be at least as fine as the Tychonoff. We show 
it cannot be. finer. 

Let U be any symmetric convex nucleus in this topology. We will show 
that U contains all but a finite number of the Exs, whence it will follow 
easily that U contains a Tychonoff nucleus.. Let p(x) denote the pseudo-norm 
defined on PR; by U in the usual manner ([12],§9). What we have to prove 
is that p(x) is zero on all but a finite number of the Rys. Suppose not. 
Then there is a denumerable set {Rap} on which p(x) is different from zero. 
By the Hahn-Banach theorem, for each R;,, there is a linear function f™ 
such that (i) f@ has norm 1 relative to p(x); (ii) f™ attains its norm on 
Ey. From (i), each f™- is bounded relative to p(x), hence continuous in the 
topology, and hence by assumption continuous in the Tychonoff topology. 
It follows that it is zero on all but a finite number of the Rys. As a result 
(by taking a subsequence if necessary) we can assume each f) equals zero 


on all Ram, m>n. Now define f = (1/3")f™, f is bounded relative to 
p(z) and hence, by the same argument as above, equals zero on all but a 
finite number of Rys. But a simple calculation, using (ii), shows that f 
differs from zero on all the Ay,’s. This gives a contradiction. 

In Mackey’s terminology (cf. [11]), the above theorem states that a 
cartesian product of reals is both relatively weak and relatively strong. The 
theorem could have been proved from general considerations of Mackey on 
ideals of pseudonorm sets. Katétov also has a Ai ([6], Theorem (2. e }, 
but it seems to contain an error. 
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2. The characterization theorems. Given a linear space X, by a linear 
variety we mean any set of the form z -+ Xo, where £, is a linear subspace. 
A topological linear space is called linearly compacct if, given any collection 
of closed linear varieties with the finite intersection property, the entire 
collection has a non-empty intersection. 


THEOREM 1. Let X be a convex topological space. Then a necessary 
and sufficient condition that X be linearly compact ts that it be topologically 
‘ssomorphic to a cartesian product of reals. 


Proof. Assume X is linearly compact. Let X* be the set of all con- 
tinuous linear functionals on X, and X the set of all linear functionals on X*. 
By the usual identification, X C Xx, 

We impose the weak* topology on Ÿ. Since the resulting topology on 
X ( as a subspace of X) is its weak topology, it follows that a set closed in X 
under the topology of ¥ is closed in X under the original topology. 

We show first that X is all of XY. Consider any Ze £. Let {Wa} be 
the collection of linear subspace of X defined as follows: for each a, Wa is 
the set of linear functionals on X* which are zero on some finite numbers of 
points of X*, and every such set appears as a Wa. The Was are each closed; 
therefore the linear varieties {7 -+ Wa} are each closed, and their intersection 
is exactly z From the proof of (1), the closed linear varieties of X 
{( + W.) AX} have the finite intersection property. Hence, since X is 
linearly compact, they have a non-empty intersection, which from the above 
must be 3. Thus Ze X, and we have X =X. | 

Now from (2),.X is topologically isomorphic to a cartesian product of 
reals. Also, X and XY have the same set of continuous linear functionals 
([3], Théorème 2). It follows from (3) that the PROS of X is identical 
with that of X. 

The converse property, that a cartesian product of reals is linearly com- 
pact, is proved by the same type of argument as that used in the Tychonoff 
Theorem (cf. [8], Chap. IL (27. 2)). 


THEOREM 2. Let X be a conver topological linear space. Then a 
necessary and suficient condition that X be topologically isomorphic to a 
cartesian product of reals 18 that X be complete under its weak topology. 


Proof. Assume X, is complete under its weak topology, and let X* 
and X be the same as in the previous proof. Since the topology of X as a 
subset of À is its weak topology, X is a complete subset of X and therefore 
closed in X. But from (1), Xt = x, which gives us X=. That the 
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topology of X is identical with that of X follows by the precise argument 
given in the previous proof. 
The converse part of the theorem follows from the fact that a cartesian 
product of reals is complete, and its topology is its weak topology (cf. (3)). 
We summarize the above results in one theorem (in connection with (c), 
cf. [11], Theorem 15). 


Trrorem 3. For a convex topological linear space X, the following 
four properties are equivalent: (a) X 1s linearly compact; (b) X ts complete 
in its weak topology; (c) X ts complete and its topology ts identical with tts 
weak topology; (d) X is topologically isomorphic to a cartesian product 
of reals. 


To disassociate the concept of cartesian product of reals from dependence 
on any special set of axes, we will call such a space an entire topological 
linear space. 


II. Reflexivity Properties. 


3. Weak products of reals. The weak or combinatorial (cf. [6]) 
product Y == PY) of a set of convex topological linear spaces is the subspace 
3 Fr of PY, (that is, the points with only a finite number of coordinates 
different from the identity), but topologized as follows: each collection {V}, 
where V) is a convex nucleus of FY, determines a convex set V in Y, viz. the 


convex’ envelope of |) Va; the set of all V’s obtained in this manner is taken 
as a nuclear base for the topology of Y. 


Note that we have defined the weak product of convex spaces only. 
This is merely for convenience, since we consider only convex spaces in this 
paper. It is possible to define the weak product of any topological linear 
spaces. | 

What we are interested in is the weak product of reals, Y = PS, 
(throughout the paper we will denote the images of reals which occur in 
cartesian products by Æ’s and those which occur in weak products by 8’s). 
We will aproach this by means of an intrinsic definition: That is, we define 
a certain type of convex topological linear space, study a few of its properties, 
and then show that it is topologically isomorphic to a weak product of reals. 

Let Y be a linear space. We take for a nuclear base the collection {V} 
of all sets containing # with the following two properties: 1°. V is convex; 
2°. V intersects every one-dimensional linear subspace in an open interval. 
The resulting topology will be called the totally fine convex linear topology 
on Y. 
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That {V} does satisfy the conditions for a nuclear base is easily shown. 
The nuclear base defining any convex topology in Y always has properties 
1° and 2°; hence the totally fine topology is clearly the finest convex topology 
on Y, the supremum of all the convex topologies ([2], page 11). We will 
call a linear space under its totally fine topology a totally fine conver 
topological linear space or simply a totally fine space. As the following 
theorems show, the properties with which we will be principally concerned 
in such a space are determined entirely by its algebraic structure. 


Turorem 4. If Y is a totally fine space, every linear functional on Y 
is continuous. i 


Proof. The totally fine topology, being the supremum of all convex 
topologies on Y, is at least as fine as the weak topology defined by the set of 
all linear functionals of Y. (It is actually much finer.) 


THEOREM 5. Ina totally fine space, every linear subspace ts closed. 


From Theorem 4, every hyperplane is closed. Hence a linear subspace, 
being the intersection of all the hyperplanes containing it, is closed. 

Bv a Hamel basis of a linear space Y, we (for the moment) mean, as 
usual, a set {ya} such that every ye Y is a unique finite linear combination 
of vs. For each À, let S, be the one-dimensional linear subspace generated 
by m. We will find it more convenient to work with the S\s than with the 
7.8; hence we will adopt the convention of calling the collection {S,} also a 
Hamel basis. Explicitly, a collection of one dimensional linear subspaces {6} 
ig a Hamel basis if Y == $ 8) and, for every À, SYN 2 Da == ĝ. 


Now let Y be a linear space and {81} a Hamel basis for Y. Every 
collection {In}, where J, is an open interval of S, containing 8, determines a 
convex set V’ in F, viz. the convex envelope of UJ J). Let us call any set V’ 
obtained in this way an {Sh1}-convex-set. It is easy to show that the collection 
of all {S;}-convex-sets forms a nuclear base for a convex topology on F. 


THEOREM 6. Let Y be a linear space and {8,} a Hamel basis for Y. 
The topology defined by the collection of all {S\}-convex-sets is identical with 
the totally fine topology. 


It is enough to show that every set satisfying 1° and 2° contains an 
{8)}-convex-set. Suppose V satisfies 1° and 2°. For each A, let A = FA Sy. 
Since V is convex, the convex envelope V” of (J A lies in F. 

Given any Hamel basis {8} in a totally fine space Y, we may also 
consider the weak product PS). Clearly, under the identification of each Sy 
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of the Hamel basis with the corresponding S) of PoS» we have an algebraic 
isomorphism of Y with P“S,. Theorem 6 shows that this is also a topological 
isomorphism. Thus we have the 


COROLLARY. À totally fine space ts topologically isomorphic to the weak 
product of any Hamel basis in it. 


Since the Sys defining a weak product of reals obviously form a Hamel 
basis for the weak product, it also follows from Theorem 6 that every weak 
product of reals is a totally fine space. We thus have 


THEOREM Y. For a conver topological linear space Y, the following two 
properties are equivalent: (a) Y is totally fine; (b) Y is topologically iso- 
morphic to a weak product of reals. 


Also of interest is 
, Tumorem 8. A totally fine space is complete. 


The proof is given in the Appendix (§ 10). 


4. Reflexivity. In normed linear spaces, the conjugate space of a given 
space X is topologized essentially by means of the bounded sets of X. We 
do the same here. | | 

Given a topological linear space X, we topologize the set X* of all con- 
tinuous linear functionals on X as follows. For every closed bounded set G 
of X, let | 


(4) MB) = (fe X* eup | f(2)] < 1). 


(Note that N(B) is automatically convex.) We take for a nuclear base 

in X* the collection of all N(B)’s. X* topologized in this fashion will be 

called the conjugate space of X, and will be denoted by the same symbol X*. 
We will need the following two lemmas. 


Lemma 1. Let X == PX) be a cartestan product of linear topological 
spaces. Then every bounded set B of X ts contained in a bounded “ cube,” 
that is, a set of the form (3 B;)T, By a bounded set in Xy. 


Proof. For each Ao, let By, = {zuze B}. We show By, is bounded 
in Xy. Consider any nucleus U of Xn. Since B is bounded, there exists 
a real number ¢ > 0 such that the nucleus t(0,, + (2 Xa) T) contains B. 

i ha 


But then tU contains Ba, hence the latter is bounded. The set (3 B;)f 
is then the required “ cube.” - 
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Lemma 2. Let Y = PYY, be a weak product of conver topological 
linear spaces. Then every bounded set B les tn a finite dimensional subspace 


Pipe = + rs. 


Proof. Suppose B lies in no such subspace. Then there exists a sequence 
{y™} CB and a sequence {A,} such that y, 546 (n==1,2,:--). For 
each À», choose a convex nucleus Va, such that y, £ nV;,; and for all other 
Ns, take Vi Y}. Then if V is the convex envelope of U Vj, BC tY for 
any t > 0. 

In what follows, if y is a linear functional on a linear space X, we will 
sometimes use the notation zy or yx to denote y(z). 

We now proceed with the proof of reflexity. 


Lemma 3. Let {X} be a set of topological linear spaces. Then 
(PX))* — PeX,*. 


Proof. For each À, let us write X,*== Y,. That PY) is the set of 
continuous linear functionals on PX), under the definition sy == 3 Tyn, is 
proved in ([6], Theorem (2.2)). (It also follows from a remark we made 
in $1). To establish the lemma, it is enough, from Lemma 1, to show that 
if B is of the form B= (%B,)+ in PX), then N(B) is exactly the convex 
envelope of LJ Va, where Vy = N(B) in Ya. This is readily verified by 
calculation. 


Lemma 4. Let {Fh} be a set of convex topological linear spaces. Then 
(Poy) * = PY>*. 


Proof. For each À, let us write Fy" == X}. That PX, is the set of 
continuous linear functionals on PYY, (with cy mu %2y,) is easily proved 
(cf. [6], Theorem 2.2). To establish the lemma it is enough, from Lemma 2, 
to show that if B is a bounded set in Fy +° -+ Fy then N(B) in PX) 
is exactly the set U(Ai,: © * , Àx) + (241) t, where U(A,: + +, An) =N (B) 
in Xy -Hee +--+ Xa. Again this is readily verified by calculation. 

‘If a topological linear space X has the property that (X*)* == X (not 
only set-theoretically, but topologically) we will say that X is reflertve. 
(In this case X is convex). From Lemmas 3 and 4 we have immediately 


Lemma 5. If X = PX) and, for each À, Xy ts reflexive, then X is also. 
If Y = PYY, and, for each À, Yy ts reflemive, then Y ts also. 


From this we conclude 
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Tuxorem 9. An entire topological linear space (a totally fine space) 
is reflerive, and its conjugate space is a totally fine space (an entire topological 
linear space). 


COROLLARY. The converse of (2) holds, that is, an entire topological 
linear space is the set of all linear functionals on a linear space topologized 
by the weak* topology. 


t 


The concept of conjugacy and reflexiveness can be formulated with closed 
bounded sets replaced by compact sets in (4). Lemmas 1 through 5 and 
Theorem 9 are easily seen to hold in this case too. Indeed we have a stronger 
conclusion. In the reals, the compact sets are identical with the closed 
bounded sets. It is easy to show, using Lemmas 1 and 2 that the same is 
true for cartesian and weak products of reals, that is | 


Lemma 6. In entire topological linear spaces and in totally fine spaces, 
the compact sets are identical with the closed bounded sets. 


III. Transformations of Axes. 


5. Sets of axes. Let X be a linear space. Two linear subspaces À,, £3 
are called complementary if X, + Xi X and XN X, = 9, In such case 
it is trivial that every ze X can be written T= T, + Ze, 2e À, te Xa in 
only one way. | 


Definition. Let X be a topological linear space. A set {Ra} of one- 
dimensional linear subspaces of X will be called a set of axes for X if 
properties (1) and (II) below hold. 

(I) For each partition of the index set {À} into two disjoint sets, 


{A} = {u} U {v}, the closed linear subspaces (SR,)T and (SR,)f are 
complementary. 


Consider any ze X. For every Ao, Ay, and (> R;)t are complementary, 
| Pr 
by (I); hence z can be written uniquely z = tu + 2’, m, E Ry, T e( > Balt. 
Wr 


We will call 2, the Ao-component of x (with respect to the set {R;}). Now 
the finite subsets of the index set {A} are directed by inclusion, hence the 
finite sums 2, +: -+-+ Za of the components of z form a directed set, and 
we can consider the question of the (Moore-Smith) convergence of this 
directed set. We can now state property (II). 
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(II) For every xeX, the directed set of all finste sums of the com- 
ponents of x converges to x. We denote this by £ =m $ 2). 


We establish some immediate properties. In the following, {Ry} is a 
fixed set of axes. 


(5) For any two elements x, x’ of X, z—# tf and only if Dy xp 
for all À. 


The necessity follows from the uniqueness of components; the sufficiency 
from the uniqueness of convergence. 


(6) If {p} ts a subset of {A}, then a necessary and sufficient condition 
that re (3 By) tT ts that sy = 6 for all À not in {p}. 


Proof. Assume ze (3 R.)t, and consider any À not in {a}. We can 
write z == £ +- 9, where se (SA,)tC (2a) and 8 €En; hence from the 


uniqueness of components, 2,==6. Conversely, suppose my ==0 for all À 
notin {a}. Then z = 4 zy = 3 7,2 ( $ Ba) T- 

(7) Let {u} be a subset of {A} and re X. We have z =m y + 2, where 
ye(XSR,)t and ze (2 Rate Then (i) yat, for all p; (ii) ya —8 for 
ali À not in {a}. | 


. (ii) was proved in (6). We prove (i). For any po, Y ==#» + 9’, 
ye (> R;)t. Hence a == yp + (y +2), y +ze (2 Ry). It follows that 
Fito Aa 
Dao = Yn. (Note that the proof of (7) uses only property (I) ). 


(8) Suppose that for each a, Ao ts a subset of {A}. If {u} == [] Ao, 
then (2 Ra t= f) (2 R)ĵ (If A] Ac is empty, we write (X Ra) t = 9). 


Proof. The left side is clearly contained in the right. To show the 
inverse inclusion, consider 2#(%R,)t. From (6), z4 5&0 for some À 
not in {x}. Choose o such that às £ Ac. Then, from (6) again, z £ ac Ry)t, 


hence, a fortiori, æ is not an element of the right side. 


THEOREM 10. In a totally fine space Y, (a) every Hamel basis is a set 
of axes; (b) every set of axes ts a Hamel basis; (c) property (I) implies 
property (II). 

Proof. Let {Sy} be a Hamel basis. Then, for every partition of {A} 
into two disjoint sets, {A} = {u}U {v}, 38, and Z S, are complementary. 
But from Theorem 5, 3 Sy = (38,)+ and 3 S, <= (3 9,)+; therefore property 
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(I) holds. Since every ye Y lies in a finite sum of the Sys, property (II) 
is trivially satisfied. This proves (a). 


Now suppose {8} is a set of axes. This means Y = (%8,)f—= 3 81 
and for each ào Bro ( Ben) ee ; thus {S,} is a Hamel basis. This 
ie 


proves (b). In proving (b), we have used only property (I), hence, applying 
(a), we have (c). | 

If X is a topological linear space and Xo a linear subspace, then by Xo 
we will mean the set of all continuous linear functionals which are zero on Xo. 
The following proposition is well known. __ 


(9) Let X and Y be conver topological linear spaces such that each 
is the set of continuous linear functionals on the other. Then 


(a) tf Xo ts a linear subspace of X, (X,1)L—=X; 

(b) if {ZA} ts a collection of linear subspaces of X, then (S X\)L— NX; 
(c) if (Xa+ Xat =X, then Z, LNX — 6; 

(a) ifs®.N 2.4, then (Xi + Xr1)t—¥. 


Suppose X and Y are convex topological linear spaces such that each 
is the set of continuous linear functionals of the other. Let {Ra} be a set 
of axes in X. Then a set of axes {S,} in F (with the same index system) 
will be said to be orthogonal to {Ry} if, for every ào, 


(10) Sx = ( Z Ra)t 
| Artho 
Note that there cannot be more than one set of axes in Y orthogonal to {Ry}, 
since (10) deterimnes each Sy uniquely. 
(11) Under the above conditions: 
(i) For every partition of {A} into two disjoint sets, 
{A} = {u}U {vy},  (25,)t = (GB); 
(i1) {Ry} ts tn turn orthogonal to {Sx}. 
Proof. From (9a), for each As, (2 Ba) t = Ser Hence, from (9b) 


and (8), (3 Ry)t= (S8,)l. Applying (9a) again gives (i). To establish 
(ii) we put {a} = às in (i) and obtain ASUT = Ra Then another 


application of (9a) gives Ey = (2 5) tl, which is (ii). 
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6. Axes in entire topological linear spaces. It is of course trivial that 


Lemma 7. In a cartesian product of reals PR, the collection {Ry} ts a 
set of axes and is orthogonal to the collection {S,} of the conjugate space PYS). 


The question arises: What other sets of axes are possible for PK) besides 
the set of Rys defining it? One answer is given by 


THEOREM 11. Let X be an entire topological linear space and Y tts 
conjugate totally fine space. Then there is a one-one correspondence between 
the sets of axes in X and the Hamel bases in Y, the correspondence being 
gwen by orthogonality. 


Proof. Consider any Hamel basis {Sa} in Y. For each À, let 
R,— (> 9,)4. We show that the resulting collection {R} is a set of 
| AweAo 


axes in X. Now Y is topologically isomorphic to PS; (Corollary to Theorem 
6), and therefore its conjugate space is PR). Hence, since X is conjugate 
to Y, there is determined a topological isomorphism of X on Phy. Moreover, 
since (2 SN is Rn in X and Ry, in PR, we must have À’, — En under 


this isomorphism. It follows that {R’\} is a set of axes in £. 
Conversely, consider any set of axes {Ra} in X. For each À, let 
Sy, == (> Ry))+. We show that {8,} is a Hamel basis in Y. In the proof 
Axio 


of (11) we did not use the fact that {81} was a set of axes, hence we 
can apply the results here. This gives first (using (9a)) that for each ào, 
— Rtl, D S= Rul, hence (usi 9c) ) that SLN SS, =ð. 
y= (2 m)t 25a Re (using (9c) ) NN DSa 
Secondly, it gives >| 81 = 0L = Y, and thus {8} is a Hamel basis. 
À 


That the correspondence between the sets of axes in X and the Hamel 
bases in Y is one-one follows from the uniqueness of orthogonality. This 
completes the proof. 


COROLLARY. If {R} and {R'a} are two sets of axes for an entire 
topological linear space, then the index sets {A} and {a} have the same 
cardinality. 


This follows from the fact that all Hamel bases in Y have the same 
cardinality ([8], Chap. II (24. 1)). 
From the proof of Theorem 11, we also have 

THEOREM 12. If X ts an entire topological linear space and {hy} a 


collection of one-dimensional linear subspaces, then’ X is topologtcally tso- 
morphic to PR, with Ry — Ry tf and only tf {Hy} 18 a set of axes. 
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COROLLARY. If X is an entire topological linear space ang {Ry} ts a 
set of axes, then the sets of the form 


(12) U (A g *, Ax) at (2), 


tn, 


| t 
where U (àn >>, Ax) 18 a nucleus in the finite dimensional subspace >, Ery 
' {=1 


form a nuclear base for X. 


7T. Subspaces of entire topological linear spaces. 


THEOREM 13. Let X be an entire topological linear space. If X, ts a 
closed subspace, there exisis a set of axes {hy} such that Xo == (S Ra) f, 
where {p} is a subset of {A}. 


Proof. Let Y be the totally fine space conjugate to X. Choose a Hamel 
basis {Sa} for Y such that Xel — X 8,, where {v} is a subset of {A}. Denote 
the remaining A’s by {a}. Now let {Rx} be the set of axes in X orthogonal 
to {Sa}. Then from (11), (2 Ra) = (2 8,)L = {£a 


If X is a topological linear space and X, is a linear subspace, a pro- 
jection of X on Xe is a continuous linear mapping E of X onto X, such that 
E*(X) —E(X) for all z. In such case, as is easily shown, Æ-1(8) is com- 
plementary to Xo. In a cartesian product PX, it is obvious that the natural 
mapping onto any subproduct PX, is a projection. Now in Theorem 13, X 
is topologically isomorphic to PR), which gives us 


THEOREM 14. In an entire topological linear space, tf Xo ts a closed 
linear subspace, there exists a projection on X, (and hence X, has a comple- 
mentary closed linear subspace). 


It is also easily shown that 


THEOREM 15. If X ts an entire topological linear space, and Xi, Xa 
are complementary closed linear subspaces, then there exists a set of axes {By} 
such that X, = (X Ea), Xa = (3 R,)T, where {A} = {pu} U {v}. 


In any topological linear space X, if X/X, is finite dimensional, the 
subspace X, is said to have finite deficiency ([10], Chap. I, 8 1). 
THeorum 16. Let X be an entire topological linear space and {Ry} 


a set of azes. Then if X, ts any closed linear subspace of finite deficiency, 
X, contains all but a finite number of the Rys. 


Proof. Let {8} be the Hamel basis in the conjugate space Y which 


A bu du m 
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is orthogonal to {R}. Xot is finite dimensional ([3], Théorème 1); hence 
k k 
there exixst à, © * * , àx such that Xot C © Sa. Since C2 ENT = ( > 9,,)4, 
4=1 + 4=1 
it follows that (2 At C(Xo)1)L= X... 
pi 


COROLLARY 1. If {Ry}, {Ra} are two sets of axes for an entire 
topological linear space, then for any finite set À, + - , Ax, (2 Ra) f contains 
zM 


all but a finite number of the R'a's. 
In terms of matrices, this can be stated as follows. 


COROLLARY 2. Given PR), suppose {2} generates a set of axes (that 
is, the set of one-dimensional linear subspaces determined by the respective 
zag is a set of exes). Then the matris of the coordinates of the 2s ts 
column-finite. | | 


Given two closed linear subspaces X,, X, of a topological linear space 
two questions that arise are the following: “Is X, -+ X, closed?” and “If 
XL NX: — 86, is À, + X, topologically isomorphic to the cartesian product of 
A, and X¥,?” In general, the answer is no to both questions ([10], pp. 173- 
174). However Mackey hus shown that in an entire topological linear space, 
the answer to both questions is yes. Because of its interest we state this as 
theorem. 


TumorEM 17. (Mackey). In an entire topological linear space, if Xi, Xa 
ts any pair of closed linear subspaces, then (a) Xı + X: ts closed; (b) if 
XN X: 0, then X, + X: 18 topologically tsomorphrc to the cartesian pro- 
duct of À, and X¢. 


The theorem follows from ({10], Corollary 3 of Theorem III-6, Theorem 
ITT-?, and the paragraph preceding. Theorem IIT-6). 


TEHEOREM 18. If the index set {A} has cardinality 2%, then X = PR; 
contains a linear subspace of dimension No which ts dense in X (thus X ts 
separable). 


Proof. Since all cartesian products of the same number of images of 
reals are topologically isomorphic, it is enough to exhibit one example with 
the above property. Let Z == PR’, (n—1,2,-- +) considered simply alge- 
braically. Let F be the space of all linear functionals on Z. The cardinality 
of any Hamel basis in Y is clearly 2%. Now let X be the space of all linear 
functionals on Y, with the weak* topology. From (2), X has the form 
PR, where the cardinality of {A} is 2%; and from (1), Z is dense in Y. 
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It is obvious the above theorem holds with N, replaced by any infinite 
cardinal. 


Appendix. 


8. Sets of axes in Banach spaces. An interesting question on sets of 
axes is the following: does property (II) follow from property (I)? We 
show here that such is the case in Banach spaces. In fact we have a stronger 
result : | 


‘THEOREM 19. Lei X be a Banach space and {Ry} a set of one-dimen- 
sional linear subspaces having property (I). Then for each se X, all but 


n 
a countable number {Ta} of the components are zero and lim || z — >) z; || = 0. 
POO i=l 


To prove this we make use of a theorem proved independently by E. R. 
Lorch ([9], Theorems (2.1) and (2.2)) and H. Kober [7]. This theorem 
says essentially that in a Banach space, properties (a) and (b) of Theorem 17 
are equivalent. However we state it in a form adapted to the present 
requirements. | 


{13) (Lorch-Kober) Let X be a Banach space and X,, Xa two com- 
plementary closed subspaces. For every we X, let t= T, +, 2X), 
T€ Xs, be the unique representation of x with respect to X,, Xa. Then the 
mapping of X onto X, given by x — x, ts continuous. 


We proceed with the proof of Theorem 19. Consider ze X. For any 
subset {x} of the index set {A}, we have z == 2" + z”, where v'e (3 K,)T and 
a’ e( > Ryt. We will call z’ the component of x in (3 Ra)f. Now 

Af {4} 


ze(%R,)t; therefore there exists y® € Š Ry, such that | #—y@| < 1. 
n=1 
Denote 5 Ry, by Y, and the component of © in F, by z®. It follows that 
n=1 


(o—a) e (Z B)t; 


hence there exist y® e 3 Ry, such that (£ — 2) — y® | < 1/2. Denote 
=A +1 


3 Ry, by Y: and the component of « in FY, by z®. Continuing in this 


n=nti 


fashion, we obtain sequences {Ym}, {y™}, {z0} such that 


(1) | z) is the component of x in Ym; 
M-i 
(i) lim | (2 — E r) — y | — 0. 
M->00 m=i 


13 ` 


952 8 5 : ©. © SAMUEL KAPLAN. 
s : | ip bs | . M | + 
We will show that lim | s— Sat) | ==0, which will prove the theorem 
LR Mo m=i 


; M M-i 

(Cf. (6)). Now | 2e—D2™] S | (ex— Es) — yO] 4 | yO? — 2 |; 
; m=1 mal 

hence from (ii), it is enough to show that lim | yA) — 2) | ome 0. 


‘Suppose this last is not true. Then there exists € > 0 and a subsequence 
{M,} such that | 
(ii) B | y% — oly) | Ze for p =1, 2>, 


and by dropping out terms if necessary, we can assume: 
(iv) No two successive M’s are in the subsequence -{ M5}. 


M-i M 
Now from (ii), lim | ( $ 2 -+ y0) — ( X r — yM) | 0, and this 
Moco m= + m=i | 
reduces to | 
(v) -lim | y9 — z0 — y | = 0. 
M-00 


Let Z == (3 Xu,)¢. From (iv), the component of y% — al») — y+) in Z 
ig ys) — r»), Hence from (v) and the Lorch-Kober Theorem above, 
lim | y — 2») | = 0, which contradicts (iii). 


pow 


9. In contrast to the above, we now show that in an entire topological 
linear space, property (I) does not imply property (II). Let Z, Y, X be 
the spaces in the proof of Theorem 18. We show first that the set {R’,} has 
property (I) in X. Let {n} = {p}U {q} be a partition of {n}. That 
(2 B’,)t + (3R )t =X follows from Theorem 17 and Theorem 18. We 
show that (3 R°,)FN(S R'a) = 8 by showing that (3 Ppt + GR ms 7. 
Now Y can be considered as the space of all sequences, y == (1, ¥2,°°*, Ym ""), 
and clearly (3 Rp) consists of exactly the sequences with zero in the p- 
positions while (= #’,)4+ consists of exactly the sequences with zero in the 
g-positions. It is obvious that these two classes of sequences generate Y. 

Thus the set R’, has property (I). If it had property (II), it would 
constitute a set of axes, which would contradict the Corollary to Theorem 11. 
This completes the proof. 


10. Completeness of totally fine spaces. We present here the proof 
of Theorem 8. From Theorem 7, it is enough to give the proof for a weak 
product of reals Y = P#S;. By definition an element V of the nuclear base 
is the convex envelope of a set U I), where J, is an open interval of 8) 
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containing zero. Clearly, we can confine ourselves to ly 8° which are sym- 
metric around zero, and we shall do so. If we denote the half-length of each 
I, defining V by ex (ex may possibly be œ), then V is ARR determined 
by the exs as follows: 


(14) Vm {y| 3 | gal/ex < 1}. 


(Since only a finite number of the yxs in any one y are different from zero, 
the above sum is always well defined.) 

Now consider a Cauchy system {y} in Y. This means that given any 
collection {e,}, there exists œ such that 


(i) B > a implies 3 | pA — y,@]/e. < 1. 
This gives, in particular, that 
(ii) B > « implies | y, —4,@ | < ex for every À. 


This latter implies that the coordinates of the ys converge on each Sy. We 
denote the limit on each Sy by 4. 

We show first that y,==0 for all but a finite number of A’s. Suppose 
not. Then for some denumerable set of A’s, {Ax}, the 4),’8 are all different 
from zero. Choose ex, == $ | ya, | (n—1,2,: - -) and for the rest of the A's, 
choose 61 ==00. Let æ satisfy (ii) with respect to the set {e1}. Then since 
yy == 0 for all but a finite number of Xs, there is an n such that ya (® == 0, 
But then, for this n, 8 > a implies y, < $ | Yn |, which contradicts the 
fact that lim ya, (9) == Yy, 


Since only a finite number of the yxs are thus different from zero, 
y= Sy is an element of Y. We complete the proof by showing that 
À 


lim y@ =y, Given any set {ei}, choose æ to satisfy (i). Let À,,: - eC 
be the set of indices for which the coordinates of either y or y(® are different 


k 
from zero. Since > S), is finite dimensional, we can find g’ > «a such that 
4:1 
k 
(iii) B > @ implies Z | yu — yu |/eu < 1. 


For the rest of the \’s we have (since yy = 0 = 4) 


ae ee _ 
(iv) B> imp es È |9 ya |/er ORE |/en 


= D» | ypOM—yl/e SE | pF—pn]//a <1, 
eu aly 


% 
ET 
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“fiom.-(i). Combining (iii) and (iv), we obtain that ` 


ALT. B >a implies J | © — ya |/ex < 2. 
“Th completes the proof. 


Remark. . It may be of interest to note that a weak product of a count- 


z% ably infinite set of reals PHS, furnishes a simple example of a complete: 
‘topological linear space which is of the first category. 


‘As a final remark, we point out that the completeness of entire and 


`. totally topological linear spaces are, as is not hard to see, a special cases 
| of the following. 


If {X;} ts a sel of complete topological linear spaces, then PX, and 


= PHX, are.also complete. 


t 
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NORMAL CURVATURE OF A VECTOR FIELD.* `., 
| By T. K, Pan. | 
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1.. Introduction. Let v be a vector field in a surface in ‘an ordinary. : 


space. ‘The derived vector of v along a curve C on the Surface is called 
the absolute curvature vector of the field with respect ‘to the’ curve, : . This . 


derived vector can be decomposed into a component tangential: and a. com- `- 


ponent normal'to the surface. The former, called the associate curvature — 
vector of v along C or ‘the angular spread vector of v along C, was studied >` 
by W. ©. Graustein [1] and. was later generalized to Riemannian space by 
R. M. Peters [2]. This paper deals with the latter component, which is `. 
called the normal curvature vector of the vector field v with respect to the — 
curve C. The following terms are defined: normal curvature of a vector field 
with respect to a curve, asymptotic direction of a vector field, asymptotic line 
of a vector field, principal direction of a vector field, line of curvature of a 
vector field, principal curvature of a vector field, indicatrix of a vector. field, 
curve of a vector field, and principal vector field of the surface; new charac- | 
terizations of the principal curvatures of the surface and the lines of curvature | 
of the surface are derived; and some properties analogous to those connected ~ 
with normal curvature of a curve on the surface are studied, first for vector 
fields in a surface in an ordinary space, and then extended to fields in Vn 
in Fan and to fields in V, in Vy. = 

The notation of Bisenhart [3], [4] will be l for the most part except 
that Ig, will be employed for Christoffel symbols of the second kind. 


2. Definitions. Let S:zi—xt(ut,u?), i= 1,2,3 be a real proper 
analytic surface in an ordinary space with reference to a rectangular cartesian 
coordinate system.. Associate to each point of S an arbitrary but fixed unit 
vector vt such that vt — pré, gagptp? =a 1, and vt are real analytic functions 
of u*. It will be denoted throughout by v or p at appropriate places. Let 
Cut mex t(s), a = 1,2 be a curve on 8. .Then to each point P(z*) of C 
- there is associated a unit vector v. Consequently, vt are functions of the arc 
length s along the curve C. The derived vector of v along C at P is defined by 


(2.1) dv*/ds = gk — pwt — afap,duY/ds + (pPdrydut/ds)X', 
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where p,» is the covariant derivative of the contravariant vector p* based 
upon gas, where Xt are the components of the unit normal to § at P, and 
where „x, called the absolute curvature of the vector field v with respect to O 
at P, is the magnitude of the derived vector ,k in whose sense the unit vector 
wt is taken. Let w be the angle between wf and Xt. We have from (2.1) 
ox COS.w == pds,duY/ds. If x does not vanish, the right side of the above 
equation is positive or negative according as 00 < $r or r Zo > $r. 
Let ok, == ep'ds,du7/ds, where e== 1 is to be taken in the first case. and 
6 = — jin the second. Then-,x, is the magnitude of the normal component 
in (2.1). 


Definition 1. The signed magnitude of the normal curvature vector of 
a vector field with respect to a curve at P is called the normal curvature of 
the vector field with respect to the curve at P. It will be denoted by 6(oxx). 


' The normal curvature of the field v with respect to C is defined more 
generally by 
(2. 2) e (oxn) = doyp’duY/ (Jaydu du? grap p*) a 


when p? are not necessary the components of a unit vector. 

The normal curvatures of v with respect to all curves through P on S 
are equal if and only if px, is independent of dut, Thus @(yx,)/@(du%) —0 
for all du® at P, which can be found to be equivalent to gd == 0 at P. Since 
g > 0, and (2.2) is symmetric in p* and du*, we conclude that the normal 
curvature of any vector field with respect to any curve in the surface is a 
constant at a point if and only if d==0 at the point. This constant is equal 
to zero by Definition 3 which follows. Unless otherwise indicated, we shall 
always assume d=£0. It is easy to show that there exists a unique direction 
with respect to which the normal curvature of a vector field at P has a finite 
extreme value different from zero. 


Definition 2. The unique direction, with respect to which the normal 
curvature of a vector field at P has its extreme value, is known as the princtpal 
direction of the field at P and the corresponding norma] curvature is called 
the principal curvature of the field at P. A curve on S, whose direction at 
each and every point is a principal direction of a field, is called a line of 
curvature of the field. | 


The principal direction of the vector field » and the line of curvature of 
the vector field v at P are found from (2.2) by setting 8(.x,)/8(dut) equal 
to zero. The resulting equation after simplification is 


(2. 3) eg dgspoduY = 0. 
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Definition 3. A direction, with respect to which the normal curvature of 
a vector field is zero, is called an asymptotic direction of the vector field. 
A curve on the surface, whose direction at each and every point is an asymptotic 
direction of a vector field, is called an asymptotic line of the vector field. 


The asymptotic direction of the vector field v at P and the asymptotic 
line of the vector field v at P are defined by the equation 


(2. 4) dsyp'du? =m 0, 


Definition 4. A curve on the surface, along which the vectors of a vector 
field of S are tangent to the curve, is called a curve of the vector field. 


The curve of the vector field v at P is defined by 
(2. 5) Eagp Au == 0. 


The normal curvature of a vector field with respect to the curve of the field 
at a point is the normal curvature of the curve at the point. In this respect, 
the normal curvature of a curve on the surface may be considered as a special 
case of the normal curvature of a vector field. 


Definition 5. A curve on the surface, relative to which the vectors of a 
given field are parallel in the sense of Levi-Civita, is called an indicairix of 
the vector field. 


The indicatrix of the vector field v at P is defined by 
(2. 6) , psyduY hanan Q. 


Definition 6. A field of vectors, whose directions at each and every point 
of § constitute a family of principal directions of S, is called a principal 
vector field or a principal field of S. The direction of the vector of a principal 
field and the line of curvature of § at P determined by the principal field are 
respectively called the corresponding principal direction of S and the corre- 
sponding line of curvature of S at P. | 


It is obvious that the curve of a principal field at P is the corresponding 
line of curvature of § at P. The vector field v is a principal field of S if 
and only if 


(2. 7) Play] BDD? == 0. 


3. Properties. From Definitions 8 and 4, it is obvious that the asymp- 
totic direction of a vector field is conjugate to the direction of the vector of 
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the field at P. The orthogonal trajectory of the Dadi line of the vector 
field v at P is given by the equation 


capg doyp duh == 0, 
which is the same as (2.3) since <agg°% — gg. Hence we have 


THEOREM 3.1. The asymptotic lines of a vector field form a conjugate 
net with the curves of the field on the surface and form an orthogonal % net 
with the lines of curvature of the field on the surface. 


Let v be a principal vector field. Then on substituting for p* in tee 7) 
their expressions from equation (2.3), we obtain 


(3.1) P95, dape Me’ Grodndu Pete gy dopduT = 0, 
By the application of the process of contraction and the formulae ` 
b — 998) gh - esad — Pda, dE dg, = B%y, 
EF Jayg ps ey, Ve dag == dP, 


equation (3.1) can be reduced to the form e*¥dacg,ydu’du* «= 0, which ‘is the. 
equation of the lines of curvature of S. Since p* can not be orthogonal to du" 
by Theorem 3.1 and by the assumption d= 0, they must be coincident. 


THEOREM 3.2. The principal direction of a principal vector field of S 
at P coincides with the corresponding principal direction of S at P. The 
line of curvature of a principal vector field of S at P is the corresponding line 
of curvature of S at P. The principal curvature of a principal vector field 
at P is the corresponding principal curvature of S at P. 


The Eee direction of the vector field v at P is found from (2.3) 
to be 


(8. 2) du? == gigVdsgn’. 

‘The square of the length of this vector is equal to 
3.3) gapdudut == ggP dd p?p". 
Substitution of (3.2), (3.3) into (2.2) gives 
(3.4) . e (kn) = (haa pò p’/ gupp)? 
where hap == 2 (0X ‘/êur - 9X +/0uf). 


The re values of the extreme values (3. 4) at P as the vector field 
y varies are given by those vector fields v for which 8(.x,)/dp? — 0, that is, 


? 
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Japp "Pha — TA E — (0. By means of (3.4) this cation is expres: 
sible in the form 


(3. 5) (Rex — oxa gan) p = 0. 


hinp® hanp’ 


Eliminating yx,” from (3.5) we obtain Gah aap 


quence of [3, p. 2538], implies that 
.' d,p* dapè 
3.6 hag == dagM — gapk, i. 
(3. 6) ap g 1. Gy gat gap |. 


where M and K are respectively the mean curvature and the Gaussian 
curvature of §. Hence p* are the components of the principal directions of 8. 








== (, which, in conse- 





= (), 





TrrorEM 3.3. The two principal vector fields of S are the vector fields 
in S which have the extremal principal curvatures of all vector fields in 8 
at P. $ 


This theorem characterizes a line of curvature of S. as a curve whose 
unit tangent vectors at each and every point form a vector field whose 
principal curvature asstimes an extreme value of the normal curvatures of 
all vector fields in 9. 

From Theorems 3. 2 and 3. 3 it is obvious that the extreme values of the 
principal curvatures of all vector fields in § are equal respectively to the 
principal curvatures of the surface. Hence 


| THrorgm 3.4 The principal curvatures of thé surface at a point are 
_ the extremal principal curvatures of all vector fields in the surface at the point. 


Since hag is the fundamental tensor of the Gaussian representation @ of 
the surface 9, (hogptp®)* is the magnitude of the vector p* in G. If we 
assume v to be a field of unit vectors in 8, then (3.4) reduces to 


(3. 7) e(a) = (hopptp?) 4. 
Hence we have 


THROREM. 8.6. The principal curvature of a umit vector field in S at P 
4s numerically equal to the magnitude of the same vector in the Gaussian 
representation of 8 at the corresponding point. 


If the vector field does not necessary consist of unit vectors, the content 
of the above theorem can be stated as follows: 


The principal curvature of a vector field in 8 at P ts numerically equal to 
the ratio of the two magnitudes of the same vector in the Gaussian repre- 
sentation of S and in § at the corresponding points. 
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If equations (8.6) be multiplied by p*p? and summed up with respect: 
to a and 8, we have 
(3. 8) | (sia)? = Mrs — E, 


where x, is the normal curvature of the curve of the field v on S. Hence 


THEOREM 3.6. The square of the principal curvature of a vector field 
in S at P is a number diminished by the Gaussian curvature of 8 at P, the 
number being the product of the mean curvature of S and the normal 
curvature of the curve of the field at P. 


Let p° and q% be two orthogonal vector fields. Let e(,x,) and e(x,) 
denote respectively the principal curvatures of the two fields. Let x; and xz 
be the principal curvatures of the surface 8. Then by (3.8) and by Eulers 
theorem we have 


(3. 9) (tn)? + (gin)? = M? — 2K mm xy? + ka? 
Hence | 


THEOREM 8.7. The sum of the squares of the principal curvatures of 
two orthogonal vector fields at P is constant and ts independent of the choice 
of the two orthogonal vector fields. The constant +s equal to the square of 
the mean curvature of S diminished by twice of the Gaussian curvature of 8 
at P or equal to the sum of the squares. of the principal curvatures of 8 at P. 


Similarly, from (3.8) we find 
(3. 10) (pkn* gkn)? = E? 4- $M? (xy — xa)? sin? 26, 


where 6 is the angle between a line of curvature of S at P and the curve of 
one of the two fields at P. 

By Theorem 3. 4 it is evident that if P is an elliptic point, the principal 
curvatures of all vector fields at P are of the same sign. If P is a hyperbolic 
point, the principal curvatures of certain vector fields are positive and the 
principal curvatures of other vector fields are negative. 

At a hyperbolic point the normal curvatures of a vector field with respect’ 
to different curves are either all positive or all negative, because the normal 
curvature of a vector field is zero with respect to the asymptotic line of the 
field, which is orthogonal to the principal direction of the field, and because 
vx» is continuous at every point of 8. Hence the principal curvature of a 
vector field at either an elliptic point or a hyperbolic point is sufficient for 
the determination of the sign of the normal curvatures of the vector field 
with respect to different curves. As a vector field at the hyperbolic point P: 


NORMAL CUBVATURE OF A VECTOR FIELD 961 


varies from one principal direction of 9 to another principal direction of 8 
through an asymptotic direction of 8, the principal curvature of the field 
changes from + to — or Vice versa. Hence the principal curvature of a vector 
field has the sign of that principal curvature of S which is situated together 
with the vector of the field at P in the same section separated by the asymptotic 
lines of S at P. Consequently, at a hyperbolic point of S the principal curva- . 
tures of the two orthogonal vector fields may or may not differ in sign. From 
(3.10) we have 


THEOREM 3.8. At an elliptic or hyperbolic point P of 8, the product 
of the principal curvatures of two orthogonal vector fields ts respectively = 
or numerically = the Gausstan curvature of S at P. The equalty sign holds 
tf and only if P ts an umbtlic point of 8, or the two vector fields are the. 
principal fields of 8, or 8 is a sphere or a minimal surface. 


Let A,|* be a unit vector in the asymptotic direction of the vector field 
v at P and A,|* a unit vector in the principal direction of the vector field v 
at P on 8. Then we have gapr:|"As|F = 0, gapdy|*A,|6 = 1; y= 1,2. Any 
unit vector tangential to S at P, say du, can be expressed as a linear com 
bination of A,|* and A,|*, such as 


(3. 11) dut = À |° cos 01 + Aa|* cos Oa, 


where cos Oy = Jaghy|*du; y = 1,2. Assuming gapp*p? — 1 and making use 
of (2.2) and Definitions 2 and 3, we find the normal curvature of the vector 
field v with respect to a curve with (3.11) as its tangent vector at P is equal 
to @(ox,) = 6(Xn) COS 0a. Thus the normal curvature of a vector field with 
respect to an arbitrary curve can be expressed in terms of the principal 
curvature of the field. Hence we have the following property similar to 
Eulers and Meusnier’s theorems. 


THEOREM 3.9. The normal curvature of a vector field with respect to 
an arbitrary curve C always satisfies the following first relation with the 
principal curvature of the field and the second relation with the absolute 
curvature of the field with respect to C: | 


oKa = pK COS È, — Kn = ok COS à, 


í ` 
where p is the angle between the direction of the curve C and the principal 
direction of the field and w denotes the angle between wt and X* at the 
point considered. 
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Let a vector field in § be given. . Through a point P on 8, there pass 
the following two curves: the curve of the field and the asymptotic line of 
the field. The straight lines along these two curves in the direction of the 
vectors of the field associated to the curve form generators of two developable 
surfaces. The first one is the tangential surface of the curve of the field and 
the second one is developable because of the conjugacy between the asymptotic 
direction of the field and the vector of the field. We want-to show that these 
two curves are the only curves possessing this property on JS. - 

Let C: u*==u%(s) be a curve on 8 such that the straight lines on v 
associated with C are generators of a developable surface. Then the develop- 
able surface will be defined by 


k (3.12) : yt = gts) + Avt, 


where s and À are parameters. A == @ constant 0 defines a curve on the 
developable surface, the tangent of which has the direction defined by 
dy*/ds = tt + A- vk, where sk has the same meaning as in (2.1). | 

Since (tf, vt, t-A vk), 0 implies (ét, v',,/) —0, we find that a 
necessary and sufficient condition for the surface (3.12) to be a developable i is 
oe — 0 or thas + vf, 


Case 1. „k= 0. Then vt = const. The vectors of the field are absolutely 
parallel . The lines on them form generators of a developable surface along 
any curve on the surface. The surface is consequently isometric with the 
plane. Ji vt-£const., then yx—0 and from (2.1) we have p;,duv = 0, 
p°dayduY = 0, which mean geometrically that the lines on the vectors of the 
field will form generators of a developable surface along the curve C which is 
both an indicatrix of the field and an asymptotic line of the field. 


Case 2. tt=— + vt. The curve C is then a curve of the vector field. 
Hence 


THEOREM 3.10. At a point on a non-developable surface there are two 
and only two curves, along each of which the straight lines on the vectors 
of a field form generators of a developable surface. These curves are the 
asymptotic line of the field and the curve of the eae 


The following theorem is an immediate consequence of Definitions 1 
and 5: 
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THROREM 3.11. The normal curvature of a vector field at P is the same 
with respect to all curves tangent at. P to the same direction. The normal 
curvature of either one of two vector fields with respect to the curve of the 
other field is the same. The absolute curvature vector of a vector field with 
respect to the indicatrit of the field-has at each point the direction of the 
surface normal. The absolute curvature and the normal curvature of a vector 
field with respect to a curve C are numerically equa tf and only tf the curve 
C ts the indicatric of the field. 


4, Generalization, Let Va: yt = y%(2!,-°-,2*), a—1,---,n+1 
be a hypersurface in Vp. Let O: zt == gt(s), imo 1,: > - ,n be a curve on Vz. 
Let v be a field of unit vectors in V, such that vt == pty% and v® are real 
analytic functions of zt. Then the normal curvature of v with respect to C 
at a point P of V, is defined by 


(4. 1) e(oxe) — Oyptdas/( gydatdas gap p?). 


We assume the fundamental forms of all spaces eee in this section are 
positive definite. 
weer in particular, the vector v is tangent to C at P, 


6 (oxt) — Oydetdes /gydatdas ` 


and, consequently, the normal curvature of v with respect to C becomes the 
normal curvature of the curve C. It is evident xt — O at P along the 
direction for which . 

(4. 2) | Quptdrt = 0 ` 


This direction is called an asymptotic direction of the vector field v at P of Va. 
A curve, whose direction at each and every point is an asymptotie direction 
of a vector field is an asymptotic line of the field. Such a direction and such 
a line satisfy the differential equation (4.2). 

The extreme values of e(px¢) at P are attained with respect to those 
directions for which 8( xz) /8(dz*) = 0 for t==1,---,n, that is 


(4.3) (Fy — ogy) dot = 0 
where E 
(4. 4) | Fy = Upp? gyp p’ 


and where yx¢* is a root of the equation 


(4. 5) | By — oxe’gy | = 0. 
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Since the metric of V, is assumed to be positive definite, the roots of 
(4.5) are all real; and since | Yy || is of rank 1, n— 1 roots are equal to 
zero which correspond to asymptotic directions of the vector field v at P. 
The square of the non-zero extreme value corresponds by (4.8) to a principal 
direction determined by the tensor W. The extreme value of e( xz) is 
called the principal normal curvature of the vector field v at P in Vn and 
the corresponding direction is the principal direction of the field at P in Vn. 

From (4.1) we know that the normal curvature of a vector field in Vy 
has equal value wtth respect to all curves of V, through P with the same 
direction. Its value with respect to an indicatria of the field ts the absolute 
curvature of the field in Van with respect to the indteatria of the field of Vz, 
since an indicatria of the field v satisfies p';dx! — 0, and x, the absolute 
curvature of the field v with respect to C, is defined by 


ok == oxo == dv%/ds == psy da! /ds + eue) &, 


where w% is a unit vector in the same sense as sk. Similarly, when an 
asymptotic line. (4.2) of a vector field v is an indicatriz of the field in Vz, 
the latter is also the indicatris of the fete in the a a space Va, and 
conversely. 

The principal direction of the vector field v in V, is indeterminate tf 
and only tf 
(4. 6) wy == KE Jij, 


Such space is then homogeneous with respect to the tensor Yy. An asymptotic 
line of a vector field ts conjugate to a curve of the field at P in Va. 
If the vector field v is a principal vector field in V,, then 


(4. 7) (Qu — Kegay) pt = 0, 


where x¢ is the corresponding principal curvature of V,,at P. In virtue of 
(4.1), (4.3), (4.4) and 4.7) we obtain e(sxe) ==«e at P. It follows that: 


The principal direction of a principal vector field in V, at P and the 
principal curvature of the same field in Va at P are respectively identical 
with the corresponding principal direction of V, and the corresponding prin- 
cipal curvature of Va at P. Consequently, a line of curvature of a principal 
vector field in V, 18 the corresponding line of curvature of Vy. 


Let the unit vectors of an orthogonal ennuple at P formed by Alt be 
taken in the principal direction of the vector field » at P in V, and 
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asymptotic directions of the vector field v at P in V,. In particular, let 
à|? be in the principal direction. Then we have 


GuyAn| An! = 1, Jizrn| Axl? = 0, hk 
(4. 8) 
Pijànl Al — oxe?, Wrz | Arl! = 0, hÆ k. 


Any field of unit vectors in V,, say dæt, is defined by 
(4. 9) drt = d,|* cos 6, +: + - + Anl E cos 6, 


where cos 0, = guyAr| dr. Thinking that pt and dz* are unit vectors, we can 
write (4.1) in the form e(,xg) == Qyptdes, and by (4.4) we have 


(4. 10) (KE)? = Vydatdad, 


Substituting in (4.10) from (4.9) and making use of (4.3) and (4.8), 
we obtain 


(4. 11) vk? = „Kẹ? cos? 6, 


which is analogous to Eulers formula, e(,xe) being the principal curvature 
of the vector field. 


Consider a Riemannian space V, of coordinates z+ immersed in a Rie- 
mannian space Vm of coordinates y*. Then the normal curvature of the 
vector field v at P in V, in Vm is denoted by exe) such that 


(4. 12) (ore)? = (20/40, mpiphdridzt)/(qugmptp'dr*dzt), 
F 


where 1,7,h,1—1,--.,nv=n<+1,::,m. Proceeding with this definition 
and others in a manner similar to the preceding discussion for Va in Vai, 
we may obtain for V, in Vm the following properties: 


The normal curvature at a point P of a vector field with respect to a 
curve C in Vn in Vm depends only on the direction dx* of C at P, and ts the 
same with respect to all curves tangent to C at P in Va. It is zero in an 
asymptotic direction of the field, which is conjugate to the vector of the field, 
and its finite extreme value for the normal &,|° ts attained with respect to 
the principal direction of the field for the normal €,|*. The principal direc- 
tion at P of a principal vector field in V, and the principal normal curvature 
at P of the same field for the normal &,|* are respectively identical with the 
corresponding principal direction of V, at P and the corresponding curvature 
of Vn at P for the normal é|". A line of curvature of a principal vector 
field in V, for the normal é,|* is the line of curvature determined by this 
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corresponding family of principal directions of V, for the normal &,|*. The 
normal curvature of a vector field with respect to an indicatrix of the field 
in Va. An asymptotic line of a vector field in V, and an tndtcatriz. of the 
field in Va are coincident if and only tf the latter ts also an indicatrix of 
the field in Vu. ; 
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A SYNTHESIS OF THE CLIFFORD MATRICES AND ITS 
GENERALIZATION.* : 


By T. G. Roox. 


Clifford matrices of 27 row and columns are a set of 2r-+1 matrices y, 
with the properties 
: yw = 1, vi + y= 0. 


In Part I these matrices are synthesized from two elementary sets of r matrices, 
U, which are diagonal matrices, and V, which are substitution matrices. The 
key to the development is the numbering of the rows and columns of the matrix 
in the reversed binary scale, namely as a, + 2a,-+-- + - + 2", 

In Part II, geometrical properties of the collineations determined by these 
matrices are worked out, and in particular the existence of a sequence of 
systems of spaces exhibiting a “ Mutuality ” exactly analogous to Study’s 
“Triality ” is established. - 

Part IIT suggests generalizations of Part I using scales other than the 
binary to obtain sets of matrices in which most pairs commute, but for some 
“pairs, in one case UV == &VU, and in another U?V == VU. 


Part I. 


1. The basic family of matrices. Number the rows and columns of a 
27 X 2" matrix in the reversed binary scale, beginning with 0, so that the 
row or column in position number a + 2a: + 4a, +: - -+ 2ta, from the 
top or the left carries the indices a,a,a4,- - -an Throughout Parts I and IT 
of this paper I use the conventions 


(1) Greek indices take the values 0 and 1 only, 
(ii) All arithmetical functions of Greek indices are reduced modulo 2, 
(ii) For any index a, &, is defined by @ -+- o’;=—=1. 


* Received November 22, 1950; revised July 25, 1962. 
1 My interest in the Clifford matrices was aroused by Professor O. Veblen, and Drs. 
W. J. Givens and N. H. Kuiper. A recently published paper by Dr. Kuiper (1949) 
gives much of the geometrical background, and many references to the history of the 
problem may be found in it. Part II of this paper was presented to the International 
Congress of Mathematicians. __ 
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Algar 


Denote the elements of a matifix by a #325, or a (35) (with superscript as 
row number) and define matrices U;, V, thus: 


U; is the diagonal matrix with elements 


8,89. ae ar 1 at 
as on ar Sa ( } 


Va is the substitution matrix with only one non-zero element in each row and 
column, given by 


Ute Ait Cia. Gr 1 


where each superscript except the i-th is equal to the corresponding subscript, 
and the i-th superscript and subscript are different. 
For f=- 2 the matrices are 


1 a 


Ssi 1 
U, = 


Vy cm 
1 1 


These matrices have the properties: 


Tanorem 1.1. (i) Uf =V =I, 
(ii) All pairs commute, except the r pairs U, Vi, 
(ii) UF, = — V,U.. 


Téronem 1.2. WGR, =U VY P, is the matrix with one non-zero. 
element in each row and column, given by 


a AY an LS (— 1) Es, 


E. g., when r == 2, 


THEOREM 1. 3. WP G9 — (—1) 28 (ES. 
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THEOREM 1. 4. [W 5R] = (— 1) Sed. 
If we take W {69% = iue W (69, 3a;8; being reduced modulo 2, then 
CF tT =I. 


TuuorEM 1.5. Two matrices WG}, WE) commute or anti-commute 
according as %a,8;-+- SByy; == 0, or 1. 


Treorem 1.6. W (si is symmetric or skew-symmetric according as 
Safi = 0, or 1. 


Thus, the non-zero elements of the matrix are 
Gen = (— 1)2e™, 


Since the element a 2p) — aQ ay, it is also a non-zero element of the 
matrix, and 


a ye pe (— 1) Zut) — (— 1) LaiBig OY 80 : 


THEOREM 1.7. Any gwen 2" X 2° matris, H == (h TRUE may be expressed 


(ai 


in a single way as Zkia W i}, there being 2° terms in the summation. 


Thus, if we rearrange the terms in the rows of the matrix H, so that 
they form the matrix A == (h24) ), then Ñ — @K where K <= (k38) and 
S — IW or arn that is, & is the matrix each of whose elements is + 1 


or — 1, the sign being given by a855; — (—1)=s, 


For r= 2, we have 


hoo hio hot his) (7 * 1 °F) (Roo klo koi kat 
hio hoo hii hor] |t Tt + ~* || &oo kio kot i 
moi mt woo atoj |I + —t 2] ] eso bib ror xii 
hit hor hig hood bE 1 —i TJ ko kio koi kiL 


SE — UU + PiU2 + UV 2 -+ ViV 5. 


2. The Clifford matrices. The Clifford matrices Yı, of 2" rows and 
columns, have the properties: 


yë — i, tity t+ ti O. 
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They may be defined inductively from the matrix Yo(9 of one element thus: 


ap (r1) 
Yo® = (1); 10 — ( a — i 


; I 
Yap? = t (_ I ) Yor) — (, y. 


In the notation used in this paper, this set is 


. p is SPE à és 
Yo = W 55 00.. as 0 = tW 100. . 0> Va = W 155:5, 


am 011...1 0014.4 
Ye Bane Uc, 40 01000," 


(r) m 000...011 r ...00 
Y oa th 000...019 LD 88.20; 


that is: Y R= W ‘3, where a, °°, ap me O, Agy * *, Ar =e 1, and all By 0, 
except Sx =— 1, and y = iW 54 where a," ",@r=—0, anny’ °°, % l, 
and all 8; = 0, except Br == 1. 

For our imemdiate purpose the factor + is unimportant, and we define as 
the primary Clifford set, the set of 2r + 1 matrices W which correspond to 
the matrices Y“. A Clifford set of matrices W is one with the same properties 
as the 0), namely W? == + IL VW, = — WW, that is, a set of matrices 
W such that no pair commutes. 

One of the problems (the solution of which I do not Soi here) is 
the determination of all Clifford sets. It is clear that from any given set 
we may obtain other sets by any of the operations 


(i) changing each U into a V and each V into a U, i.e., by replacing 
each Ws by W. E.g., the second set of those listed below is obtained 
in this way from the first, 


(ii) effecting on each symbol of the given set the 1 same permutation of 
both superscripts and subscripts. E.g., the third set below is obtained from 
the first by interchanging the first and second indices, 


(iii) adjoining I to the set, multiplying by. any member of the set, and 
removing I from the resulting set. E.g., the second set below is obtained 
from the first by multiplying by W 94, 


From Theorem 1.5 it follows that the problem is equivalent to the 
following combinatorial problem: 


Let (at); 8), s==1,---,m, be m pairs of permutations of r terms 
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each 0 or 1. It is required to determine all sets of m such pairs of permu- 
tations, which are such that for every two pairs in a set 


>» PAG B® + > AG Bite) ig odd. 
4 i 


In the solutions above m == 2r--1, and this is probably the largest value 
of m. 


In the case r == 2, there are six Clifford sets, namely 


Woo Wis Wio Woi Wor 
Wii Wil Wii Wo Woo 
Woo Wii Wii Wis Wio 
Wii Wit wi Wis Woo 
Woo Wig Wit Wis Wi 
Woo Wor Wii Wor Wii». 


If these matrices are regarded as collineation matrices in projective [3], then: 
the five points obtained from any general point under the transformations of 
one of the sets lie in a plane and on a conic with the point, and the six such 
planes are the planes through a point of a Kummer 16, configuration. 


Part Il. 


Quadrics associated with Clifford Matrices. 


3. The Clifford involutions. For convenience of exposition, in this 
Part of the work I take r == 4, 

As coordinates in [15] take (x) = agys,? where a,--+,6==0,1, and 
&By8 are the numbers 0 to 15 expressed as a + 28 + 4y + 88. The primary 
Clifford matrices are 


1111, 1111 0111. mo0111 0011. |. m0001 0000 
W 5000; W1000, W1000; Wo100, Wo1o0;: °° ; Wooo1; W 6001: 
The pairs with identical subscripts have the non-zero elements, + 1, in the 


same places, with half the signs agreeing. It is simpler therefore to replace 
these matrices by the set of 9: 


*The coordinates Cogys BTE related to Cartan’s (Cartan, 1938, p. 4) coordinates 
Es... thus: $,7,k,. . . are the position numbers in any order of the non-zero subscripts 
a,8,7,8. E.g., @ou is the same as fy. 
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Y = WV 4550, Yo = 4P i000 + P2000), 
Yi =4(— Wid00 + W 500) = (Yo)’, 


Yô = 4(W 5100 + 0100), o YI = 4(— W 0001 + Woo01). 
Each of these has only 8 non-zero elements, which for Yo are above the 
leading diagonal and for Y} are below it. The non-zero elements of typical 
matrices are: 

gi a TUE (— 1)#7% 

Yi: @ opy— (— 1) 

Vo: mo =) 

Yô: axi — (—1)? 


Y: all. 


The nine matrices determine a linear family of matrices I of freedom 
8 defined by 


Wem cY + 366 Y + Sci Yi. 
From this it is easy to prove that 
THEOREM 3.1. (K')2— gl, where B = (c)? + ch ci. 
THEOREM 3.2. If 8 —0, E ts of rank 8. | 
THROREM 3.3. ET cŸ + gi Yi + Sc YI. 


The matrix A, = W PET which is the product of the four skew- 
symmetric matrices of the original set of 9 Clifford matrices, has the folowing 


relations to each I: 
THEOREM 3. 4, AWA — TIT, 
THEOREM 3.5. RTA — gA. 


The first of these comes directly from relations such as 


ew IT is the reversed diagonal matrix with elements a a = (—-I}aty, The 


corresponding matrix associated with the set of 2r + 1 Clifford matrices of 2° rows and 
columns is W 1931177 , and is symmetrical or skew-symmetrical according as the 
number of non-zero superscripts is even or odd. I.e., the corresponding correlation is a 
polarity with regard to a quadric if + == 4s — 1, 48, and with regard to a null-system 


if r= 4s + l, ds + 2. 
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using the form above, and for the second we have 
TAY — ET(ETA) = (ITPA = GA. 


If I is taken to be the matrix of a collineation, it follows from 
Theorem 3.1, that (i) the collineation is involutory, and (ii) if @ ==0, 
then the collineation is singular, and the invariant space is a [7], y, say. 
From Theorem 3.5 it follows that the conjugate, Wx, of a point x, is such 
that (x TT) AT x — @xTAx. That is 


THEOREM 3.6. The quadric Q = xTAx = 0 is invariant under all the 
collineations T. 


THEOREM 3.7%. The invariant space, y, of a singular collineation T 
lies on Q. 


4, The space of conjugates of a point. The conjugates of a point P, 
(popys), under the linear family of Clifford collineations F are linearly 
dependent on the nine points P == YP, Pi — Y% P, where, e. g., PT is given by 
Lao py = 0, Laypy = (—1)?*%paogy. In general these points determine a [8]. 

Take now the eight primes w} of which the equations, each involving 
eight terms, are 


Di: S(—1)%pyapytrogy = 0, 
etc., the fixed index for w $ being in the i-th place, and the sign being deter- 


mined in each case by (—1)%%. Using the matrices W we may write these 
equations a8 


g 


1 0101, 1101 | 
0: pt (Wort + W 0111) * = 0, 
1. 0101 1101 
1: P?(W 0111 — W 0111) * = 0, 
2 
0 


pT (W ioti + Wiosi)x = 0, ete. 


q 


q 


From the following relations we see that w4 contains #, P}, and the 
six points Pj, j == 2, 3,4, which may be typified by PÈ: 
R: p?(Wortt + Worst) W 0600 p = — p™ (Worst +W 0111)P 
== 0 since the two matrices W are skew-symmetric. 
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Px: p?(Wo111 + W 0111) (Wo100 + W0100)P 
= p?(— W011 +W 0011 — Woori 
== 0 since each of the matrices 

w $ contains Po if 
Don pr(W 3k 4 WH (ASSES + 19355) p —— epTap. 
From the corresponding relations among the points P, P\, and the primes 


w 4, it follows that all the conjugates of P lie in all eight primes, if P lies on 
Q == xTAx = 0. I.e., 


+ W6011)p 
is skew-symmetriè. 


“2 


THEOREM 4.1. The necessary and sufficient condition that the space of 
conjugates of a point P should be of dimension less than 8 is that P should 
he on the quadre Q. 


There are two systems of [7 ]-generators , on Q, each of freedom 28, and 
such that a general pair of spaces of opposite systems has a common point. 
The invariant [7]’s y, of the singular collineations belong to one system 
and have freedom 7, the [7]’s above belong to the other system and have 
freedom 14. 


Take next the 24 primes w Me typified by 


Dia? I(— 1) pangutana = 0,' 


the sum extending over the four terms given by possible pairs of a8. These 
primes contain all nine points P, Ps, as well as P itself, if, in addition to 
lying on Q, the point P lies on the 8 quadric [7 ]-cones: 


gx = 3(— 1) "Tragoa = 0, 

gk = (— 1) uso Taxi — 0, 

=š (— 1) aprotapr1 = 0, 

Gk = 3(—1)*agoxteprin — 0. 
In térmé of the matrices W these quadrics are determined by: 
| gh: ON a WHEE 


t These may be expressed in matrix form using the sums of four W’s. 

& Note added in proof: In addition to these quadrics the point has also to lie on 
Qo + Q, (as defined after Theorem 4.2). This does not affect any of the theorems and 
involves only minor adjustments of the text. 
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ete., the indices $ and à being inserted in the 1-th position among 191 for 
qo and qi respectively. That is, the nine quadrics Q, qå define a linear 
family of freedom 8 depending on the quadrics determining by the nine — 
matrices Wisi, Wisi, Wii, etc. 

These nine do not of course themselves form a Clifford set (since none 
of them is skew-symmetric), but if each is multiplied by W?i71, we obtain 
the Clifford set iii, Witt, Wii... which is derived from the 
primary Clifford set by effecting the interchanges (1,4), (2,3) among the 
positions of the indices. It follows that &= fQ + Xf,'g¢,* == 0 is in general 
a non-singular quadric, but that, if (f)? -+ Sfotfst — 0, it is a [7]-cone. 

There are thus «7 [7 ]-cones forming a quadric system in the linear © 
system of quadrics, the vertices of the cones being the invariant spaces, y, of 
the singular collineations. 

Writing @ in the form 

= aT (gWil + goWoiti + g1Woiii t: +a 
ms xTCx, BAY, 
it may be verified that 
ATETCE'x — x7G*x, 


where the form on the right hand side is that of another quadric of the 
œ? system. Thus the family of quadrics is invariant under the system 
of collineations T, and the locus K common to the family is therefore trans- 
formed into itself by all collineations F. We have then 


THEOREM 4.2. If P hes on K, then tt lies in the space, x, of tts con- 
jugates, and x lies in the meet of the twenty-four primes wy; x lies on K. 

In the next section we prove that x is of dimension 4, and # of 
dimension 10. 

The nine quadratic forms, Q, q,*, are linearly independent, but are 
connected by a number of relations quadratic in the coordinates, We may 
express these most easily by separating the form Q into two parts, thus 

Qo == X (— 1) Prag mA Tag 28/1 
Qi == Z (— 1) Tag apo Tap ab 15 
so that Q == Qo — Qı. Then we have the 16 relations 
Tagha == La’pydqa® + (— 1) apy sga” 
+ (— 1) rag pagy® + ee ae gat. 
where \’ == a + B-+-y-+ 8. 
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: “8. The locus of a point which lies in the space of its conjugates. If 
WS} is taken to be a collineation matrix, then from Theorem 1. 2, 


WBS Aivo = (1) 2 BA puyo: 
So that, using the notation of § 3, 
Y A apys = (—1) PA apys 


Y$ Aaga = PÒ (— 1) Br + (—1)P79) Aoga ete 
Consider now the ag of conjugates determined by 40000. a A). 
Taking E, = bY + 3b0Y + 301 Yi, we have 


B == WA = bAo000 + b3 41000 + 8640100 + 8040010 + bô 40001; 
i.e. the space of conjugates of Agoog is the [4], 


a = [Ao000 41000, 40100: 40010, Aooo1], and A and a lie on K. Bimi- 
larly for any sets of values b, c, d, e we find that F.W,Apooo is a set of 
points lying entirely in the space determined by all points Aagys with two 
or fewer subscripts “1,” and Wy.W,A by all points with three or fewer 
subscripts “1.” That is, the points I'MA lie in the [10] a* given by 
11115 01115 21011) 71101, 21110 = 0 and W4N.WA all lie in the prime, 
A, 04414 —0. WUE. A does not in general lie in any element of the 
. simplex {Aug}. 

Any point B of a may be transformed into Agogo (by the collineation 
T), so that the space 8 of the conjugates of B is also a [4] lying on x. 
Next any point C of 8 may be transformed into B and thence into Aggoo, 80 
that the space of conjugates of C is a [4], and all these spaces lie on K and in 
the prime A*, forming its complete intersection with K. 

Now suppose Æ is any other point of #. Whatever the coordinates of Æ, 
it is clear that at least one of the points YH, Yi E is different from E, so . 
that FE has a line of conjugates (at least). This meets A* in a point D, 
the space of conjugates of which passes through E. Thus Ẹ is also reducible © 
to À, i.e., 


TizoreM 5.1. There exist collineations, formed from products of the 
collineations T, which transform any point of K into A0000, 1. e., all points 
of K are projectwely equivalent. 


' From this it follows that all properties of K proved in relation to 
40000 are valid for all points of K. 


K is the complete intersection of the quadrics Q), qi, so that its tangent ` 


\ 
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space at any point is the. meet of the tangent primes to the quadrics at “the: 
point. From this we find, in particular 


THEOREM 5.2. The bol a* is the Gaa prime to K at A, and 
therefore 


THEOREM 5.3. K 18 of dimension 10. 
THEOREM 5.4. The tangent-[10]’s at all points of a lie in the prime A~. 


The invariant-[7]’s, y (Theorem 3.6), all lie on Q. Particular among 
them are the invariant spaces of the collineations Yi. Using the form given 
at the beginning of this section we find that the invariant space of Y5 is the 
space determined by the eight points Aogys This lies on all quadrics gx except 
go, which it cuts in the non-singular quadric sixfold 
o = 3(—1)Zoagotows1 = 0, 

(with sig = 0). | 


Taeorem 5.5. There are œ" [7]’s, y, each cutting K in a quadric 
sizfold. 


I prove next 


THEOREM 6.6. The locus of space x4 which pass through A ts a cone 
AS projecting the Grassmannian & à of lines of [4]. 


The required locus is the section of K by a*; a* lies on the four 
quadrics gi, and meets the other quadrics in: 


q6 : —-£9100%0011 + %0010%0101 — 2011070001 = Ô 
G9: —21000%0011 + %9010%1001 — %101070001 = 9 
qô : — T100070101 + T0100 T1001 — T110070001 = 9 
q6 > —2%1900%0110 -+ 010071010 — 7110070010 = 0 
Q :-—o110%1001 + 21010 20101 — 2110020011 = 0. 


In place of Zasa Write Yi, — Yn, When a == &;=— 1 and the other two 
subscripts are zero, and write Yip, = Yop When &—1 and the other three 
are zero. These equations are then usual equations of the Grassmannian in 
[9] of lines in [4], except that the signs are written into the equations 
instead of being carried by the convention Zy + Zg = 0. 

Properties of & are most easily discussed in relation to figures in [4]; 
take then a [4] and name its elements r-points, r-lines, etc. On # there 
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is a single œ* system of solids g (each corresponding to r-lines through a 
a-point), each pair with a single common point (corresponding to the r-line 
joining two +-points). ‘To the lines in a +-plane there correspond points of a 
plane s on 4: through any line on & there passes on plane s and one solid g 
(the line corresponds to a pencil of r-lines of which the vertex is represented 
by g and the plane by s). Through any point of & there are œ? solids g 
and co? planes s forming a cone of order 8, the complete section by th 


tangent-[6 |. | 
Thus for the cone A& we find: | 


Turor! 6.7. On A& in the [10] a* there are oot [4]’s xa all through 
A, and each pair with a common line, also «0° [8]’s o, all through A. Through 
any plane through A and on A& there pass one x and one o. 


A “typical” o is [49000, 40100, 40010, 40110] 


THEOREM 5.8. The spaces of conjugates of points of a line through A 
and in a all pass through the line and form a cubic line-cone (| 2, 3 |, [7]). 


Associated with $ there are o* [5]’s (corresponding to w-solids) one 
through each point of the [9], and each cutting $ in a quadric fourfold, the 
two systems of generators on which are planes s and section of solids g. 
Each of these quadrics gives a quadric point-cone in [6] on AS, with 
generators o and sections of x. This poimt-cone is the section by a tangent 
prime of the quadric g in one of the invariant spaces y. `. 

In Theorem 5.% we proved that each [4] «4 through A meets each 
other xa in a line and no more. Now take B in a, and B the space of its 
conjugates. «a, 8 meet only in the line AB. Each space xg which passes 
through B meets every other xg in a line through B. But amongst the xz | 
is a, so that any two [4]’s x meet in a line (exactly) or not at all, and all 
the x’s that meet any [4] «œ of the family in lines lie in the tangent prime A*. 


We may summarize the structure of K thus: 


THEOREM 6.9. . There are on K: (i) œ [4]’s x two of which in 
general do not meet but each meets w® other in lines, (ii) œ [3]’s.c, any 
pair of which either do not meet, or they may have a pont or a line common. 
Through any plane of K there pass one x and one a, (ili) «7-quadric sis- 
folds § on which the generators are solids o and sections of [4} s x. | 


‘This cone is the “ determinantal locus” (|2,3 |, [6]). See, e.g., Room (1938), 
p. 202. 
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Let us return now to the systems of: 
points K, [4]’s x, [10]’s x*, and primes K* each of freedom 10. 


Any set of sixteen homogeneous parameters apys, satisfying the ten relations 
Qa = 0, q} — 0, determines: the point K, of which they are the coordinates, 
the space x of its conjugates (from the primes mia, 84), 

the tangent-[10]’s «* to K at K, 
the prime K* containing the tangent-[10]’s at all points of x. 


Any collineation Æ' (or product of Hs) replaces all these by other 
spaces of the same system. Any correlation I (or product of a correlation 
T with collineations I‘) replaces each K by a K* and each x by a x*. 

Thus any incidence relation among a set of points K is reproduced by 
the corresponding primes K* and likewise of x by x*. If we can show that 
there are incidence relations among a set of spaces x corresponding to given 
incidence relations among a set-of points K, we shall have established a com-. 
plete “mutuality” among all four systems. In general terms the existence 
of such a correspondence is clear, because each x is the space of conjugates 

of a definite point K of itself. The detail of some of these correspondences is: 


(i) Two points Kı, K: of a space x determine a line lying in x; two 
spaces xı, x, Which meet in a line determine an œt system through the line 
forming (| 2,3 |, [7]). 

(ii) To points of a solid & correspond the [4]’s x meeting it in planes. 

(iii) On any quadric sixfold ĝ there is the Study “triality ” linking 
the points, with the spaces x the sections of which are one system of generators, 


and the spaces x* the sections of which are the tangent-[6]’s to @. 
We may therefore say 


THEOREM 5.10. There is a “ mutuality” among the systems of spaces 
K, x, x*, K* analogous to Study’s “ triality” of points, generehorie 8, and 
tangent primes of a quadric in [7]. 


In the general configuration in [2 — 1], we will have a “ mutuality ” 
among cee of spaces of dimensions vo, Vi, v2,° °°, m1 Where 


sn na (JE) (ne 


* For this sequence of nihan see for example, Room (1936), p. 539. 
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Part III. 
Two generalizations of the commutative-anti-commutative set. 


6. Sets, in general commutative, but with some pairs for which ` 
VU — kUV. The matrices to be considered have n” rows and columns. 
Number the rows and columns in the reversed scale of n, so that aa: > > G is 
the index of the row or column with position number a, + nag +: - + na, 
I make the conventions that: 


(i) Greek indices takes the values 0, 1,: : :,n—1, and Italic indices 
take the values 1,- -,r, and 
(ii) all arithmetical functions of the Greek indices are reduced modulo n. 


Denote the elements of a matrix by ag: or a{g'}, and define matrices 
U, V; thus: 


U;: the diagonal matrix with elements aala, == €", where 
7 e = exp(?rt/n). 
V;: the substitution matrix, with one non-zero element in each row and 


column, given by 


yg. Ut. Or 1 
Hyg. Atl... ar — 3 


where each subscript except the i-th is equal to the corresponding superscript, 
while the -th subscript exceeds by 1 the t-th superscript. For n == 3, r == 2, 
the matrices are: 


U, tes ((Leelec?lee?)), U: me ((111eee e7e*¢?)), where e + € +. 0: 
Fi, Va correspond respectively to the transpositions 231564897, 456789123. 
For these matrices we may prove: 


THEOREM 6.1. (i) U; = Vp” =m I. 
(ii) Every pair of matrices commutes, except the r pairs, U,V, 
(iii) FU, = UF.. 


THEOREM 6.2. Wg, <= TU: UV, is the matric with ons non-zero 
element in each row and column, given by afp, == =u, 

Trzorem 6.3. WW = EPA ERY m 
I if n is odd, 


, THEOREM 6. 4. WERT — | (—1)2oB if n is even. 


A SYNTHESIS OF THE CLIFFORD MATRIOES. 981 


THEOREM 6.5. The n matrices OW is form a group. The n°” 
collineations determined by them form a group. i 


_. THERE» 6.6, Any matris of n" rows and columns may be expressed 
“in a unique way as XkY9 WY), there being n°" terms in the summation. 


Thus, let H = (h (9) be an arbitrary matrix, and let H == (h{39) be the 
matrix obtained by rearranging the terms in each row in the way determined by 


, h iB) oo; has) f 
Then we may prove that 
H -= ©K 


where K — (k33), and @ is the matrix the elements of which are the powers 
of e given by 


af; men re 


For example, for n—3,r— 2, we have 


00 200 00 00 00 00 700 % 00 00 
hoo kio hago hor Rii hai hoo hig hae 
z 10 10 710 10 310 710 10 710 710 
| hio hzo hoo kii hoi hor hi2 h22 hoe 
22 122 422 722 722 122 122 722 722 
hoo hoz hiz hao hoo hio har hot hii 
5 ae ie se Gs i a LA bog he han Boy eee 
du l e le dl e À lene ki ka LEL. kis 
3 9 
bete ete 1 e baa kte Le Li. AE 


The problems that these matrices suggest immediately are 
(i) to pick out Clifford sets of matrices W, namely sets no two of 
whose members commute, 
(i) to pick out sets Wg, such that (ScrkWr)* = f(cr)l, 


(ii) to find geometrical interpretations of the collineation group deter- 
mined by the family of matrices. 


7. Sets of matrices, in general commutative, but with some pairs for 
which VU = U*V. Number the rows and columns of a n° X nm matrix ag 
in § 6, and take as basic matrices: 
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U;: the diagonal matrix = E 


| a ar = 
where 
| — exp{2xi/(2"—1)}. 
V;: the substitution matrix defined in § 6. 
. For n= 3, r= 2, we have: 
Ui = (9 Paty oat mnt), 
| U: = (9.9 n nn n° nt n° n°), 
where ņ = 1. + ar on 
Then: , 
TreoreM 7.1. (i) Ua Pre, | 
(ii) Every pair of matrices commutes, except the r pairs U, Vi. 
(ii) VU, = UP, 
THROREM gs 2. VUE UPS. 
Taronat 7.3. Hf WG} = DU uy P; then ` 
WES WE) FE, 
here the superscripts of W are reduced ier 2” — 1, and the subscripts 
modulo n. 


THEOREM 7.4. The matrices w form a group in which 


(WG) 1 = Wp 
8. Further generaliaztions. Let ni, ne,’ :',^ny be any r positive 
integers, not necessarily all different, each greater than 1, and let N = On, : 
t—1,:--,1r. Write the position numbers, beginning with 0, of the rows 
and columns of a N-by-N matrix in the form 


Oy + Mate F MNs + °° F Me "Nr 


_ where a, is to take the values 0,1,--+,m—1. Take apr or a {3° as the ‘ 
elements of a matrix. Then construct the two sets of r matrices: 
U;: the diagonal matrix in which 


@)...ar 


Qana, =e, Where a = exp (2ir/n) 
Vi: the substitution matrix with non-zero elements a alani a = l, 


each subscript except the 1-th being equal to the corresponding 2e mis 
E. g., for ny = 2, ne = 8, ne = 2 the matrices are 


-m nS 
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U= —1.1 —1 1 —1 17-1 1 —1 1 —1)) 
iad UE ER L 3 a r é &) 
| | | | where +e+1—=0, 
DE eG a = et 4 1) 


V., Va, Vs correspond to the substitutions: 1032547698et, 23450189te67, 
6789te012345. | 


These matrices have properties analogous to those discussed in $ 6, the 
difference being that the number m involved is different for each pair of 
matrices U,, V4, instead of being the same for all pairs. 


THEOREM 8. 1. (1) Uy" = I, Vy = Í. 
(ii) Every pair of matrices commutes except the r pairs U, V4 
(iii) FKU, = «UV, where à = exp(?ir/m). 
THEOREM 8.2. If W gp, —UU“UV, then 
Wis) WES = (Mel) WE, 


where the i-th index ts reduced modulo ni. 


THEOREM 8.3. Any N-by-N matrix may be expressed in a single way 
in the form 3k63 WISS for a given ordered set of factors n, na’ > >, ny of N. 
Thus, if H = (h'3)) is the matrix, then, writing 
ft — (ER) where FGJ— AEs, K— (HGR), 


409...0r 


Sz — the matrix with elements afp = Ugh, 
we have H = QK. 


E. g., for ny = 3, ng = 2: 


1 1i 1 1 1 kon. ye k2? 
_|ae@ 1 e a|n pne 
L oe l We te hoo bra kon 


15 
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The family of matrices discussed in $ ? may be generalized in the same 
way, and may be generalized also by defining the K in terms of powers 
which are powers of numbers # different from 2, "86" as to obtain relations 


VU, = UV. É a Tiy 
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